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1. Introduction

Three decades have passed since Hill’s (1975) seminal paper on the estimation of the index
of regular variation of the tail of a distribution function, thereby introducing what is now
unanimously called the Hill estimator for the tail index, the latter being defined as the
reciprocal of the index of regular variation. Since then, the tail-estimation literature has
witnessed a true explosion featuring numerous alternative estimators, each claimed by its
inventors to be better than its competitors in at least a number of more or less well-
specified situations. Despite all this scientific vigour, Hill’s estimator remains as popular as
ever. Why? One reason may be that its expression is so elegant and its implementation
so simple: extract the top k+ 1 observations X, ., < X, jr1m = ...<X,, from
a given sample X, ..., X, and compute

N 1
Hn(k) = %Z loanfz?H:n - 1Og)(nfk:n-
i=1

14

Another reason may be that its interpretations are so convincing: (pseudo-)maximum
likelihood estimator in an exponential model for log-excesses and least-squares estimator of
the slope of the ultimately linear part in a Pareto quantile—quantile plot. A third, more
sophisticated, reason may be that its asymptotic variance is minimal in carefully formulated
settings of allowed models and estimators; see Reiss (1989: Section 9.4), Drees (1998),

1350-7265 © 2007 ISI/BS



176 E. Haeusler and J. Segers

Segers (2001a) and Beirlant et al. (2006). The Hill estimator is probably the most intensively
studied statistic in the extreme-value literature, the first papers on its asymptotic properties
dating back to Mason (1982) and Hall (1982). More recent contributions such as Resnick and
Starica (1995, 1998) treat the case of dependent data.

Our aim is to add to the understanding of the Hill estimator through the derivation of
detailed asymptotic expansions of its distribution function. These Edgeworth expansions
then serve to derive asymptotic expansions for the coverage probabilities of a number of
two-sided confidence intervals for the tail index which involve the Hill estimator in a
natural way. The confidence intervals under consideration are the Wald, score, likelihood
ratio and Bartlett-corrected likelihood ratio confidence regions that arise from the Pareto
pseudo-log-likelihood given the relative excesses X,_ji1.n/Xu_pn for i=1, ..., k. The
expansions take the form of a main term based upon the asymptotic normality of the Hill
estimator plus a number of correction and remainder terms.

This line of research was initiated in Cheng and Pan (1998), featuring a one-term
expansion in the case of zero asymptotic bias. In the same case, expansions of arbitrary
length in terms of certain gamma distributions were established in Cheng and de Haan
(2001) and Guillou and Hall (2001). In the more difficult case of non-zero asymptotic bias,
the only relevant work we are aware of is Ferreira (2002: Chapter 4), containing a one-term
expansion in the case where the number of order statistics is the one for which the
asymptotic mean squared error of the Hill estimator is minimal. All these expansions,
however, lack the accuracy or — as far as their technical assumptions are concerned — the
flexibility to generate easily comprehensible coverage probability expansions for the
aforementioned two-sided confidence intervals based on the Hill estimator.

The Hill-based confidence intervals for the tail index are described in Section 2. In
Section 3, expansions are derived for intermediate sequences k = k, that grow to infinity
sufficiently slowly with #n so that the bias of the Hill estimator does not enter the main
correction term in the coverage probability expansion. We will call this the case of
negligible bias. For such k,, the Bartlett likelihood ratio intervals achieve the highest
accuracy. For intermediate sequences k, growing to infinity at faster rates, even when
converging to zero, the bias enters the coverage probability expansions as well, making the
performance of the various intervals dependent on the sign of this bias; this is the case of
non-negligible bias and the topic of Section 4. The proofs of the two main theorems are
spelled out in Sections 5 and 6. The Appendix contains a number of auxiliary results.

2. Confidence intervals

Recall that a positive, measurable function a defined on a neighbourhood of infinity is
called regularly varying (at infinity) with real index 7, a € R;, if a(ux)/a(u) — x* as
u— oo, for all 0 <x <oo. A distribution function F on the real line with support
unbounded above has a positive tail index y if its tail function F =1 — F is regularly
varying with index —1/y. A probabilistic interpretation is that the conditional distribution of
the relative excess over a high threshold u is approximately Pareto distributed with
parameter 1/y, that is, Pr[X/u < x|X > u] - 1 —x/7 as u — oo for 1 < x < cc.



Confidence intervals for the tail index 177

Let Xy, < ... < X,.,, be the ordered values of a random sample from a distribution
function F with positive tail index 7y. For simplicity, assume F(0) = 0. Choosing the
threshold u as the (k+ 1)th largest order statistic, X,_.,, and modelling the relative
excesses X, giin/Xn—tm» i=1,..., k, by the Pareto distributions yields the following
pseudo-log-likelihood for y:

Ca(ys k) = —k(y™ Hy(k) + logy). 2.1)
This pseudo-log-likelihood is maximal for y equal to the Hill estimator, H, (k). The score
function is £,(y, k) = y~'k{y~'H,(k) — 1}, while the deviance statistic is

D,(y, k) = Z{Kn (H,,(k), k) — Cu(y, k)} = 2k<H"T(k)— 1 —log H"—(k))

The Fisher information in the Pareto model is I(y) = y~2.

