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UNIQUENESS OF L1 HARMONIC FUNCTIONS ON

ROTATIONALLY SYMMETRIC RIEMANNIAN MANIFOLDS
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Abstract

We show that any rotationally symmetric Riemannian manifold has the L1-

Liouville property for harmonic functions, i.e., any integrable harmonic function on

it must be identically constant. We also give a characterization of a manifold which

carries a non-constant L1 nonnegative subharmonic function.

1. Introduction

The main purpose of this paper is to show that any rotationally symmetric
Riemannian manifold has the L1-Liouville property for harmonic functions, i.e.,
any integrable harmonic function on it must be identically constant.

There is a vast literature related to the Lp-Liouville property for 1 < pay
(see [1], [2], [6], [7], [8], [12], [14], [15], [17], [24], [18], [20], [21], [25], [26],
[27]). For 1 < p < y, it follows from an Lp-Liouville theorem of Yau [27] that
any complete non-compact Riemannian manifold has the Lp-Liouville property,
i.e., any p-th integrable harmonic function on it must be identically constant.
The L1-Liouville or Ly-Liouville property, however, depends on the geometry of
manifolds. In particular, for the L1-Liouville property, the major question of
its geometric background is still open; although several su‰cient conditions for
it and counterexamples to it are given (see [3], [5], [13], [16]). Among several
counterexamples, Example 1 in Section 3 of [16] seems to be a unique example
of a manifold which has only one end and does not have the L1-Liouville
property. The proof of this example, however, is not correct because these exists
no Green’s function Gð0; xÞ on a compact surface which has the properties they
require. Thus, as for the L1-Liouville property of manifolds having only one
end, there exist no counterexamples. On the other hand, any Cartan-Hadamard
manifold has the L1-Liouville property (see Theorem 2.2 (a) of [16]). We suspect
that any manifold with only one end has the L1-Liouville property. The present
paper is an initial step toward this speculation.
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Since the absolute value of a harmonic function is subharmonic, a natural
problem related to the L1-Liouville property for harmonic functions is whether a
manifold has the L1-Liouville property for nonnegative subharmonic functions.
In this paper we also give a characterization of a manifold which carries a non-
constant L1 nonnegative subharmonic function.

Now, in order to state our main results, we fix notations. Let M be an n-
dimensional (nb 2) smooth Riemannian manifold with pole p which is rota-
tionally symmetric at p. Then the Riemannian metric in terms of geodesic polar
coordinates at p is given by

ds2 ¼ dr2 þ f ðrÞ2 dY2;

where dY2 is the standard metric of the unit sphere Sn�1 and f is a nonnegative
smooth function on ½0;yÞ such that f > 0 in ð0;yÞ, f ð0Þ ¼ 0, f 0ð0Þ ¼ 1 and
f 00ð0Þ ¼ 0. The Laplace-Beltrami operator D on M is represented by

D ¼ f 1�nq=qrð f n�1q=qrÞ þ f �2L;

where L is the standard Laplace-Beltrami operator on Sn�1. The Riemannian
measure n on M is given by dn ¼ f n�1ðrÞ drds, where ds is the standard area
element on Sn�1. We denote by L1ðMÞ the set of integrable functions on M
with respect to n. In what follows, we shall identify M and the pole p with
Rn and the origin 0 of Rn, respectively.

Theorem 1.1. Any L1ðMÞ harmonic function on M must be identically
constant.

We put emphasis on that this theorem is curvature condition free. Theorem
1.1 is a direct consequence of Theorems 2.1 and 2.2 to be shown in Section 2,
which are more quantitative and precise than Theorem 1.1.

