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NONEXISTENCE OF POSITIVE VERY WEAK SOLUTIONS TO
AN ELLIPTIC PROBLEM WITH BOUNDARY REACTIONS

FurtosHl TAKAHASHI

Abstract

We consider a semilinear elliptic problem with the boundary reaction:

—Au=0 in Q, %Jru =a(x)u’ + f(x) on 0Q,
where Q = RY, N >3, is a smooth bounded domain with a flat boundary portion,
p>1, a,feL'(0Q) are nonnegative functions, not identically equal to zero. We
provide a necessary condition and a sufficient condition for the existence of positive very
weak solutions of the problem. As a corollary, under some assumption of the potential
function a, we prove that the problem has no positive solution for any nonnegative
external force f e L*(0Q), f #0, even in the very weak sense.

1. Introduction

In this paper, we consider the semilinear elliptic boundary value problem
with the boundary reaction:

—Au=0 in Q
(11) u=> 0 in ﬁ,
ou

—+u=a(x)u’ + f(x) on dQ

where Q « RY, N >3, is a smooth bounded domain, v is the exterior unit
normal vector to 0Q, p>1, a,feL'(0Q) are nonnegative functions, not
identically equal to zero.
In the recent paper, Quittner and Reichel [6] consider the more general
problem with nonlinear Neumann boundary conditions:
ou

(1.2) —Au=0 in Q, a—+u:g(x,u) on 0Q
v
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where ¢:0Q xR — R is a Carathéodory function. They call a function
u:Q— R a very weak solution of the problem (1.2) if u|g e L'(Q), ul,q,
g(-,ulsq) € L1(0Q) and

0
(1.3) - JQ uAl dx = LQ g(x,u) dsy — LQ u(C + 6_€> dsy

holds for any { € C?(Q). In [6], Quittner and Reichel prove several properties of
very weak solutions, such as regularity and the integral representation formula of
the very weak solution to (1.2) for the linear case, regularity and a priori bounds
in nonlinear case, and so on. See §2 for some of their results. Moreover, the
authors obtain the interesting existence results of singular very weak solutions to
the model problem, ie., g(x,u) = (u.)” in (1.2), on a special domain Q as
described below: Let Q = RY = {x = (x/,xy) : xy > 0} be a smooth bounded
domain with a flat boundary portion T'j, that is, there exist two closed sets
I'1,I', = 0Q such that

(i) dQ=T,UT,, I' cdRY ~RY"! and 0 eint(T)),

(ii) int(T;) =T for i =1,2 and int(Ty) Nint(Ty) = 0.
By perturbing the explicit singular half-space solution and using a variational
method, the authors prove the following existence result for the very weak

N -2

. N -1
solutions: For N =3,4 and p > but very close to N the problem

—Au=0 in Q, %—i—u:up on 0Q
v

admits at least two positive, unbounded very weak solutions, blowing up at

-1
0 eint(l';), see [6]: Theorem 17. Also for any p>%, there exists a
function f e L*(0Q) such that the problem B

—Au=0 in Q, %:ul’—kf(x) on 0Q

admits a positive, unbounded very weak solution, see [6]: Theorem 12.

However, if we introduce a (singular) potential function into the equation,
the situation is drastically changed. Actually, main result in this paper concerns
the nonexistence of positive very weak solutions to (1.1) as follows:

THEOREM 1.1. Let Q< RY, N >3, be a smooth bounded domain with
0€0Q. Let p>1 and feL*(0Q), f>0, f#£0 on 0Q. Assume that ae
LY(0Q) is a function such that a >0 on 0Q, and there exists R >0 such that

(1.4) J a(ﬁz ds, = +oo0,
BY(O)naa | y|
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where BY(0) denotes a N-dimensional ball with radius R center 0. Then there
exists no positive solution of the problem

-

—Au=0 in Q, %+u =a(x)u’ + f(x) on 0Q,

even in the very weak sense.

