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Abstract

A tropical version of Nevanlinna theory describes value distribution of continuous

piecewise linear functions of a real variable. In this paper, we present some results

on value distribution theory of tropical di¤erence polynomials and uniqueness theory of

tropical entire functions. Application to some ultra-discrete equations is also given.

1. Introduction

For a general background concerning tropical mathematics, see [13].
Recently, Halburd and Southall [5] described continuous piecewise linear func-
tions of a real variable with one-side integer derivatives as tropical meromorphic
functions, and established tropical versions of Nevanlinna’s first main theorem,
the lemma on the logarithmic derivative and Clunie’s lemma. Laine and Tohge
[9] took an extended point of view to tropical meromorphic functions, showed
that tropical Nevanlinna theory also holds to piecewise linear functions with
arbitrary real slopes, and obtained a tropical version of Nevanlinna’s second main
theorem.

Recalling the standard one-dimensional tropical structure, the max-plus (or
tropical) semi-ring is the set R [ f�yg with (tropical) addition and (tropical)
multiplication defined by

xl y :¼ maxðx; yÞ
and

xn y :¼ xþ y:
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We also use x� y :¼ x� y and xna :¼ ax, for all a A R. The identity elements
0� for tropical addition is 0� ¼ �y and the identity elements 1� for tropical
multiplication is 1� ¼ 0. This structure fails to be a ring, since not all elements
have tropical additive inverses. In particular, the equation xl 2 ¼ 1 has no
solution.

We assume that the reader is familiar with the notations and results of the
classical Nevanlinna theory [1, 6, 8] and the tropical Nevanlinna theory [5, 7, 9].
Now, we recall some basic notations as follows.

Definition 1.1 ([5]). Let f ðxÞ be a tropical meromorphic function, x A R
and

of ðxÞ ¼ lim
e!0þ

ð f 0ðxþ eÞ � f 0ðx� eÞÞ:

If of ðxÞ > 0, then x is called a root (zero) of f ðxÞ with multiplicity of ðxÞ. If
of ðxÞ < 0, then x is called a pole of f ðxÞ with multiplicity �of ðxÞ.

The tropical proximity function for meromorphic functions is defined to be

mðr; f Þ :¼ f þðrÞ þ f þð�rÞ
2

;

where f þðxÞ :¼ maxf f ðxÞ; 0g for x A R. The integrated tropical counting func-
tion for poles in ð�r; rÞ is defined to be

Nðr; f Þ :¼ 1

2

ð r
0

nðt; f Þ dt ¼ 1

2

X
jbnj<r

tf ðbnÞðr� jbnjÞ;

where tropical counting function nðt; f Þ gives the number of distinct poles of f ðxÞ
in the interval ð�r; rÞ, each pole multiplied by its multiplicity tf . Defining the
tropical characteristic function Tðr; f Þ as usual,

Tðr; f Þ :¼ mðr; f Þ þNðr; f Þ:
The order of f ðxÞ is defined as

rð f Þ :¼ lim sup
r!y

log Tðr; f Þ
log r

and the hyper-order of f ðxÞ is defined as

r2ð f Þ :¼ lim sup
r!y

log log Tðr; f Þ
log r

:

Recall that tropical polynomials admit finitely many roots and no poles.
And tropical polynomials may be defined in the form

f ðxÞ ¼ 0
n

i¼0

ðai n xnkiÞ ¼ an n xnkn l an�1 n xnkn�1 l � � �l a0 n xnk0 ;
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that is,

f ðxÞ ¼ maxfan þ knx; an�1 þ kn�1x; . . . ; a0 þ k0xg;

where the coe‰cients ai are real constants and the exponents ki are real numbers,
i ¼ 0; 1; . . . ; n, and k0 < k1 < � � � < kn.

Equivalently, tropical rational functions admit finitely many roots and
poles. A natural definition of a tropical rational function is a function of the
form

RðxÞ ¼ 0
n

i¼0

ðai n xnkiÞ
 !

� 0
m

j¼0

ðbj n xnlj Þ
 !

¼ fan n xnkn l an�1 n xnkn�1 l � � �l a0 n xnk0g

� fbm n xnlm l bm�1 n xnlm�1 l � � �l b0 n xnl0g
¼ maxfan þ knx; an�1 þ kn�1x; . . . ; a0 þ k0xg

�maxfbm þ lmx; bm�1 þ lm�1x; . . . ; b0 þ l0xg;

where the coe‰cients ai, bj are real constants and the exponents ki, lj are real
numbers, i ¼ 0; 1; . . . ; n, j ¼ 0; 1; . . . ;m, and k0 < k1 < � � � < kn, l0 < l1 < � � � <
lm, see [7, Chapter 2].

Concerning tropical exponential functions, recall their definitions as follows,
see [9, Definition 8:1].

Definition 1.2. Let a be a real number with jaj > 1. Define a function
eaðxÞ on R by

eaðxÞ :¼ a½x�ðx� ½x�Þ þ
X½x��1

j¼�y

a j ¼ a½x� x� ½x� þ 1

a� 1

� �
:

If a > 1, eaðxÞ is strictly increasing, and eaðxÞ is a tropical entire function, since it
has no poles. If a < �1, then eaðxÞ is tropical meromorphic, but not tropical
entire. For a real number b with jbj < 1, b0 0. Define a function ebðxÞ on R
by

ebðxÞ :¼
Xy
j¼½x�

b j � b ½x�ðx� ½x�Þ ¼ b ½x� 1

1� b
� xþ ½x�

� �
:

If 0 < b < 1, ebðxÞ is strictly increasing, and ebðxÞ is a tropical entire function,
since it has no poles. If �1 < b < 0, then ebðxÞ is tropical meromorphic, but not
tropical entire.