Standard theory on parametric inference now yields a number of confidence intervals for
y. Denote the pth tail quantile of the standard normal distribution by z,, so ®(z,) =1 — p,
with @ the standard normal distribution function. Let a be the nominal type I error of the
confidence interval, that is, the probability of covering the true value is equal to 1 — a in
the limit. The Wald confidence interval

IM(a, k) = [(1 - k_l/zza/g) H,(k), (1 + k_l/zza/z) H,,(k)}

is based on the limiting normal distribution of the maximum likelihood estimator, H,(k). The
score confidence interval

19(a, k) = [(1 n k*l/zza/z)_lﬁ,,(k), (1 - kl/zza/z)_lﬁn(k)}

is based on the limiting normal distribution of the score statistic. The likelihood ratio (LR)
confidence interval

a

19, 1) ={0 <y <o0: Dyfy, =22}

is based on the limiting chi-squared distribution of the deviance statistic. Finally, the Bartlett-
corrected LR confidence interval

I'Y(a, k) = {0 <y <oo: Dy, H/(1+(6k)7") < 22/2}

is the same as the ordinary LR confidence interval but with the deviance statistic divided by
its asymptotic mean. Note that the Wald interval is symmetric around the Hill estimator,
while the others are not.

Our aim is to analyse the performance of the above confidence intervals. Note that, as the
Hill estimator is a sufficient statistic for the pseudo-log-likelihood (2.1), the four confidence
intervals considered above depend on the Hill estimator only. Denoting the standardized Hill
estimator by H,(y, k) = k'/>{y"'H,(k) — 1}, we can write the four types of confidence
intervals as
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I(a, k) = {0 <y <00 qu(—2ap) < Haly, b) < qui(zay2) } 2.2)

with, for all real z, and the functions a;(z) as in Table 1,

3
gD =2+ ay@Dk 7>+ 0(k?),  ask— 0. 2.3)
j=1

The coverage probabilities Pr{y € I7(a, k)] of the four confidence intervals can thus be
expressed in terms of the distribution function of the standardized Hill estimator. Edgeworth
expansions for this distribution function combined with the expansion in (2.3) then lead to
asymptotic expansions for these coverage probabilities. This is the programme for the next
two sections.

Remark 2.1. From (2.2), it is clear how to define the one-sided analogues of the Wald, score,
LR and Bartlett-corrected LR confidence intervals. To analyse the performance of such
intervals, the one-term Edgeworth expansion in Cheng and Peng (2001: Proposition 2) is
sufficiently accurate. In view of our exposition it is straightforward to extend that paper’s
analysis of the one-sided score confidence interval to the other one-sided intervals.

3. Negligible bias

In this section we derive expansions for the coverage probabilities of the confidence
intervals in the previous section for the case where the bias of the Hill estimator is so small
that it does not appear in the main correction term in the expansion. Throughout, we make
the following standing assumption.

Assumption 1. The distribution function F is supported on the positive half-line and has
positive tail index y. The random variables X, ..., X, are independent and have common

distribution function F.

Table 1. The functions a;(z) appearing in (2.3)

Confidence interval j=1 j=2 j=3
Wald i=1 22 23 24
Score i=2 0 0 0
1 1 1
LR i =3 -2 L3 by
l 3° 36” 270°
1 1 1 1 1
Bartlett LR i =4 2 35 I S
arte ' 37 367 127 270° T 187
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The tail quantile function, ¥, of a distribution function F is defined as
V(y)=inf{x: F(x) =1—1/y} for 1 <y <oc. The assumption that F has a positive
tail index y is equivalent to V' € R,. In order to study the asymptotics of the Hill estimator,
we need to quantify the speed of convergence in the limit relation embedded in the
definition of regular variation of F or ¥ (Bingham et al. 1987: Chapter 3). This is the aim
of the following assumption. For real 7 and positive y put

y ' —1/z, if 7#0,
) = | = /
1 log v, if 7=0.

Assumption 2. There exist real constants p <0 and c #0 as well as a function a € R,
vanishing at infinity such that the tail quantile function V of F satisfies

1 [V
lim —5 <V((?})) - y7> =y’ hy(y), for all y > 0. 3.1

For the Hill estimator to be consistent, the number of relative excesses, k, used in its
definition should tend to infinity along with the sample size. On the other hand, for the Hill
estimator to be asymptotically normal, the threshold, to be chosen as the (k£ + 1)th largest
order statistic, should also tend to infinity and should do so fast enough to validate the
Pareto approximation to the distribution of relative excesses. To balance these requirements
is the aim of the following assumption.

Assumption 3. The positive integer sequence k, is such that k, — oo, k,/n— 0, and
Ap = ki/za(n/kn) — 0 as n — oo.

Under Assumptions 1-3, the standardized Hill estimator
H, = Hn(% kn) = kz/z{yilgn(kn) - 1}

is asymptotically standard normal; see, for instance, de Haan and Peng (1998: Theorem 1).
Under a side condition on the behaviour of F near zero, the expectation of H, is
asymptotically equivalent to

tn = cAn/{y(1 = p)}

(see Segers 2001b), so it is not surprising that this u, will show up in the expansions to
come. See Remark 3.4 for a discussion of the case where 1, is allowed to converge to some
arbitrary real number.

