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Abstract

Let f be a class P-homeomorphism of the circle. We prove that there exists a

piecewise analytic homeomorphism that conjugate f to a one-class P with prescribed

break points lying on pairwise distinct orbits. As a consequence, we give a sharp

estimate for the smoothness of a conjugation of class P-homeomorphism f of the circle

satisfying the (D)-property (i.e. the product of f -jumps in the break points contained in

a same orbit is trivial), to di¤eomorphism. When f does not satisfy the (D)-property

the conjugating homeomorphism is never a class P and even more it is not absolutely

continuous function when the total product of f -jumps in all the break points is

non-trivial.

1. Introduction

Denote by S1 ¼ R=Z the circle and p : R ! S1 the canonical projection.
Let f be an orientation preserving homeomorphism of S1. The homeomorphism
f admits a lift ~ff : R ! R that is an increasing homeomorphism of R such that
p � ~ff ¼ f � p. Conversely, the projection of such a homeomorphism of R is an
orientation preserving homeomorphism of S1. The rotation number of a homeo-

morphism f of S1 is defined as rð f Þ ¼ limn!þy

~ff nðxÞ � x

n
ðmod 1Þ, x A R:

This limit exists and is independent of the choice of the point x and the lift ~ff
of f . For example, if Ra : x 7! xþ a ðmod 1Þ is the rotation by angle a then it
is obvious that rðRaÞ ¼ a ðmod 1Þ. From the definition, rðh � f � h�1Þ ¼ rð f Þ
holds for any orientation preserving homeomorphism h of S1. Recall that a
homeomorphism f of S1 is called a di¤eomorphism (resp. a Cr-di¤eomorphism
(rb 1)) if it di¤erentiable (resp. of class Cr) whose inverse f �1 is also di¤er-
entiable (resp. of class Cr). Assuming f is a Cr-di¤eomorphism (rb 2) and
rð f Þ is irrational, Denjoy ([3]) proved that: every Cr-di¤eomorphism f (rb 2) of
S1 with irrational rotation number rð f Þ is topologically conjugate to the rotation
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Rrð f Þ. This means that there exists an orientation preserving homeomorphism
h of S1 such that f ¼ h�1 � Rrð f Þ � h. Denjoy noted that this result can be
extended (with the same proof ) to a large class of circle homeomorphisms: the
class P (see [5], Chapter VI) and in particular for piecewise linear (PL) circle
homeomorphisms.

Definition 1.1. An orientation preserving homeomorphism f of S1 is
called a class P-homeomorphism if it is derivable except at finitely many points,
the so called break points of f , at which left and right derivatives (denoted,
respectively, by Df� and Dfþ) exist and such that the derivative Df : S1 ! R�

þ
has the following properties:

– There exist two constants 0 < a < b < þy such that: a < DfðxÞ < b, for
every x where Df exists,

– a < DfþðcÞ < b and a < Df�ðcÞ < b at the break points c.
– log Df has bounded variation on S1 (i.e. the total variation of log Df is

finite).

We pointed out that the third condition implies the two ones. Also notice
that if f is a class P-homeomorphism of S1 which is C1 on S1 then f is a
C1-di¤eomorphism of S1.

Definition 1.2. An orientation preserving homeomorphism f of S1 is
called piecewise linear (PL-homeomorphism) if f is derivable except at finitely
many break points ðciÞ0aiap of S1 such that the derivative Df is constant on each
�ci; ciþ1½.

Among the simplest examples of class P-homeomorphisms, we mention:
� C2-di¤eomorphisms,
� Piecewise linear PL-homeomorphisms which are not C2-di¤eomorphisms.
Denote by
– HomeoþðS1Þ the group of orientation-preserving homeomorphisms of S1.
– PðS1Þ the set of class P-homeomorphisms of S1, it is a subgroup of

HomeoþðS1Þ.
– PLðS1Þ the set of PL-homeomorphisms of S1, it is a subgroup of PðS1Þ

which contains rotations.
In this paper, we are mainly concerned with the sharp estimate for the

smoothness of a conjugation of class P-homeomorphism with the (D)-property
(see Definition 1.3 and Theorem 1.7) to di¤eomorphism. For class
P-homeomorphism without the (D)-property, the conjugation is never piecewise
C1 (see Proposition 1.6) and even more, can be a singular function (see Corollary
1.9). Before stating the main result, we need the following notations and
definitions.

