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Abstract

In this paper, we study curvature properties of all homogeneous real hyper-
surfaces in nonflat complex space forms, and determine their minimalities and the
signs of their sectional curvatures completely. These properties reflect the sign of the
constant holomorphic sectional curvature ¢ of the ambient space. Among others, for
the case of ¢ < 0 there exist homogeneous real hypersurfaces with positive sectional
curvature and also ones with negative sectional curvature, whereas for the case of
¢ > 0 there do not exist any homogeneous real hypersurfaces with nonpositive sectional
curvature.

1. Introduction

We denote by M,(c) a complex n-dimensional complete and simply con-
nected Kéhler manifold of constant holomorphic sectional curvature ¢ (# 0),
which is called an n-dimensional nonflat complex space form. It is well-known
that M, (c) is holomorphically isometric to either an n-dimensional complex
projective space CP"(c) or an n-dimensional complex hyperbolic space CH"(c)
according as c¢ is positive or negative. In Riemannian submanifold theory,
homogeneous real hypersurfaces M>"~! of a nonflat complex space form are one
of fundamental examples, and have been studied actively. Here, those hyper-
surfaces M?"~! are orbits of some subgroups of the full isometry group of the
ambient space. Although there exists a duality between CP"(¢) and CH"(c),
real hypersurfaces in these spaces present different aspects according to the sign
of the holomorphic sectional curvatures ¢ of the ambient spaces. For instance,
in CH"(c¢) we have many homogeneous real hypersurfaces which are not Hopf
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hypersurfaces, whereas all homogeneous real hypersurfaces in CP”"(¢) must be
Hopf (for details, see Section 2).

In this paper, we study curvature properties of homogeneous real hyper-
surfaces of these ambient spaces. Note that such hypersurfaces have completely
been classified, and the principal curvatures have also been calculated. There-
fore, one can determine the minimality by direct calculations. The main contri-
bution of this paper is to determine the signs of the sectional curvatures for all
homogeneous real hypersurfaces in CP”"(¢) and in CH"(c).

We here summarize our results. For the case of ¢ > 0, Takagi ([14]) clas-
sified homogeneous real hypersurfaces in CP"(c). According to his result, such
hypersurfaces can be classified into six cases, namely of types (A;), (Az), (B), (C),
(D) and (E). For example, homogeneous real hypersurfaces of type (A;) are
geodesic spheres G(r) of radius r, and those of type (Aj) are tubes of radius r
around a totally geodesic CP’(c). Unifying these two types, we call them of
type (A) (see Section 2 for details and other hypersurfaces). By direct compu-
tations we have the following fact (¢f [10, 11]).

THEOREM 1. In the class of all homogeneous real hypersurfaces M of CP"(c)

with n = 2, the following hold:

(1) For each family of types (A1), (Az), (B), (C), (D) and (E), we have just
one example which is minimal. Hence, minimal homogeneous real hyper-
surfaces are classified into six types;

(2) M has nonnegative sectional curvature at its each point if and only if M is
of type (A). In particular, M has positive sectional curvature at its each
point if and only if M is of type (Ay);

(3) There exists no example M all of whose sectional curvatures are non-
positive at its each point.

On the other hand, for the case of ¢ < 0, Berndt and the second author ([4])
classified all homogeneous real hypersurfaces in CH”(c¢) into eight cases of types
(Ao), (A10), (A1,1), (A2), (B), (S), (W;) and (W,). For instance, the type (A, o)
is a class of geodesic spheres G(r) of radius r. The type (S) is a class consisting
of the minimal homogeneous ruled real hypersurface S determined by a horocycle
in a totally geodesic RH?(c/4), and equidistant hypersurfaces from S at distance
r (see Section 2 for details). We shall establish a theorem corresponding to
Theorem 1 in the case of ¢ < 0.

THEOREM 2. In the class of all homogeneous real hypersurfaces M of CH"(c)
with n = 2, the following hold.

(1) There exists just one example which is minimal in CH"(c). It is the
homogeneous ruled real hypersurface S, which is one of examples of type
(S);

(2) M has nonnegative (resp. positive) sectional curvature at its each point
if and only if M is a geodesic sphere G(r) of sufficiently small radius r.
In these cases, M is of type (Ai1));
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(3) M has nonpositive (resp. negative) sectional curvature at its each point
if and only if M is either the homogeneous ruled real hypersurface S or
an equidistant hypersurface at sufficiently small distance v from S. Then,
M belongs to the class of type (S).

Note that the estimation on the distance r in Theorem 2 (2) and (3) are given
explicitly in Propositions 4.3 and 7.4, respectively.

Our theorems completely determine the minimality, and the signs of the
sectional curvatures, for all homogeneous real hypersurfaces in CP"(c) and also
in CH"(¢). This would lay a foundation for the study of real hypersurfaces in
nonflat complex space forms. Furthermore, from our results one could find out
some clear differences between the class of real hypersurfaces in CP"(¢) and that
in CH"(c), which can be summarized as follows.