. . 1 . . .
By a simple calculation, we check that a(x) = ﬂ satisfies the assumptions in
X

Theorem 1.1 on a smooth bounded domain in RY, N > 3, with a flat boundary
portion I';. Actually, we compute

d
J a(AJ/}zz dsy > J SNy—l
BY()noe |yl BY(O)nry | Y|

dv' R},N—Z
:J - |SN‘2|J =y,
By-'onr [y’] or
where y=(p',0)el’y, y'=1,...,ynv-1), and dy' =dy;---dyn_1. Thus we
have the nonexistence of positive very weak solutions to the simple elliptic
problem like
up

—Au=0 in Q, %+u=—+f(x) on ¢Q,

ov | x|

for any nonnegative bounded external force f # 0 on such a domain when
N > 3. This fact contrasts with the existence results by Quittner and Reichel
mentioned above.

This paper is organized as follows: In §2, we collect several useful facts on
very weak solutions, which will be used in later sections. Main source of this
part is [6], however, some basic lemmas, such as weak maximum principle or
existence of very weak solutions by the method of sub-super solutions, are also
proved in this section. In §3, we provide a necessary condition and a sufficient
condition for the existence of very weak solutions to (1.1). The result proved
here is an extension of that of Brezis and Cabré [1], to the nonlinear Neumann
boundary condition cases. Finally in §4, we prove Theorem 1.1.

2. Several facts about very weak solutions

In this section, we collect several facts about the very weak solutions which
will be useful later. We refer the reader to the paper by Quittner and Reichel [6]
for complete descriptions and proofs.

In the following, let Q be a smooth bounded domain in RY, N >2 (not
necessarily with a flat boundary portion). As in [6], we define L!'(Q x 0Q) as the
space of functions u : Q — R such that u|, € L'(Q) and u|,, € L'(0Q). This is a
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Banach space under the norm |[|ul|,1(qx00) = llull11q) + lull11(sq), and isomorphic
to L'(Q) x L'(0Q). Note that, generally, u|,, is not the trace of u|,. With
admitting some ambiguity, we will use the symbol u to denote both u|g and u],q
for simplicity.

First we recall the linear theory developed in [6]. Let ue L'(Q x 0Q) be a
very weak solution to the linear problem

du

2.1 —Au=0 in Q
(2.1) u in Q, 3

+u=g(x) on 0Q,

where g € L'(6Q). Recall a function ue L'(Q x 0Q) is a very weak solution of
(2.1) if

_ JQ uA( dx = LQ g(x){ dsy — LQ u(( + %) ds,,

holds for any (e C*(Q).
Next lemma concerns the unique solvability and a priori estimate of very
weak solutions to (2.1).

Lemma 2.1 ([6): Lemma 3). Let ge L'(0Q). Then (2.1) admits a unique
very weak solution ue L'(Q x 0Q) with the estimate

lull 11 @xo0) < CllgllLiaa)

for some C > 0. Moreover, u>0 a.e. (with respect to N-dimensional Lebesgue
measure) in Q and a.e. (with respect to the surface measure on 0Q) on 0Q, if g >0
a.e. on 0Q.

Next lemma concerns the weak maximum principle.

LeMMmA 2.2. Let hke L'(0Q). Let ue L'(Q x 0Q) denote a very weak
supersolution to

u

—Au>0 in Q,
ov

+u>h on 0Q,

in the sense that

— | uAldx > he ds, — u C‘F% ds,
JQ LQ LQ ( 0v>

for any (e C*(Q), (=0 on Q, and let ve L'(Q x dQ) be the unique very weak
solution to
0
“Av=0 inQ  Stv=k onoQ,

respectively. If h >k on 0Q, then we have u > v on Q.
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Proof. For any g e C°(Q2), ¢ >0, put { be the unique solution to

(2.2) —Al=¢ in Q, %4— (=0 on 0Q.