For f A PðS1Þ and x A S1, denote by
– Of ðxÞ :¼ f f nðxÞ : n A Zg called the orbit of x by f .
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– sf ðxÞ :¼
Df�ðxÞ
DfþðxÞ

called the f -jump in x.

– Cð f Þ ¼ fc0; c1; c2; . . . ; cmg the set of break points of f in S1.
– cmþ1 :¼ c0.
– ps;Of ðcÞð f Þ ¼

Q
x ACð f ÞVOf ðcÞ sf ðxÞ, for every c A Cð f Þ.

– psð f Þ the product of f -jumps at the break points of f :

psð f Þ ¼
Y

c ACð f Þ
sf ðcÞ:

Definition 1.3 ([1]). Let f A PðS1Þ. We say that f has the (D)-property
if the product of f -jumps in the break points on each orbit is trivial; that is
ps;Of ðcÞð f Þ ¼ 1, for every c A Cð f Þ.

In particular, if f has the (D)-property, then psð f Þ ¼ 1. Conversely, if
all break points belong to the same orbit and psð f Þ ¼ 1 then f has the (D)-
property. We established in ([1], Proposition 2.5) that f has the (D)-property if
and only if the number of break points of f n is bounded by some constant that
doesn’t depend on n.

Definition 1.4 (Maximal connections). Let f A PðS1Þ and c A Cð f Þ. A
maximal f -connection of c is a segment

½ f �pðcÞ; . . . ; f qðcÞ� :¼ f f sðdÞ : �pa sa qg

of the orbit Of ðcÞ which contains all the break points of f contained on Of ðcÞ
and such that f �pðcÞ (resp. f qðcÞ) is the first (resp. last) break point of f on
Of ðcÞ.

We have the following properties:
– Two break points of f are on the same maximal f -connection, if and only

if, they are on the same orbit.
– Two distinct maximal f -connections are disjoint.

Notations. Let f A PðS1Þ. We let
– Mið f Þ ¼ ½ci; . . . ; f NiðciÞ�, Ni A N, the maximal f -connections of ci A Cð f Þ,

(0a ia p).
– Mð f Þ ¼

‘p
i¼0 Mið f Þ.

So, we have the decomposition: Cð f Þ ¼
‘p

i¼0 Cið f Þ, where Cið f Þ ¼
Cð f ÞVMið f Þ, 0a ia p. In particular, Cið f ÞHMið f Þ.

– N :¼ max0aiap Ni.
Note that if f has the (D)-property then:

_
Y

d ACið f Þ
sf ðdÞ ¼

Y
d AMið f Þ

sf ðdÞ ¼ 1; for every i ¼ 0; . . . ; p:
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Define
� pOf ðciÞð f Þ :¼

QNi

k¼1 sf Nþ1ð f kðciÞÞ, Ni > 0. If Ni ¼ 0, pOf ðciÞð f Þ :¼ 1. By

([1], Lemma 2.7), we also have: pOf ðciÞð f Þ :¼
Q

j AZðsf ð f jðciÞÞÞ j :
� pð f Þ :¼

Qp
i¼0 pOf ðciÞð f Þ:

Let s A R�
þnf1g. We shall introduce the two following basic class

P-homeomorphisms. Denote by
� gs the orientation preserving homeomorphism of S1 with lift egsgs : R ! R

restricted to ½0; 1½ is given by:

~ggsðxÞ ¼
1� s

1þ s

� �
x2 þ 2s

1� s
x

� �
; x A ½0; 1½:

We identify gs with its lift egsgs. Since gsð0Þ ¼ 0, gsð1Þ ¼ 1 and s0 1,
gs A PðS1Þ has one break point 0 such that sgsð0Þ ¼ s. Moreover, gs is
quadratic on S1nf0g.

� hs the homeomorphism of S1 with lift ehshs : R ! R restricted to ½0; 1½ is
given by:

ehshsðxÞ ¼ sx � 1

s� 1
; x A ½0; 1½:

We identify hs with its lift ehshs. Then hs A PðS1Þ has one break point 0 such that
shsð0Þ ¼ s. Moreover, hs is analytic on S1nf0g.