Remark 1.1. For homogeneous real hypersurfaces in M,(c), one has the

following:

(1) CH"(c) admits just one minimal example, whereas CP"(c¢) admits several
minimal examples (the number of minimal examples depends on the
dimension n of ambient space CP"(c)).

(2) CH"(¢) admits homogeneous real hypersurfaces with positive sectional
curvature, and also those with negative curvature. On the other hand,
CP"(c) admits homogeneous real hypersurfaces with positive sectional
curvature, but does not admit those with nonpositive curvatures.

We describe the contents of this paper. In Section 2 we recall some funda-
mental notions and the classification of all homogeneous real hypersurfaces in
M,(c). In Section 3 we will sketch out the proof of Theorem 1. The proof of
Theorem 2 will be broken up into some separate sections. Section 4 deals with
the case of homogeneous Hopf hypersurfaces of CH"(c). Sections 5, 6 and 7
take up the cases of types (Wi), (W2) and (S), respectively.

2. Preliminaries

Let M,(c) be an n (= 2)-dimensional nonflat complex space form and M
be a real hypersurface of M,(c) through an isometric immersion. In this sec-
tion, we recall some fundamental notions and prepare some known formulas, in
order to compute the sectional curvatures of M in terms of the shape operators.
We also recall the classification of all homogeneous real hypersurfaces in
M,(c). R

First of all we set up some notations. For M,(c), denote by ¢ the standard
Riemannian metric and by J the canonical Kdhler structure. For a real hyper-
surface M, denote by ./~ a unit normal local vector field, and also by the same
notation ¢ the induced Riemannian metric for simplicity. Then it is well-known
that an almost contact metric structure (¢,&,#,9) on M, associated with /", can
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be canonically defined by
9($X,Y) =g(JX,Y), &=-JAN, n(X)=g(X)=9g(JX,N)

for arbitrary vector fields X and Y on M. The structure satisfies

X =X +n(X)E  g(@X,$Y) =g(X,Y) —n(X)y(Y),
& =1, ¢£=0 and n(gX)=0.

We call ¢ the characteristic vector field. Denote by A the shape operator of
M in M,(c). Then one knows the equation of Gauss, which represents the
curvature tensor of M in terms of g, ¢ and A. Therefore, one has a similar
expression of the sectional curvature as follows. For more details, we refer to
[12].

LemMA 2.1. Let M be a real hypersurface of M,(c), and use the above
notations. Then, the sectional curvature K(X,Y) of the real plane spanned by a
pair {X,Y} of orthonormal vectors is given by

K(X,Y)=(c/4)(1+43g(sX, Y)Z) +9(AX, X)g(AY,Y) — g(AX, Y)z.

An eigenvector of the shape operator A4 is called a principal curvature
vector of M in M,(c), and an eigenvalue of 4 is called a principal curvature
of M in M,(c). Let V, denote the eigenspace associated with the principal
curvature 4. That is, we set V), = {X e TM |AX =1X}. We usually call M a
Hopf hypersurface if the characteristic vector ¢ is a principal curvature vector
at each point of M. We need the following lemma, which is one of the
fundamental properties of principal curvatures of a Hopf hypersurface M in
M,(c).

Lemma 2.2 ([7,9]). Let M be a Hopf hypersurface of a nonflat complex space
form M,(c) with n = 2. If a nonzero vector X € TM orthogonal to & satisfies
AX = 2X, then (24 —0)A¢pX = (0A+ (¢/2))¢pX holds, where o6 is the principal
curvature associated with &.

Now, we survey the classification of homogeneous real hypersurfaces in a
nonflat complex space form M,(c). In the case of ¢ > 0, by virtue the works
of Takagi and Kimura ([8, 14, 15]), we can see that a homogeneous real hyper-
surface in CP"(c) with n = 2 is locally congruent to one of the following Hopf
hypersurfaces all of whose principal curvatures are constant:

(A1) A geodesic sphere G(r) of radius r, where 0 < r < 7/+/c;

(A,) A tube of radius r around a totally geodesic CP’(c) with 1 </ <n -2,

where 0 <r < 7/ /c;
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(B) A tube of radius r around a complex hyperquadric CQ"~!, where 0 <
r < n/(2y/2);

(C) A tube of radius r around the Segre embedding of CP'(c) x
CP"D/2(c), where 0 <r < r/(24/c) and n (=5) is odd;

(D) A tube of radius r around the Pliikker embedding of a complex Grass-

mannian CG, s, where 0 < r < 7n/(2y/c) and n="9;

(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5),

where 0 < r < n/(2y/c) and n = 15.
For the notational convention as stated in the introduction, unifying types (A;)
and (A;) we call them of type (A).

