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A MYERS THEOREM VIA m-BAKRY-ÉMERY CURVATURE

Lin Feng Wang

Abstract

In this paper, we prove that a complete manifold whose m-Bakry-Émery curvature

satisfies

Ricf ;mðxÞb�ðm� 1Þ K0

ð1þ rðxÞÞ2

for some constant K0 < � 1
4 should be compact. We also get an upper bound estimate

for the diameter.

1. Introduction

Let ðM; gÞ be an n-dimensional complete manifold and f a smooth potential
function on M. We use dm ¼ e�f dV to denote the weighted measure, where dV
is the classical Riemann-Lebesgue measure. Then the weighted Laplacian is
defined by

sf ¼s� ‘f � ‘;

which is symmetric with respect to the weighted measure dm. In fact, it is easy
to verify that ð

M

‘u � ‘v dm ¼ �
ð
M

usf v dm

holds for any u; v A Cy
0 ðMÞ.

When studying the weighted Laplacian, we always use the m-Bakry-Émery
curvature

Ricf ;m ¼ RicþHess f � df n df

m� n
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to replace the Ricci curvature, where mb n and m ¼ n if and only if f is
constant. This curvature relates to the weighted Laplacian via the following
weighted Bochner formula [3, 5, 9]

1

2
sf j‘uj2 ¼ j‘2uj2 þ ‘u � ‘sf uþRicf ;mð‘u;‘uÞ þ

1

m� n
ð‘f � ‘uÞ2:

Myers’ theorem is a beautiful result, which states that the manifold is
compact if the Ricci curvature has a positive lower bound. This theorem has
been generalized by many people in various situations. The authors of [2] prove
a Myers theorem when the Ricci curvature is bounded from below by

RicðxÞb�ðn� 1Þ K0

r2ðxÞð1:1Þ

for rðxÞb d > 0, where K0 < � 1
4 and rðxÞ is the geodesic distance function

associated with some fixed point. A counterexample given in [2] shows that
Myers’ theorem may not be true if K0 ¼ � 1

4 . Further refinements are given in
[7], where the authors prove that Myers’ theorem holds when the Ricci curvature
is bounded from below by

RicðxÞb ðn� 1Þ 1

4r2ðxÞ �
K0

r2ðxÞ ln rðxÞ

� �
ð1:2Þ

for rðxÞb d > 0 and K0 < � 1
4 . We should point out that all these discussions

rely on the using of the classical index lemma [1]. In [9], Qian proves a Myers
theorem when the m-Bakry-Émery curvature is bounded from below by a positive
constant. Recently, the authors of [12] also get a Myers theorem when the y-
Bakry-Émery curvature

Ricf ¼ RicþHess f

with a bounded potential function is bounded from below by a positive constant.
The method they used is the excess function. For other Myers’ theorems see [4,
6, 8, 13].

We call the m-Bakry-Émery curvature almost positive at infinity if for some
K0 < � 1

4 ,

Ricf ;mðxÞb�ðm� 1Þ K0

ð1þ rðxÞÞ2
ð1:3Þ

holds for any x A M. Now we state the main result in this paper.

Theorem 1.1. We assume that the m-Bakry-Émery curvature satisfies (1.3)
for some constant K0 < � 1

4 . Then the manifold is compact and the diameter
satisfies

diamM < 2ðe2p=K � 1Þ;ð1:4Þ
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where

K ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�K0 �

1

4

r
:ð1:5Þ

Remark 1.2. Note that the assumption in Theorem 1.1 has a di¤erent form
from (1.1). This di¤erence is unessential if one is interested only in the compact-
ness, but only bring di¤erent expressions for the diameter estimate.

We always use the index lemma [1] to prove Myers’ theorem in the Ricci
curvature case. However it seems that the index lemma is not easy to be
generalized to the Bakry-Émery curvature case. So we shall prove Theorem 1.1
by using the weighted Laplacian comparison theorem and the excess function.
In this paper, we always use rpðxÞ ¼ distðp; xÞ to denote the geodesic distance
function determined by p A M. In particular, for a given fixed point O A M, we
let rðxÞ ¼ rOðxÞ.

