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Let {X;;,n > 1} be a sequence of independent and identically distributed random variables, taking non-
negative integer values, and call X,, a é-record if X, > max{Xy,..., X,,_1} + 8, where § is an integer
constant. We use martingale arguments to show that the counting process of §-records among the first n
observations, suitably centered and scaled, is asymptotically normally distributed for § # 0. In particular,
taking § = —1 we obtain a central limit theorem for the number of weak records.

Keywords: Central limit theorem; martingale; record; weak record

1. Introduction

The theory of records is a well established branch of extreme value theory with interesting results
from both a theoretical and a practical point of view. See the books by Ahsanullah [1], Arnold
et al. [2] or Nevzorov [18] for the theory and applications of record and record-related statistics.
Given a sequence {X,,n > 1} of random variables, an observation X; is called a record if it
is greater than all previous observations; that is, writing M, for the maximum of the n first
observations, if X; > M;_;. If the random variables X, are integer-valued, an observation is
called a weak record if it is greater than or equal to the previous maximum,; that is, if X; > M;_;
or, equivalently, X; > M;_; — 1. This leads us to consider the following natural extension of the
concept of records: for § € R, an observation X; is called a §-record if X; > M;_; + 8, that is,
if it is greater than the previous maximum plus a (negative or positive) fixed value §. For § < 0,
every record is a é-record, while for § > O this is not the case. Usual records are obtained by
taking § = 0 and, for integer-valued random variables, § = —1 yields weak records. In this paper
we focus attention on the process N,‘f = Z:’z 1 1{x;>M;_,+s}, counting the number of §-records
among the first n observations, where 1y} stands for the indicator function. An arbitrary value
can be given to M( because we are dealing with asymptotic results.

In addition to being a natural generalization of records and weak records, our concept of
d-record and the study of the associated counting process N,‘f can be relevant, among other
things, in insurance applications, where one is interested not only in record claims, but also
in claims that are close to being records; see, for instance, Balakrishnan et al. [5], Hashorva
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[12] or Hashorva and Hiisler [13]. In fact, the study of observations near the maximum has at-
tracted much attention in the past years, both in the case of fixed size samples (Li [16]; Pakes
[19]; Pakes and Steutel [20]) and when observations are considered sequentially (Balakrishnan
et al. [4,5] and Khmaladze et al. [15]), where we find concepts closely related to é-records de-
fined in the present work. Khmaladze ef al. [15] defined the e-repeated records as the observa-
tions X; which fall in the interval (M,, — ¢, M,,] for i ranging from 7, = inf{k: X; = M,,} (the
moment when the maximum M,, is attained) to n. Khmaladze’s process Z,, counting e-repeated
records, and our N° are related by the equation Z, = N° — Nf”_ ,» with § = —e. In Balakr-
ishnan and Stepanov [6] and Khmaladze et al. [15], the asymptotic behaviour of Z, for se-
quences of independent identically distributed continuous random variables is studied. On the
other hand, Balakrishnan et al. [5] defined, for fixed a > 0, the near-nth records as observations
X;in (X(n) —a, X(n)] fori € (L(n), L(n + 1)), where L(n) is the nth record time and X (n)
is the nth record value. The number &, (a) of Balakrishnan’s near-nth records is related to the
number of §-records through Ni(n) =Y y_1&k(a) + n, with § = —a. The asymptotic behav-
iour of the number of near-nth records is considered in that paper for sequences of indepen-
dent and identically distributed continuous random variables. Finally, we mention é-exceedance
records, defined in Balakrishnan et al. [4] for § > 0, as observations that exceed the previous
d-exceedance by at least §; in other words, if X7, is the kth exceedance, the following one is
X71,> With iy = min{j > Tx|X; > X7, + 8}. Clearly, 6 exceedances and §-records are not
equivalent concepts, because for § > 0, a §-record is always a § exceedance but not conversely.

The behaviour of the number of usual records N,? is well understood when the underlying
variables X, are independent and identically distributed with continuous distribution function be-
cause, as shown in Renyi [21], the indicators /,, = 1(x, > p,_,) are independent, with E(/,) =1/n
and, consequently, many asymptotic results for N,? are readily obtained. The study of records and
weak records in discrete distributions, where the independence of indicators is lost, was initiated
by Vervaat [22]. Asymptotic results for the number of records and weak records, including a
central limit theorem, for the geometric distribution have been obtained by Bai et al. [3]. Strong
laws of large numbers and central limit theorems for N,? were given by Gouet et al. [9,10] for
large classes of discrete distributions classified in terms of their discrete failure rates. See also
Key [14] for a law of large numbers for weak records in heavy-tailed discrete distributions.

In this work we obtain central limit theorems for the number of §-records N,‘f, 8 # 0, when
the random variables X, are independent and identically distributed with discrete distribution
function F on the non-negative integers. As a particular case, taking § = —1, we obtain a central
limit theorem for the number of weak records. To the best of the authors’ knowledge, all the
results in this paper are new for § # —1; for § = —1, they greatly extend the known results for
the geometric distribution to a wide class of discrete models.

Our proofs are based on a martingale approach whereby the counting process N,f is centered
by a non-predictable process built from what we call discrete § failure rates [see (2.1)]. Asymp-
totic normality is established using a martingale central limit theorem, requiring the convergence
of conditional variances and a Lyapunov-type condition. Both convergence problems are reduced
to the study of partial sums of minima of independent identically distributed random variables,
whose asymptotic behaviour has been investigated in detail, especially by Deheuvels [7]. Mar-
tingales have already proved to be useful in the study of extremes in discrete settings; see Gouet
etal. [9,10].
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Here we do not consider the case of continuous distributions, unlike the above cited works
on recordlike statistics (Balakrishnan er al. [4,5]; Balakrishnan and Stepanov [6]; Khmaladze
et al. [15]), which were concerned only with continuous distributions. The study of N,f in the
continuous distribution setting is far from trivial for § # 0, because indicators 1yx,~ s, _,+s) are
neither independent nor distribution-free (see Remark 2.1). We center here on integer valued
random variables, thus including the especially interesting case of weak records.

The structure of the paper is as follows. Section 2 presents the notation and three preliminary
results. The central limit theorems for the number of §-records, for § < 0 and § > 0, are shown in
Sections 3 and 4, respectively. Section 5 is devoted to the application of our results to well-known
discrete distributions. Finally, the martingale central limit theorem and Deheuvels’ theorem on
sums of partial minima are presented in the Appendix.

2. Notation and preliminary results

Let {X,,n > 1} be a sequence of non-negative, integer-valued, independent and identically dis-
tributed random variables, with common distribution function F, such that P[X,, = k] = p; >0
forkeZy=1{0,1,...} and n > 1 (p,, =0 for m < —1). Clearly then, inf{x|F(x) > 1} = o0
The inverse of any distribution function, say G, will be denoted G~ (y) = inf{x|G(x) > y} for
0<y=<1l

For k € Zy, let yy =1 — F(k) = >_,_, pi be the discrete survival function (y, =1 for
m < —1) and let m(t) = min{j € Z;|y; < 1/t},t > 0, be the quantile function. The discrete
failure rate or hazard rate ry is defined by ry = P[X| = k|X| > k] = P[X| =k]/P[X1 = k] =
Pk/Yk—1, while, for § € Z, the § failure rate is defined by

S5:Pk+8:P[X1=k+5]
KT e P[X;>k]

(2.1)

Finally, let the cumulative § failure rate be given by 0°(k) = Zf:o slfs with 6% (c0) =
> 00s? < oo and ©%(r) = max{k € Zy | 6°(k) <t} for t € [s),6°(00)) (from now on the
superscript 6 is dropped for simplicity). Then ¢ € [0(©(¢)),0(O(¢) + 1)) and P[O(X,) > t] =
P[X, > 0O()] =yo() forall t € [sg,0(00)) and n > 1.