Then { € C*(Q) and { >0 on Q by the maximum principle. Testing by ¢ and
subtracting, we have

— Jg(u —v)Al dx > J (h— k) ds, — LQ(“ ) <C +%) dsy,

0Q

which yields
J(u—v)godxzj (h— k)¢ dsy = 0.
Q o0

Since ¢ € C°(Q), ¢ >0 is arbitrary, we have u —v >0 a.e. on Q.

Also, for any 7€ C*(0Q), >0, let ¢ € C>(Q) be the unique solution to

(2.3) —Af=0 in Q, %+ {=n on 0Q.

Maximum principle implies ¢ >0 on Q. Testing by ¢ and subtracting, we have
in this case

J (u—v)y dsy > J (h—k)¢ ds > 0.
o0 50

Since e C*(0Q), n >0 is arbitrary, again we have u—v >0 a.e. on 0Q.
U

LemmA 2.3. Let g:0Q x R3(x,s) — g(x,s5) e Ry be a nonnegative Cara-
théodory function, increasing with respect to s for any x € 0Q. Assume (1.2) has a
weak supersolution w e L'(Q x 0Q), in the sense that g(-,w) e L'(0Q) and

ol
- JQ WAL dx > LQ g(x, w){ dsy — LQ W <C + 5) s

for any (e C*Q), (=0 on Q. Then (1.2) has a very weak solution ue
LY(Q x 0Q).

Proof. Proof will be done by a standard monotone iteration argument.
See for example, [2]: Lemma 3, or [7: Lemma 8. Define w) =we
L'(Q x 0Q). By the definition, we have g(-,w")) e L'(0Q). Let w® be the
unique weak solution of
—Aw® =0 in Q,
ow®
v

+w® =g(x,w") on oQ
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obtained by Lemma 2.1. Thus,

J (=AW —w®) dx > ,J <%+ C) (wh —w®) ds,
Q 0Q ov

holds for any { e C*(Q), { >0 on Q. As before, for given ¢ € Ci°(Q), ¢ > 0 on
Q, take { e C*(Q) as the solution of (2.2). Then we have

J (W —w®)p dx > 0,
Q

and since ¢ > 0 can be chosen arbitrary, we conclude that wl) > w® ae. on Q.
Similarly, for any 7 € C*(0Q), n >0 on 0Q, let ¢ € C*(Q), & > 0, be the solution
to (2.3). Then we have

0> —J nw —w®) ds,,
o0

which implies that w(!) > w® ae. on dQ. By induction, we obtain
w=wl >w® >...>pW>... ge on Q

w=wh >p@>...>uwl>... ge on Q.

By Lemma 2.1, we know w() >0 since g is nonnegative. By the monotone
convergence theorem, w) converges to u in L'(Q x dQ). Since g(x, s) is increas-
ing with respect to s for any x e 0Q, we have also 0 < g(-,w™) < g(-,w)) e
L'(0Q) for any ne N, which leads to g(-,u) € L'(0Q). Finally, it is easy to
check that u is a desired weak solution to (1.2). O

The following lemma is an integral representation formula of the unique very
weak solution to (2.1).

LemmA 2.4 ([6): Lemma 5). There exists a linear operator T such that T
is a bounded, self-map from LP(0Q) to LP(0Q) for every pe|[l,+w], and if
ge LY (0Q), then the unique very weak solution ue L'(Q x Q) to (2.1) can be
written as

1 _ »
u(x) = EJ&Q Ty(y) log|x — y| ! dsy, + do Jn Ty(y)dsy, if N=2,

1 2N .
u(x) = WLQ Tg(y)lx—y[= " dsy, if N>3

for all xe Q. Here dq is a constant depending on Q. Furthermore, T~ exists
and is bounded from LP(0Q) to LP(0Q) for every pe|[l,+o]| when N > 3.

The last claim follows from the proof of [6], since T is an inverse operator of
a compact perturbation of the identity, and the compact part maps bounded sets
of L?(0Q) to compact sets in L?(0Q) for every p e [l,+0].