2. Weighted Laplacian comparison theorem

The Laplacian comparison theorem is a fundamental tool in geometric
analysis [10]. The weighted Laplacian comparison theorem can be found in [3,
5, 11]. Let TOðMÞ be the tangent space at O. For r > 0 and a unit tangent
vector v A TOðMÞ, we use

dVðexpðrvÞÞ ¼ JðO; r; vÞ drdv

to denote the volume form in geodesic coordinate centered at O. It is easy to see
that if x A M is any point such that x ¼ expOðrvÞ [10], then

HðrðxÞÞ ¼srðxÞ ¼ J 0ðO; r; vÞ
JðO; r; vÞ

and

Hf ðrðxÞÞ ¼sf rðxÞ ¼
J 0
f ðO; r; vÞ

Jf ðO; r; vÞ ;

where Jf ðO; r; vÞ drdv is the weighted volume form in geodesic coordinate,
HðrðxÞÞ is the mean curvature of the geodesic sphere with inward pointing
normal vector and Hf ðrðxÞÞ is the mean curvature associated with the weighted
measure dm ¼ e�f dV .

We first introduce the following weighted Laplacian comparison theorem,
which can be found in [3, 5, 11].

Lemma 2.1. We assume that

Ricf ;mðxÞb�ðm� 1ÞKðrðxÞÞ;ð2:1Þ
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where KðrðxÞÞ is a function of rðxÞ. If aK solves the following Riccati equation

qaK

qr
¼ ðm� 1ÞKðrÞ � a2K

m� 1
;

lim
r&0

raK ¼ m� 1;

8><
>:ð2:2Þ

then

sf rðxÞa aKðrðxÞÞð2:3Þ
holds at x B CutðOÞ.

Remark 2.2. In order to solve (2.2), we first solve the following di¤erential
equation

j 00ðrÞ ¼ KðrÞjðrÞð2:4Þ
with the initial value

jð0Þ ¼ 0; j 0ð0Þ ¼ 1:

It is easy to see that

aKðrÞ ¼ ðm� 1Þ j
0ðrÞ
j

solves (2.2) if jðrÞ solves (2.4).

The following two lemmas are useful for proving Theorem 1.1.

Lemma 2.3. We assume that the m-Bakry-Émery curvature satisfies (1.3) for
some constant K0 < � 1

4 . Then

sf rðxÞa
m� 1

rðxÞ þ 1

1

2
þ K cotðK lnðrðxÞ þ 1ÞÞ

� �
ð2:5Þ

holds for x A M satisfying

0 < rðxÞ < ep=K � 1;

where K is defined in (1.5).

Proof. When K0 < � 1
4 , we can verify easily that

jðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
rþ 1

p
sinðK lnðrþ 1ÞÞ

and

jðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
rþ 1

p
cosðK lnðrþ 1ÞÞ

are two solutions of

j 00ðrÞ � K0

ð1þ rÞ2
jðrÞ ¼ 0:ð2:6Þ
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Hence

jðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
rþ 1

p

K
sinðK lnðrþ 1ÞÞ

is a solution of (2.6) with initial value jð0Þ ¼ 0, j 0ð0Þ ¼ 1. Lemma 2.3 follows
from Lemma 2.1 and Remark 2.2. r

Lemma 2.4. We assume that the m-Bakry-Émery curvature satisfies (1.3) for
some constant K0 < � 1

4 . Let r0 ¼ rðpÞ for some fixed p0O. We consider a
minimizing geodesic g jointing O and p. Then

sf ðrpÞðxÞa
m� 1

1þ r0 � rpðxÞ
� 1

2
þ K cot K ln

1þ r0

1þ r0 � rpðxÞ

� �� �
ð2:7Þ

holds for x A g satisfying

0 < rpðxÞ < ð1þ r0Þð1� e�p=KÞ:

Proof. Note that rðxÞ ¼ r0 � rpðxÞ for x A g. As before, we solve

j 00 � K0

ð1þ r0 � rÞ2
j ¼ 0

with initial value jð0Þ ¼ 0, j 0ð0Þ ¼ 1, where

0a r < ð1þ r0Þð1� e�p=KÞ:
If we let

jðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r0 � r

p
½C1 sinðK lnð1þ r0 � rÞÞ þ C2 cosðK lnð1þ r0 � rÞÞ�:

Then the initial value condition tells us that

C1 ¼ � 1

K

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ r0

p
cosðK lnð1þ r0ÞÞ

and

C2 ¼
1

K

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ r0

p
sinðK lnð1þ r0ÞÞ:

Then

jðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ r0Þð1þ r0 � rÞ

p
K

sin K ln
1þ r0

1þ r0 � r

� �
:

Lemma 2.4 follows from Lemma 2.1 and Remark 2.2. r

We also need the following result.
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Lemma 2.5. We assume that the m-Bakry-Émery curvature satisfies (1.3) for
some constant K0 < � 1