Definition 1.5. A homeomorphism h of S1 is called a PQ-homeomorphism
(resp. PE-homeomorphism) of S1 if h ¼ L � u, where L A PLðS1Þ and u ¼ Rc �
gs � R�1

c (resp. Rc � hs � R�1
c ), for some s A R�

þnf1g and c A S1.

When f does not satisfy the (D)-property, there is no rigidity; the conjugating
homeomorphism is never a class P:

Proposition 1.6. Let f A PðS1Þ with irrational rotation number. If f does
not satisfy the (D)-property, then it is not conjugate to a di¤eomorphism through a
class P-homeomorphism.

When f satisfies the (D)-property, we are in the position to give our main
result.

Theorem 1.7. Let f A PðS1Þ with the (D)-property and irrational rotation
number. Then:

(i) If pð f Þ0 1, f is conjugate to a di¤eomorphism through a PQ (resp. PE)-
homeomorphism (but not PL-homeomorphism).

(ii) If pð f Þ ¼ 1, f is conjugate to a di¤eomorphism through a PL-
homeomorphism.

In particular, for PL-homeomorphism, we obtain:

428 abdelhamid adouani and habib marzougui



Corollary 1.8. Let f A PLðS1Þ with the (D)-property and irrational rota-
tion number a. Assume that pð f Þ ¼ 1. Then f is conjugate to the rotation Ra

through a PL-homeomorphism.

Actually, using a recent result due to Adouani [2] and independently
Dzhalilov et al. [4], we have the following corollary:

Corollary 1.9. Let f A PðS1Þ with irrational rotation number. Assume
that the derivatives Df is absolutely continuous on every continuity interval of Df .
If psð f Þ0 1 then any homeomorphism map h conjugating f to a di¤eomorphism of
S1 is a singular function i.e. it is continuous on S1 and DhðxÞ ¼ 0 a.e. with respect
to the Lebesgue measure.

Remark 1. When psð f Þ ¼ 1, the homeomorphism map h conjugating f to
a di¤eomorphism can be either a singular function or absolutely continuous
function. Teplinsky gave in [6] an example f of PLðS1Þ with four break points
lying on pairwise distinct orbits and irrational rotation number of Roth number
(but not of bounded type), that is conjugated to the rigid rotation by an
absolutely continuous function. It is obvious that such example satisfies
psð f Þ ¼ 1 and does not satisfy the (D)-property. However, Herman has shown
in [5] (although not formulated as a statement) that a map f A PLðS1Þ with two
breaks points lying on distinct orbits and irrational rotation number has singular
invariant measure; equivalently the homeomorphism h conjugating f to the rigid
rotation is a singular function.

This paper is organized as follows. Section 2 is devoted to the main tech-
nical part of the paper; we conjugate any class P-homeomorphism f with several
break points through a PQ-homeomorphism (resp. PE-homeomorphism) of S1 to
a class P-homeomorphism with prescribed break points on pairwise distinct orbits.
In Section 3, we study the case where f satisfies the (D)-property, we prove that
it is conjugated through a PQ (resp. PE)-homeomorphism of S1 to a di¤eomor-
phism. In particular, we study the case where f has two successive break points.
Section 4 is devoted to class P-homeomorphism without the (D)-property.

2. Reduction to a class P-homeomorphisms with prescribed points on
pairwise distinct orbits

The aim of this section is to prove the following

Theorem 2.1. Let f A PðS1Þ with irrational rotation number, and let
ðk0; . . . ; kpÞ A Zpþ1. Then there exists a PQ-homeomorphism (resp. PE-
homeomorphism) h A PðS1Þ such that F :¼ h � f � h�1 A PðS1Þ with

– CðF ÞH fhð f kiðciÞÞ ¼ F kiðhðciÞÞ; i ¼ 0; 1; . . . ; pg
– sF ðF kiðhðciÞÞÞ ¼ ps;Of ðciÞð f Þ, i ¼ 0; 1; . . . ; p.
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We need the following lemma, for completeness we present its proof.