In the case of ¢ < 0, let M be a homogeneous real hypersurface in CH"(c)
with n = 2. Then, due to [4], we know that M is locally congruent to one of the
following:

(Ag) A horosphere in CH"(c);

(A1,0) A geodesic sphere G(r) of radius r, where 0 < r < co;

(A1) A tube of radius r around a totally geodesic CH"~!(c), where 0 <

r< o;

(A;) A tube of radius r around a totally geodesic CH’(c) with 1 £/ <
n—2, where 0 < r < o0;

(B) A tube of radius r around a totally real totally geodesic RH"(c/4),
where 0 < r < o0;

(S)  The homogeneous ruled real hypersurface S determined by a horo-
cycle in a totally geodesic RH?(c/4) in CH"(c), or an equidistant
hypersurface from S at distance r, where 0 < r < oo;

(W1) A tube of radius r around the minimal ruled submanifold W?'~* with
ke{2,...,n—1}, where 0 <r < o0;

(W3) A tube of radius r around the minimal ruled submanifold WWZ””‘ for
some ¢ € (0,7/2) and ke {2,...,n— 1}, where k is even and where
0<r<oo.

Unifying real hypersurfaces of types (Ag), (A1), (Ai1) and (A,), we call them
hypersurfaces of type (A). Note that, in the above list, all examples of types (A)
and (B) are Hopf hypersurfaces and others are non-Hopf.

In what follows, we put 7:= \/|c[r. We use this convention throughout the
paper for the purpose of simplicity.

3. Sketch of the proof of Theorem 1

In this section, we shall outline the proof of Theorem 1. First, we recall the
principal curvatures of homogeneous real hypersurfaces in CP"(c).

Lemma 3.1 (cf. [15]). The principal curvatures of homogeneous real hyper-
surfaces in CP"(c) are given as follows:
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(A1) (Az) (B) (C,D,E)
Al % cot <;) g cot (g) \/75 cot G — g) 7C cot G — g)
A2 — - g tan G) \/TE cot G + g) % cot G + g)
A3 — — — % cot (g)
Aa — — — - \/7— tan <g)
0 V¢ cot F V¢ cotF Ve cot F V¢ cot F

The multiplicities of these principal curvatures are given as follows:

(A1) (Az) (B) | (©) | (D) ] (E)
m(A) | 2n—=2|2n—-2/-2 | n—1 2 4 6
m(4) — 2/ n—1 2 4 6
m(13) — — — |n=-3| 4 8
m(Ag) — — — |n-3| 4 8
m@) | 1 1 1 1 1|1

Note that the principal curvature J in the above table is associated with the
characteristic vector &, that is, A =0&. Next, the following proves the first
assertion (1) of Theorem 1.

PropPoSITION 3.2.

A homogeneous real hypersurface M in CP"(c) with n = 2

is minimal if and only if it is congruent to either of type (A1), (Az), (B), (C), (D) or
(E), and the radius r satisfies the following cases, respectively:

(A1) cot(F/2) =
Aj) cot(F/2) =
) cot(F/2) =
) cot(F/2) =
D) cot(7/2) =
E) cot(7/2) =

1/vV2n—1;

V@7 1)/ — 27 — 1)
Vi+vn—1;
%mf)/v

(V15 ++6)/3.

Proof. One can directly calculate the mean curvatures Trace 4 in terms of
the tables of the principal curvatures in Lemma 3.1. Then, by using the equality

Ve cot i = (v/c/2) cot(/2) — (v/c/2) tan(F/2)
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and solving the equation Trace 4 =0, one can complete the proof of the
lemma. ]

In order to see Theorem 1 (2), (3), we prepare the following two propositions
which give information on sectional curvatures of hypersurfaces of type (A) in
CP"(c) (for the proof, see [10, 11]).

ProPOSITION 3.3. Let M be a real hypersurface of type (A1) in CP"(c) with
n=2 Then M has positive sectional curvature. More precisely, the sectional
curvature K of M satisfies the following, where the both equalities are attained.

0 < (c/4) cot?(7/2) < K < ¢ + (c/4) cot*(7/2).

PrOPOSITION 3.4. Let M be a real hypersurface of type (Az) in CP"(c)
with n = 3. Then M has nonnegative sectional curvature. More precisely, the
sectional curvature K of M satisfies the following, where the both equalities are
attained.

0 < K < ¢+ (c/4) max{cot?(7/2), tan?(#/2)}.

For the case that M is of either type (B), (C), (D) or (E), we have

PrROPOSITION 3.5. Let M be a real hypersurface of either type (B), (C), (D)
or (E) in CP"(c). Then the sectional curvature K of M can take both a positive
sign and a negative sign.