NONEXISTENCE OF POSITIVE VERY WEAK SOLUTIONS 761

By using the integral representation formula in Lemma 2.4, the following
regularity result for very weak solutions to (2.1) is established in [6].

LemMa 2.5 ([6): Theorem 6). If g e L?(0Q) for some p € [l, ]|, then the
followings are true for the very weak solution ue L'(Q x 0Q) to (2.1).

i) g=p and%—é<ﬁ=>ueL"(6Q),
N < 1
(N-1)q N-1

N
<0 La(Q).
(N—l)q< =ue WHi(Q)

(i) ¢=>p and 1o =ue L1(Q),
p

1
il >p and — —
(iii) ¢ = p p

3. A necessary condition and a sufficient condition for the existence of
very weak solutions

In this section, we provide a necessary condition and a sufficient condition
for the existence of a positive very weak solution to (1.1) on a general bounded
smooth domain Q « RY. The result can be considered as a generalization of
that of Brezis-Cabré [1] to the nonlinear Neumann boundary condition case, and
Theorem 1.1 is a direct consequence of this. In [1], Brezis and Cabré establishes
a necessary condition and a sufficient condition for the existence of positive very
weak solutions to the problem

—Au=a(x)uf + f(x) in Q, u=0 on 0Q,

where a, f are nonnegative L'(Q) functions, not identically zero. Our proof is
a direct modification of that of Brezis and Cabré to the nonlinear Neumann
boundary condition case.

In the following, let G(h)e L'(Q x 0Q) denote the unique very weak
solution to the linear problem

~AG(h) =0 in Q,
0G(h)

o)
ov

+GMh)=h on dQ
for he L'(0Q); see Lemma 2.1.

THEOREM 3.1. Let p > 1. Assume that fe L' (0Q), f >0, f #0 on 0Q,
and ae L'(0Q), a >0, a#0 on 0Q. Put v=G(f)eL'(Q x Q).
(i) If the problem (1.1) has a very weak solution u > 0, then av” € L'(0Q) and

(3.1) G(av?) < (ﬁ)v in Q

holds true.
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(ii) If av? € L'(0Q) and

p—1\ 1 L=
32 G(av? S(—) v in Q
(32) @)= (P=) =

holds true, then the problem (1.1) has a very weak solution u > 0. Furthermore,

P 11) holds on Q.

v<u<

The proof of Theorem 3.1 consists of several lemmas, which are described
below.

LemMmA 3.2. Let u,ve C*(Q), v>0 on Q Let ¢ C*(R) be a concave
function. Then we have

aa (o) {es )} =) i)+ (o) - (o ()} G o)

0
on 0Q. In particular, if Elj—&—v >0 on 0Q, then

0 (GO OG-0 E)

Proof. By direct computation, we have

A v{w(3) =0 (5)ver{o() - (
)OO

on 0Q. Adding this to the identity

) o) ()

we have (3.3). Since ¢ is concave on R, we have ¢(s) '(s) > ¢(1) for

< | R
< R

Jo ()
)}(&)

SRR

u
any s € R. Putting s =—, we get
v

)00

Thus if %—&—v >0 on 0Q, we obtain (3.4) by inserting the above inequality
into (3.3). O
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Next lemma is a weak form of Lemma 3.2.

Lemma 3.3. Let e C'(R) be a concave function with ¢' bounded on R.
For hk e L'(0Q), k > 0, k # 0 on 0Q, let u, v be the unique very weak solution of

—Au=0 in Q, %—&-u—h on 0Q,
and
. ov
—Av=0 in Q, a—+v_k on 0Q,

respectively. Then it holds

(o) o
(o) e Qo-oroos

in the weak sense. That Is, ¢<% e L'(Q x 0Q), ¢'(%)(h—k)+¢(1)ke

L'(0Q), and

(3.5) —ngqﬁ(%)ACdxz { (%) (h— k) + ¢(1)k }Cdsx
o)

holds for any { e C*(Q), (=0 on Q.
Proof.  First, by mollifying ¢, we see that (3.4) holds for ¢ e C'(R) and

concave. Following the proof of [1], we approximate 4, k € L'(0Q) by sequences
hy ky € C*(0Q), k, >0, k, #0. Let u, and v, be the unique classical solutions