It is easy to verify that ry = 1 — yi/yk—1, Yk = ]_[f-‘zo(l — r;) and, consequently,

k+8—1
7 1—17r), foré > 0,
Versot k+8 1_[ ( i)

Sk = rk-‘rS = i=k (22)

Y=t “m—JrB, for § < 0.

[Tizkqs (X —ri)

Martingales are defined relative to the natural filtration of the observations {F,,n > 0}, with
=o0(X1,...,Xy) for n > 1 and Fy = {@, Q}. Convergence of a sequence of real numbers

{an, n>1}toa hmlt a, as n — oo, is denoted lim, a, = a or a, —> a. We write a, an if

either a, and b, both go to infinity or zero as n — oo, with lim, a, /bn =1, or both converge
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to non-zero finite limits as n — co. When a,, diverges increasingly to infinity as n — oo, we
write a, 1 oco. For convergence in probability and weak convergence, we use the superscripted

P
arrows —- and —> , respectively. The centered normal distribution with variance o2 is denoted

by N(0, o2).

Proposition 2.1. Let § € Z, let N, =Y _;_, I be the counting process of §-records, with Iy =
1ix,>M,_,+5), and let O(k) = Zf:o si, where s; is defined in (2.1). Then

Ny =O0M) =Ny =Y sk, n=1, 2.3)
k=0

is a martingale. Moreover, the martingale is cubic integrable if (a) 6 <0 and limsup, ry <1 or
(b)§ <0, limg ry =1 and limg(1 —r) /(1 —rg—1) =1 or(c) § > 0.

Proof. Clearly E[I;|Fi—1]= P[ Xy > Mx—1 +6|Fk—1]1=1— F(My_1 +8) = ym,_,+s. On the
other hand, letting A6 (M) =0(My) — 6 (My_1), we get

My M
E[AO(MY)| Fe—1] = E[Zsi -3 s,-\fk_l}
i=0 i=0

0o i
=Y > suy i PIXk = My +i| Fr1]
i=1 j=1

SMy_ 1+ P Xk > M1+ j — 1| Fr-1]

e ¢]

SMy—14+j YMy1+j—1= Z PMy_1+j+8 = YMy_1+5-
Jj=1

2

Therefore, N,, — 6(M,,) is a martingale. For cubic integrability of (2.3), it suffices to check cubic
integrability of 6(X,):

00 k 3
E[0(X,)’] = Z(Zs,) Pk

k=0 \i=0

(Xk:s§+32 s s,+3Z Z 5i83 +6,§ kXi 3 Mm)

i=0 =0 j=i+1 i=0 j=i+1 i=0 j=i+1l=j+1
o0 00 o0
Si?’ Pk+325 Z S]ZPk+3ZSz Z SJZ-ZPk

i=0 =i i=0 j=i+l k=j i=0 j=i+l k=j

>
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+6Zs, Z s Z S[Zpk

i=0 j=i+l I=j+1 k=l

_ZS Yi— 1+3ZS Z SiYji—1

i=0 j=i+l
00 00 00 00 00
£330 3 a0 s 35 Y it 24
i=0 j=i+l i=0 j=i+1 [=j+1

We now show that (2.4) is finite under (a). From (2.2) and the hypothesis limsup, rx < 1, it
follows that

Sk < Argys and  yr < k-1 < By (2.5)
for k € Z4 and constants A, B > 0. Then (2.4) is bounded above by

o0 o0 o0 oo oo
A} (Zri+5yi+51 +3Z"i+6 Z Tj+sYj+s—1+ 3Zri+a Z Tj+6Yj+6-1

i=0 i=0 Jj=i+1 i=0 j=i+1

o0 o0 o
+6Zr,-+5 Z Tj+s Z rl+5)’l+5—1)
i=0

j=itl I=j+1

o0 o0 o0
< A3(1 +6Z”i+3)’i+8—1 +6Z"i+s Z Vj+8yj+8—l) <1343

i=0 i=0  j=i+l

‘We now consider (b). Let 77 = Z?io sl-3 yi—1 and note that

3 /33 3
i+s _ livsdigs—1 _ dits—1 Di+38

Yi-1= 3 S i1 = ~ Pi+3s,
Vi1 Vi1 Yier ! Tit3s !

3
SiYi—-1=

where the last two equivalences follow from limg (1 — rx)/(1 —rp—1) = 1 and limg ry = 1, re-
spectively. Hence, T < oo.

Let T, =) 72, si2 Zi‘;l sjyj—1 and note that s;yj_1 = pjys yields Th = > 72 sl.zy,ur,;. How-
ever,

2 2 2 _ 3
2. _ Pigs _ TigeYigs—1itd _ Vigs—i

SiYi4s =7 Vi4s = 5 <—

Vi1 Yie1 Vi1

and clearly, T» < oo.
Let T3 =Y 2 si > 72; 571 and observe that

2 2 2 _ 2
2 Djis FivsYits—1Yi-1 _ YVits—1
s . — 4 "y, — < ~V;: ~D:
jYi-1= 5 Vj-1= ) = ) ¥ Yj4+26—17 Dj425-
y]‘,] yj,1 Yj—-1 J
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Therefore, 73 < C Z?io i yi4+2s for some constant C > 0, but

2

oo TivsYivs—1Yivas _ Vivos

i Vi+28 = Vi1 = S ipz+45+2
11— 11—

and, hence, T3 < 0.
Last, Ty = Y oo Si Z;X; DI jStyi-1 is similarly shown to be finite, noting that s;y;—1 =
pi+s and

2
rj i+5—1Y] Yits—
j+8Yj+8—1Yj+6 j+s—1

Sjyj+s = = ~ Pj+28-

Yj—-1 Yi—1 ]

Finally, under condition (c), note that as § > 0, we have s; <ry4s forall k € Z,,
3 oo [k+8 3 00 k 3
E[0(X,)*] = Z(Zs,) pr < Z(Zn) P < Z(a + Zr,) Pk
k=0 k=0 \i=0 k=0 i=0

and therefore it suffices to show that Z/tO:o(Zf;o ri)3pr < oo or equivalently, that all terms
of (2.4) are finite, with the s; replaced by the r;. Indeed,

(0.¢] oo
Yorivici=) rip <1,
i=0 i=0
(0.¢] [ee)
Zrlzzrjyj 1—Zr,~2yz‘ Szriywl: 1,
i=l Jj>i i=0
o
ZI’,Z}’JZ)}] 1<Zr1)’t§1
i= j>i
and
o
l —=
Zr erZrlyl 1<Zr,ery] 1<Zrly’<1
i= j>i I>j Jj>i U

Remark 2.1. When the random variables X,, have common distribution function F with den-
sity f, it can be shown that the process

N M f(x +8)
n 0 l—F()C)

is a martingale. We believe that our methods can be applied in this case to obtain analogous
limiting results.