Here we recall, for comparison, that the Ly-Liouville theorem holds if and
only if ðy

1

f ðrÞn�3

ðy
r

f ðsÞ1�n
ds

� �
dr ¼ y

(see [18] and [21]).
Next, let us consider L1ðMÞ nonnegative subharmonic functions. Recall

that a function u on M is said to be subharmonic on M if
(i) �ya uðxÞ < y, uðxÞ2�y on M;
(ii) u is upper semi-continuous on M;
(iii) if D is a relatively compact domain of M, and if w is a real-valued

continuous function on D such that w is harmonic in D and satisfies wðxÞb uðxÞ
on qD, then

wðxÞb uðxÞ in D:
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It is known (see [11] and [19]) that u is subharmonic on M if and only if u is
locally integrable on M and Dub 0 in the distribution sense. Put

J ¼
ðy
1

f ðrÞn�1

ð r

1

f ðsÞ1�n
ds

� �
dr:ð1:1Þ

Example 1.2. Suppose J < y. Then there exists an L1ðMÞ positive smooth
subharmonic function on M which is not identically constant. Indeed, consider
the equation

ð�DþCðjxjÞÞv ¼ 0 in M;

where C A Cy
0 ðð0; 1=2ÞÞ is a nonnegative function which is not identically zero.

Then we see that this equation has a positive smooth radial solution v such that

vðxÞ ¼
ðjxj
1

f ðsÞ1�n
dsð1þ oð1ÞÞ as jxj ! y

(see Theorem 1.2 (i) and the proof of Lemma 2.3 of [23]). Clearly, v is a desired
subharmonic function.

As for the condition J < y, it has played a crucial role in studying the
structure of nonnegative solutions to the heat equation on M (see [23]). A
typical example satisfying it is f ðrÞ ¼ expð�raÞ for r > 1 with a > 2. Note that
the condition J < y implies that I ¼ y, where

I ¼
ðy
1

f ðrÞ1�n
dr;ð1:2Þ

since ðy
2

f ðrÞn�1

ð2

1

f ðsÞ1�n
ds

� �
dra J < y;ð1:3Þ

R� 1 ¼
ðR

1

dra

ðR

1

f ðrÞn�1
dr

� �1=2 ðR

1

f ðrÞ1�n
dr

� �1=2
; R > 1:ð1:4Þ

It is well-known that �D on M is critical (i.e., there is no positive Green function
for it) if and only if I ¼ y. Geometrically, J may be regarded as an quantity to
determine whether the constriction rate at infinity of M is big enough.

A manifold satisfying J < y is interesting for several reasons: (1) It does
not carry a non-constant nonnegative superharmonic function because it is par-
abolic (i.e., critical) for I ¼ y; (2) it does not carry a non-constant L1ðMÞ
harmonic function because of Theorem 1.1; but (3) it carries a non-constant
L1ðMÞ positive subharmonic function.

Finally we give a characterization of a manifold which carries a non-constant
L1ðMÞ nonnegative subharmonic function.

Theorem 1.3. There exists a non-constant L1ðMÞ nonnegative subharmonic
function on M if and only if J < y.
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This theorem follows from Example 1.2 and Theorem 3.3 to be shown in
Section 3. It gives an implicit geometric meaning of the condition J < y.

2. Harmonic functions

In this section we give growth estimates at infinity of non-constant harmonic
functions, Theorems 2.1 and 2.2, which imply Theorem 1.1.

For R > 0, we denote by BðRÞ the geodesic ball with center 0 and radius R.

Theorem 2.1. Let n ¼ 2. Then, for any non-constant harmonic function u
on M there exists a positive constant C such thatð

BðRÞ
juj dnbCR2; R > 2:ð2:1Þ

Theorem 2.2. (i) Let nb 2. Suppose J ¼ y. Then, for any non-constant
harmonic function u on M there exists a positive constant C such thatð

BðRÞ
juj dnbCJðRÞ; R > 2;ð2:2Þ

where

JðRÞ ¼
ðR

1

f ðrÞn�1

ð r

1

f ðsÞ1�n
ds

� �
dr:ð2:3Þ

(ii) Let nb 3. Suppose J < y. Then, for any non-constant harmonic func-
tion u on M there exists a positive constant C such thatð

BðRÞ
juj dnbCRn; R > 2:ð2:4Þ

For R > 0, we denote by jBðRÞj the volume of BðRÞ:

jBðRÞj ¼ sn

ðR

0

f ðrÞn�1
dr;

where sn is the area of Sn�1. The volume of M is denoted by VolðMÞ. Note
that there exists a positive constant C1 such that

JðRÞbC1jBðRÞj; R > 2:ð2:5Þ
Thus VolðMÞ ¼ y implies J ¼ y. Furthermore, if I < y, then there exist
positive constants C2 and C3 such that