In this paper, we frequently use the notations PðxÞ, ~PPðxÞ etc. for tropical
meromorphic of 1-periodic, possibly meaning di¤erent functions at di¤erent

occasions. We also use the notations XðxÞ, ~XXðxÞ etc. for tropical meromorphic
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of 2-periodic and anti-1-periodic, again possibly meaning di¤erent functions at
di¤erent occasions. The remaining of this paper is now being organized as
follows. In section 2, we present several preliminary lemmas that are needed in
subsequent considerations. Section 3 is devoted to considering value distribution
theory of tropical di¤erence polynomials. Section 4 is treating the uniqueness
theory of tropical entire functions. Section 5 will concentrate on applications to
ultra-discrete equations.

2. Some preliminary lemmas

Lemma 2.1 (See [9, Theorem 9.1]). The equation

yðxþ 1Þ ¼ yðxÞncð2:1Þ

with c A Rnf0g admits a non-constant tropical meromorphic solution on R of hyper-
order r2 < 1 if and only if c ¼G1. Suppose that f ðxÞ is a non-constant tropical
meromorphic solution to ð2:1Þ, then it can be extended onto R and

(i) if c ¼ 1, then f ðxÞ is 1-periodic and f ðxÞ ¼ PðxÞ;
(ii) if c ¼ �1, then f ðxÞ is 2-periodic, anti-1-periodic and f ðxÞ ¼ XðxÞ;
(iii) if c0 0;G1, then f ðxÞ ¼ Lbðecðx� bÞÞ, where the notation Lbðecðx� bÞÞ

is finite linear combinations of
Pq

j¼1 bjecðx� bjÞ, b ¼ fb1; . . . ; bqg � ½0; 1Þ, the co-
e‰cients bj are constants.

Remark 2.1. According to the Definition 1:2, we see that ecðxþ 1� bÞ ¼
cecðx� bÞ. In particular, if A is a non-zero constant, then LbðAecðx� bÞÞ ¼
Lbðecðx� bÞÞ, b A ½0; 1Þ.

Lemma 2.2 (See [10, Theorem 4.1]). Let a, b be non-zero real numbers.
Suppose that f ðxÞ is a non-constant tropical meromorphic solution to

af ðxÞ þ bf ðxþ 1Þ ¼ 1;ð2:2Þ

then it can be extended onto R and

(i) if a ¼ b, then f ðxÞ ¼ XðxÞ þ 1

2b
;

(ii) if a ¼ �b, then f ðxÞ ¼ PðxÞ þ 1

b
x;

(iii) if a0Gb, then f ðxÞ ¼ Lbðe�a=bðx� bÞÞ þ 1

aþ b
, b A ½0; 1Þ.

Lemma 2.3 (See [10, Proposition 3.3]). Suppose that f ðxÞ is a non-constant
tropical meromorphic solution to

f ðxþ 1Þ � f ðxÞ ¼ c; c A R;

then it can be extended onto R and f ðxÞ ¼ PðxÞ þ cx.
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Lemma 2.4 (See [10, Proposition 3.23]). Suppose that f ðxÞ is a non-constant
tropical meromorphic solution to

f ðxþ 1Þ � f ðxÞ ¼ cx; c A R;

then it can be extended onto R and f ðxÞ ¼ PðxÞ þ cðcðxÞ � xÞ, where

cðxÞ ¼ ð½x� þ 1Þ x� 1

2
½x�

� �
:

Remark 2.2. cðxÞ ¼ ð½x� þ 1Þ x� 1
2 ½x�

� �
is a tropical entire function of order

rðcÞ ¼ 2 and satisfies the di¤erence equation cðxÞ � cðx� 1Þ ¼ x, see [10,
Proposition 3.22].

Lemma 2.5. Let a, b be non-zero real numbers and A, B be real constants.
Suppose that f ðxÞ is a non-constant tropical meromorphic solution to

af ðxÞ þ bf ðxþ 1Þ ¼ Axþ B;ð2:3Þ

then it can be extended onto R and

(i) if a ¼ b, then f ðxÞ ¼ XðxÞ þ A

2b
xþ B� A=2

2b
;

(ii) if a ¼ �b, then f ðxÞ ¼ PðxÞ þ A

b
cðxÞ � A� B

b
x, where cðxÞ ¼

ð½x� þ 1Þ x� 1
2 ½x�

� �
;

(iii) if a0Gb, then f ðxÞ ¼ Lbðe�a=bðx� bÞÞ þ A

aþ b
xþ

B� Ab

aþ b

aþ b
, b A ½0; 1Þ.

Proof. If a ¼ b, then ð2:3Þ can be rewritten as

f ðxþ 1Þ þ f ðxÞ ¼ Axþ B

b
:ð2:4Þ

Clearly, by Lemma 2.1(ii), the solution to f ðxþ 1Þ þ f ðxÞ ¼ 0 are 2-periodic,
anti-1-periodic functions, then f ðxÞ ¼ XðxÞ. It is a trivial computation to verify

that f0ðxÞ ¼
A

2b
xþ B� A=2

2b
is a special solution to ð2:4Þ.

If a ¼ �b, then equation ð2:3Þ now is

f ðxþ 1Þ � f ðxÞ ¼ Axþ B

b
:ð2:5Þ

It follows from Lemmas 2:3 and 2:4 that all tropical meromorphic solutions to
ð2:5Þ may be written in the form

f ðxÞ ¼ PðxÞ þ A

b
cðxÞ � A� B

b
x;

where cðxÞ ¼ ð½x� þ 1Þ x� 1
2 ½x�

� �
.
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If a0Gb, then equation ð2:3Þ is

f ðxþ 1Þ þ a

b
f ðxÞ ¼ Axþ B

b
:ð2:6Þ

The general solution Lbðe�a=bðx� bÞÞ to the homogeneous equation f ðxþ 1Þ þ

a

b
f ðxÞ ¼ 0 follows from Lemma 2.1(iii). Obviously, f0ðxÞ ¼

A

aþ b
xþ

B� Ab

aþ b

aþ b
is a solution of ð2:6Þ.