4 . Let gðtÞ be a minimizing geodesic ray starting from O
and y1; y2 A g satisfying B ¼ rðy2Þ � rðy1Þ > 0. Then

sf ðrÞðy2Þasf ðrÞðy1Þ þ
ðm� 1ÞK0B

ðrðy1Þ þ 1Þðrðy2Þ þ 1Þ :ð2:8Þ

Proof. By the Riccati inequality

ðsrÞ0 a�ðsrÞ2

n� 1
�Ricðqr; qrÞ;

we get that [3]

ðsf rÞ0 a�ðsf rÞ2

m� 1
�Ricf ;mðqr; qrÞ:

Hence,

ðsf ðrÞÞ0 a
ðm� 1ÞK0

ð1þ rÞ2
:

Integrating this inequality from rðy1Þ to rðy2Þ leads to (2.8). r

3. Proof of Theorem 1.1

We introduce the definition of excess function.

Definition 3.1. For p; q A M, the excess function associated with p, q is
defined by

Ep;qðxÞ ¼ rpðxÞ þ rqðxÞ � rpðqÞ:ð3:1Þ

Lemma 3.2. We assume that the m-Bakry-Émery curvature satisfies (1.3) for
some constant K0 < � 1

4 . Then for all p A M, the geodesic distance from O to p is
bounded by

rðpÞ < e2p=K � 1:ð3:2Þ

Proof. If Lemma 3.2 is not correct, then for all

y A 0;
p

K

� �
;

there exists some point p A M so that

rðpÞ ¼ r0 > L2 þ 2L ¼ e2y � 1;ð3:3Þ
where

L ¼ LðyÞ ¼ ey � 1:
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Let gðtÞ be a minimizing geodesic jointing O and p so that gð0Þ ¼ O and
gðr0Þ ¼ p. Since r0 satisfies (3.3), we can choose q1; q2 A g, so that

q1 ¼ gðLÞ; q2 ¼ g
r0 � L

Lþ 1

� �
:

Then

rðq2Þ � rðq1Þ ¼
r0 � ðL2 þ 2LÞ

Lþ 1
> 0:

Lemma 2.5 tells us that

sf ðrÞðq2Þasf ðrÞðq1Þ þ
ðm� 1ÞK0ðr0 � ðL2 þ 2LÞÞ

ðLþ 1Þðr0 þ 1Þ :ð3:4Þ

Recall that for O and p, the excess function is

EðxÞ ¼ rðxÞ þ rpðxÞ � r0:

By the triangle inequality we know that EðxÞb 0. It is also easy to see that
EðxÞ ¼ 0 for x A g. Hence EðxÞ achieves its minimal value on g, which implies
that sf ðEÞðgðtÞÞb 0, in particular,

0asf ðrÞðq2Þ þsf ðrpÞðq2Þ:ð3:5Þ
Since

rðq1Þ ¼ L < ep=K � 1:

Lemma 2.3 tells us that

sf ðrÞðq1Þa
m� 1

2ðLþ 1Þ ½1þ 2K cotðK lnðLþ 1ÞÞ�ð3:6Þ

¼ ðm� 1Þe�y

2
ð1þ 2K cotðKyÞÞ:

Note that

rpðq2Þ ¼ r0 � rðq2Þ ¼
Lðr0 þ 1Þ
Lþ 1

< ðr0 þ 1Þð1� e�p=KÞ

and

1þ r0 � rpðq2Þ ¼
r0 þ 1

Lþ 1
:

Hence Lemma 2.4 tells us that

sf ðrpÞðq2Þa
ðm� 1ÞðLþ 1Þ

2ðr0 þ 1Þ ½�1þ 2K cotðK lnðLþ 1ÞÞ�ð3:7Þ

¼ ðm� 1Þey
2ðr0 þ 1Þ ð�1þ 2K cotðKyÞÞ:
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Plugging (3.4), (3.6) and (3.7) into (3.5) leads to

0a
K0ðr0 � ðL2 þ 2LÞÞ
ðLþ 1Þðr0 þ 1Þ þ e�y

2
ð1þ 2K cotðKyÞÞð3:8Þ

þ ey

2ðr0 þ 1Þ ð�1þ 2K cotðKyÞÞ:

It is easy to see that

lim
y%p=K

cot Ky ¼ �y:

Hence the right side of (3.8) tends to �y as y % p

K
, which shows that

rðpÞ ¼ r0 b e2p=K � 1

can not happen and then Lemma 3.2 holds. r

Now we give the proof of Theorem 1.1.

Proof. By the triangle inequality, we conclude that for all p; q A M, the
geodesic distance between p and q satisfies

rðp; qÞa rðpÞ þ rðqÞa 2ðe2p=K � 1Þ:
This finishes the proof of Theorem 1.1. r
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