Approximations of the distribution of H, typically feature standardized sums of
independent standard exponential random variables, and indeed our first result features the
classical Edgeworth expansion for such sums. Let (E;);=; be a sequence of independent
random variables, exponentially distributed with mean one. There exist polynomials P;
indexed by a positive integer j such that, for every positive integer m, we have uniformly in
xeR,
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= d(x) + Z Pi(x)p(x)k?  O(k~(mtD/2), (3.2)

J=1

1 k
Pr [WZ(E,» —)=<x
i=1

as k — oo; see Petrov (1975: Theorem VI.4). The polynomials P; are defined in terms of
Hermite polynomials and the cumulants of the standard exponential distribution. In general,
P; is a polynomial of degree 3j — 1 and P; is even (odd) if j is odd (even). Some explicit
expressions are

Pi(x) = —%(x2 —1) and Py(x) = —%x(Zx“ —11x* 4 3). (3.3)

Theorem 3.1. Under Assumptions 1-3, we have, for every integer m = 1 and uniformly in
xeR

Pr[H, < x]= @)+ Y Pk, + 00k, " ™) = 1,0(x) + ol |u|),
j=1

as n — oo, where the polynomials P; are the ones appearing in (3.2).

Combine the expansion in Theorem 3.1 for m =3 with equations (2.2) and (2.3) to
derive expansions for the coverage probabilities of the considered confidence intervals. Note
that we do not need an explicit expression for P;: since P; is even, the corresponding
correction terms cancel out.

Corollary 3.2. Under Assumptions 1-3, the coverage probabilities of the Wald, score, LR and
Bartlett-corrected LR confidence intervals at nominal coverage probability 1 — a admit the
expansion

Prly € I')(a, kn)] = 1 — a +20(2)p(2)k," + O(k,*) + o(|ua)) (34)
as n — oo, where z = Za/2 and
—ﬁ(8z4 — 1122 + 3), if i=1 (Wald),
—(2z* — 1122 + 3), if i =2 (score),
Oz)=4 & /! (3.5)
6 lf‘ i=3 (LR)z
0, if i =4 (Bartlett LR).

Example 3.1. The asymptotic normality of the Hill estimator was studied in Hall (1982) for
distribution functions F with the property that there exist constants y > 0, p <0, 4 > 0 and
B # 0 such that

Flx) = Ax‘l/”(l 4 Bx7 4 o(x”/”)>, as x — oo. (3.6)

For these distribution functions, Assumption 2 is satisfied with the same p and with a(¢) = #*
and ¢ = ypA”B. An example is the distribution function

F(x)=(1—x17, for all x = 1, (3.7
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with parameters y > 0 and ¢ > 0. If 6 # 1, then (3.6) holds true with 4 =, B = (1 — 9)/2
and p = —1; if 0 = 1, then F is the Pareto distribution.

We generated 100000 pseudo-random samples of size 500 from this distribution and
compared the coverage probability expansions in Corollary 3.2 (ignoring the remainder
terms, of course) to the simulated coverage probabilities. Figure 1 shows the results for
nominal type I error a=0.1 and parameter vectors (y,d)=1(0.5,1) (left) and
(v, p) = (0.5, 2) (right). The simulated rejection probabilities are indicated by circles along
the curves.

If 0 = 1, then the version of (3.4) without the o(|u,|) term holds true for every sequence
k, tending to infinity. Indeed, in the left-hand panel of Figure 1, the predicted rejection
probabilities o — zQ;(2)p(z)k~" are close to the simulated ones for all k. For & # 1, the
o(|tt,]) term ruins the expansion for larger k. In all cases, the LR confidence intervals are
only slightly less accurate than their Bartlett-corrected versions. The score and in particular
the Wald confidence intervals are much less reliable.

Remark 3.1. Using the expansion in Theorem 3.1 for m = 2p + 1, the coverage probability
expansion (3.4) can be extended to include correction term of order O(k,’) for j=1,..., p
and a remainder term of order O(k,” ~1). However, these higher-order terms are likely to be
blurred by the o(|u,|) remainder term, so that such an expansion is statistically not very
relevant. A better idea is to try to make the o(Ju,|) term explicit, as we will do in Corollary
4.2.

Remark 3.2. Under the assumptions of Corollary 3.2, the Wald and score confidence intervals
can also be corrected to make the O(k;l) term in (3.4) vanish, for example by changing the
nominal level a to a;; = a + zQi(z)p(z)k~! with z = z, /2, for i =1, 2. However, the finite-
sample properties of these confidence intervals are not as good as those of the Bartlett-

(v.8)=(0.5,1) (v.8)=(0.5,2)

¢ --- Wald

- — Score

- - - LR

— Bartlett LR

Rejection probability
Rejection probability

0.06 0.08 0.10 0.12 0.14
0.06 0.08 0.10 0.12 0.14

— Bartlett LR
T T T T T T T T T T
20 40 60 80 100 20 40 60 80 100

Figure 1. Simulated and predicted [by (3.4)] rejection probabilities of Wald, score, LR and Bartlett-
corrected LR confidence intervals for the tail index at nominal rejection probability 0.1. Based on
100000 samples of size 500 of the distribution function in (3.7) with ¥y = 0.5 and 0 =1 (left) and
0 =2 (right).
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corrected LR confidence intervals, since the corrections to be made for the Wald and score
intervals are much larger than for the LR interval.