Remark 2.3. Clearly, we see that Lemmas 2:1 and 2:2 are special cases of
Lemma 2:5, when A ¼ B ¼ 0 and A ¼ 0, respectively.

Lemma 2.6 (See [9, Proposition 4.2]). Let f be a meromorphic function of
hyper-order r2 < 1. Given d A ð0; 1� r2Þ and c A R, then f satisfies

mðr; f ðxþ cÞ � f ðxÞÞ ¼ oðTðr; f Þ=rdÞ;

as r approaches to infinity outside of a set of finite logarithmic measure.

3. Value distribution theory of tropical di¤erence polynomials

In this section, we will consider value distribution of tropical di¤erence
polynomial of type f ðxÞna nPðx; f Þ, for a > 0. Yang and Laine [16] posed the
following conjecture in 2010.

Conjecture. Let f be an entire function of infinite order and nb 2 be
an integer. Then a di¤erential-di¤erence polynomial of the form f n þ Pn�1ðz; f Þ
cannot be a non-constant entire function of finite order. Here Pn�1ðz; f Þ is a
di¤erential-di¤erence polynomial in f of total degree at most n� 1 in f , its deriva-
tives and its shifts, with entire functions of finite order as coe‰cients. Moreover,
we assume that all terms of Pn�1ðz; f Þ have total degreeb 1.

Li and Yang [11] studied the conjecture and obtained the following result.

Theorem A. Let f be an entire function of infinite order and nb 2 be an
integer. Suppose that r2ð f Þ < 1, then a di¤erential-di¤erence polynomial of the
form f n þ Pn�1ðz; f Þ cannot be a non-constant entire function of finite order, where
Pn�1ðz; f Þ is as defined in the conjecture above.

Next, we proceed to consider tropical version of the conjecture. In fact, we
investigate the growth of tropical di¤erence polynomial of type f ðxÞna nPðx; f Þ
for a > 0. Before proceeding to formulate this result, we need to define tropical
di¤erence Laurent polynomials in a tropical function and its shifts, see [9, p. 899].
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Let l ¼ ðl0; l1; . . . ; lmÞ be a multi-index of real numbers, and consider

f ðx ] cÞnl :¼ 1
m

j¼0

f ðxþ cjÞnlj

¼ l0 f ðxÞ þ l1 f ðxþ c1Þ þ � � � þ lm f ðxþ cmÞ

with the shifts ð0; c1; c2; . . . ; cmÞ A Rmþ1. Then an expression of the form

Pðx; f Þ ¼ 0
l AL½P�

alðxÞn f ðx ] cÞnl ¼ max
l AL½P�

alðxÞ þ
Xm
j¼0

lj f ðxþ cjÞ
( )

; c0 ¼ 0

with tropical meromorphic coe‰cients alðxÞ ðl A L½P�Þ, over a finite set L½P� of
real indices, is called a tropical di¤erence Laurent polynomial of total degree

degðPÞ :¼ max
l AL½P�

klkðA RÞ

in f and its shifts, with klk :¼ l0 þ l1 þ � � � þ lm.
In what follows, we state a tropical counterpart to the conjecture.

Theorem 3.1. Let a > 0, Pðx; f Þ be a tropical di¤erence Laurent polynomial
with tropical meromorphic functions of finite order as coe‰cients and degðPÞ > 0.
If f ðxÞ is a tropical entire function of infinite order such that r2ð f Þ < 1, then

f ðxÞna nPðx; f Þ cannot be a non-constant tropical meromorphic function of finite
order.

Proof. Suppose GðxÞ :¼ f ðxÞna nPðx; f Þ is of finite order. Given r > 0,
let

Sþ :¼ fs : f ðsÞb 0; jsj ¼ rg and S� :¼ fs : f ðsÞ < 0; jsj ¼ rg;
such that Sþ [ S� ¼ fGrg. Then

mðr;Pðx; f ÞÞ ¼ 1

2

X
s ASþ

Pðs; f Þþ þ
X
s AS�

Pðs; f Þþ
 !

:ð3:1Þ

Let

Pðx; f Þ ¼ 0
l AL½P�

alðxÞn f ðx ] cÞnl:

For any x A S�, f ðxÞ < 0, degðPÞ > 0,

Pðx; f Þ ¼ max
l AL½P�

alðxÞ þ
Xm
j¼0

ljð f ðxþ cjÞ � f ðxÞÞ þ klk f ðxÞ
( )

a max
l AL½P�

falðxÞg þ max
l AL½P�

ð f ðx ] cÞ � f ðxÞÞnl þ degðPÞ f ðxÞ

a max
l AL½P�

falðxÞg þ max
l AL½P�

ð f ðx ] cÞ � f ðxÞÞnl:
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So for s A S�, using Lemma 2:6, we see that

Pðs; f Þþ a max
l AL½P�

falðsÞg
� �þ

þ max
l AL½P�

ð f ðx ] cÞ � f ðxÞÞnl

� �þ
ð3:2Þ

a 2m r; max
l AL½P�

falðsÞg
� �

þ 2m r; max
l AL½P�

ð f ðx ] cÞ � f ðxÞÞnl

� �

¼ oðTðr; f Þ=rdÞ þOðrkÞ

for some constant k > 0, outside of an exceptional set of finite logarithmic
measure, where 0 < d < 1� r2.

For any x A Sþ, f ðxÞb 0, a > 0,

GðxÞ :¼ f ðxÞna nPðx; f Þ ¼ af ðxÞ þ Pðx; f ÞbPðx; f Þ:

When s A Sþ, again using Lemma 2:6, we have

Pðs; f Þþ a ðGðsÞÞþ a 2mðr;GðxÞÞ ¼ Oðr iÞð3:3Þ

for some constant i > 0 as r ! y.
It follows from ð3:1Þ–ð3:3Þ that

mðr;Pðx; f ÞÞ ¼ oðTðr; f Þ=rdÞ þOðrMÞð3:4Þ

for some constant M ¼ maxfk; ig > 0, outside of an exceptional set of finite
logarithmic measure, where 0 < d < 1� r2.