Proof. Every real hypersurface of either type (B), (C), (D) or (E) has three
common principal curvatures 4;, 4, and 6 (see Lemma 3.1). Then, for unit
vectors X € V;, and Y € V;,, Lemma 2.1 yields that

(1 + tan(7/2))?

C C C
KX, )=-4+A0=-—-
O P (7
_c ¢ c(l— tan(7/2))*
K(Y,¢) _4+)v25—4+4 wan(7/2) > 0.
Therefore the sectional curvature K can take both signs. O

Thus we obtain the statements (2), (3) of Theorem 1.

4. The case of homogeneous Hopf hypersurfaces in CH"(c)

In what follows, we shall prove Theorem 2. As a first step to do that, in
this section we examine homogeneous Hopf hypersurfaces, namely, real hyper-
surfaces which are either of type (A) or type (B) in CH"(¢). The principal cur-
vatures of those hypersurfaces are given by the following lemma.
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Lemma 4.1 ([1]). The principal curvatures of real hypersurfaces of types (A)
and (B) are given as follows:

Aj)) (A11) (Az) (B)

(

lel | /el F || 7\ | Vel \ | VIl F

3 5 coth 5 5 tanh 3 coth > coth 3
- - - |c] r r

A 5 tanh 5 5 tanh 5

o | V¢l V/|c| coth 7 V/|c| coth 7 V/|c| coth 7 +/|c| tanh 7

Here, the principal curvature J is associated with & The multiplicities of these
principal curvatures are given as follows:

A1

(Ao) | (Aro) | (A1) A) (B)
m(2) | 2n=2|2n—=2 |2n=2|2n—-2/-2 | n—1
m(42) — — — 2/ n—1
mo) | 1 1 1 1

—~

—_—

It follows directly that a real hypersurface of type (A) or (B) has two distinct
principal curvatures if and only if it is of type (Ao), (A1.0), (A1), or of type (B)
with radius r = (1/4/|c|) log(2 + v/3) (in the last case A; =6 = /3|c[/2 holds).
For other cases it has three distinct principal curvatures.

Note that all of the principal curvatures of every homogeneous Hopf hyper-
surface M are positive constants at each point of M. This implies that
Trace A > 0 on such a real hypersurface M. Thus we have

PROPOSITION 4.2.  All homogeneous real hypersurfaces of types (A) and (B) in
CH"(c) with n =2 are not minimal.

Next, we study the sectional curvatures of homogeneous Hopf hypersurfaces
M one by one. First of all we study the case of type (Aj o).

ProPOSITION 4.3 (cf. [6]). Let M be a real hypersurface of type (Aio),
namely, a geodesic sphere G(r) in CH"(c) with n =2 2. Then, the sectional curva-
ture K of M satisfies the following, where the both equalities are attained.

(4.1) ¢ — (c/4) coth?(7/2) £ K < (—c/4) coth?(7#/2).
Hence, we have the following:
(1) K is nonnegative if and only if 0 <r < (1/+/]c|) log 3;

(2) K is positive if and only if 0 <r < (1/4/|c]) log 3;
(3) K can take both signs if and only if r > (1//|c|) log 3.
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Proof. According to the table in Lemma 4.1, one knows that M has two
distinct constant principal curvatures A; with multiplicity 2n —2 (= 2), and ¢
with multiplicity 1, where A& =0& We take a pair {X,Y} of orthonormal
vectors that are orthogonal to & in order to estimate the sectional curvature K
of M. Since X,Y eV, we have

K(sin 0- X +cos0-& Y) = (¢/4){sin? 0(1 + 3g(¢X, ¥)?) — coth?(7/2)}

by use of Lemma 2.1. This gives the desired inequalities (4.1). Furthermore,
for each unit vector X orthogonal to & we have

K(X,0X) = c — (c/4) coth®(7/2), K(X,&) = (—c/4) coth?(7/2).

Hence the both equalities of (4.1) are attained. The remaining assertions of the
proposition immediately follow from the first assertion. O

In the case that M is of type (Ag), we remark that a horosphere can be
obtained as a limit of a geodesic sphere G(r) by taking r — co. Taking r — o
in (4.1), we have the following:

PROPOSITION 4.4.  Let M be a real hypersurface of type (Ag) in CH"(c) with
n=2. Then the sectional curvature of the horosphere M can take both signs.
More precisely, the sectional curvature K of M satisfies the following, where the
both equalities are attained.

3¢c/4 <K £ —c/4
For the other types, we have

PROPOSITION 4.5.  Let M be a real hypersurface of either type (A 1), (Az) or
(B) in CH"(c) with n = 2. Then the sectional curvature of M can take both signs.

Proof. (i) The case that M is of type (A ;). Then, according to the table
in Lemma 4.1, we see that M has two distinct constant principal curvatures 1,
and 6, where A =6£. For a unit principal curvature vector X € V,,, we have
¢X € V,. Hence, one finds from Lemma 2.1 that

K(X,$X) = ¢+ A} = ¢+ (|c|/4) tanh*(7/2) < 0.