Remark 3.3. The special case m = 1 of Theorem 3.1 has been proven in Cheng and Pan
(1998: Theorem 1) under the assumption that k,a(n/k,) converges to some non-negative
constant, leading to a one-term Edgeworth expansion with an O(k;I/ %) correction term and
an o(k;l/ %) remainder term; see also Cheng and Peng (2001: Proposition 2). The expansions
in Cheng and de Haan (2001: Theorem 1) and Guillou and Hall (2001: Theorem 1) involve
versions of gamma distributions depending on k, instead of the limiting normal distribution.
These approximations are stated under extra growth conditions on &, and in Guillou and Hall
(2001) for a submodel of Assumption 2.

Remark 3.4. If the limit of A, in Assumption 3 is allowed to be any real A, then the
standardized Hill estimator is asymptotically normal with mean u = cA/{y(l — p)} and
variance one; see, for instance, de Haan and Peng (1998: Theorem 1). If 4 and thus u are
different from zero, then confidence intervals for y based on the postulated asymptotic
standard normality of H, are inconsistent in the sense that nominal and asymptotic coverage
probabilities do not match. If p < 0, this situation arises if k, is chosen to minimize the
asymptotic mean squared error of the Hill estimator; see de Haan and Peng (1998: Theorem
2). For such k,, bias-corrected confidence intervals are constructed in Ferreira and de Vries
(2004). If p = 0, then the asymptotic mean squared error of the Hill estimator is minimized
for sequences k, such that 1, tends to infinity at a certain rate, and for such k, the
asymptotic distribution of the Hill estimator is actually the same as that of a large class of
estimators; see Drees (1998).

4. Non-negligible bias

In Corollary 3.2, if u, = O(k;l), then the O(k;l) term on the right-hand side of (3.4) is
indeed the main correction term in the expansion. However, if &, is so large that u, is of
larger order than k;l, then the expansion, although correct, is not very informative as it
does not say anything about the o(|u,|) remainder term. In order to derive a more detailed
expansion, we need to refine Assumption 2. Note that (3.1) is equivalent to

log V(ty) —log V(1) —ylogy

lim o = chy(y),  forall y>0. 4.1

The appropriate refinement corresponding to (4.1) is suggested by the theory of second-order
regular variation; see de Haan and Stadtmiiller (1996).

Assumption 4. There exist real constants p <0, 1<0, and ¢ # 0 as well as functions
a € R, and b € R; vanishing at infinity such that the limit
1 (log V(ty) —log V(t) — ylogy

B(y) = lim o) ()

Chp(y)) (4.2)
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exists for all y > 0.

From the proof of Theorem 1 in de Haan and Stadtmiller (1996) applied to
f(8) =log{t " V(¥)}, it is immediate that the limit function B in (4.2) must be of the form
c1(log y)* + ¢; log y, if p=1=0,
B(y)=q ciy’logy+cahp(y), if p<0=r,
crhp(y) + e2hp(y),  if 7<0,

for some c¢;, ¢; € R; see also equation (2.9) in de Haan and Stadtmiiller (1996). Moreover,
necessarily

1 (ay)

— - =dy’h forall y >0 4.3
o (a(t) y Y’ he(y), or all y >0, (4.3)
for some real constant d determined by p, 7, ¢, ¢; and ¢;. Set By = fol B(1/u)du and recall
the polynomials P; and P, in (3.3).

Theorem 4.1. Under Assumptions 1, 3 and 4, we have, as n — oo and uniformly in x € R,

Pi[H, < x] = ®(x) + Pi(x)p(x)k; "> + Py(x)p(x)k;," + o(k; ")

1
— p(xX)un — Ew(xmi + o(u?)

1

—ela- p)Bow(x)unb<ki> + o{wnw(kl) }

Combine Theorem 4.1 with equations (2.2) and (2.3) to obtain the following coverage
probability expansions for the confidence intervals considered in Section 2.

Corollary 4.2. Under Assumptions 1, 3 and 4, the coverage probabilities of the Wald, score,
LR and Bartlett-corrected LR confidence intervals at nominal coverage probability 1 — a
admit the expansions

Pily € 1, k,)]

2
=l-a+ zq;(z){Q,«(z)k;l + <a,-22 - ﬁ) kY2, — ﬂi}

+o(k,") +o(i) +0{|ﬂn|b<k%>} (4.4)

as n — oo, with z=zyp, Qi(z) as in (3.5) and
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4/3, if i=1 (Wald),
a; =4 —2/3, if i =2 (score),
0, if i =3,4 (LR and Bartlett LR).

Example 4.1. A distribution function F, the tail function of which admits the expansion, as
X — 00,

F(x) — Ax~ v (1 + Bx?/V 4 Cx By 1 O(x<p+ﬂ>/V)>, 4.5)

with some C and < 0 and the other constants as in Example 3.1, satisfies Assumption 4
with T =max(p, B), b(¢) = " and B(y) = dh,+.(y), where

ypQ2p — N4> B, if B<p<0,
d=7<{ ypA¥{Q2p —1)B*+2C}, iff=p<0,
y(p +parthc, if p<p<o.

Expansion (4.5) is valid for, among others, the Fréchet, Burr, F and Student ¢ distributions as
well as the distribution in (3.7).