Proposition 2.2. Let & = Iy — AO(My), with Iy = Lix,>m_,+s5) and AO(My) = 0(My) —
0(My—1), k > 1. Then the increments of the process of conditional variances of martingale (2.3)
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are given by

E[£2 1 Fi—1]= Z i (Vi+s + Yi+s—1 — yi-1)  ford <0

i>My_q

and

8
Di+s
E[&] | Fr—1] = yMk_]+s<1 - 2ZsMk_]+,~) +2 ) s (M + T)

i=1 i>Mk,1

—2yMy 1425 for§ > 0.

Proof. We have E[£7|Fx—1] = E[It|Fi—1] — 2E[Lx AO(Mp)|Fi—1] + E[AO(M))?|Fi—1] =
YM_+8 — 2B[I AO (M) | Fr—1]+ E[AO(My)?| Fi—1l. Writing m for My_1, we then have

E[A8(M)2| Fi1] = E[((6(Xi) — 0 (Mi—1)) )| Fei] Z(Zsmﬂ> Pt

(z CHECED D, P

I<ji<j<i

oo
Z DPm+i +2 Z Sm+j1Sm+ jp Z Pm+i

I<ji<ja<oo i=j2

Mg T PH18 1 Mg

Sm+jPm+j+8 + 2 Z Sm+j| Pm+jr+8
1§j1 < Jjp <00

Dj+s
SJPJ+5 +ZZSJYJ+5 ZZSJ ()’j+6 + JT> (2.6)

Jj>m Jj>m

.
Il

VM

When § < 0, we have Iy AG(My) = A (M) and

E[£7|Fi—1] = E[AO(M)*| Fi1] — Ym+s

Di+s
=225i()’i+8+ 12+ >—)’m+5

i>m

=Y (28iYits + SiPits — Pits)

i>m

= si(its + Yits—1 — Yi1)-

i>m
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Otherwise, when § > 0, we obtain

oo m+8+j
ELUAO(MO)|Fia] =) Y SiDmist
j=1i=m+1
8 () [} 00
ZZSerinerSJrj + Z Sm+i Z Pm+s+j
i=1 j=1 =841 j=i—8

8

= Ym+s Zsm+i + Ym+2s
i=1

and, finally, B[&2|Fk—11= Ym+s + 23 o Si Vits + %Pi+5) = 2(Ym+s Z?;l Sm+i + Ymy2s). O

We now give bounds on E[|£|?| Fx_1] which will be useful for checking Lyapunov’s condition
in the central limit theorem.

Proposition 2.3. Let & = Iy — AO(My), k > 1. For a positive constant C:

(a) If§ <0 and limsupy ry < 1, then E[|§k|3|fk_1] <Cymy_, forallk>1.

(b) If 8 <0, limg ry = 1 and limg (1 — r) /(1 — rx—y) = 1, then E[|&|| Fi—1] < Cyp,_, 435
forall k> 1.

() If 8 > 0, then E[|& || Fi—11 < Cym,_,+s for all k > 1.

Proof. Noting that Iy A6 (M) < A6 (M), we have

El& | Fi—1]1 < ELIx | Fi—1]+ 3E[AO (My)| Fie—1]
+ 3E[AO (M) | Fr1]+ E[AO (My)? | Fi_1]
= 4E[AO(My)| Fi—1] + 3E[AO (My)? | Fi—1] + E[AO(Mp)? | Fi1l. (2.7)

We first make some calculations on the terms of (2.7) which are valid for all cases (a), (b) and (¢).
From Proposition 2.1 and (2.6), writing m for Mjy_,

E[AO (M) Fr—1] = Ym+s» (2.8)
E[AO(M)* | Fia] =2 s; ()’j+a + %) <2 si(js + pjts)
j>m j>m
=2ZSij+a—1~ (2.9)

j>m
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For the third moment, we proceed as in Proposition 2.2, calculating E[AG(Mk)2|.7-'k,1] (see
also the calculations for E[6(X,,)?] in (2.4)):

E[A6 (M) | Fim1] = E[((6(Xe) — 0 (M) ) 1 Ficy =Z<Zsm+,> Pt

00 i
— 3 2 . 2
—z(zsm+j+s S Gementd Y sweashen

j:l 1§j1<j2§i 15j]<j2§i

+6 Z Sm+ji sm+jzsm+j3)pm+i

I<ji<ja<j3<i

=D sipies +3 D sivits +3 D0 si D Sty

j=m j>m j1>m  ja>ji
+6 Z Sj Z SjpYjp+6
Ji>m J2>J1
_32 y]+5+3p]+8 +6ZS11 Zsjz y]2+3+zl7]2+8)
j=m si>m o ja>ji
2
<3 siyjrsm1H6 ) Sjy D SpVistiot- (2.10)
j=m Ji=m o ja>ji

Consider now (a). From (2.5) and (2.8), E[AO(My)|Fi—1] < B~%y,,. On the other hand, from
(2.5) and (2.9),

E[AO (M) Fi1] <2B7° Y " siyj1=2B""yuys <2B™ Py,

j>m

Finally, from (2.5) and (2.10),

E[AO(M)* | Fi—1] < 335(Zs§yj_1 +2> sy Y sjzyjz_l)

Jj>m Ji=m 2> ji

BS(Z Sipjts+2) Sj)’j+6) <6B™° ) " siyitso1

j>m j>m j>m
—26 —26 —38
<6B Zsjyj—l =068 Ym+$ <6B Ym
j>m

For case (b), we have, from (2.8) and § < 0, E[AO (M) | Fr—1] < Ym+3s-
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From (2.2), we have
i+5—1 i—1
i /Si+8 = Tits ./:1;[26(1 rj) / <rz+2aj££5(1 r») — 1, 2.11)
so then
SiVids—17 Si+8Yits—1 = Pi+2s: (2.12)
Therefore, from (2.9) and (2.12), E[A@(Mk)2|fk_1] < 22j>msjyj+5_1 < Cymy2s <

Cym+3s- To bound (2.10), note from (2.11) and (2.12) that

2
Z SjYi+e—17" Z SjPj+25 = Z SjYj+28-17> Z Sj+28Yj+28—1"% Ym+38
j>m j>m j>m j>m
and
Z Sj Z SpYiht+é-17 Z Sji Z Sjp+8Yja+8-1
Ji>m > Ji>m  ja>ji

~ SV <Zs. e 1~ .
i Z jYj+28 = jYj+28 lm)’m+35

j>m j>m

Hence, E[AG(Mk)3|7k_1] < Cym43s-
For (c), we have to bound (2.9) and (2.10). For § > 0, we have

Zsjyj+8—1 = Zsj}’j—l = Ym+s>

j>m Jj>m
2y, < 2y, = Diis < Y <
SiYj+s—1 = SiYj—-1= SiPj+s = SiVji+s—1 = Ym+$»
j>m j>m j>m j>m
Z Sji Z SpYjp+s—1 = Z Sji Z SpY¥jp-1= Z $jYj+s = Z 85jYj=1= Ym+s-
Ji=m o ja>]i Ji=m 2> j>m Jj>m

3. Central limit theorems for § < 0

We first show that (A.3) and (A.4) of Theorem A.2 in the Appendix hold under mild conditions on
the failure rates ry. We recall that Iy =1;x, > m,_,+s) and AO(My) =0 (M) — 0 (My—1), k> 1.