Next, we shall compute K(X,¢), where X is the above unit vector. Lemma 2.1
yields that

K(X,&) = (c/4) + 410 = (c/4) + (|c|/2) tanh(7/2) coth 7
= (c/4) + (|c|/4)(1 4 tanh?(7/2)) = (|c|/4) tanh?(7/2) > 0.

(i) The case that M is of type (A;). In this case M has three distinct
constant principal curvatures 4y, 1, and J with A& =d&.  Applying Lemma 2.2,
we find that X e V), implies ¢X € V;,. So, the same computations as above tell
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us that
K(X,¢X) <0, K(X,¢) >0

for a unit vector X € V,.
(iii) The case that M is of type (B). In this case, by Lemma 2.2, for a unit
vector X € V;, we have ¢X € V,,, so that

K(X,¢X) = C+/11/12 =c+ (|C|/4) < 0.
The same vector X satisfies
K(X,&) = (c/4) + 210 = (¢/4) + (|c|/2) coth(7/2) tanh F

4 1+tanh?(7/2) 4 2 '

Thus the sectional curvature K can take both signs. O

5. The case of type (W)

Recall that a real hypersurface M of type (W) is a tube of radius r around
the minimal ruled submanifold W?'~* with ke {2,...,n— 1}, where 0 < r < .
In this section, we investigate this real hypersurface.

The principal curvatures of M have completely been calculated by Berndt
and Diaz-Ramos ([3], Subsection 4.2), by giving an explicit matrix representa-
tion of the shape operator. Although they calculated it under the normalization
¢ = —1, one can easily see the following.

Lemma 5.1 ([3]). Let M be a real hypersurface of type (W), that is, a tube
of radius r around W5 Let pe M and put 7:= \/|c|[r. Denote by A the
shape operator of M. Then, there exists an orthogonal decomposition

T,M = Span{Z,JN} @ V3 ® V4

of T,M into A-invariant subspaces of T,M with a unit vector Z € T,M perpen-
dicular to JN, such that the matrix representation of A with respect to this
decomposition satisfies

4l B \/H( tanh®(7/2) —sech’(7/2) >
Span{Z S 2\ —sech®(7/2) (2 + sech?(7/2)) tanh(7/2) )’

Aly, = (\/el/2) tanh(7/2) L2,
A|V4 = (\/ |C‘/2) COth(f/Z)Ik,l.
By calculating the eigenvalues of the above matrices, the principal curvatures

of real hypersurfaces of type (W) have been determined completely in [3]. The
above matrix representations of A4 also tell us that Trace 4 > 0. Hence, we have
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PROPOSITION 5.2, All real hypersurfaces of type (W1) are not minimal.

Moreover, the above matrices enable us to determine the signs of the
sectional curvatures.

PrROPOSITION 5.3. Let M be a real hypersurface of type (Wy). Then the
sectional curvature of M can take both signs.

Proof. Let M be a tube of radius r around W% where ke {2,...,
n—1}. Then the shape operator A4 is described in Lemma 5.1. We use Z and
&= —JA. One also has a unit vector X € V4 by dim V4 =k —1=1. Then,
since {Z,¢} is orthonormal, we have

9(4Z,Z) = (\/|¢]/2) tanh’(7/2),
9(A&,&) = (v/1e]/2)(2 + sech? (7/2)) tanh(F/2).
Recall ¢ < 0. Then it yields that
9(AZ,Z)g(AX, X) = —(c/4) tanh?(7/2),
9(AE E)g(AX, X) = —(c/4)(2 + sech®(7/2)).
Now it follows form the formula in Lemma 2.1 that
K(Z,X) = (¢/4)(39(¢Z, X)* + sech?(7/2)) < 0,
K(&,X) = —(c/4)(1 4 sech?(#/2)) > 0.

Therefore, the sectional curvature K can take both signs. O

6. The case of type (W)

In this section, we study a real hypersurface M of type (W), that is, a tube
of radius r around the minimal ruled submanifold W,"*, where ¢ € (0,7/2),
ke{2,...,n—1} with k even, and 0 < r < o0.

Berndt and Diaz-Ramos calculated the principal curvatures of M completely
([3], Subsection 4.3). However, in their paper, they omitted some entries of the
matrix representation of the shape operator. Therefore, first of all, we describe
the shape operator completely, and also investigate the characteristic vector.