An application of [9, Theorem 6.2] yields

mðr;Pðx; f ÞÞ ¼ degðPÞmðr; f Þ þ oðTðr; f Þ=rdÞ þOðrNÞð3:5Þ

for some constant N > 0, outside of an exceptional set of finite logarithmic
measure, where 0 < d < 1� r2.

Since f ðxÞ is tropical entire and degðPÞ > 0, by combining ð3:4Þ and ð3:5Þ,
it follows that

Tðr; f Þ ¼ mðr; f Þ ¼ oðTðr; f Þ=rdÞ þOðrLÞ

for some constant L ¼ maxfM;Ng > 0, a contradiction.

Remark 3:2. Why we choose the form f ðxÞna nPðx; f Þ rather than
f ðxÞna lPðx; f Þ, that is because f ðxÞna lPðx; f Þb af ðxÞ always holds for
a > 0, and then the conclusion of Theorem 3:1 is trivial.

Laine, Liu and Tohge [10] investigate the value distribution of a tropical

entire function of type f ðxÞna n f ðxþ cÞ, where a > 0, and obtained the
following Theorems.

Theorem B. If f ðxÞ is a non-linear tropical entire function and a > 0, then
f ðxÞna n f ðxþ cÞ must have at least one root.
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Theorem C. If f ðxÞ is a tropical transcendental entire function and a > 0,
then f ðxÞna n f ðxþ cÞ must have infinitely many roots.

We improve Theorems B and C, and prove the results as follows.

Theorem 3:3. Let l ¼ ðl0; l1; . . . ; lmÞ, where the ljs are non-negative real
numbers, be a multi-index with respect to the shifts ð0; c1; . . . ; cmÞ A Rmþ1. Let

f ðx ] cÞnl :¼ l0 f ðxÞ þ l1 f ðxþ c1Þ þ � � � þ lm f ðxþ cmÞ:

If f ðxÞ is a non-linear tropical entire function and a > 0, then f ðxÞna n
f ðx ] cÞnl

must have at least one root.

Proof. Let

F ðxÞ :¼ f ðxÞna n f ðx ] cÞnl

¼ ðaþ l0Þ f ðxÞ þ l1 f ðxþ c1Þ þ � � � þ lm f ðxþ cmÞ:

Suppose F ðxÞ has a pole at x0, say. If f ðxÞ has no root at x0, then f ðxÞ must
have a pole at x0 þ cj ð j ¼ 1; . . . ;mÞ, a contradiction. If ðaþ l0Þ f ðxÞ has a
root at x0, then �ðaþ l0Þ f ðxÞ has a pole at x0, thus, l1 f ðxþ c1Þ þ � � � þ
lm f ðxþ cmÞ ¼ F ðxÞ � ðaþ l0Þ f ðxÞ has a pole at x0, then f ðxÞ must have a
pole at x0 þ cj ð j ¼ 1; . . . ;mÞ, a contradiction. Hence, FðxÞ is tropical entire as
well. Assume that F ðxÞ has no roots. Then F ðxÞ should be a linear function
Axþ B, thus

ðaþ l0Þ f ðxÞ þ l1 f ðxþ c1Þ þ � � � þ lm f ðxþ cmÞ ¼ Axþ B;

where A, B are real constants. Since f ðxÞ is a non-linear tropical entire func-
tion, which implies that ðaþ l0Þ f ðxÞ has at least one root, say at x0. Then f ðxÞ
must have a pole at x0 þ cj ð j ¼ 1; . . . ;mÞ, a contradiction.

Theorem 3.4. If f ðxÞ is a tropical transcendental entire function and a > 0,

then f ðxÞna n f ðx ] cÞnl
must have infinitely many roots, where f ðx ] cÞnl

is
defined as Theorem 3:3.

Proof. As proof of Theorem 3:3, we see that FðxÞ ¼ f ðxÞna n f ðx ] cÞnl is
tropical entire. Contrary to the assertion, if FðxÞ has only finitely many roots,
then FðxÞ is a tropical polynomial. Let x1; . . . ; xn be its roots. If ðaþ l0Þ f ðxÞ
has a root at x such that xj < x < xjþ1, then FðxÞ is linear around x, hence
f ðxÞ must have a pole at xþ cj ð j ¼ 1; . . . ;mÞ, a contradiction. Therefore, the
only possible roots of f ðxÞ are at fx1; . . . ; xn; x1 þ c1; . . . ; xn þ c1; . . . ; x1 þ cm; . . . ;
xn þ cmg, implying that f ðxÞ is a tropical polynomial, a contradiction.

Remark 3:5. If a < 0, Theorem 3:4 is not true. For example, if a ¼ �3,
then the tropical exponential function e1=2ðxÞ satisfies �3e1=2ðxÞ þ e1=2ðxÞ þ
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2e1=2ðxþ 1Þ þ 4e1=2ðxþ 2Þ ¼ 0. This implies that e1=2ðxÞnð�3Þ n ðe1=2ðxÞ þ
2e1=2ðxþ 1Þ þ 4e1=2ðxþ 2ÞÞ has no roots.

If l0; l1; . . . ; lm < 0, Theorem 3:4 is also not true. For example, if a ¼ 3,
the tropical exponential function e2ðxÞ satisfies 3e2ðxÞ � e2ðxÞ � 1

2 e2ðxþ 1Þ �
1
4 e2ðxþ 2Þ ¼ 0. This implies that e2ðxÞn3 n �e2ðxÞ � 1

2 e2ðxþ 1Þ � 1
4 e2ðxþ 2Þ

��
has no roots.

If there are di¤erent signs among l0; l1; . . . ; lm, Theorem 3:4 is still not true.
For example, if a ¼ 1, then the tropical entire function cðxÞ (see [10, Proposition
3.22]) satisfies cðxÞ þcðxþ 1Þ � 2cðx� 1Þ ¼ 3xþ 1. This implies that cðxÞn1n
ðcðxþ 1Þ � 2cðx� 1ÞÞ has no roots.