We compared the coverage probability expansions in Corollary 4.2 with Monte Carlo
approximations based on 100000 samples of size 500 of the distribution in (3.7). Figure 2
shows the results for nominal rejection probability a = 0.1 and parameters y = 0.5 and
0 = 0.5 (top left) and =2 (top right). As ¢ = y(d — 1)/(20), the sign of ¢ and hence of
U, is positive or negative according to whether O is larger or smaller than one. This sign
determines the way in which the two components of the correction term, the classical
Edgeworth expansion for standardized gamma distributions and the bias term, interact (see
also Remark 4.2 below). In particular, the two components may reinforce or neutralize each
other, a phenomenon which is clearly visible for the Wald confidence intervals.

We also ran simulations for the Burr distribution, F(x)=1— (x*/" + 1)'/?, for x =0,
which satisfies (4.5) with 4 =1, B=1/p, C=(1 —p)/(2p*), and 7= p. The sign of
¢ =7 and thus of the bias term u, is always positive. Indeed, the two bottom plots in
Figure 2 have the same qualitative features as the top right-hand plot in the same figure (see
the previous paragraph). The value of p determines the speed at which the bias term tends
to zero, with p closer to zero implying a larger bias. This is clearly visible from the
difference in the range of k-values with reasonable simulated rejection probabilities in the
plots on the left (p = —1) and the right (p = —0.5).

Example 4.2. Let X be a random variable so that log X has a gamma distribution with shape
parameter 0 and scale parameter y, that is, the probability density function of X is given by
f(x) =y °T(0) "(logx)>~'x~1/7=1 for x > 1. If 0 # 1, then Assumption 4 is satisfied with
p=1=0,c=7y0—1), and a(t) ~ (logf)~' as t — oco. As the rate function a disappears
only at a logarithmic rate, astronomical sample sizes are needed for the asymptotics in the
coverage probability expansions to become visible.

Remark 4.1. Unlike the expansion in Corollary 3.2, the expansion in Corollary 4.2 cannot be
used directly to improve the accuracy of the confidence intervals as in Remark 3.2, because
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(1.8)=(05,0.5) (v.8)=(05,2)
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Burr, (,p)=(0.5, —1) Burr, (,p)=(0.5, —0.5)
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< N < L
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Figure 2. Simulated and predicted [by (4.4)] rejection probabilities of Wald, score, LR and Bartlett-
corrected LR confidence intervals for the tail index at nominal rejection probability 0.1, based on
100000 samples of size 500. Top: distribution function in (3.7) with ¥ = 0.5 and 6 = 0.5 (left) and
0 = 2 (right). Bottom: Burr distribution with y = 0.5 and p = —1 (left) and p = —0.5 (right).

this time the correction term involves the unknown quantities p and u,. Of course, one could
estimate these second-order quantities and use them to estimate the correction term in (4.4).
However, given such estimates, a better idea is to compute the Hill estimator at the value for
k, that minimizes the asymptotic mean squared error and then to subtract the estimated bias;
see, for instance, Gomes and Martins (2002) and Ferreira and de Vries (2004).

Remark 4.2. Since the term in curly brackets on the right-hand side of (4.4) is equal to k;l
times a quadratic polynomial in k,a(n/k,), there may be zero, one, or two values for k, for
which it vanishes. A possible threshold selection method then might be to try to locate such
k,, provided it exists. But as in Remark 4.1, this would require estimates of the second-order
parameters. For one-sided score confidence intervals, this programme was carried out in
Cheng and Peng (2001).
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Remark 4.3. In Ferreira (2002: Appendix 4.B), a one-term expansion for the distribution
function of H, is derived in the case where the intermediate sequence k, is the one for
which the asymptotic mean squared error of the Hill estimator is minimal (see Remark 3.4)
and for 7 < p <0, forcing k;l/z = o{b(n/k,)}. The expansion of Pr[H, < x] takes the
form ®(x — u,) plus a correction term of the order b(n/k,).

Remark 4.4. Theorem 4.1 can be extended to expansions of arbitrary order and for
intermediate sequences k, such that 1, remains bounded but does not necessarily converge to
zero; see Cuntz et al. (2003: Theorem 2). However, the statement and proof of this result are
rather intricate. We believe that the statistically relevant expansions, at least for asymptotic
bias zero, are already covered by Theorems 3.1 and 4.1.

5. Proof of Theorem 3.1

Let Yj,..., Y, be independent, standard Pareto distributed random variables, that is,
Pr[Y; < #] =1 — 1/t for ¢t = 1. The corresponding order statistics are Y;., < ... < Y,.,. By
the probability integral transform, the vectors {X;,}. , and {V(Y:,)};, have the same
joint distribution. Writing R(y, f) = log V(ty) —log V(t) — ylog(y), for y=1,t=1, we
arrive after some algebra at the distributional representation

I:]n(k)_y n—k+i:n
1/2 _
g Y kl/zz{ < Y, kn> l}

_1 n—k+i:n
k1/2z R( b Ynk:n)~ (51)

nkn

By the Markov property of order statistics, the joint distribution of {Y,_ k+zn}, I
conditionally on Y, ., = t is the same as the joint distribution of {¢Y;. k}z - Hence, from