Lemma 6.1 (cf. [3]). Let M be a real hypersurface of type (W»), ie., a tube
of radius r around sz”’k and pe M. Set ¥:= \/|c|r and denote by A the shape
operator A of M. Then, there exists an orthogonal decomposition

T,M = Span{Z*,P*", F*} @ V4 ® Vs

of T,M into A-invariant subspaces of T,M with a triplet {Z*,P*,F*} of ortho-
normal vectors in T,M, such that the following properties are satisfied:
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(1) The matrix representation (by) of Alspun(z- p- gy With respect to the basis
{Z*,P*,F*} satisfies

bi1 = (\/]c|/2){—sin® ¢ + cosh?(7/2)} sech?(7/2) tanh(F/2),
b1y = by = —(v/]¢|/2){sin? p + cos® ¢ cosh(7/2)} sin ¢ sech®(7/2),
b1z = by; = \/|c| cos ¢ sin? ¢ sech®(7/2) sinh?(7/4),
by = (\/]e|/2){sin*p + (1 4 cos? p) sin® ¢ cosh(7/2) + (1 + sin? )
x (1 4 cosh(7/2)) cosh?(7/2)} sech®(7/2) tanh(7/4),
bys = by = (\/|¢|/2){sin” ¢ + cos? ¢ cosh(7/2) + cosh?(7/2) + cosh®(7/2)}
x sin ¢ cos ¢ sech®(7/2) tanh(7/4),
b3y = (v/]¢]/2){—sin? g cos? ¢ + 2 sin” ¢ cos’ ¢ cosh(7/2)
— (1 4 sin? ) cos? p cosh?(7/2)
+ (1 4 cos? p) cosh*(7/2)} csch(7/2) sech®(7/2);

(2) The matrix representations of A|y, and A|y, satisfy

A|V4 \/ |C /2 tanh 7/2)12,, 2~k
Aly, = (\/Ie|/2) coth(7/2)I;»;

(3) The characteristic vector is given by & =sin ¢ - P* + cos ¢ - F*;
(4) JZ* € V4.

Proof. We assume that the ambient complex hyperbolic space is normalized
as ¢ = —1. First of all, we recall some facts on the minimal ruled submanifold
W, * in CH"(—1). We denote by v¥"~* the normal bundle of W;"*. Take
o€ W2” k and let v e v, Wz’1 ¥ be a unlt normal vector. We decompose Jv into

Jv = Pv+ Fv,

where Pve T,W2* and Fvev,W? % Since v,W?* has constant Kihler
angle ¢ € (0,7/2), one has ||Pv|| = sin ¢ # 0 and ||Fv|| = cos ¢ #0. We then put

Pv:= Pv/sin ¢, Fov:= Fv/cos ¢.

It has been known that there exists a unit vector Z e T, W% such that the
second fundamental form I/ of szn kis given by the trivial symmetric bilinear
extension of II(Z, Pw) = (sin*(p)/2)w for all wev, W2" k. Then one can see
that the eigenvalues of the shape operator S, of WZ” k with respect to v are
sin(p)/2, —sin(p)/2 and 0, and the corresponding elgenspaces are

R(Z + Pv), R(-Z+Pv), T,W;”*©(RZ+RPv),
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respectively, where © denotes the orthogonal complement. It has also been
known that the vector Z satisfies JZ € T, W;”’k © (RZ + RPv).

We here consider the tube M around W;"”‘ at distance r > 0. Let y, =7,(¢)
be the geodesic in CH"(—1) given by the initial conditions y,(0) =0 and
7,(0) =v. For any X € T,CH"(—1), we denote by Byx(f) the unique parallel
field along the geodesic y, with By(0) = X. Then we can put

p = yv(r)7 N = _yv(r)'
Moreover, we define
Z" .= Bz(r), P":=Bp(r), F":=Bp,(r),
Vy:= Bz, Wk e(Rz+Rﬁu)(r ), Vsi= an an*kemumiv)(r )

where By denotes the parallel translation of any vector subspace V' C T,CH"(—1)
along y,.

The assertions (1) and (2) can be proved by calculating the shape operator A4
in terms of the Jacobi field theory. The calculation is long but exactly same as
the one in [5, Subsection 4.2], which will be omitted.

Note that the characteristic vector ¢ at p is given by

&= I = J(5,(r) = J(Bu()) = Bio(r) = Bruaralr).

One knows Pv + Fv = sin ¢ - Pv+ cos ¢ - Fv. Therefore, the assertion (3) follows
from the linearity of B. The assertion (4) follows from

JZ* = J(Bz(}">> = sz(r) € V4.

This completes the proof of the lemma. O
The matrix representations in Lemma 6.1 provide the following result.
PROPOSITION 6.2.  All real hypersurfaces of type (W») are not minimal.

Proof. Let M be a real hypersurface of type (W) in CH"(c), that is, the
tube of radius » around W;”‘k. Recall that 7:= +/|c[r > 0. Then, straightfor-
ward calculations show that

by + by + b3z = (\/ |C|/2)(—1 + 2 cosh f) csch 7 > 0,

and all of other diagonal entries of 4 are positive. We thus have Trace 4 > 0,
and hence M is not minimal. O

Moreover, we can also determine the signs of the sectional curvatures of real
hypersurfaces of type (W»).