Lemma 2.2. Let s0; . . . ; sn A R�
þ such that s0 � � � � � sn ¼ 1 and let b0; . . . ;

bn A S1. Then there exists L A PLðS1Þ with break points b0; . . . ; bn and slopes
sLðb0Þ ¼ s0; . . . ; sLðbnÞ ¼ sn. In particular, psðLÞ ¼ 1.

Proof. We let b0 ¼ pða0Þ; . . . ; bn ¼ pðanÞ, where a0 < a1 < � � � < an < an þ 1
be real numbers. Given t > 0, let Lt be the PL function defined on ½a0; a0 þ 1�
as follows:

– a0; . . . ; an are the break points of Lt.
– Lt is linear on each ½aj; ajþ1�.
– Ltða0Þ ¼ 0.
– t is the slope of Lt on ½a0; a1�.
– sLt

ðajÞ ¼ sj the jump of Lt in aj , j ¼ 0; . . . ; n.
Then the function t 7! Ltða0 þ 1Þ is monotone and continuous. Moreover,

it satisfies limt!0 Ltða0 þ 1Þ ¼ 0 and limt!þy Ltða0 þ 1Þ ¼ þy. Therefore there
is t0 > 0 such that Lt0ða0 þ 1Þ ¼ 1. The PL-homeomorphism L of S1 is then
defined by its lift Lt0 restricted to ½a0; a0 þ 1�. r

Proof of Theorem 2.1. Set for i ¼ 0; . . . ; p and k A Z:

mi ¼ minð0; kiÞ; ni ¼ maxðki;NiÞ

sð f Þ ¼
Yp
i¼0

Y
k AZ

sk; ið f Þ;

where

sk; ið f Þ ¼

Q
jbk aj; ið f Þ; if k > ki

1Q
j<k aj; ið f Þ

; if ka ki

8><>:
and

ak; ið f Þ ¼ sf ð f kðciÞÞ:

Then we obtain

sð f Þ ¼
Yp
i¼0

ðps;Of ðciÞð f ÞÞ
�ki
Y
j AZ

ðaj; ið f ÞÞ j

Indeed, we have

ak; ið f Þ ¼ 1; if k < 0 or k > Ni

sk; ið f Þ ¼ 1; if k < mi or k > ni
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Y
kaki

sk; ið f Þ ¼
Y
kaki

Y
j<k

ðaj; ið f ÞÞ�1

 !

¼
Y
j<ki

Y
j<kaki

ðaj; ið f ÞÞ�1

 !

¼
Y
j<ki

ðaj; ið f ÞÞ j�ki

¼
Y
p<0

ðapþki ; ið f ÞÞ
p

Similarly, Y
k>ki

sk; ið f Þ ¼
Y
pb0

ðapþki ; ið f ÞÞ
p

So Y
k AZ

sk; ið f Þ ¼
Y
p AZ

ðapþki ; ið f ÞÞ
p

¼
Y
j AZ

ðaj; ið f ÞÞ j�ki

¼ ðps;Of ðciÞð f ÞÞ
�ki
Y
j AZ

ðaj; ið f ÞÞ j

Therefore

sð f Þ ¼
Yp
i¼0

Y
k AZ

sk; ið f Þ

¼
Yp
i¼0

ðps;Of ðciÞð f ÞÞ
�ki
Y
j AZ

ðaj; ið f ÞÞ j

Now, set

bk; ið f Þ ¼
skþ1; ið f Þ
sk; ið f Þ

ak; ið f Þ:

Then we obtain

bk; ið f Þ ¼
ps;Of ðciÞð f Þ; if k ¼ ki

1; otherwise

�
Indeed:
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For k > ki,

sk; ið f Þ ¼
Y
jbk

aj; ið f Þ

¼ ak; ið f Þ
Y

jbkþ1

aj; ið f Þ

¼ ak; ið f Þskþ1; ið f Þ

For k < ki,

sk; ið f Þ ¼
1Q

j<k aj; ið f Þ

¼ ak; ið f ÞQ
j<kþ1 aj; ið f Þ

¼ ak; ið f Þskþ1; ið f Þ

For k ¼ ki,

bk; ið f Þ ¼
skþ1; ið f Þ
sk; ið f Þ

ak; ið f Þ

¼
Q

jbkþ1 aj; ið f Þ
ð
Q

j<k aj; ið f ÞÞ
�1

ak; ið f Þ

¼
Y
j AZ

aj; ið f Þ

¼ ps;Of ðciÞð f Þ

We distinguish two cases.