(5.1,
Pr{H, < x] = E[f,(Yu_i,:n)]; (5.2)
where () = Pr{Z; + Ri() < x], Zi = k72308 {log(Y)) — 1} and Ry(r) = k™12 X

ko-
Z[:ly 1R(Yia t)-

Since (k,), is an intermediate sequence, the order statistic Y,_g,., is with large
probability contained in the interval

I,= [nk;l (1 — k' log k,,), nk ! (1 + k2 log k)]
More precisely, exponential bounds on tail probabilities of binomial random variables
(inequalities (4) and (6) in Shorack and Wellner 1986: 440) imply that for every p,
Pr(Y,—k,n & 1,] = Ok, %), as n — oo. (5.3)

Since | fx(f)| < 1 for every positive integer k and all ¢ = 1, the bound in (5.3) combined with
(5.2) implies, for every p, uniformly in x € R,



Confidence intervals for the tail index 187

Pr[H, < x] =E[fi, Yu—t,n)| Yn-t,n € In] + O(k,P), as n — oo. (5.4)

The idea of the proof now is to show that the random variables Ry (f), t € [,, are
sufficiently close to u,. More precisely, suppose that we can find a sequence (c,), of
positive numbers such that, for every p,

Cpn = o{ki/za<:>} and sup Pr[|Ry, (1) — un| > c,] = Ok, ), (5.5)
n tel,
as n — oo. Then also

sup [Pr[Z, <x— Ry, ()] —Pr[Z, < x— u,]|
tel,

< Pr{|Zi, — (x— )| < cal + Ok, ), asn— oc. (5.6)
By the Edgeworth expansion (3.2) for the standard exponential random variables log(Y;),

i=1,..., k,, we have, as n — o0,

Pr[‘Zk,, —(x— ,un)| Scp]l=Px—pn+cp) — O — py — cp)
+ D AP0 — ) = Pio(x — = en) bk, + Ok, DP2),
j=1

Since the derivatives of ® and P;¢ are uniformly bounded over R, we obtain

n

Pr{|Zy, — (x — pn)| < ] = o{kl/za<ki>} + Ok, (mD/2), (5.7)

uniformly in x € R, as n — co. Combine (5.7) with (5.4) and the bound in (5.6) to obtain,
uniformly in x € R, as n — oo,

Pr(H, < x| = Pr[Zy, < x — ] + O(hk; "V + O{kl/za<kl> }

n

Applying (3.2) again gives, uniformly in x € R and as n — oo,

Pr{Zp, < x — i) = DOx — ) + Y Pip(x — )k, + Ok, "D
j=1

= O(x) — uap(x) + > Pi(x)@(x)k, " + Ok, " D1%) + o(| ),

J=1

once more by the uniform boundedness of the derivatives of the functions P;¢p. Combining
the last two displays then yields the desired conclusion.
Hence it remains to show that we can find a positive sequence (c,), satisfying (5.5). We
claim that the sequence
Cn = 2maX{k1/4a(kl), sup [E[ Ry, ()] — un}
1

n tel,

meets the requirements. First of all, since E[4,(Y1)] = (1 — o)L,



188 E. Haeusler and J. Segers
112 B
E[Ry, ()] — pn = v~ k,/°E[R(Y1, 1)]

_ 112 a(t) R(Y,, 1)} - )
b ( ><a(”/kn)E{ a(t) cE[hy(Y1)] ).

The uniform convergence theorem for regularly varying functions (Bingham et al. 1987:
Theorem 1.5.2) implies

a(t)
weh| a(n/ky)

Moreover, for every € > 0 we can find C, > 0 and ¢, = 1 such that

Ry, 1)

a(1)

(see Bingham et al. 1987: Theorem 3.1.3). Since R(y, f)/a(t) — ch,(y) as t — oo, by the
dominated convergence theorem E[R(Y, f)/a(¢)] — cE[h,(Y1)] as t — oo. Hence, ¢, =

o{k*>a(n/k,)}, which is the first part of (5.5).
To prove the second part of (5.5), observe that by definition of ¢,

—1)—>0, as n — oo.

< C.)*, forall y=1,t= ¢, (5.8)

Prl|Re, (1) = ] > €] < Pr{uekﬂ(r) — B[Ry, (0]| > ki/“a(,%)] :
Fix an arbitrary p = 2. Choose 0 < & < 1/p and let ¢, and C, be as in (5.8). For n large

enough, we have I, C [Z,, co) and supsc,a(?)/a(n/k,) < 2. Applying Lemma A.l in the
Appendix yields for such large n a constant ¢, depending only on p such that, for all € 7,

Pr[uekn(t)— [Ri, (0] > k,/*a (k )}

2 \? 2\? C?
< E[|R(Yy, D|P1k P4 < ¢, (=) —=—k P/
CP (a(f)y) [| ( 1, )| ] n CP (V) 1— ep n

Since p can be chosen arbitrarily large, the last display now implies the second part of (5.5),
as required. This completes the proof of Theorem 3.1.