PROPOSITION 6.3. Let M be a real hypersurface of type (Wz). Then the
sectional curvature of M can take both signs.
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Proof. We first remark that dim V4 =2n—k —2 = 2. Then one can take
a unit vector X in Vj orthogonal to JZ* (€ V4) and can see that

9(¢X,JZ") = g(X,Z") = 0.
We thus have
K(X,JZ*) = (c/4)(1 + 3g(pX,JZ*)*) + g(AX, X)g(AJZ*,JZ*) — g(AX ,JZ*)?
= (c/4) — (c/4) tanh?(7/2) = (c/4) sech?(7/2) < 0.
We next calculate K(P*,F*). It follows from Lemma 6.1 (3) that
0=¢S=sing-¢pP" +cosg-pF",

which yields g(¢P*, F*) = 0. It then follows from Lemma 2.1 and long calcula-
tions that

K(P*,F*) = (c/4) + byby; — b3,
= (|c|/4)(—cos 2¢ + cosh?(7/2)) sech?(7/2)
> (|c|/4)(=1 + cosh?(7/2)) sech®(7/2) = (|c|/4) tanh?(7/2) > 0.

This completes the proof. ]

7. The case of type (S)

This section will be devoted to the study of real hypersurfaces of type (S).
Such hypersurfaces are either the homogeneous ruled real hypersurface S deter-
mined by a horocycle in a totally geodesic RH?(c¢/4) in CH"(c), or an equidistant
hypersurface from S at distance r, where 0 < r < co.

Geometry of these hypersurfaces have been studied in detail by Berndt ([2]),
and also by Hamada, Hoshikawa and the second author ([5]). By virtue of their
works we can obtain the following lemmas.

Lemma 7.1 ([2, 5]). Let M be an equidistant hypersurface from S at distance
rwith 0 <r<ooand pe M. Set7:=/|c|r and let A denote the shape operator
of M. Then, there exists an orthogonal decomposition

T,M = Span{Z, Y1} ® V3

of T,M into A-invariant subspaces of T,M with a pair {Zy, Y1} of orthonormal
vectors in T,M, such that the matrix representation of A with respect to this
decomposition satisfies

. Vel (2 tanh(7/2) —sech(7/2)
Ispan{zo, 11} = 2 (—sech(f/Z) tanh(7/2) )’

Aly, = (/]el/2) tanh(7/2) Loy_s.
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Lemma 7.2 ([S]). Let K be the sectional curvature of an equidistant hyper-
surface M from S at distance r (0 <r < o) in CH"(¢) withn=2. Set7:=/|c|r
and t :=tanh(7/2). Then, the maximum value of K is given as follows:

max K — { (c/8)(2 =3¢ — 14 —37%) (n23),

- (¢/8){5 = 36> = V=15t* + 222 + 9} (n=2).

We first note that the homogeneous ruled real hypersurface S is exactly
coincident with the hypersurface obtained as a limit of an equidistant hyper-
surface by taking r — 0. It follows immediately from Lemma 7.1 that

Trace 4 > 0, liné Trace 4 = 0.
r—

Thus we have

ProposITION 7.3 ([2]). A homogeneous real hypersurface of type (S) is mini-
mal if and only if it is the homogeneous ruled real hypersurface S.

We shall prove the following result as an application of Lemmas 7.1 and 7.2.

PropoSITION 7.4. Let M be an equidistant hypersurface at distance r
(0<r<w) from S in CH"(c) with n=22. Let us define ro =ro(n) by

" :{(1/\/l7|) log(2 + /3) (n=3),
L/ log{ (V3 + VI3 = VB2V - VI3 = VT3)} (n=2).

Then we have the following:
(1) The sectional curvature of M is nonpositive if and only if 0 <r < ry;
(2) The sectional curvature of M is negative if and only if 0 <r < rg;
(3) The sectional curvature of M can take both signs if and only if r > r.

Proof. 1t follows from (7.1) that the maximum value of K is a monotone
increasing function of the distance r in each case. By elementary computations
we observe that the equation max K = 0 implies r = ry, where rg is that given in
the proposition. This proves (1) and (2). In order to prove (3), it remains to
show that the sectional curvature K can always take negative sign. Let Y| be
the unit vector given in Lemma 7.1. Then, for a unit vector X € V3, we have

g(AY1, Y1) = g(4X, X) = (v/]e]/2) tanh(7/2),
g(AY, X)=0.
Then one can see that
K(Y1,X) = (¢/4)(1+39(¢Y1, X)?) + (¢[/4) tanh*(F/2)
< —(|e|/4)(1 — tanh?(7/2)) < 0.