The above three examples are also available for Theorem 3:3 and the
functions e2ðxÞ, e1=2ðxÞ may be added by a linear function to obtain a non-
vanishing and linear f ðxÞna n f ðx ] cÞnl, too.

4. Uniqueness theory of tropical entire functions

In this section, we study the uniqueness theory of tropical entire functions.
As regards the uniqueness problems for entire functions, Fang and Hua [2] and
also Yang and Hua [15] obtained some results. We now recall the following
result.

Theorem D. Let f and g be non-constant entire functions, and let nb 6
be an integer. If f nf 0 and gng 0 share 1 CM, then either f ðzÞ ¼ c1e

cz and
gðzÞ ¼ c2e

�cz, where c1, c2 and c are three constants satisfying ðc1c2Þnþ1
c2 ¼ �1,

or f ¼ tg for a constant t such that tnþ1 ¼ 1.

Qi, Yang and Liu [12], Theorem 1:2, proposed a di¤erence analogue to the
Theorem D, proving

Theorem E. Let f and g be transcendental entire functions of finite order,
and c be a non-zero complex constant. Let nb 6 be an integer. If f nf ðzþ cÞ
and gngðzþ cÞ share 1 CM, then fg ¼ t1 or f ¼ t2g for some constants t1 and t2
that satisfy tnþ1

i ¼ 1, i ¼ 1; 2.

We consider a tropical counterpart to the preceding Theorem E, and obtain
the result as follows.

Theorem 4:1. Let f ðxÞ and gðxÞ be tropical entire functions, a A R be fixed

and suppose that maxf f ðxÞna n f ðxþ 1Þ; ag and maxfgðxÞna n gðxþ 1Þ; ag have
the same roots with the same multiplicity for all x A R, a > 0. Then one of the
following three cases holds.

(i) If a ¼ 1, then

f ðxÞ ¼ XðxÞ þ A

2
xþ aþ B� A=2

2
ðA < 0Þ
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or

f ðxÞ � gðxÞ ¼ XðxÞ þ A

2
xþ B� A=2

2
;

if a0 1, then

f ðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

aþ B� A

aþ 1
aþ 1

ðA < 0Þ

or

f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

B� A

aþ 1
aþ 1

;

b A ½0; 1Þ, for all x approach to �y.
(ii) If a ¼ 1, then

f ðxÞ ¼ XðxÞ þ A

2
xþ aþ B� A=2

2
ðA > 0Þ

or

f ðxÞ � gðxÞ ¼ XðxÞ þ A

2
xþ B� A=2

2
;

if a0 1, then

f ðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

aþ B� A

aþ 1
aþ 1

ðA > 0Þ

or

f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

B� A

aþ 1
aþ 1

;

b A ½0; 1Þ, for all x approach to þy.
(iii) If a ¼ 1, then

f ðxÞ � gðxÞ ¼ XðxÞ þ A

2
xþ B� A=2

2
;

if a0 1,

f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

B� A

aþ 1
aþ 1

;
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b A ½0; 1Þ, for all x such that jxj is large enough. Here A, B are real numbers,
XðxÞ is a tropical 2-periodic, anti-1-periodic function, Lbðe�aðx� bÞÞ is as defined
in Lemma 2:1.

Proof. An application of [9, Proposition 7.3] implies, maxf f ðxÞna n
f ðxþ 1Þ; ag �maxfgðxÞna n gðxþ 1Þ; ag is linear, then

maxf f ðxÞna n f ðxþ 1Þ; ag ¼ maxfgðxÞna n gðxþ 1Þ; ag þ Axþ B;ð4:1Þ

for some real numbers A, B. As f ðxÞ and gðxÞ are tropical entire, they cannot
be upper bounded. We consider three cases: case 1, limx!þy f ðxÞ A R [ f�yg;
case 2, limx!�y f ðxÞ A R [ f�yg; case 3, when x !Gy, f ðxÞ ! þy.

Case 1. limx!þy f ðxÞ A R [ f�yg. In this case, we discuss three sub-
cases: subcase 1:1, limx!þy gðxÞ A R [ f�yg; subcase 1:2, limx!�y gðxÞ A
R [ f�yg; subcase 1:3, when x !Gy, gðxÞ ! þy.

Subcase 1:1. limx!þy f ðxÞ A R [ f�yg and limx!þy gðxÞ A R [ f�yg.
When x ! þy, it follows from ð4:1Þ that A ¼ 0. Then for x approaches to
�y, ð4:1Þ may be written in the form

af ðxÞ þ f ðxþ 1Þ ¼ agðxÞ þ gðxþ 1Þ þ B:

Set hðxÞ ¼ f ðxÞ � gðxÞ. Rewrite the equation above as

ahðxÞ þ hðxþ 1Þ ¼ B:

If a ¼ 1, it follows from Lemma 2.2(i) that

hðxÞ ¼ f ðxÞ � gðxÞ ¼ XðxÞ þ B

2
:

If a0 1, it follows from Lemma 2.2(iii) that

hðxÞ ¼ f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ B

aþ 1
; b A ½0; 1Þ:

Subcase 1:2. limx!þy f ðxÞ A R [ f�yg and limx!�y gðxÞ A R [ f�yg.
When x ! þy, it follows from ð4:1Þ that A < 0. For x approaches to �y,
f ðxÞ ! þy and if gðxÞ ! �y, then ð4:1Þ takes the form

af ðxÞ þ f ðxþ 1Þ ¼ Axþ aþ B:

If a ¼ 1, it follows from Lemma 2.5(i) that

f ðxÞ ¼ XðxÞ þ A

2
xþ aþ B� A=2

2
:
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If a0 1, it follows from Lemma 2.5(iii) that

f ðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

aþ B� A

aþ 1
aþ 1

; b A ½0; 1Þ:

For x approaches to �y, f ðxÞ ! þy and if limx!�y gðxÞ A R and also if
agðxÞ þ gðxþ 1Þa a, the same to the conclusion above. If agðxÞ þ gðxþ 1Þ > a,
then ð4:1Þ takes the form

af ðxÞ þ f ðxþ 1Þ ¼ agðxÞ þ gðxþ 1Þ þ Axþ B:

Denote hðxÞ ¼ f ðxÞ � gðxÞ and rewrite the equation above as

ahðxÞ þ hðxþ 1Þ ¼ Axþ B:

If a ¼ 1, it follows from Lemma 2.5(i) that

hðxÞ ¼ f ðxÞ � gðxÞ ¼ XðxÞ þ A

2
xþ B� A=2

2
:

If a0 1, it follows from Lemma 2.5(iii) that

hðxÞ ¼ f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

B� A

aþ 1
aþ 1

; b A ½0; 1Þ:

Subcase 1:3. limx!þy f ðxÞ A R [ f�yg and gðxÞ ! þy for x !Gy.
When x ! þy, limx!þy f ðxÞ A R [ f�yg and gðxÞ ! þy, it follows from
ð4:1Þ that A < 0. For x approaches to �y, f ðxÞ ! þy and if gðxÞ ! þy,
rewrite ð4:1Þ as

af ðxÞ þ f ðxþ 1Þ ¼ agðxÞ þ gðxþ 1Þ þ Axþ B:

Similarly, we can conclude that

f ðxÞ � gðxÞ ¼ XðxÞ þ A

2
xþ B� A=2

2
; for a ¼ 1;

and

f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

B� A

aþ 1
aþ 1

; b A ½0; 1Þ; for a0 1:

Case 2. Similar reasoning applies to the case of limx!�y f ðxÞ A R [ f�yg.

Case 3. When x !Gy, f ðxÞ ! þy. In this case, we also take into
account three subcases: subcase 3:1, limx!þy gðxÞ A R [ f�yg; subcase 3:2,
limx!�y gðxÞ A R [ f�yg; subcase 3:3, when x !Gy, gðxÞ ! þy.
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Subcase 3:1. When x ! þy, f ðxÞ ! þy and limx!þy gðxÞ A R [ f�yg,
it follows from ð4:1Þ that A > 0. For x approaches to �y, f ðxÞ ! þy and if
gðxÞ ! þy, then ð4:1Þ takes the form

af ðxÞ þ f ðxþ 1Þ ¼ agðxÞ þ gðxþ 1Þ þ Axþ B:

Solving this equation above, if a ¼ 1,

f ðxÞ � gðxÞ ¼ XðxÞ þ A

2
xþ B� A=2

2
;

and if a0 1,

f ðxÞ � gðxÞ ¼ Lbðe�aðx� bÞÞ þ A

aþ 1
xþ

B� A

aþ 1
aþ 1

; b A ½0; 1Þ:

Subcase 3:2. When x ! �y, f ðxÞ ! þy and limx!�y gðxÞ A R [ f�yg,
it follows from ð4:1Þ that A < 0. For x approaches to þy, f ðxÞ ! þy and if
gðxÞ ! þy, then ð4:1Þ takes the form

af ðxÞ þ f ðxþ 1Þ ¼ agðxÞ þ gðxþ 1Þ þ Axþ B:

We can obtain similar conclusion of subcase 1:3.

Subcase 3:3. When x !Gy, f ðxÞ ! þy and gðxÞ ! þy, it follows
from ð4:1Þ that A A R and

af ðxÞ þ f ðxþ 1Þ ¼ agðxÞ þ gðxþ 1Þ þ Axþ B:

We also obtain similar conclusion as above.

5. Applications to ultra-discrete equations

In the final section, we study some ultra-discrete equations. Yanagihara
[14, Theorem 1 0] investigated the di¤erence equation

yðzþ 1Þ ¼ Rðz; yðzÞÞ;ð5:1Þ

where Rðz; yðzÞÞ is a rational function in z and y. If equation ð5:1Þ possesses
a transcendental meromorphic solution yðzÞ of finite order, then degy Rðz; yðzÞÞ
a 1.

Halburd and Korhonen [4, p. 197] are concerned with the di¤erence Riccati
equation of the form

yðzþ 1Þ ¼ Aþ eyðzÞ
e� yðzÞ ;ð5:2Þ

where A is a polynomial, e ¼G1.
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Grammatics et al. [3, p. 3817] considered d � PIV equation

ðynþ1 þ ynÞðyn þ yn�1Þ ¼
PðynÞ
QðynÞ

;ð5:3Þ

where PðynÞ and QðynÞ are polynomials in yn.
In this paper, we consider the ultra-discrete equations

yðxþ 1Þ ¼ PðyðxÞÞ �QðyðxÞÞ;ð5:4Þ
yðxþ 1Þ ¼ maxfA; yðxÞg �maxf0;�yðxÞg; ðA0 0Þð5:5Þ

and

maxfyðxþ 1Þ; yðxÞg þmaxfyðxÞ; yðx� 1Þg ¼ PðyðxÞÞ �QðyðxÞÞ;ð5:6Þ

where PðyðxÞÞ and QðyðxÞÞ are tropical polynomials in yðxÞ with no common
roots. We mainly investigate the tropical meromorphic solutions of ultra-discrete
equations ð5:4Þ–ð5:6Þ and obtain the results as follows.