Case 1: sð f Þ ¼ 1. By Lemma 2.2, there exists L A PLðS1Þ with the
following properties:

(i) Lð0Þ ¼ 0
(ii) CðLÞH f f kðciÞ : mi a ka ni; 0a ia pg
(iii) sLð f kðciÞÞ ¼ sk; ið f Þ

We let F ¼ L � f � L�1. A priori, the break points of F are:
– The break points of L�1: Lð f kðciÞÞ, mi a ka ni, 0a ia p,
– The image by L of break points of f : Lð f kðciÞÞ, mi � 1a ka ni,

0a ia p.
Therefore the possible break points of F are among: Lð f kðciÞÞ, mi a ka ni,
0a ia p. Compute the jumps of F in these points:
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sF ðLð f kðciÞÞÞ ¼
sLð f ð f kðciÞÞÞsf ð f kðciÞÞ

sLð f kðciÞÞ

¼ skþ1; ið f Þak; ið f Þ
sk; ið f Þ

¼ bk; ið f Þ

¼ ps;Of ðciÞð f Þ; if k ¼ ki

1; otherwise

�
We conclude that CðFÞH fLð f kðciÞÞ : 0a ia pg with sF ðLð f kðciÞÞÞ ¼
ps;Of ðciÞð f Þ.

Case 2: sð f Þ0 1. Set s ¼ sð f Þ and define u ¼ Rc � gs � R�1
c (resp. u ¼

Rc � hs � R�1
c ), where c ¼ f N0þ1ðc0Þ. Then u is a particular PQ-homeomorphism

(resp. PE-homeomorphism) with one break point c such that: suðcÞ ¼ s. We
let F ¼ u � f � u�1. A priori, the break points of F are:

– The break point of u�1 : uð f N0þ1ðc0ÞÞ
– The image by u of break points of f : uð f kðciÞÞ, 0a kaNi, 0a ia p
– The image by u � f �1 of the break point of u : uð f N0ðc0ÞÞ

Therefore the possible break points of F are among uð f kðciÞÞ, 0a kaNi,
1a ia p, and uð f kðc0ÞÞ, 0a kaN0 þ 1.

Compute the jumps of F in these points:
For 0a kaNi, 1a ia p,

sF ðuð f kðciÞÞÞ ¼
sLð f ð f kðciÞÞÞsf ð f kðciÞÞ

suð f kðciÞÞ
¼ ak; ið f Þ

sF ðuð f N0ðc0ÞÞÞ ¼
suð f ð f N0þ1ðc0ÞÞÞsf ð f N0ðc0ÞÞ

suð f N0ðc0ÞÞ

¼ sð f ÞaN0;0ð f Þ
1

¼ sð f ÞaN0;0ð f Þ

sF ðuð f N0þ1ðc0ÞÞÞ ¼
suð f ð f N0þ2ðc0ÞÞÞsf ð f N0þ1ðc0ÞÞ

suð f N0þ1ðc0ÞÞ

¼ 1� 1

sð f Þ

¼ 1

sð f Þ
sF ðuð f kðc0ÞÞÞ ¼ ak;0ð f Þ; 0a k < N0
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Let ak; iðF Þ :¼ sF ðF kðdiÞÞ ¼ sF ðuð f kðciÞÞÞ, where di ¼ uðciÞ, for 0a kaN0,
0a ia p. Then,