—Au, =0 in Q

+u, =h, on 0Q,

and

. 0
_AUn =0 in Q, %—f— v, = kn on 6Q7

respectively. Note that v, > 0 in Q by the standard strong maximum principle
(see for example, [S] Theorem 2.2). Consider the problem
oC

—Al=1 in Q, —4+{(=0 on Q.
v
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Multiplying { to the equations satisfied by u# and u,, and subtracting, we have

—| (uy —u)AL dx| = < An = Al 21 @) €Ml 2= o)
Q

J (hy — ) dsy
o0

which implies u, — u in L'(Q), and also v, — v in L'(Q). By using the solution
of

on

—Ayp =0 in Q, 8v+77_1 on 0Q,

we also obtain that u, — u, v, — v in L'(0Q). Since v, >0 on Q, v,é(u,/v,) is
well defined and vnqﬁ( ) converges to v (%) (up to a subsequence) a.e. on Q
and 0Q. Now, by (5.10) in [1]:

A
o) ) o

for some 6 € (0,1), we see that v,,qﬁ( ) is dominated by some L! functions in

L'(Q) and L'(0Q) respectively (recall ¢’ is bounded). Thus by Dominated
Convergence Theorem, we have

w(ie) o)

in L'(Q) and L'(0Q), respectively. Now, since u,,v, € C*(Q), v, >0, we can
apply [1]: Lemma 5.3 (5.8) to obtain

~8(on8(2) ) = () (-Au + Ao+ 901) (-0,

:0’

< C(un] + [0nl),

therefore vwﬁ(?) is superharmonic in Q. Thus, by integration by parts and
(3.4), it holds that

_J W( ")AC dx > LQ{(/ﬁC[—) (h —kn)+¢<1)kn}5dsx
[ () (e i) o

for any { e C*(Q), { >0 on Q. Passing to the limit in the above and using the
boundedness of ¢’ again, we obtain (3.5). O
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Now, we prove Theorem 3.1.

Proof. Just as done by Brezis and Cabré [1], we use the concave function

1 1 1
¢(S):Jﬁdt —1(1_sl’—1> for s> 1.
We see ¢/'(s)s” =1 for s> 1, ¢ is concave, ¢’ is bounded for s> 1, ¢(1) =0,
1 . .
#'(1)=1and 0 < ¢(s) < P We extend ¢ on the interval (—oo, 1] by setting

#(s) =s—1. Then ¢ thus obtained satisfies the assumptions in Lemma 3.3.
First, we prove (i) of Theorem 3.1. Assume there exists a very weak
solution u >0 to (1.1):
—Au=0 in Q, 2—+u_a( x)u? + f(x) on 0Q.

Since a(x)u? 4+ f(x) = f(x) on 0Q, the weak maximum principle (Lemma 2.2)
implies

u>G(f)=v on Q.

Thus 0 < a(x)v? < a(x)u” on 0Q and since au? € L'(0Q) by the definition of the
very weak solution u, we have av? € L'(0Q).

Then we take ¢ as above and apply Lemma 3.3 with h=au” + f, k= f.
Since u/v > 1, we obtain

| u (—) AC di = Lg{qﬂ' (—) @+ f — f)+ ¢<1>f}c ds,
- J veh (Zt) (C + C) dsy
] e

for any (e C*(Q), {>0 on §_2 (3.5). This is the weak form of

As)er o
(2 ) w(%)} 2o ane

therefore, again by the weak maximum principle Lemma 2.2, we have

G(av*) < v¢(%> < pi o

SRS

1 .
here we have used ¢(s) < I for s > 1. This proves (3.1) of part (i).
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Next, we prove (ii) of Theorem 3.1. Assume av” € L'(0Q) and (3.2) holds.
Put

P
w= (pl—’l> G(av?) +ve LY(Q x 0Q).