Therefore, the proposition is proved. ]
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Lastly, we determine the sign of sectional curvature of the homogeneous
ruled real hypersurface S. By taking r — 0 in (7.1), we have

ProposITION 7.5.  The sectional curvature K of the homogeneous ruled real
hypersurface S in CH"(c) with n =22 has a negative sign.

Altogether, we have now proved Theorem 2.

Remark 7.1. We make mention of examples in the case that real hyper-
surfaces are not necessarily homogeneous. The first author and the third author
[13, 16] studied the properties of sectional curvatures of ruled real hypersurfaces
in nonflat complex space forms. Needless to say that CP"(c¢) does not admit any
homogeneous ruled real hypersurfaces and the only example of such hypersurface
in CH"(c) is the former example S of type (S). From their results we can see
that the sectional curvature K of every ruled real hypersurface in CP"(c) satisfies
—o0 < K < ¢, whereas ruled real hypersurfaces of CH"(c) are classified into two
cases with regard to the range of K: —o0 <K <¢/4 and ¢ £ K < c¢/4. The
homogeneous ruled real hypersurface S belongs to the latter class (for detail, see

[13]).

REFERENCES

[1] J. BernDT, Real hypersurfaces with constant principal curvatures in complex hyperbolic space,
J. Reine Angew. Math. 395 (1989), 132-141.

[2] J. BErnDT, Homogeneous hypersurfaces in hyperbolic spaces, Math. Z. 229 (1998), 589-600.

[3] J. BernDT AND J. C. Diaz-Ramos, Homogeneous hypersurfaces in complex hyperbolic spaces,
Geom. Dedicata 138 (2009), 129-150.

[4] J. BERNDT AND H. TaMARU, Cohomogeneity one actions on noncompact symmetric spaces of
rank one, Trans. Amer. Math. Soc. 359 (2007), 3425-3438.

[5] T. HAMADA, Y. HosHiIkAWA AND H. TamarRU, Curvatures properties of Lie hypersurfaces in the
complex hyperbolic space, J. Geom. 103 (2012), 247-261.

[6] T. KANwWARA AND S. MaAEDA, Sectional curvatures of geodesic spheres in a complex hyperbolic
space, Kodai Math. J. 38 (2015), 604-619.

[7] U-H.Kianp Y. J. SuH, On real hypersurfaces of a complex space form, Math. J. Okayama
Univ. 32 (1990), 207-221.

[8] M. Kmura, Real hypersurfaces and complex submanifolds in complex projective space,
Trans. Amer. Math. Soc. 296 (1986), 137-149.

[9] Y. Maepa, On real hypersurfaces of a complex projective space, J. Math. Soc. Japan 28
(1976), 529-540.

[10] S. MAEDA, T. ApAcHI AND Y. H. KM, Characterizations of geodesic hyperspheres in a nonflat
complex space form, Glasgow Math. J. 55 (2013), 217-227.

[11] S. MaepA AND M. KIMURA, Sectional curvatures of some homogeneous real hypersurfaces in
a complex projective space, Topics in contemporary differential geometry, complex analysis
and mathematical physics, World Sci. Publ., Hackensack, NJ, 2007, 196-204.

[12] S. MaEDA AND H. Tamaru, Naturally reductive homogeneous real hypersurfaces in a nonflat
complex space form, Topology and its Applications 196 (2015), 675-683.



CURVATURE PROPERTIES OF HOMOGENEOUS REAL HYPERSURFACES 331

[13] S. Maepa AND H. TanABE, Sectional curvatures of ruled real hypersurfaces in a complex
hyperbolic space, Differential Geometry and its Applications 51 (2017), 1-8.

[14] R. TAKAGI, On homogeneous real hypersurfaces in a complex projective space, Osaka J.
Math. 10 (1973), 495-506.

[15] R. Takacl, Real hypersurfaces in a complex projective space with constant principal curvatures
II, J. Math. Soc. Japan 27 (1975), 507-516.

[16] H. TaNABE AND S. MAEDA, Sectional curvatures of ruled real hypersurfaces in a nonflat
complex space form, Proceedings of the workshop on differential geometry of submanifolds
and its related topics, Saga, August 4-6, 2012, World Scientific, 2013, 113-118.

Sadahiro Maeda

DEPARTMENT OF MATHEMATICS
SAGA UNIVERSITY

SAaGA 840-8502

JAPAN

E-mail: smaeda@ms.saga-u.ac.jp

Hiroshi Tamaru

DEPARTMENT OF MATHEMATICS

HirosHIMA UNIVERSITY
HiGasHI-HIROSHIMA 739-8526

JAPAN

E-mail: tamaru@math.sci.hiroshima-u.ac.jp

Hiromasa Tanabe

DEPARTMENT OF SCIENCE

NATIONAL INSTITUTE OF TECHNOLOGY
MATSUE COLLEGE

MATSUE, SHIMANE 690-8518

JAPAN

E-mail: h-tanabe@matsue-ct.jp