Theorem 5.1. Let PðyÞ ¼ maxfa0 þ k0 y; a1 þ k1 y; . . . ; ap þ kp yg and QðyÞ ¼
maxfb0 þ l0 y; b1 þ l1 y; . . . ; bq þ lq yg be two tropical polynomials with no common
roots, and ai; bj ; ki; lj ði ¼ 0; 1; . . . ; p; j ¼ 0; 1; . . . ; qÞ be real numbers such that
0 < k0 < k1 < � � � < kp and 0 < l0 < l1 < � � � < lq. If equation ð5:4Þ admits such
a tropical meromorphic solution f ðxÞ that is su‰ciently large for all x larger than
some number k, then f ðxÞ may be represented in the following forms for all x > k:

if kp � lq ¼ 1, then

f ðxÞ ¼ PðxÞ þ ðap � bqÞx when ap > bq and

if kp � lq > 1, then

f ðxÞ ¼
Xr
m¼1

bmekp�lqðx� bmÞ þ
ap � bq

1� ðkp � lqÞ
; bm A ½0; 1Þ and bm > 0; m ¼ 1; . . . ; r:

If equation ð5:4Þ admits such a tropical meromorphic solution f ðxÞ that is su‰-
ciently large for all x less than some number i, then f ðxÞ may be represented in the
following forms for all x < i:

if kp � lq ¼ 1, then

f ðxÞ ¼ PðxÞ þ ðap � bqÞx when ap < bq and

if 0 < kp � lq < 1, then

f ðxÞ ¼
Xs
n¼1

gnekp�lqðx� cnÞ þ
ap � bq

1� ðkp � lqÞ
; cn A ½0; 1Þ and gn > 0; n ¼ 1; . . . ; s:

Here PðxÞ is a tropical 1-periodic function.
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Proof. If y is su‰ciently large for all x larger than some number k, then
ð5:4Þ reduces to

yðxþ 1Þ ¼ ðkp � lqÞyðxÞ þ ap � bq;

for all x > k, and kp > lq, otherwise, which yields a contradiction. If kp � lq ¼ 1,
it follows from Lemma 2.2(ii) that

f ðxÞ ¼ PðxÞ þ ðap � bqÞx:

When ap > bq, then f ðxÞ can be a tropical meromorphic solution of equation
ð5:4Þ. If kp � lq > 1, it follows from Lemma 2.2(iii) that

f ðxÞ ¼
Xr
m¼1

bmekp�lqðx� bmÞ þ
ap � bq

1� ðkp � lqÞ
; bm A ½0; 1Þ; m ¼ 1; . . . ; r:

Since f ðxÞ is su‰ciently large for all x > k, then bm > 0:
Similarly, if y is su‰ciently large for all x less than some number i, then

ð5:4Þ reduces to

yðxþ 1Þ ¼ ðkp � lqÞyðxÞ þ ap � bq;

for all x < i, and kp > lq, otherwise, which yields a contradiction. If kp � lq ¼ 1,
then

f ðxÞ ¼ PðxÞ þ ðap � bqÞx; ap < bq:

If 0 < kp � lq < 1, then

f ðxÞ ¼
Xs
n¼1

gnekp�lqðx� cnÞ þ
ap � bq

1� ðkp � lqÞ
; cn A ½0; 1Þ; gn > 0; n ¼ 1; . . . ; s:

Theorem 5.2. Let A be a non-zero real number. Then the equation ð5:5Þ
admits a non-constant tropical meromorphic solution f of the form f ðxÞ ¼ PðxÞ,
when and only when f satisfies f ðxÞbmaxðA; 0Þ on R. Here PðxÞ is a tropical
1-periodic function.

Proof. If f is a non-constant tropical meromorphic solution of ð5:5Þ and
satisfies f ðxÞbmaxðA; 0Þ on R, then f ðxÞbAð0 0Þ, f ðxÞb 0 and �f ðxÞa 0.
Rewrite ð5:5Þ as f ðxþ 1Þ ¼ f ðxÞ, by Lemma 2.1(i), we have f ðxÞ ¼ PðxÞ.

If ð5:5Þ admits a non-constant tropical meromorphic solution f of the form
f ðxÞ ¼ PðxÞ, then f ðxþ 1Þ ¼ Pðxþ 1Þ ¼ PðxÞ. It follows from ð5:5Þ that

maxfA;PðxÞg ¼ PðxÞ þmaxf0;�PðxÞg ¼ maxfPðxÞ; 0g:

Since A0 0, from the equality above, we have PðxÞbmaxðA; 0Þ on R.

Theorem 5.3. Let PðyÞ ¼ maxfa0 þ k0 y; a1 þ k1 y; . . . ; ap þ kp yg and QðyÞ ¼
maxfb0 þ l0 y; b1 þ l1 y; . . . ; bq þ lq yg be two tropical polynomials with no common
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roots, and ai; bj; ki; lj ði ¼ 0; 1; . . . ; p; j ¼ 0; 1; . . . ; qÞ be real numbers such that
0 < k0 < k1 < � � � < kp and 0 < l0 < l1 < � � � < lq. If equation ð5:6Þ admits such
a tropical meromorphic solution f ðxÞ that is su‰ciently large for all x larger than
some number k, then f ðxÞ may be represented in the following forms for all x > k:

if kp � lq ¼ 2, then

f ðxÞ ¼ PðxÞ þ ðap � bqÞx when ap > bq and

if kp � lq > 2, then

f ðxÞ ¼
Xr
m¼1

bme�ð1�ðkp�lqÞÞðx� bmÞ

þ ap � bq

2� ðkp � lqÞ
; bm A ½0; 1Þ; bm > 0; m ¼ 1; . . . ; r:

If equation ð5:6Þ admits such a tropical meromorphic solution f ðxÞ that is su‰-
ciently large for all x less than some number i, then f ðxÞ may be represented in the
following forms for all x < i:

if kp � lq ¼ 2, then

f ðxÞ ¼ PðxÞ � ðap � bqÞx when ap > bq and

if kp � lq > 2, then

f ðxÞ ¼
Xs
n¼1

gne�1=ð1�ðkp�lqÞÞðx� cnÞ þ
ap � bq

2� ðkp � lqÞ
; cn A ½0; 1Þ; gn > 0; n ¼ 1; . . . ; s:

If equation ð5:6Þ admits such a tropical meromorphic solution f ðxÞ that is su‰-
ciently large for all x larger than some number k or less than some number i, then
f ðxÞ may be represented in the following forms for all x > k or x < i:

if kp � lq ¼ 2, then

f ðxÞ ¼ ~PPðxÞ þFðx;PÞ þPð0Þxþ ðap � bqÞðcðxÞ � xÞ when ap > bq;

where

Fðx;PÞ :¼ ½x�ðPðxÞ �Pð0ÞÞ and cðxÞ ¼ ð½x� þ 1Þ x� 1

2
½x�

� �
;

if kp � lq > 2, then

f ðxÞ ¼
Xr
m¼1

mmeaðx� bmÞ þ
Xs
n¼1

nnebðx� cnÞ þ
ap � bq

2� ðkp � lqÞ
;

bm A ½0; 1Þ; mm > 0; m ¼ 1; . . . ; r; cn A ½0; 1Þ; nn > 0; n ¼ 1; . . . ; s;

where a, b are the roots of l2 � ðkp � lqÞlþ 1 ¼ 0. Here PðxÞ, ~PPðxÞ are tropical
1-periodic functions.
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Proof. If y is su‰ciently large for all x larger than some number k, then
ð5:6Þ reduces to yðxþ 1Þ þ yðxÞ ¼ ðkp � lqÞyðxÞ þ ap � bq for all x > k, and
kp > lq, otherwise, which yields a contradiction.

When yðxþ 1Þ þ yðxÞ ¼ ðkp � lqÞyðxÞ þ ap � bq, kp � lq 0 1, or else yðxÞ is a
constant. If kp � lq ¼ 2, then yðxþ 1Þ � yðxÞ ¼ ap � bq, it follows from Lemma
2.2(ii) that

f ðxÞ ¼ PðxÞ þ ðap � bqÞx:
When ap > bq, then f ðxÞ can be a tropical meromorphic solution of equation
ð5:6Þ. If kp � lq 0 1; 2, by Lemma 2.2(iii), we have

f ðxÞ ¼
Xr
m¼1

bme�ð1�ðkp�lqÞÞðx� bmÞ

þ ap � bq

2� ðkp � lqÞ
; bm A ½0; 1Þ; bm > 0; m ¼ 1; . . . ; r:

Since f ðxÞ is su‰ciently large for all x > k, then �ð1� ðkp � lqÞÞ > 1, i.e. kp � lq
> 2.

Similarly, if y is su‰ciently large for all x less than some number i, then
ð5:6Þ reduces to yðxÞ þ yðx� 1Þ ¼ ðkp � lqÞyðxÞ þ ap � bq for all x < i, and
kp > lq, otherwise, which yields a contradiction.

When yðxÞ þ yðx� 1Þ ¼ ðkp � lqÞyðxÞ þ ap � bq, kp � lq 0 1, or else yðx� 1Þ
is a constant. If kp � lq ¼ 2, then

f ðxÞ ¼ PðxÞ � ðap � bqÞx when ap > bq and

if kp � lq 0 1; 2, then

f ðxÞ ¼
Xs
n¼1

gne�1=ð1�ðkp�lqÞÞðx� cnÞ þ
ap � bq

2� ðkp � lqÞ
; cn A ½0; 1Þ; gn > 0; n ¼ 1; . . . ; s:

Since f ðxÞ is su‰ciently large for all x < i, then 0 < � 1

1� ðkp � lqÞ
< 1, i.e.

kp � lq > 2.
If y is su‰ciently large for all x larger than some number k or less than

some number i, then ð5:6Þ reduces to yðxþ 1Þ þ yðx� 1Þ ¼ ðkp � lqÞyðxÞ þ ap �
bq for all x > k or x < i, and kp > lq, otherwise, which yields a contradiction.

When

yðxþ 1Þ þ yðx� 1Þ ¼ ðkp � lqÞyðxÞ þ ap � bq;ð5:7Þ
if kp � lq ¼ 2, following the ideas in [10, pp. 934–935], then

f ðxÞ ¼ ~PPðxÞ þFðx;PÞ þPð0Þxþ ðap � bqÞðcðxÞ � xÞ;
where

Fðx;PÞ :¼ ½x�ðPðxÞ �Pð0ÞÞ and cðxÞ ¼ ð½x� þ 1Þ x� 1

2
½x�

� �
:
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When ap > bq, then f ðxÞ can be a tropical meromorphic solution of equation
ð5:6Þ.

Let f1ðxÞ ¼ f ðxÞ � ap � bq

2� ðkp � lqÞ
, then ð5:7Þ can be rewritten as

f1ðxþ 1Þ � ðkp � lqÞ f1ðxÞ þ f1ðx� 1Þ ¼ 0:

If kp � lq > 2, an application of [9, Theorem 10.1(iii)] yields

f1ðxÞ ¼
Xr
m¼1

mmeaðx� bmÞ þ
Xs
n¼1

nnebðx� cnÞ ¼ f ðxÞ � ap � bq

2� ðkp � lqÞ
;

bm A ½0; 1Þ; mm > 0; m ¼ 1; . . . ; r; cn A ½0; 1Þ; nn > 0; n ¼ 1; . . . ; s;

then

f ðxÞ ¼
Xr
m¼1

mmeaðx� bmÞ þ
Xs
n¼1

nnebðx� cnÞ þ
ap � bq

2� ðkp � lqÞ
;

where a; b are the roots of l2 � ðkp � lqÞlþ 1 ¼ 0. If 0 < kp � lq < 2, following
the ideas in [9, p. 918], we have

f1ðxÞ ¼ cosðy½x�Þðx� ½x�Þ þ cosðy½x�Þðcos y� 1Þ þ sinðy½x�Þ sin y

2ð1� cos yÞ ;

or

f1ðxÞ ¼ sinðy½x�Þðx� ½x�Þ þ sinðy½x�Þðcos y� 1Þ � cosðy½x�Þ sin y

2ð1� cos yÞ ;

which implies f1ðxÞ is kept bounded as x > k or x < i, then f ðxÞ ¼ f1ðxÞ þ
ap � bq

2� ðkp � lqÞ
is also kept bounded as x > k or x < i, a contradiction.
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