Proposition 3.1. Let § <0, & = I, — AO(My) and

2=y 5iits + Yits—1 = Yi-1), k=1. (3.1

i>k
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(a) If limsupy, ry < 1, then (A.3) holds with

m(n)

by = zkre/ k- (3.2)
k=0

®) Iflimg r, = 1 and limg (1 — ) /(1 — re—1) = 1, then (A.3) holds with

m(n)

b2 = Z(l — ). (3.3)
k=0

Proof. From Proposition 2.2,

E[£¢1Fi1]= Z Si(Vits + Yivs—1 = Yi—1) =My, -

i>Mk,1

Note that because § < 0, then y; {51 > y;—1 and, consequently, z; is decreasing. Thus, zy, |, =
min{zx,,...,2x,_,} for k > 2, where the random variables zx, are independent, identically dis-
tributed and take values z; with probabilities p;. Their common distribution function is given
by G(z) = Zizj pi = yj—1 for z; <z < zj_1 and its inverse is given by G~ (¢) = z; for
yj <t =< yj—1. Equivalently, G~ (1/t) = z,(s), where m(t) is the quantile function defined at
the beginning of Section 2.

We obtain (a) and (b) if we show

n
P
Y a1 (3.4)
k=1

To get (3.4), we apply Deheuvels’ theorem (Theorem A.1 herein). We first determine the nor-
malizing sequence H (logn) as follows. Let r > 1. Then

m(t)

t ! i Yty
H(logr>=/ G (1/u>du=/ zmmdu:Z/] zm<u>du—/ Zm(u) dut
1 1 =0k t
m(t) m@) oy
=3 507 =y m o iy — 1) =D L =0, (3.5)
j=0 j=0 Yi

where p(t) = zZm () (yn_l(lt) —1).
Consider (a). From (2.5) we obtain

2 <) siQits + yies—1) 2 sivies—1
i>k i>k

<24 Z’”i+8)’i+871 =2Ayk+s < Cyx, (3.6)

i>k
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with C =2AB79.
The above upper bound for z; yields immediately p(7) < zm([)(yn;(lt) — yr;(lt)_l) =Zm)r'm@)/

Ym@) < C and we have H (logn) ~ bﬁ. It remains to check hypotheses (A.1) and (A.2) of Theo-
rem A.1. To this end, consider the inequality

)/ Ym)—1 <tG~ (L)1) < Zm@)/Ym@)s 3.7

which is an easy consequence of the definitions of m(#) and G~. On the other hand, from (2.2)
and because y;4+s > y;_1, it is clear that

WZ Y SiVies—1 2 ) Fi4sViks—1 = ) Piks = Viks = V-l (3.8)

i>k i>k i>k
Hence, from (3.6), (3.7) and (3.8),
1/t <G (1/t) <C/t (3.9

for all # > 1 and, clearly, H (log¢) has a logarithmic growth to infinity as ¢t — oo.
Finally, from the definition of H and (3.9) we get

0< (H(xn + logn) — H(logn))/H(logn) < Cx,/logn

for n > 2 and (A.1) follows by taking x, = log(logn + 3). Also, (A.2) is readily obtained
from (3.9) because

Zk(G—(l/k)>2<Z G—<1/k))
k=1 k=1

Therefore, (3.4) follows from Theorem A.1.
For (b), observe that

2 n . -2
< CZZ(I/k) (Z(l/k)) — 0.
k=1 k=1

2=y sivits—1(ivs/Yirs—1+1— Yif]/yiJrSfl)’;ZSi)’iJréfl

i>k i>k

and, from (2.12), we have z; ~ Y ik Pi+2s = Yk+2s. Also, as in part (a),

25
o) = 2w m@)/ Ym@) ~ Ym()+28/ Ym () ~ (1 =rme) ™

On the other hand, ZZ:('(’)) KTk Yk~ Zf:(%) (1 — rp)® —> 00, and it is clear from Lemma A.1
n n
that (1 — rn)z‘s / ZZZO(I — rk)z‘S —> 0 and, hence, bﬁ ~ H(logn). Next we check hypothesis
n n
(A.1) of Theorem A.1, which is clearly equivalent to

m(nuy) m(n)

> - /3 a-n?—1 (3.10)
k=0 k=0
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for some sequence u, 1 co. It can be shown that m (nu,) —mn) — 1 < Clogu, for some C > 0
and all n > 1. In fact, because limy r = 1, there exists a constant a > O such that 1 —r; <a < 1
for all k > 0. Next we consider the inequalities

1 m(nuy)—1 1
- < YmGup)—1 = Ym(n) l_[ (1—r) < ;am(nun)—m(n)—l
n i=m(n)+1

for all n such that m(nu,) — m(n) > 1, which implies the desired inequality. Therefore,

m(nuy) m(n)+[Clogu,]+1
Y =¥ < Yoo a=-n)?
k=m(n)+1 k=m(n)+1

and (3.10) is proved if we establish

m(n)-i—vn m(n)

—® / Z(l oy —0

for some v, 1 0o or, equivalently, because m(n) is increasing,

k= m(n)+1

n+wy

3 (1—rk)25/Z(1 —)® —0 3.11)

k=n+1

for some w, 1 oo.
To prove G.11), let ¢ = (1 = ry )/ Y7 (1 — r1)? and for each [ > 1, let n; be such
that max{c )|k =1,...,1} < 1/{? for all n > n;. This can be done for each [, choosing the 1;’s

strictly increasing because c(k)

— 0 for all k. We can now define the sequence {w,,n > 1} as
n
wy,=1ifn; <n<nj4.
Consider next ¢ > 0 arbitrary and choose [ such that 1/] < ¢. Let n > n;. Then n €
[14%, ni4k+1) for some k >0 and w, =1 + k, so c(J) <1/ +k)2 for j =1,...,1 + k. Thus,

Yo el =Y e <170+ k) <1/1 < e and (3.11) follows.

For condition (A.2) in Theorem A.1, note that

m(n) m(n) m(n)

Yict/i=> > ity ) zzk_zz,fh(k)
i=1

k=1 i<n,m(i)=k k=1 m(i)=k

with

. R VAT R B VA TSN R B VAVS B B AV
hky= Y i= > i= > - 5

m(i)=k yk__]lgi<yk_l

~ (/302 = T3 1)/2 0 = v 2D /2,
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where the last equivalence follows from 1/yr — 1/yr—1 7> 00, because limy ry = 1. Hence,

m(n) m(n) m(n)

Do @h() ~ Y RO = ED/2 D s = vl)/2
k=1 k=1 k=1

m(n) m(n)

~ D U =rm)®rn@=n)/2~3 ) (1 =n)®.
k=1 k=1

It is easy to see that Y ;_, G~ (1/k) ~ H (logn) ~ bﬁ and we have, from Lemma A.1,
n n

n m(n) m(n) -2
H(logn)™> iG~(1/i)* <C Y (1 —r)® (Z(l - rk)28> — 0.

i=1 k=1 k=1

Hence, (3.4) follows. [l

Proposition 3.2. Let § <0 and & = I, — AO(My).

(a) Iflimsup, r¢ < 1, then (A.4) holds with by, defined by (3.2).
®) Iflimgry =1 and limg(1 —r) /(1 — r—1) = 1, then (A.4) holds with b, defined by (3.3).

Proof. (a) From Proposition 2.3(a) we have E[|&1}|Fi1] < C YM,_,» where C is a positive
constant. On the other hand, yy, , =1 — F(My_1) is a decreasing function of My_; so that
the sum in Lyapunov’s condition (A.4) is bounded by C times the sum of partial minima of
independent identically distributed random variables taking values y; with probabilities p ;. Their
common distribution function is denoted by G, with G(y) = Zizj pi=yj-1fory; <y<yj_i,

and its inverse is denoted by G~ (¢) = y; for y; <t <y;_1.