Then —Aw =0 and (3.2) implies that w < P v thus

i—|—1 w= (-2 pau”—l—f>aw”—|—f
ov p—1 - '

on 0Q. That is, w is a very weak supersolution to (1.1). Always 0 is a
subsolution to (1.1). Therefore by the monotone iteration Lemma 2.3, we
have a very weak solution u satisfying 0 < u <w. Actually, the weak maximum
principle implies

v<u<sw<
p—1

This proves part (ii) of Theorem. O

Remark 3.4. Similar results as Theorem 3.1 hold true for other variants of
the problem (1.1), which are considered in [4], [3], or [7], [8]. For example, the
following claim can be proved in the same way as before.

Let p > 1 and a, f satisfy the same assumption of Theorem 3.1. Consider
the problem

ou

(3.6) —Au+u=0 in Q, 3= a(x)u” + f(x) on 0Q
v

on a smooth bounded domain Q. The notion of very weak solutions and the
corresponding linear theory (existence, uniqueness, and so on) are examined in
[7]. For any he L'(0Q), let G(h)e L'(Q x 0Q) be the unique very weak
solution of

0G(h)

—AG(h)+ G(h) =0 in Q, i

=h on 0Q.

We have:
(i) If the problem (3.6) has a very weak solution u > 0, then aG(f)” € L' (0Q)
and

G(aG(f)') < <%) G(f) in Q.
(i) If aG(f)" € L'(0Q) and

1V B
G(aG(f)") < (%) L 6 o,
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then the problem (3.6) has a very weak solution u >0 with G(f) <u<

p J—
FG(J’) on Q.

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1.

Proof. Assume the contrary that there exists a very weak solution u > 0 to
(1.1) on a bounded smooth domain Q with 0 € Q. Consider v = G(f), i.e., the
unique weak solution of

. v
—Av=0 in Q, 5+U:f on 0Q.
We know that v >0, v #0 on Q since £ >0, £ #0 on dQ. Note that, by the
definition of very weak solutions, v is a distributional solution of

—Av=0 in Z'(Q).

(Simply we restrict the class of test functions from C?*(Q) to 2(Q)). Thus by
Weyl’s lemma, we see ve C*(Q). Also since f e L*(Q), the regularity The-
orem 2.5 implies that ve W4(Q) for any ¢ < oo, thus ve C**(Q) for some
o€ (0,1). Hence by the standard strong maximum principle (see for example,
[5]), we have v >0 on Q. We have checked that there exists ¢ >0 such that
v>c>0 on 0Q, since ve C(0Q) and 0Q is compact. Now, let us consider
w = G(ac?), i.e., the unique weak solution of
_ . ow
—Aw=0 1in Q, a +w = c’a(x) on Q.

Since a(x)v? > a(x)c? on 0Q, w = G(av?) satisfies w > w by the weak maximum
principle Lemma 2.2. By the integral representation formula Lemma 2.4, w can
be written as

50) = sy | Tal = o ds
(N =2)[S¥] Jaa »
where T : L1(0Q) — L?(0Q) is a bounded linear operator with a bounded inverse
for any g e[l,400]. In the following, we prove that w(x) — +oo as |x| — 0.
Since 7 and T~! are bounded linear from L4(0Q) to L4(0Q) for any ¢ € [1, +o0],
it is enough to prove that

J a(iy)]vfzdsya—l-oo as |x| — 0.
@ |x =yl

we have

3

S —=

This is assured by the assumption (1.4), because for |x| <
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J _ay) ds, > JBN( _ay) ds,

onaa |x — y| V2

> J 7‘10}) ds, — 40
N P 1 N-2
BY(0)n0Q F
n

as n— oo. Thus we obtain w= G(av”) also blows up as |x| — 0. However,
this contradicts to the necessary condition (3.1) proved in Theorem 3.1:

1 _
w= G(av’) < ﬁv on Q,

since ve C(Q). This proves Theorem 1.1. O
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