6. Proof of Theorem 4.1

The proof of Theorem 4.1 starts in the same way as the proof of Theorem 3.1 in Section 5
up to and including equation (5.4). Define

I /ROy, ¢
B(y, 1) :m( Zf) )_ chp(y)), forallr=1,y=1,

with R(y, f) as in Section 5 and the other ingredients as in Assumption 4. Then we can
decompose the term Ry(f) as Ry(f) = Si(?) + Tx(t), where
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k
Se(®) = ey kT Pa(0) Y hy(Yy), (6.1)
i=1
k
Tty =y ™'k Pa(ob(n) Y B(Y;, 1). (6:2)
i=1

First, we treat the term S;(f) in (6.1). Note that

n t ' &
Si(t) = C‘}/71 kil/za(%> <n/k> Z hp(Yi) + Sn,k(t)a
i=1

where

p k
Sur(0) = cy1k1/2{a(t) ~a(3) (n/’k) }Z (1)),
i=1

Recall that 4, = ki/ 2a(n/k,). Since the convergence in (4.3) is necessarily locally uniform in
0 <y < oo (Bingham et al. 1987: Theorem 3.1.16) and since 0 < /,(y) < log(y) for all
y =1, we find that there exists a positive sequence AS such that AS = o{1,b(n/k,)} and

Pr {sup|S,,,kn(t)| = A;j] = o(k;"), as n — oo. (6.3)

tel,

Secondly, we treat T4(7) in (6.2). Note that By = E[B(Y1)]. We have
3
gt (Y, (7 (0)
T =y 'k a(k)b(k)B(H—; 9,(1),
with
“11)2 ™M\, if ¢ =
vk {a(t)b(t) a(k)b(k)}Bo, ife=1,

') = vy K 2a()b(H{E[B(Y1, 1] — By}, if =2,

k
ylkl/za(t)b(t){kl > B(Y;, ) — E[B(Y1, l‘)]}, if ¢=3.
i1
By the uniform convergence theorem for regularly varying functions and the Potter bound for
B(y, t) in Lemma A.2 below at € = 1/2, we have

sup| T, ()] = O{Enb(Z) } as n — oo,
tel, n

for £=1,2. Further, by Lemma A.1 with 0 =1/4 and p =5, there exists a positive
constant c¢s such that

L
Pr|| 2> B(Yi )~ E[B(X, 1)]

i=1

= kl/“] < ¢sE[|B(Yy, 0’1k
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for all =1 and all integers k£ > 0. Apply Lemma A.2 with € = 1/6 to deduce that
Pr[supT(nS)k (0] > 2y1k;1/4/1nb<k£
bk

tel,

)} =o(k,"), asn— cc.

n

All in all, we find that there exists a positive sequence AZ such that A,T, = o{A,b(n/k,)}
and, as n — oo,

Pr [sup|Tkn(t) - yunb<kn> By| = A,{] = o(k,"). (6.4)
t n

n

Combining (6.3) and (6.4) for S;(f) and Tx(¢), respectively, we find that
Pr[sup|Rkn(t) — ﬁn,kn(t)| = An] = o(kgl), as n — oo,
tel,

with

Ros(h) = Cyflkfl/za(%) (Wtk)”i hp(Y[)+V71k1/2a<%)b(%)30,
=1

while A, = A‘: + AZ = o{A,b(n/k,)} as n — oo. With Z; as introduced in Section 5, we
obtain, uniformly in 7 € 7, and x € R, and as n — oo,

Pr[Z, + Roui, () < x — A, ] + o(k,") (6.5)

< Pr[Zi, + Ry, (1) < x] < Pr[Zy, + Rui, (t) < x+ A,] + ok, ).

We can write the random variable Z; + Ién,k(t) as

a1 ) s knal) () v () ()

where
P
Ei(t, u) = log(Y;) — 1 +cy*1a(u)(—) (h(Yp—(1—p},  fori=1,..., k
u
Note that E[&;(¢, u)] = 0.

The distribution function of the standardized sum of the random variables &;(¢, u) can be
expanded by a special case of Petrov (1975: Theorem VI.3.1), for the reader’s convenience
stated explicitly as Theorem A.3 below. In order to apply Theorem A.3, we need to
compute some characteristics of the distribution of &(#, u). The variance of &;(¢, u) equals

P
o (t,u)y=1+42cy (1 — p)2a(u) (—) +0{a(u)*}, as u — 00, (6.6)
u
uniformly in ¢ € [u/2, 2u]. Further, since the distribution of log(Y;) is standard exponential,
the cumulants x,,(¢, u) of & (¢, u) satisfy

Km(t, u) = (m — ! + O{a(u)}, as u — 00,

uniformly in ¢ € [u/2, 2u] for positive integer m. Also, E[|&;(¢, u)|?] — E[|log(Y;) — 1|?] for
positive p as u — oo and uniformly in ¢ € [u/2, 2u]. Finally, if » and ¢ are such that
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n(u, t) = cy 'a(u)(t/u)’ is larger than —1, then the probability density of &(z, u) is
uniformly bounded by max[1, {1 + n(u, 1)}~']. By an inequality due to Statuleviius (1965)
and cited in Petrov (1975: 21-22, supplement 1.5.22), this bound on the density of &1(u, 1)
implies that for z # 0 the characteristic function of &;(u, f) is bounded by

min[1, {1+ 1(u, )}?]
96{20 (u, t) + m/|z[}? }

B < exp{—

The calculations in the previous paragraph served to demonstrate that we may apply Petrov’s
Theorem A.3 to derive that, as n — oo,