Reasoning as in Proposition 3.1(a), we obtain 22:1 min{yx,, ..., ka}/cﬁ —:> 1, with c% =
Z,’(”:('Z)) Vir/ Ve = Z’:('Z)) ry. For details, see Propositions 3.2 and 3.3 in Gouet et al. [9]. To con-
clude, note that cﬁ = ZTL’Q rj < ZTS&) riyji-1/yj < bﬁ, where the second inequality comes

from (3.8). Therefore, cﬁ / bg — 0 and Lyapunov’s condition (A.4) follows.
n

(b) From Proposition 2.3(b) we have El|& | Fio1] < Cym,_,+3s and (A.4) will follow by
studying the sum of partial minima

n
> Vw43 (.12)
k=1

As before, we use Theorem A.1, where calculations follow closely those in Proposition 3.1(b).
We find that the scaling sefluence for (3.12), denoted l;n is given Py l;,% = ZZ;('(')) (1- rk)3‘s and it
can be shown, denoting H the corresponding function H, that H (logn) ~ ZT:('Z)) Tk Vk+38/ Yk ~
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l;% Conditions (A.1) and (A.2) are analogously checked and we conclude that ZZ:O E[AO(My)3 |
Fr-1l/ l;,% L. Lyapunov’s condition follows if 133 / b; — 0 or, equivalently, if

n n

n 2 n -3
38 28
(Z(l — k) ) (Z(l — k) ) — 0,
k=0 k=0

but this convergence follows from Cauchy—Schwarz inequality and Lemma A.1 because

iz =™ Yoo =m® Yo —m®
Dkmo(l =) = ko1 =m0 (Cio(l —r)®)? n D

We now state and prove the central limit theorem for § < 0.

Theorem 3.1. Let § < 0 and let zj, be as defined in (3.1).
(a) Iflimsup; ry <1, then
N Omm) ;(f)(m(")) 5 N, 1). (3.13)
V 2keo 2KkTk/ Vi
(b) Iflimg ry =1 and limg (1 — ry) /(1 — rg—1) = 1, then
Ny —60(m@m) b

—> N(0, 1). (3.14)
VIR (1 — )2

Proof. (a) Using results in Propositions 3.1(a) and 3.2(a) and Theorem A.2, we have (N, —
0(My))/bn —2> N(0, 1), with b, defined in (3.2), so (3.13) follows if we show
n

(6(M,) = 6Gn (1)) /by —> 0. (3.15)

This will be done by comparison with the analogous result for usual records (§ = 0) contained in
Proposition 3 of Gouet et al. [10]. From (2.5) we get

M, vm(n) M, vm(n)
OM) —O0mm)l= Y s<A Y rigs
i=(My Am(n))+1 i=(My Am(n))+1
M, vm(n) M, vm(n)
<A > n=A Y n-As (16
i=(MyAm(n))+1+6 i=(My,Am(n))+1

Let Go(k) = Zf:o r; be the centering function 6 of the martingale for 0 records and let bg, be
the corresponding scaling sequence defined by (3.6) in Gouet ef al. [10]. Then, from (3.16),
16(M,) — 6(m(n))| < A(0°(M,) — 6°(m(n))| — &). In Propositions 2 and 3 of Gouet et al. [10]
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we find, respectively, that b%n has logarithmic growth and that (9°(M,,) — 0°(m(n)))/bon 0.
n
Now, it is clear that (3.15) follows because, by (3.9), bg has logarithmic growth as well.

(b) From Propositions 3.1(b) and 3.2(b) and Theorem A.2, we obtain
D
(Nn - G(Mn))/bn T> N(0, 1),
where b, is defined in (3.3). The result will follow if we show that

(6(M,) = 0Gn(n))) /by —> 0.

To that end, define c,zl = le(r{)) s,% and note that b, ~ ¢,. Therefore, according to Corollary A.1,
n

we have to establish
nYe (ec,+6(mm)) —> 0 and  nye(—ec,+o(mm)) —> 00

for every ¢ > 0. Let then ¢ > 0. Noting that sz4 /sk—k> 1, from Lemma A.1 we have

52 1/ ZZL:(?)) 57 — 0 and this implies the existence of N' € N such that &2 ZZ’:(%) 57> sﬁl(n) 41

for all n > N. Therefore, because © is increasing, we obtain

m(n) /2 mmn) m(n)+1
O(ecy +0(m(n))) = @(g(Zs,%) + Zsk) > @( Z sk) =mm)+1. (3.17)
k=0

k=0 k=0

Moreover, using Lemma A.1 it is also possible to find N’ € N such that &2 ZZ':('(')) s,% > 4(Smn) V

sm(,,)_l)z foralln > N’, implying &2 ZZ’:('(’)) s,% > (Smn) +sm(,,)_1)2. It follows from the previous

inequality that

m(n) /2 mm) m(n)—2
O(—ecy +6(m(n))) = @(- 8(2 s,3> + Z sk> < @( Z sk> =mmn)—2. (3.18)
k=0

k=0 k=0

From (3.17) and (3.18), and recalling that y,,(,y < 1/ < yp(n)—1, We obtain

YO ey +0(m(n))) =< MYmm)+1 < 1 — Fin@m)+1 — 0,

NYm(n)—1 1
nYO (—sc,+6(mn))) = MY¥mmn)—2 = ) > —> 00,
1 — Fm(n)—1 1 “Tmm)—1 "

and (3.14) is proved. (]

The case of converging failure rates is detailed in the following corollary.
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Corollary 3.1. Let § < 0. Iflimg ry =r € [0, 1), then
(logn) " 2(N,, — 0(m(n))) —> N (0, 52),
n

where 02 = —r(1 — )’ (1 —r)**' 4+ (1 —r)? — 1)/1log(1 — r) if r # 0 and op = 1. Moreover:
@ Ifr>0and Y ;_ylri —r|//n —> 0, then
n

(logn) 2Ny + (1 = r)’ logn/log(1 — 1)) —> N (0, 02).
n
() Ifr=0and )"}, rl.z/\/ﬁ7> 0, then
(logn) "2 (N, —logn) 2> N(0, 1).
n

Proof. Let us show that bﬁ/ logn — 0,2. First note that, from identity y; = ]_[fzo(l —r;) and
n

the definition of m(¢), we have y;,(») < 1/n < ym@n)—1 and

m(n)—1 m(n)
— > log(l—r) <logn <— Y log(l —rp). (3.19)
k=0 k=0

For r € (0, 1), let L = (1 —r)®((1 — r)?*! + (1 — r)® — 1). We study the asymptotic behaviour
of the three sums in the definition of z; in (3.1), for limg ry = r. For the first sum we obtain
Y ik SiVits ;(1 — ) sivier = (L =)y 'kv(l — )21y, For the next, we get

D isk SiVits—1 ';(1 — r)¥y;, and for the last, D sk SiYiel = Yk+s Z(l — r)%yx. Collecting the

n
by m(n) and taking limits, we get logn/m(n) —> —log(1 — r) and the conclusion follows.
n

above results, we find that 7/ —> L and pEi~L ZT:('B) rj ~rLm(n). Finally, dividing (3.19)
n

Consider now the case r = 0. Clearly zx = Y ;_; 8i (Vits + Yits—1 — Yi—1) '; Dok Siviel =
Vieks 5 V- Then b2 = Z;"i’z)) iy ~ ZTz('E)) rj. Therefore, by (3.19), b2 ~ Z‘z(’(l)) Tk~

— Y log(1 — ry) ~logn.
We now prove (a) and (b) about the simplification of the centering sequences.