JðRÞaC2jBðRÞj; R > 2;ð2:6Þ
jBðRÞjbC3R

2; R > 2:ð2:7Þ

Indeed, (2.6) follows from (2.3) and (1.2); while (2.7) follows from (1.4).
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Let us show Theorems 2.1 and 2.2. Let l0 ¼ 0 < l1 a l2 a � � � be the eigen-
values of �L on Sn�1 repeated according to multiplicity, and fj ð j ¼ 0; 1; 2; . . .Þ
be corresponding eigenfunctions such that ffjg

y
j¼0 is a complete orthonormal

system of L2ðSn�1Þ. In particular, f0 ¼ s
�1=2
n and l1 ¼ n� 1. Furthermore, it

is known that for any j there exists a unique nonnegative integer k such that
lj ¼ kðk þ n� 2Þ. For j ¼ 0; 1; 2; . . . ; let lj ¼ kðk þ n� 2Þ and gj be a unique
solution of the initial value problem

f ðrÞ1�nð f ðrÞn�1
w 0ðrÞÞ0 � lj f ðrÞ�2

wðrÞ ¼ 0 in ð0;yÞ;ð2:8Þ
wðrÞ ¼ rkð1þ oð1ÞÞ as r ! 0:ð2:9Þ

In particular, g0ðrÞ ¼ 1.

Lemma 2.3. For any jb 1, gj and g 0
j are positive in ð0;yÞ. Furthermore,

gjðrÞbCj

ð r

1

f ðsÞ1�n
ds; r > 1;ð2:10Þ

where Cj is a positive constant.

Proof. We have by (2.8) and (2.9)

f ðrÞn�1
g 0
j ðrÞ ¼ lj

ð r

0

f ðsÞn�3
gjðsÞ ds:ð2:11Þ

This implies that gjðrÞ > 0 and g 0
j ðrÞ > 0 for r > 0. Furthermore, (2.10) holds

with

Cj ¼ lj

ð1

0

f ðsÞn�3
gjðsÞ ds: r

Lemma 2.4. Let n ¼ 2. Then

inf
R>2

R�2

ðR

0

gjðrÞ f ðrÞ dr > 0; jb 1:ð2:12Þ

Proof. In the subcritical case, i.e., I < y, (2.12) directly follows from (2.10)
and (2.7). Let us treat the critical case, i.e., I ¼ y. We have

f ðrÞð f ðrÞg 0
j ðrÞÞ

0 � ljgjðrÞ ¼ 0 in ð0;yÞ:

Change the variable r to

t ¼
ð r

1

f ðsÞ�1
ds;ð2:13Þ

and set hjðtÞ ¼ gjðrÞ. Then

h 00
j ðtÞ ¼ ljhjðtÞ in ð�y;yÞ;
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hjð0Þ > 0 and h 0
j ð0Þ > 0. Thus there exist constants a > 0 and b A R such

that �a < b < a and

hjðtÞ ¼ aemt þ be�mt in ð0;yÞ;

where m ¼
ffiffiffiffi
lj

p
. Hence hjðtÞb cemt in ð0;yÞ for some c > 0. We have

R� 1 ¼
ðR

1

dra

ðR

1

gjðrÞ f ðrÞ dr
� �1=2 ðR

1

gjðrÞ�1
f ðrÞ�1

dr

� �1=2
:

On the other hand,ðy
1

gjðrÞ�1
f ðrÞ�1

dr ¼
ðy
0

hjðtÞ�1
dta

ðy
0

ðcemtÞ�1
dt < y:

This implies (2.12). r

Lemma 2.5. Let nb 2. Suppose J ¼ y. Then

inf
R>2

JðRÞ�1

ðR

0

gjðrÞ f ðrÞn�1
dr > 0; jb 1:ð2:14Þ

Proof. The assertion follows from (2.10). r

Proposition 2.6. Let nb 3 and J < y. Then

inf
R>2

R�n

ðR

0

gjðrÞ f ðrÞn�1
dr > 0; jb 1:ð2:15Þ

The proof of this proposition is decomposed into the following 3 lemmas,
where we assume that nb 3 and J < y.