sk; iðFÞ ¼

Q
jbk aj; iðFÞ; if k > ki

1Q
j<k aj; iðFÞ

; if ka ki

8><>:
For 1a ia p, Y

k AZ

sk; iðFÞ ¼ ðps;OF ðdiÞðFÞÞ
�ki
Y
j AZ

ðaj; iðFÞÞ j

¼ ðps;Of ðciÞð f ÞÞ
�ki
Y
j AZ

ðaj; ið f ÞÞ j

¼
Y
k AZ

sk; ið f ÞY
k AZ

sk;0ðFÞ ¼ ðps;OF ðd0ÞðFÞÞ
�k0
Y
j AZ

ðaj;0ðFÞÞ j

¼ ðps;Of ðc0Þð f ÞÞ
�k0ðaN0;0ðFÞÞ

N0ðaN0þ1;0ðF ÞÞN0þ1

�
Y

j AZ; j0N0; j0N0þ1

ðaj;0ðF ÞÞ j

¼ ðps;Of ðc0Þð f ÞÞ
�k0ðsð f ÞaN0;0ð f ÞÞ

N0
aN0þ1;0ð f Þ

sð f Þ

� �N0þ1

�
Y

j AZ; j0N0; j0N0þ1

ðaj;0ð f ÞÞ j

¼ 1

sð f Þ ðps;Of ðc0Þð f ÞÞ
�k0
Y
j AZ

ðaj;0ð f ÞÞ j

¼ 1

sð f Þ
Y
j AZ

sj;0ð f Þ

Therefore

sðF Þ ¼
Yp
i¼0

Y
j AZ

sj; iðFÞ

¼ 1

sð f Þ
Yp
i¼0

Y
j AZ

sj; ið f Þ

¼ 1

We conclude that F A PðS1Þ that satisfies sðFÞ ¼ 1 and with maximal
F -connections
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M0ðF Þ ¼ ½uðc0Þ; . . . ;F N0þ1ðuðc0ÞÞ� and MiðF Þ ¼ ½uðciÞ; . . . ;F NiðuðciÞÞ�;
for 1a ia p:

Then, by the case 1, there exists L A PLðS1Þ that conjugates F to a class
P-homeomorphism G ¼ L � F � L�1 with CðGÞH fGki ½LðuðciÞÞ� : 0a ia pg and
sGðGkið½LðuðciÞÞ�ÞÞ ¼ ps;Of ðciÞð f Þ, 0a ia p. Moreover h :¼ L � u is a PQ-
homeomorphism (resp. PE-homeomorphism) that conjugates f to G with
CðGÞH fGkiðhðciÞÞ : 0a ia pg and sGðGkiðhðciÞÞÞ ¼ ps;Of ðciÞð f Þ, 0a ia p.
This completes the proof. r

Corollary 2.3. Let f A PðS1Þ with irrational rotation number. Then,
there exists h A PðS1Þ such that: F ¼ h � f � h�1 A PðS1Þ with CðFÞH
fhðc0Þ; . . . ; hðcpÞg, where c0; . . . ; cp A Cð f Þ are on pairwise distinct orbits. More-
over sF ðhðciÞÞ ¼ ps;Of ðciÞð f Þ, i ¼ 0; 1; . . . ; p.

Proof. Take ki ¼ 0 for all i in Theorem 2.1. So we get F ¼ h � f � h�1 A
PðS1Þ with CðFÞH fhðc0Þ; . . . ; hðcpÞg, where c0; . . . ; cp A Cð f Þ are on pairwise
distinct orbits. r

3. Class P-homeomorphisms with the (D)-property

3.1. Proof of Theorem 1.7.

Lemma 3.1. Let f A PðS1Þ with irrational rotation number. If f has the
ðDÞ-property then sð f Þ ¼ pð f Þ.

Proof. We have

sð f Þ ¼
Yp
i¼0

ðps;Of ðciÞð f ÞÞ
�ki
Y
j AZ

ðaj; ið f ÞÞ j:

Since ps;Of ðciÞ ¼ 1 and
Q

j AZðaj; ið f ÞÞ
j ¼ pð f Þ, for every i ¼ 0; . . . ; p, thus

sð f Þ ¼ pð f Þ. r

Proof of Theorem 1.7. From the Corollary 2.3, it follows that F : h � f �
h�1 is a di¤eomorphism since sF ðhðciÞÞ ¼ ps;Of ðciÞð f Þ ¼ 1, i ¼ 0; 1; . . . ; p. Now
by the proof of Theorem 2.1, h is a PL-homeomorphism if sð f Þ ¼ 1 and a PQ
(resp. PE)-homeomorphism if sð f Þ0 1. We conclude by the Lemma 3.1. r

Remark 2. The PE (resp. PQ)-homeomorphism h ¼ L � u that conjugates
f to a di¤eomorphism can be chosen so that its rotation number is 0. Indeed,
let u ¼ Rc � gs � R�1

c (resp. Rc � hs � R�1
c ), for some s A R�

þnf1g and c A S1. Set
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d ¼ Rcð0Þ and choose L A PLðS1Þ such that LðdÞ ¼ d. Then hðdÞ ¼ d and so h
has a rotation number 0.