(a) When 0 < r < 1, we have to show

(logn)™"2(0(m(n)) +r(1 —r)*logn/log(l —r)) —0.

From (3.19), we have m(n) ~ —logn/log(1 —r). On the other hand, from the definition of m(n),
n

we get V) < 1/n < ym@m)—1 and

Y M log(1 — Ry) )+ logn _ — YY" log(1 = R))  log(1 — Rym)

—1= log(l —r) = log(l1—r) — log(1 —r) log(1 —r)
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where R; = (r; —r)/(1 —r). Dividing by /m(n), we find that the left and right terms above tend
to 0 as n — oo, obtaining thus

(logn) ™" (m(n) +logn/log(1 —r)) —0. (3.20)

Finally, it remains to check that (log n) Y20 (mn)) — r(1 — r)’m(n)) — 0, or, equivalently,
n
Yol —r(1— %)/ »/n — 0. This last convergence is obtained from an inductive argument
n
on —4§ as follows (we write the superscript § on s; to avoid confusion). Recalling that s,‘z =

rk+5/l—[f;kl+5(1 r;) for § < 0, define D(‘S) —sk r(1 —r)®. Then, for § = —1, we have

-1 -1 r Th—1—7
Dk = — = s
l—re1 1—=r (A =r)1=rg21)

which, together with the hypothesis on the r¢’s, implies Y ;_ D,E_l) //n—> 0.
n

Let us assume now that convergence holds for § € Z_ and consider D,(f*l). It is easy to see
that D,Ea_l) = 5271/(1 —rk—1) —r(1 = r)?/(1 — r), which, after some algebraic manipulation,
yields

s 8
po-n_ A=nDZ +rd =’ =0 D

- = 1—r)Dh. 321
k (-0 —r) [, T G20

From the inductive hypothesis and (3.21), we finally obtain ) ;_ D(‘S*l) //n — 0.
(b) For r =0, we have to show |0(m(n)) — logn|//logn —>O prov1ded that Zl 17
/n—> 0. To that end we write
n

m(n) m(n) m(n) m(n)
0Gm(n)) —logn| < |0(m(n) = Y rigs|+ | Y re— Y rirs|+ logn— > n|  (3.22)
k=0 k=0 k=0 k=0

and show that all terms on the right of (3.22) divided by «/m(n) tend to 0 as n — oo.
Note that |log y, + Y j_o7k| < C Y j_or?. Then |logn — m(”) o 7kl/~/m(n) —> 0. For the

second term we have Y o7k — Y o Tk+8 = D pentst1 Tk < 8. Furthermore, for the first term

we use an inductive reasoning as done for r > 0 above. Let D,Ea) = s,‘f — rg+s- Then, for § = —1,
-1 -1
DIV =r /(A —r_1) =i =r2_ /(1 —ri_y) and clearly 37, | D} >|/ﬁ7> 0. Let us

assume Y ;_ |D,£8) |/+/n — 0. Then
n

DLV < | DX /(1 = rie1) + re—irigs—1 /(1 = r—y). (3.23)

The Cauchy—Schwarz inequality applied to (the sum over k of) the last term of (3.23) and the
inductive hypothesis yields, finally, > ;_ |D(‘S Y Jn— 0. O
n
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4. Central limit theorems for § > 0

In the following two propositions we check conditions (A.3) and (A.4) of the martingale central
limit theorem for positive §-records. Attention is restricted to converging failure rates ry to reduce
the study of conditional variances to sums of minima. We recall again that Iy = 1{x,>um,_,+s) and
AO(My) =60 (My) — 0 (Mk—1), k > 1.
Proposition 4.1. Let § > 0, limgrp =r € [0, 1] and & = I, — AO(My,).

(@) Ifr <1, (A.3) holds with 19,2Z = O'rz logn, where op = 1 and

02 =—r(1—r)’[(1 —r) T — (1 +28r)(1 =)’ + 11/1log(1 — r), for r #0.

) Ifr=1and Z,fil ex =00, with eg = (1 —rg)--- (1 — reps—1), (A3) holds with b,% =

21:('? ex. When Y 72| ex < 00, lim, N, < 00 almost surely.

Proof. (a) From Proposition 2.2,

My _1+6
EIEX 1 Fioi]= Y (siQits+Yitoo1+Yio1) = 2pig2s) = 2ym 5 p, i (41)
i>Mj_ i=Mj_1+1

We first show that
Doiom i Yigs F Yivs—1 FYi1)) —2D s, Pit25s — 2Ym+s Z;";nirl Si
Ym

where L=(1 -1 =r)*t — (1 +28n (1 =r)¥+1)forr >0and L =1 for r = 0. Note
that as y; /yi—1 — 1 — r, we have
l

L, 4.2)
m

§i Vits + Yivs—1 T Yi—1) = 8iYi-1(YVits/Yi-1 + Yits—1/Yi-1 + 1
~siyie (=" 4+ (A=) +1)
= pivs (=1 + A=) +1).
Then

D510+ Yies—1 +¥im1) ~ yugs (1 =) 4 (1 =) +1)

i>m
~ (1= N (1= (1 =r)® +1).
Also, D i, Pit2s = Ym+2s Z(l —r)®y,,. Finally,
m+8 m+3 i+6—1

ymis 30 s~ U=y 3 rigs [ (=m0~ =nPsry,

i=m+1 i=m+1 k=i
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and (4.2) is proved.
On the other hand, by Propositions 3.2 and 3.3 of Gouet et al. [9], we have

n

P
Y ymi/logn— —r/log(1 —r) 4.3)
k=1

for r € [0, 1), with —0/log 1 =1, and (a) is proved.
(b) Recalling expression (4.1), we first show that

+5
D i (i Oiks + Yiks—1 + Yi—1)) =237, Pit25 = 2Vm+8 D1 Si 1 4.4)
Ym+8 m

Note that

Vis | YVi+s—1
Zs,»(y,-+5 + Yigs—1 +yi—1) = Zsiyi—l<yl.+l + ly+ : + 1)
11— 11—

i>m i>m

~ Zsiyi—l = Ym+s,
m

i>m

m+38 m+34
Pi+25  Ym+28 Si
E ST 50 and ypgs E = E riyse; — 0.
m m
iom Ym+8 Ym+8 P— Ym+8 P

Then (4.4) is proved.