Lemma 2.7. For any a A ð0; n� 1�, f a A L1ðð0;yÞ; drÞ.

Proof. Choose S > 1 so large thatðS

1

f ðrÞ1�n
dr > 1:

For any R > S, we have

ðR� SÞ2 a
ðR

S

f ðrÞn�1

ð r

1

f ðsÞ1�n
ds

� �
dr

�
ðR

S

f ðrÞ1�n

ð r

1

f ðsÞ1�n
ds

� ��1

dr

a J log

ðR

1

f ðrÞ1�n
dr

� �
� log

ðS

1

f ðrÞ1�n
dr

� �� �
:
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Thus

exp½ðR� SÞ2=J�a
ðR

1

f ðrÞ1�n
dr; R > S:ð2:16Þ

Hence ðR

S

f ðrÞn�1
eðr�SÞ2=J dra

ðR

S

f ðrÞn�1

ð r

1

f ðsÞ1�n
ds

� �
dr

a J < y:

This shows that f n�1 A L1ðð0;yÞ; drÞ. Next, let 0 < a < n� 1. For any R > S,
we have

ðR

S

f ðrÞa dra
ðR

S

f ðrÞn�1 exp
ðr� SÞ2

J

" #
dr

( )a=ðn�1Þ

�
ðR

S

exp �ðr� SÞ2

J

a

n� 1� a

" #
dr

( )ðn�1�aÞ=ðn�1Þ

aC;

where C is a positive constant depending only on J and a. Hence
f a A L1ðð0;yÞ; drÞ. r

Here we note that Lemma 2.7 implies thatðR

1

f ðrÞ�1
drbCðR� 1Þ2; R > 1;ð2:17Þ

where C is a positive constant independent of R. Indeed,

ðR� 1Þ2 a
ðy
1

f ðsÞ ds
� � ðR

1

f ðsÞ�1
ds

� �
:

Lemma 2.8. For any a; b > 0,ðR

1

f ðrÞa exp b

ð r

1

f ðsÞ�1
ds

� �
drb

b

a

� �a
ðR� 1Þaþ1; R > 1:ð2:18Þ

Proof. By Hölder’s inequality,

R� 1a

ðR

1

f ðrÞa exp b

ð r

1

f ðsÞ�1
ds

� �
dr

� �1=ð1þaÞ

�
ðR

1

f ðrÞ�1 exp � b

a

ð r

1

f ðsÞ�1
ds

� �
dr

� �a=ð1þaÞ

:
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This together with ðy
1

f ðrÞ�1 exp � b

a

ð r

1

f ðsÞ�1
ds

� �
dr ¼ a

b

shows (2.18). r

Lemma 2.9. For any jb 1, there exists a positive constant Cj such that

gjðrÞbCj exp
ffiffiffiffi
lj

q ð r

1

f ðsÞ�1
ds

� �
; rb 1:ð2:19Þ

Proof. We write g ¼ gj , l ¼ lj , and h ¼ f n�1g 0
j . Then h 0 ¼ lf n�3g, gð0Þ ¼

hð0Þ ¼ 0, gðrÞ > 0 and hðrÞ > 0 for r > 0. We have

ðghÞ0 ¼ f 1�nh2 þ lf n�3g2

b 2
ffiffiffi
l

p
f �1gh:

Thus

ðghÞðrÞb ðghÞð1Þ exp 2
ffiffiffi
l

p ð r

1

f ðsÞ�1
ds

� �
; rb 1:

Therefore, with A ¼ 2ðghÞð1Þ,
1

2
f ðrÞn�1½gðrÞ2�0 b A

2
exp 2

ffiffiffi
l

p ð r

1

f ðsÞ�1
ds

� �
:

Hence

gðrÞ2 bA

ð r

1

f ðsÞ1�n exp 2
ffiffiffi
l

p ð s

1

f ðtÞ�1
dt

� �
ds; rb 1:ð2:20Þ

By Hölder’s inequality, for any d > 0 and 1 < p; q < y with 1=pþ 1=q ¼ 1,ð r

1

f ðsÞ�1 exp d

ð s

1

f ðtÞ�1
dt

� �
ds

a

ð r

1

f ðsÞp=2 ds
� �1=p ð r

1

f ðsÞ�ð3=2Þq exp dq

ð s

1

f ðtÞ�1
dt

� �
ds

� �1=q

:

Put q ¼ ð2=3Þðn� 1Þ and d ¼ 2
ffiffiffi
l

p
=q ¼ 3

ffiffiffi
l

p
=ðn� 1Þ. Then q > 1 and p=2 ¼

ðn� 1Þ=ð2n� 5Þa n� 1 because nb 3. Thus, by Lemma 2.7,ð r

1

f ðsÞ�1 exp d

ð s

1

f ðtÞ�1
dt

� �
ds

aC

ð r

1

f ðsÞ1�n exp 2
ffiffiffi
l

p ð s

1

f ðtÞ�1
dt

� �
ds

� �1=q
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for any rb 1, where C is a positive constant independent of r. Choose S > 1 so
large that

exp d

ðS

1

f ðtÞ�1
dt

� �
> 2:

Then, for any rbS,ð r

1

f ðsÞ�1 exp d

ð s

1

f ðtÞ�1
dt

� �
ds ¼ 1

d
exp d

ð r

1

f ðtÞ�1
dt

� �
� 1

� �

b
1

2d
exp d

ð r

1

f ðtÞ�1
dt

� �
:

Hence, in view of dq ¼ 2
ffiffiffi
l

p
,ð r

1

f ðsÞ1�n exp 2
ffiffiffi
l

p ð s

1

f ðtÞ�1
dt

� �
dsb ð2dCÞ�q exp 2

ffiffiffi
l

p ð r

1

f ðtÞ�1
dt

� �
ð2:21Þ

for any rbS. This together with (2.20) implies (2.19). r

We are now ready to show Proposition 2.6.

Proof of Proposition 2.6. By Lemmas 2.8 and 2.9,

ðR

0

gjðrÞ f ðrÞn�1
drbCj

ðR

1

f ðrÞn�1 exp
ffiffiffiffi
lj

q ð r

1

f ðsÞ�1
ds

� �
dr

bC 0
j ðR� 1Þn

for any R > 1, where Cj and C 0
j are positive constants independent of R. r

Let us complete the proof of Theorem 2.1. We show only Theorem 2.1,
since Theorem 2.2 can be shown similarly by using Lemma 2.5 and Proposition
2.6 instead of Lemma 2.4.

Proof of Theorem 2.1. Let u be a harmonic function on M. It su‰ces to
show that if

lim inf
R!y

R�2

ð
BðRÞ

juj dn ¼ 0;

then u must be a constant. Put

ujðrÞ ¼
ð
S n�1

uðroÞfjðoÞ dsðoÞ; r > 0; j ¼ 0; 1; 2; . . . :

9uniqueness of L1
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Then uj satisfies the equation (2.8),

lim
r!0

u0ðrÞ ¼
ffiffiffiffiffi
sn

p
uð0Þ;

lim
r!0

ujðrÞ ¼ 0; j ¼ 1; 2; . . . :

Thus ujðrÞ ¼ ajgjðrÞ for some constants aj ( j ¼ 0; 1; 2; . . .). We haveðR

0

jujðrÞj f ðrÞn�1
dra

ðR

0

ð
S n�1

juðroÞj jfjðoÞj dsðoÞ f ðrÞ
n�1

dr

a sup
joj¼1

jfjðoÞj
ð
BðRÞ

juj dn:

Thus

jajj lim inf
R!y

R�2

ðR

0

gjðrÞ f ðrÞn�1
dr

� �
¼ 0:

This together with Lemma 2.4 shows that aj ¼ 0 for jb 1. Since ffjg
y
j¼0 is a

complete orthonormal system of L2ðSn�1Þ, we conclude that u is a constant.
r

3. Nonnegative subharmonic functions

In this section we give growth estimates at infinity of non-constant non-
negative subharmonic functions.

We begin with an estimate based upon a simple mean-value inequality. The
following proposition directly implies Theorem 1.1 in the case VolðMÞ ¼ y.