3.2. Case of two break points. Let f A PðS1Þ with irrational rotation
number a and with two break points b and f ðbÞ. Assume that f satisfies the
(D)-property. We give a direct conjugation h from f to a di¤eomorphism.
This conjugation h is di¤erent from that constructed in the proof of Theorem
2.1. We let b 0 ¼ f ðbÞ and s ¼ pð f Þ�1. Define h :¼ Rb 0 � h�1

s � ðRb 0 Þ�1. Then
h is a PE-homeomorphism with one break point b 0 such that: shðb 0Þ ¼ s�1.

Proposition 3.2. Let f A PðS1Þ with two break points b and f ðbÞ and
irrational rotation number. Then pð f Þ0 1 and F :¼ h � f � h�1 A PðS1Þ with
CðFÞH fhðbÞg such that sF ðhðbÞÞ ¼ ps;Of ðbÞð f Þ.

In particular if f satisfies the (D)-property then F is a di¤eomorphism.

Proof. One has pð f Þ ¼ sf ðb 0Þ0 1, where b 0 ¼ f ðbÞ. We let F ¼
h � f � h�1. Then

sF ðhðb 0ÞÞ ¼ shð f ðb 0ÞÞsf ðb 0Þ
shðb 0Þ :

As shð f ðb 0ÞÞ ¼ 1 and sf ðb 0Þ ¼ s�1, so sF ðhðb 0ÞÞ ¼ 1.
On the other hand, we have:

sF ðhðbÞÞ ¼
shðb 0Þsf ðbÞ

shðbÞ
:

As shðb 0Þ ¼ s�1, shðbÞ ¼ 1 and sf ðbÞ ¼
ps;Of ðbÞð f Þ

s�1
then sF ðhðbÞÞ ¼

ps;Of ðbÞð f Þ and CðFÞH fhðbÞg.
In particular, if f satisfies the (D)-property then ps;Of ðbÞð f Þ ¼ 1. So F has

no break points and F is a di¤eomorphism. r

Corollary 3.3. Let f A PLðS1Þ with irrational rotation number a and with
two break points b and f ðbÞ. Then h � f � h�1 is the rotation Ra.

Proof. By hypothesis, we see that f satisfies the (D)-property. One can
check that h�1

s � ððRb 0 Þ�1 � f � Rb 0 Þ � hs ¼ Ra and therefore h � f � h�1 ¼ Ra.
r

4. Class P-homeomorphisms without the (D)-property

Proof of Proposition 1.6. Suppose there is h A PðS1Þ that conjugates f to a
di¤eomorphism F : f ¼ h � F � h�1. Let c A S1. We have for every j A Z:
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sf ð f jðhðcÞÞÞ ¼ shðFðF jðcÞÞÞ
shðF jðcÞÞ sF ðF jðcÞÞ

¼ shðFðF jðcÞÞÞ
shðF jðcÞÞ :

Hence

ps;Of ðhðcÞÞð f Þ ¼
Y
j AZ

sf ð f jðhðcÞÞÞ

¼

Q
j AZ

shðF jþ1ðcÞÞQ
j AZ

shðF jðcÞÞ

¼ 1:

We conclude that f has the (D)-property. Notice that we also have

pð f Þ ¼ psðhÞ�1: r

Proof of Corollary 1.9. This follows directly from ([2], Main Theorem) since
psðFÞ ¼ 1 for any di¤eomorphism F of S1. r

Acknowledgements. The authors would like to thank the referee for valu-
able suggestions which helped us to improve this paper.

References

[ 1 ] A. Adouani and H. Marzougui, On piecewise smoothness of conjugacy of class P circle

homeomorphisms to di¤eomorphisms and rotations, Dyn. Syst. 27 (2012), 169–186.

[ 2 ] A. Adouani, Conjugation between circle maps with several break points, Ergod. Th. and

Dynam. Sys. (First published online, 2015), doi:10.1017/etds.2015.32.
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