Therefore, > j_, E[§,3|fk,1] ~ 3 k1 YM;_,+s almost surely. Define the decreasing sequence

n

Zk = Yi+s> k > 1. Then D¢ ym, 48 = 2, min{zx,,...,zx,}, where the random vari-
ables zx, are independent, identically distributed and take values z; with probabilities p;.
Their common distribution function is G(z) = Ziz iPi=Yji-1,2j =2<2Zj-1, and its inverse
G~ (t)=zj, yj <t <y;j—1. We now apply Theorem A.1 to the sum of minima. From (3.5), we
have H(logt) = Z'Jn:(g z;jrj/yj — p(t). In this case,

m(t) m(t)

Ziri

§ #NE €jt1
yj !

j=0 7/ j=0

and [p(H)| < Ym@)+5/IYm@) < 1, so H(logn) f;bﬁ Then, from Theorem A.1, if fo;l e < 00,

we have Y 22| ym,_,+s < 0o almost surely. Thus, Y 2 E[le|Fr—11=Y ey YMm,_,+s < 00 and
from the conditional Borel-Cantelli lemma (see Neveu [17], Corollary VII-2-6), we conclude
that lim,, NV,, < oco.
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Let now ZZO: 1 en = 00. We check hypotheses (A.1) and (A.2) of Theorem A.1. As in the proof
of (A.1) in Proposition 3.1(b), it suffices to show in this case that

m(nvy) m(n)

3 e,-/Ze,-TO (4.5)

i=m(n)+1 i=1

for some v, 1 co. Because e, < 1 and m(nv,) —m(n) — 1 < Clogu, for some C > 0 and every
n > 1, (4.5) holds taking v, = Y7 ¢;.
We now study (A.2) and again, as in the proof of Proposition 3.1(b), we have

m(n) m(n) m(n) m(n)

2 ] TP S S 2 1 2
> zih(k) p Y Vs =) ~3 Y ~3 > e
k=1 k=1 k=1 k=1

Therefore, because ¢, < 1,

n m(n) m(n) 2
H(logn) ) iG=(1/)* <C Y e,§/<z ek) —0.
n
i=1 k=1 k=1

Hence, (A.3) holds because

m(n)

n

P
y :yMk71+5/ > e—> 1. (4.6)
k=1 k=1

Proposition 4.2. Let § > 0, limgrp =r € [0, 1] and & = I, — AO(My,).

(@) Ifr <1, then (A.4) holds with b,% =logn.
®) If r =1 and Z}:il ex =00, with ey = (1 —ri)--- (1 — rkgps—1), then (A.4) holds with

by = Y ex.

Proof. (a) From Proposition 2.3, we have E[|& |3|]-"k_1] < Cym;_,+5 < Cyp,_, for some C > 0.
From (4.3), Y_;_, ym,_, has logarithmic growth and (A.4) holds.

(b) From Proposition 2.3, El|& | Fi_1] < Cym,_,+s for some C > 0. Then (A.4) holds
by (4.6). O

We now state and prove the central limit theorem for é > 0.

Theorem 4.1. Let § > 0 and limg r, =r € [0, 1].
(@) Ifr <1, then

(logm)~'2(N, = 6(m(n))) —> N (0, o),

where 62 = —r(1 —r)°((1 —r)**! — (1 +28r)(1 — r)° + 1)/log(1 — r) for r #0 and oy = 1.
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() If r =1, then, defining e, = (1 —r)--- (1 — rp45-1), we have
Ny —0(m(n)) »p

—> N(,1)
m(n) n
V k=0 €k

whenever Y ;2 ex = 00 and lim,, N, < oo almost surely when Y p- ex < 00.

Proof. (a) By Propositions 4.1(a) and 4.2(a) and Theorem A.2, it only remains to show

(ogn) ™ 2(6(My) — 8(m(n))) —> 0. 4.7)
n
‘We have
M, vm(n) M, vm(n) M, vm(n)
0(My) —0(mn)|= Y s< Y rigs<s+ > on,
i=(M, Am(n))+1 i=(M, Am(n))+1 i=(MyAm(n))+1

50 |0(M,,) — 0(m(n))| < 10°(M,,) — 6°(m(n))| + 8, with 6°(k) = S"*_ r; and, as in the proof of
Theorem 3.1(a), (0°(M,,) — 6°(m (1)) //Togn —> 0. Then (4.7) holds.
n

(b) By Propositions 4.1(b) and 4.2(b) and Theorem A.2, we have to prove that (6(M,) —

O(mn))/(Xi_ e/ 250 when Y0 e, = co. This follows from inequality |0(M,) —
n

O(m(n))| < |M, —m(n)| and the tightness of M,, — m(n) when limy ry — 1 (see the proof of

Theorem 1 in Gouet et al. [10]). U

Corollary 4.1. Under the hypotheses of Theorem 4.1(a) we have
@ Ifr>0and ;! _lri —r|//n—>0, then
n

r(1—r)’logn

) L, N, o).
log(1 —r) n

(logn)~'"? (Nn +
(b) Ifr=0and Y.!'_r?//n —> 0, then
n
(logn) ™" /2(N,, — logn) -2 N (0, 1).
n

Proof. The proof is very similar to the proof of Corollary 3.1 except for some changes in our
inductive arguments.

(a) Recalling that s? = rs [[54771(1 = 1), define DY =52 — r(1 — r)®. From (3.20), we
have to prove that Y \_,|r; — r|/</n —> 0 implies Y ;_, D,ES)/ﬁ—> Ofor§=1,2,.... For
n n

6 =1, we have

)] 2
D =1t =1+ 1% = rrist = et — 1 10— 1) + el = i)
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and Y0 DV //n—> 0.
n
Assume Y _, D /\/n —> 0 and note that
n

k+36
5+1
DIV = —r (1= =g [ =r) = r (1 = 1)
i=k

=s,f+1(l —rr) —r(l —1*)6""1 =(1 —rk)D,g1 +r(1 —r)‘s(r —ri).

Then, clearly, >} _, D,ESH) //n—0.
n
(b) We provethat ) ;_, |D,E5) |/</n —> Ounder Y7, r?//n —> 0, where D,E’S) =50 —Fits.
n n
For § = 1, we have D" = riy1(1 = 1) — riqt = —riresr, and Yr_, DY/ o/ —> 0 fol-
n

lows from the Cauchy—Schwarz inequality. Consider the inductive hypothesis » ;_, |D,E5)| /
5+1 3
ﬁ_n) 0. Then DIE D s,’?“ — k4541 = S;z_H(l — k) — FPhts4+1 = 015421 — rksl§+l and

n n

n
2 IDE = Y00+ st

k=1 k=1 k=1

which tends to 0 divided by /n from the inductive hypothesis and the Cauchy—Schwarz inequal-
ity, because Sl(z+1 < Fk4148- -

Remark 4.1. Notice that Theorem 4.1(a) is more restrictive than Theorem 3.1(a), concerning the
behaviour of the failure rates . This is because the process of conditional variances (A.3) can be
written as partial sums of minima only when § < 0 (see Proposition 2.2). For positive §, we were
able to analyze the case of converging r;’s, where conditional variances behave asymptotically
as sums of minima.

On the other hand, comparing Theorem 3.1(b) and Theorem 4.1(b) about distributions with
light tails (limg ry = 1), we find more generality in the positive case because we do not impose
any condition on the rate of convergence of ry to 1. This is not surprising in view of the structure
of the § failure rates si, with 1 — ri’s in the denominator when § is negative. In this case, it
can be shown that, for the martingale central limit theorem, Theorem A.2, it is enough to have
(1 = rx)/(1 — rg—1) bounded away from zero and infinity; however, the change of the centering
sequence 6(M,) by a deterministic one needs some extra hypothesis on the convergence of ry
to 1.