Proposition 3.1. Suppose VolðMÞ ¼ y. Then any nonnegative subharmonic
function u on M which is not identically zero satisfies

lim inf
R!y

1

jBðRÞj

ð
BðRÞ

u dn > 0:ð3:1Þ

For the proof of this proposition, we prepare a lemma on the Poisson kernel KR

of �D on BðRÞ with respect to the area element f ðRÞn�1
ds of qBðRÞ.

Lemma 3.2. The Poisson kernel KR is represented by

KRðx;oÞ ¼ f ðRÞ1�n
Xy
j¼0

gjðjxjÞ
gjðRÞ

fj
x

jxj

� �
fjðoÞ; jxj < R; o A Sn�1;ð3:2Þ

where the series converges uniformly on the product of any compact subset of BðRÞ
and Sn�1. In particular, KRð0;oÞ ¼ f ðRÞ1�n

s�1
n .
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Proof. Put

hj;RðrÞ ¼ gjðrÞ
ðR

r

f ðsÞ1�n
gjðsÞ�2

ds;ð3:3Þ

where gj is the solution of (2.8) and (2.9). Then the Green function GR of �D
on BðRÞ is represented by

GRðx; yÞ ¼
Xy
j¼0

gjðjxjÞhj;RðjyjÞfj
x

jxj

� �
fj

y

jyj

� �
ð3:4Þ

for x, y with jxj < jyj < R, and GRðy; xÞ ¼ GRðx; yÞ (see (3.20) of [20] and
Lemma 8.3 of [22]). Since

KRðx;oÞ ¼ � qGR

qjyj ðx; yÞ
����
jyj¼R

; jxj < R; o A Sn�1;

we get (3.2) (see Lemma 8.9 of [22]). r

Proof of Proposition 3.1. Let u be a nonnegative subharmonic function on
M. From definition, we have

uðxÞa
ð
S n�1

KRðx;oÞuðRoÞ f ðRÞn�1
dsðoÞ; x A BðRÞ:

Fix x A M. Since KRð0;oÞ ¼ f ðRÞ1�n
s�1
n , the Harnack inequality shows that

there exists a positive constant C such that

KRðx;oÞaCf ðRÞ1�n

for any R > jxj þ 1. Thus

uðxÞaC

ð
S n�1

uðroÞ dsðoÞ; r > jxj þ 1:

We have

uðxÞ
ðR

jxjþ1

f ðrÞn�1
draC

ðR

jxjþ1

ð
S n�1

uðroÞ dsðoÞ
� �

f ðrÞn�1
dr

aC

ð
BðRÞ

u dn:

Thus, for su‰ciently large R

uðxÞa C

jBðRÞj

ð
BðRÞ

u dnð3:5Þ

with another positive constant C. Suppose (3.1) does not hold. Then it follows
from (3.5) that uðxÞ ¼ 0. Hence u must be identically zero. r
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We conclude this section with an estimate via flux. The following theorem
together with Example 1.2 implies Theorem 1.3 immediately.

Theorem 3.3. Let nb 2. Suppose J ¼ y. Then, for any non-constant
nonnegative subharmonic function u on M there exist positive constants C and R0

such that ð
BðRÞ

u dnbCJðRÞ; R > R0:ð3:6Þ

Proof. By virtue of Theorem 2.2(i), it su‰ces to show the theorem in the
case where u is a nonnegative subharmonic function which is not harmonic on the
whole space M. Choose S > 0 so large that u is not harmonic in BðS=2Þ. We
first show (3.6) with R0 ¼ 2S in the case where u is smooth in BðRÞ. For r > 0,
put

½u�r ¼
ð
S n�1

uðroÞ dsðoÞ:

Fix R > 2S. We claim that

½u�r bA

ð r

S

f ðsÞ1�n
ds; Sa r < R;ð3:7Þ

for some positive constant A independent of R. Since Dub 0 in BðRÞ, we have

f ðrÞ1�nqrð f ðrÞn�1qr½u�rÞ ¼
ð
S n�1

f ðrÞ1�nqrð f ðrÞn�1qruðroÞÞ dsðoÞ

b�
ð
S n�1

f ðrÞ�2LuðroÞ dsðoÞ ¼ 0:

Thus f ðrÞn�1
qr½u�r is increasing on ð0;RÞ. On the other hand,

f ðrÞn�1qr½u�r ¼
ð
S n�1

f ðrÞn�1qruðroÞ dsðoÞ

¼
ð
BðrÞ

Du dn:

Hence, for r A ½S;RÞ

f ðrÞn�1
qr½u�r b

ð
BðSÞ

jDu dn;

where j A Cy
0 ðBðSÞÞ is a function such that 0a jðxÞa 1 on BðSÞ and jðxÞ ¼ 1

on BðS=2Þ. This implies (3.7) with

A1

ð
BðSÞ

jDu dn > 0;ð3:8Þ

12 minoru murata and tetsuo tsuchida



since Du2 0 in BðS=2Þ. The proof of the claim is now complete. From (3.7),
we obtain that ð

BðRÞ
u dnb sn

ðR

S

½u�r f ðrÞ
n�1

drð3:9Þ

b snA

ðR

S

f ðrÞn�1

ð r

S

f ðsÞ1�n
ds

� �
dr

bABJðRÞ;

where B is a positive constant independent of R > 2S and u.
We next show (3.6) with R0 ¼ 2S in the general case. By the Riesz decom-

position theorem (see [11], [19], [9], [10], [4]), for a subharmonic function u on M
there exists a unique Borel measure m on M with mðKÞ < y for any compact
subset K of M such that for any T > 0

uðxÞ ¼ �
ð
BðTÞ

GT ðx; yÞ dmðyÞ � vT ðxÞ; x A BðTÞ;

where GT is the Green function of �D on BðTÞ and vT is harmonic on BðTÞ.
With l ¼ mjBðRÞ, we have

uðxÞ ¼ �
ð
Bð2RÞ

G2Rðx; yÞ dlðyÞ þ wðxÞ in Bð2RÞ;ð3:10Þ

where

wðxÞ ¼ �
ð
Bð2RÞnBðRÞ

G2Rðx; yÞ dmðyÞ � v2RðxÞ

is harmonic in BðRÞ. Let c be a canonical di¤eomorphism from M to Rn

which maps the pole p to the origin. Let ~ll be the induced measure on Rn by c

from l: ~llðBÞ ¼ lðc�1ðBÞÞ for any Borel set B of Rn. Let r A Cy
0 ðRnÞ be a

nonnegative function satisfying supp rH fjxja 1g and
Ð
rðxÞ dx ¼ 1 with the

Lebesque measure dx. For j ¼ 1; 2; . . . , put ~lljðxÞ ¼ j n
Ð
rð jðx� zÞÞ d~llðzÞ. Set

mjðyÞ ¼ ~lljðcðyÞÞjcðyÞjn�1
f ðjcðyÞjÞ1�n; y A Bð2RÞ;

dlj ¼ mj dn;

vjðxÞ ¼ �
ð
Bð2RÞ

G2Rðx; yÞ dljðyÞ; x A Bð2RÞ;

and uj ¼ vj þ w. Then uj are smooth and Duj ¼ mj b 0 in BðRÞ. Thus, by (3.8)
and (3.9) ð

BðRÞ
uj dnbAjBJðRÞ;

Aj ¼
ð
BðSÞ

j dlj ¼
ð
Bð2RÞ

j dlj:

13uniqueness of L1
harmonic functions



We see that as j ! y,

Aj ¼
ð
Bð2RÞ

jmj dn ¼
ð
cðBð2RÞÞ

jðc�1ðxÞÞ~lljðxÞ dx

!
ð
cðBð2RÞÞ

jðc�1ðxÞÞ d~llðxÞ ¼
ð
Bð2RÞ

j dl1A > 0:

Since the function ð
BðRÞ

G2Rðx; yÞ dnðxÞ

of y A Bð2RÞ is bounded continuous and supp lj are compact in Bð2RÞ for
su‰ciently large j, we obtain

lim
j!y

ð
BðRÞ

uj dn ¼
ð
BðRÞ

u dn

(see also Lemma 4 of [10]). Henceð
BðRÞ

u dnbABJðRÞ:

This completes the proof. r

Acknowledgment. The first author thanks Eiji Yanagida for his suggestion
to use the change of variable (2.13) in the proof of Lemma 2.4.
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