1 kn n
r|—— i\t —
o(t, n/k,,)kl/zl;: 5 ( k)

uniformly in 7 € [, and x € R, with P; and P, as in (3.3). Here we used the asymptotic
relation k;l/za(n/kn) = k;lln = o(kgl) as n — oo as well as the fact that x — x"@(x) is
uniformly bounded in x for positive m. Writing

=01, N () 8 6.7
v,(x, =0 <t,kn>(xﬂn(n/kn> -y <k> o> (6.7)

we obtain, as n — oo and uniformly in # € [, and x € R,

CI)(x)—FZ( o))k, + o(k,")

2
Pr[Zp, + Ru, () < x] = ®{v,(x, )} + D _(Pio){va(x, D}k, + o(k,"). (6.8)

Combine (6.6) and (6.7) to find, as n — oo, uniformly in ¢ € [, and x € R,

— 1 t\’ (1/2 t 1\’
ot 0 =525 (7 ) o e (7
—v 12, b(k )BoJro(,u )+o{z b<kn)}. (6.9)

Combine (6.8) and (6.9) to see that Pr[Z;, + R,,,kn(t) =< x] is equal to

@ 1 t\’ 12 t\’
(x)*m <W) xp(x)k, Ty — <n/k,,) P(X)thn

2p
_ % (n/tkn> x@(x)ﬂn '}/ﬂqo(x)/l b(k,,) By + (Pip)()k, 1/2

( /k) (Prg) )k, P un + (Pp)(x)k, ! (6.10)

plus a remainder of the form o(k,") + o(u2) + o{A,b(n/k,)} as n — oo and uniformly in
t € I, and x € R. Because of the inequalities for Pr[Z;, + R, x,(f) < x] in (6.5) and the fact
that the term A, in (6.5) is of the order o{1,b(n/k,)} as n — co, we must also have that
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Pr[Zy, + Ry, () < x] can be written as in (6.10) plus a remainder term that is again of the
form o(k;l) + o(u*) + 0o{A,b(n/k,)} as n — oo and uniformly in ¢ € I, and x € R.

In view of the representation of Pr[H, =< x] in equation (5.4), all that is left to do is to
integrate out the variable ¢ in (6.10) with respect to the conditional distribution of Y,_, .,
given Y,_j,.n € I,. First of all, note that for any intermediate sequence k, and any real p,
as n — oo,

» _T(n+ DIk, +1—-p) [0\’ pp—11 1

E{Y"*"”’} CTn+1—plk,+1) (k,,) (1 + 2 kn+o(kn>>' ©.11)
The first relation follows from elementary calculus, while the second one is a consequence of
the asymptotic expansion of the gamma function. The large-deviation result for Y, 4 ., in
(5.3), together with Chebyshev’s inequality, then implies that the asymptotic expansion in
(6.11) also holds for E[Yﬁ_k”:n|Y,,,kn;n € I,]. Hence, if in (6.10) we integrate out the variable
¢t with respect to the conditional distribution of Y,_g,., given Y, ., € I,, the result is the
same expression but with every ¢ replaced by n/k, and up to a remainder term of the order
o(kgl) as n — oo uniformly in x € R. Finally, collect the terms of the same order to arrive at
the expansion for Pr[H, < x] stated in Theorem 4.1.

Appendix: Auxiliary results

Lemma A.1. Let (§;)i=1 be a sequence of independent, identically distributed random
variables. If E[|&||P]1 < oo for some p =2, then there exists a positive constant c,
depending only on p, such that for every real number 6 and every positive integer n,

1 n
Pfl ;; & —E[&1]

Lemma A.l is a consequence of Markov’s inequality and the Marcinkiewicz—Zygmund
inequality; see Chung (1951: 348—349). From Theorem 3.1.4 in Bingham et al. (1987) one
can derive the Potter bound used in Section 6; see Lemma 2 in Cuntz et al. (2003) for details.

> nl/M] < ¢ E[|&|"1n707.

Lemma A.2. Under Assumption 4, for every € > 0 there exist K, > 0 and t, > 1 such that
forall l = y<ooand t=t,
1 (log V(ty) —log V(1) — ylogy
b(1) a(?)

- c"’p(}’))’ < K.)".

Recall that the monic Chebyshev—Hermite polynomials are given by
dlﬂ
dxm
The following theorem is a special case of Petrov (1975: Theorem VI.3.1).

H,(x) = (=) exp(x?/2) exp(—x?/2), form=1,2,....

Theorem A.3. Let (§))i=1 be a sequence of independent and identically distributed
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random variables with zero mean and finite fifth absolute moment. Write 6% = E[fg‘%]
Ky = E[E?], and Ky = E[E?] —302. There exists an absolute positive constant C such that,
for all real x,

1 k
’Pr[mzl §i$x

< C(20 *BlI& 162 + K sup [E[e=] + 20 "))

|z|=0

2
— () =) Sk
j=1

with & = o2 /{12E[|&*]}, and

11 = =5 Ha(p(),

2
Ky K3

Mg

2403 W+ 5375

Sa(x) = — ( Hs(X)) P(x).

Explicit expressions for the Hermite polynomials appearing in Theorem A.3 are
Hy(x) = x* — 1, H3(x) = x> — 3x, and Hs(x) = x> — 10x> + 15x.
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