Remark 4.2. When § > 0, unlike the negative case, it is not guaranteed that the number of §-
records is infinite. Nevertheless, when this happens, this number is always asymptotically nor-
mal in contrast to the situation of usual records, which can grow to infinity without having an
asymptotically normal distribution; see Gouet et al. ([10], Theorem 1(b)).
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5. Examples

Example 5.1 (Geometric). We consider independent identically distributed random variables
with geometric distribution on Z., that is, px = qu,k >0,n > 1, with p € (0,1) and
g=1—p. Clearly, yx_1 = ¢* and ry = px/vi_1 = p. For § < 0, we have sy = pris/yk_1 =
pg*t? /g% = pg® when k > —8 and s; = 0 otherwise. Also 8(k) = (k + 8 + 1)* pg® and
m(n) = |—logn/logq]. From Corollary 3.1, we obtain

_ D
(logn)™(Ny + pg°logn/logq) — N(0. —pg’(¢"*' +4° — 1)/ logg).

Weak records are observations such that X;, > M,,_1. In our context, they correspond to §-records
with § = —1 and we have

(logm)™"2(Ny + (p/q)logn/logq) —> N (0, —(p/qV)/ logq).

The above result was obtained by Bai et al. [3], using generating function methods. With some
extra effort, our results could be extended to functional central limit theorems such as

(logm) ™2 (Nyyy +1(p/q)logn/logq) —> |~ (p/g?)/log g W (1)

for the number of weak records of geometric random variables. The limit W (¢) is the standard
. D .
Wiener process and — is understood as weak convergence on the Skorohod space D[0, 00).

n
For positive &, we apply Corollary 4.1 to obtain
_ D
(logn)™/>(Ny + pg°logn/logq) — N(0. —pg®(¢°*" — (1 +28p)g° + 1)/ logq).

Example 5.2 (Negative binomial). Here, pp = (—1D)*(7%)p9q* fork>0,0<p<1l,g=1—p
and a > 1. From Vervaat ([22], Example 3.1), we have p — (a — 1)q/k < ry < p and we obtain
the same limiting distributions as the geometric example above.

Example 5.3 (Zeta). The zeta distribution has py = (k 4+ 1)7%/¢(a) for k € Z4 and a > 1, with
(a) = Z?O:O(j + 1)7%. Here, ry = (k + 1)_”/2?‘;k(j +1)¢ Z(a — 1)/ k. From Corollaries

3.1(b) and 4.1(b), we obtain
(logn)~2(N, — logn) -2 N (0, 1).
n
Note that the normalizing sequences in this example do not depend on the value of §, positive
or negative. This can be intuitively explained because samples from heavy-tailed distributions

show, with high probability, values that are ‘big’ records.

Example 5.4 (Poisson). Let pp = e *AK/k!, k € Z, A > 0. The following approximation of the
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failure rates r; can be found in Vervaat ([22], page 328):

A A\ A
— [ — ) <1=-r<—.
k+1 \k+1 k+1

Let § < 0. Then it is easy to see that ZZ’Z('Z))(l —r)® ';)95 Z;":('(I)) k=28 :Az‘sm(n)l’z‘s/(l —268)
and m(n)’ =120 §) — RPm(n)' =0 /(1 - 8)) —> 0, obtaining, from Theorem 3.1(b),

mm’ =2 (N, =22 mm)! /(1= 8) > N (0,22 /(1 - 29)),

where m(n) ~logn/loglogn.
n

When 6 > 0, we see, from Theorem 4.1(b), that the situation is quite different because
given that Y ;_;ex~A% Y 7_ k7%, the number of §-records is finite if § > 1. For § = 1,
n

we have ) ;_,er~Alogn and it is easy to see that ) .- [0(n) — A/(n + 1)| < co. Also,
n
m(n) ~logn/loglogn. Therefore,
n

(loglogn)™72(N,, — Alogm(n)) —> N(0, ).
n

6. Concluding remarks

A referee suggested we consider the extension of our results to the case of kth upper order statis-
tics, introducing the random quantity S, x = ZLH] 1ix;>x,_,.;_s+s)> Where X;_1.;_ denotes
the kth upper order statistic of Xq,..., X;_1. It is easy to see that replacing M, = X,,.,, by
Xn:n—k+1 in (2.3) does not yield a martingale. However, the modification

k—1

Suk— Y 0Xn:n—))

j=0

is a martingale. It is not clear, though, how to handle this process to get results analogous to those
obtained in this paper.

Appendix: Sums of minima and martingale central limit
theorem

A.1. Sums of partial minima

The martingale approach we use depends on asymptotic results for sums of partial minima of
independent identically distributed random variables. The following weak law of large numbers
from Deheuvels [7] is quite useful here.

Let {Z,,n > 1} be a sequence of independent identically distributed non-negative random
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variables, with common distribution function G, such that G(z) > 0 for all z > 0 and let
Sp=7 i ymin{Zy,...,Z;}. Letalso G~ (1) =inf{z > 0| G(z) > t},for0 <7 < 1 and H(x) =
[ G (1/u) du for x > 0,

Theorem A.1 (Deheuvels [7], Theorem 7 and Corollary 4). If lim,_, o H(x) is finite, then S,
grows almost surely to a finite limit as n — oo. Otherwise, if there is a sequence x, 1 00 such
that

H(x, —Hogn)/H(logn)T)l (A1)
and
n n 2
ZkG(l/k)2/<ZG(l/k)) —0, (A.2)
k=1 k=1 "
then

Su/H(logn) -2 1.
n

A.2. A martingale central limit theorem

We use the martingale central limit theorem given by Hall and Heyde ([11], page 58), replacing
the Lindeberg-type condition by the stronger Lyapunov-type condition (A.4).

Theorem A.2. Let {&;,i > 1} such that E[|§i|3] < oo and E[§|Fi—1]1=0, forall i > 1. For a
sequence b, 1 00, if the conditions

n

1 2 P
B ;21 E[§71Fi-1]—> 1 (A.3)
and
Eiél E[|&] |-7:i—1]—>n 0, (A4)

hold, then Y"_, & /by —> N(0, 1).
n

Lemma A.l. Let {a,,n > 1} be a sequence of positive terms such that a, — oo and
n
an/an—1 —> 1. Then a,/S, —> 0 and Sy.,/(S,)> —> 0, where S, = Y jai and Sy, =
n n n

2
> a; .
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Proof. The proof is a simple exercise. Let ¢ > 0 and take N € N such that a, — a,—1 < €a, for
alln > N. Then, forn > N,

n n
ay—ap=) (ai—ai_1)<ay—ao+e Y a <ay—ao+ESy,
i=1 i=N+1
which implies a, /S, — 0. Analogously, ifa, < &S, forn > N,then S, <So y+€> 1, aiS;i <

2, +(Sp)?, implying 2.,/ (S,)* —> 0. O
n

Lemma A.2 (Embrechts et al. [8], Proposition 3.1.1). For 0 < 7 < 0o and a sequence

{up,n> 1}, n(1 — F(up)) —> 1 is equivalent to P[M, < u,]—> ¢ ".
n n

Corollary A.1. We have
(6(M,) = 6Gn(n))) /by —> 0 (A5)

ifand only i]”ny(_)(gbn+g(m(n))) T) 0 and NY® (—eb,+0(m(n))) 7) OOfOV all ¢ > 0.

Proof. Convergence in (A.5) is equivalent to P[O(M,) < eb, + 6(m(n))]— 1 and
n
P[O(M),) < —eb, + 0(m(n))] —> 0 for all ¢ > 0. From Lemma A.2, these conditions are, re-
n
spectively, equivalent to n P[0(X,,) > b, +6(m(n))] = nye b, +6mm))) — 0and n P[0 (X,) >
n

—&eby +0(m(n))] = nye(—eb, +6mm))) —> 0. 0
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