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SOME EXTENSIONS OF THE FOUR VALUES

THEOREM OF NEVANLINNA-GUNDERSEN

Duc Quang Si

Abstract

Nevanlinna showed that two distinct non-constant meromorphic functions on C

must be linked by a Möbius transformation if they have the same inverse images

counted with multiplicities for four distinct values. Later on, Gundersen generalized

the result of Nevanlinna to the case where two meromorphic functions share two

values ignoring multiplicity and share other two values with counting multiplicities. In

this paper, we will extend the results of Nevanlinna-Gundersen to the case of two

holomorphic mappings into PnðCÞ sharing ðnþ 1Þ hyperplanes ignoring multiplicity and

other ðnþ 1Þ hyperplanes with multiplicities counted to level 2 or ðnþ 1Þ.

1. Introduction

For a divisor n on C, we define the truncated counting function of n as
follows:

nðt; nÞ ¼
X
jzj<t

nðzÞ; ðt > 1Þ and Nðr; nÞ ¼
ð r
1

nðt; nÞ
t

dt; ðr > 1Þ:

For a positive integer k (maybe k ¼ þy), we denote by n½k� the truncated divisor
defined by

n½k�ðzÞ ¼ minfnðzÞ; kg ðz A CÞ
and put N ½k�ðr; nÞ ¼ Nðr; n½k�Þ. We will omit the character ½k� if k ¼ þy.

Let f be a meromorphic function on C. We denote by n0f (resp. nyf ) the
zero divisor (resp. pole divisor) of f and define the divisor generated by f by
nf ¼ n0f � nyf . The proximity function of f is defined by

mðr; f Þ ¼ 1

2p

ð2p
0

logþjð f ðreiyÞÞj dy� 1

2p

ð2p
0

logþjð f ðeiyÞÞj dy;
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where logþ x ¼ maxf0; log xg for a positive number x. The Nevanlinna’s char-
acteristic function of f is define by

Tðr; f Þ ¼ mðr; f Þ þNðr; nyf Þ:

In 1926, R. Nevanlinna proved the following theorem.

Theorem A (Nevanlinna [3]). Let f and g be two distinct non-constant
meromorphic functions and let a1, a2, a3, a4 be four distinct values in CU fyg.
Assume that

n0f�ai
¼ n0g�ai

for i ¼ 1; . . . ; 4:

Then g is a Möbius transformation of f .

The above theorem is usually called the four values theorem of Nevanlinna.
In 1983, Gundersen [1] improved the result of Nevanlinna by proving the
following.

Theorem B (Gundersen [1]). Let f and g be two distinct non-constant
meromorphic functions and let a1, a2, a3, a4 be four distinct values in CU fyg.
Assume that

minfn0f�ai
; 1g ¼ minfn0g�ai

; 1g for i ¼ 1; 2 and n0f�aj
¼ n0g�aj

for j ¼ 3; 4

(outside a discrete set of counting function regardless of multiplicity is equal to
oðTðr; f ÞÞ). Then n0f�ai

¼ n0g�ai
for all i A f1; . . . ; 4g.

Since that time, the above results of Nevanlinna and Gundersen have been
extended and deepen by many authors for the case of meromorphic functions.
However, so far as we know, there is no extension of such results to the case of
holomorphic mappings into PnðCÞ. Our purpose in this paper is to generalize
and improve these results to that case. To state our results, we give the
following.

Firstly, we note that the condition: minfk; n0f�ai
g ¼ minfk; n0g�ai

g in Theorem
A and Theorem B will implies that

ð*Þ f ðlÞðzÞ ¼ gðlÞðzÞ E0a l < minfn0f�ai
ðzÞ; n0g�ai

ðzÞg

for all z A Supp n0f�ai
¼ Supp n0g�ai

, where by f ðkÞ we denote the k-th derivative of

f and f ð0Þ ¼ f . Therefore, in a natural way, we generalize the notion ‘‘sharing
a value’’ of meromorphic functions to the case of holomorphic mappings as
follows.

Let f and g be two holomorphic mappings of C into PnðCÞ with reduced
representations

f ¼ ð f0 : � � � : fnÞ and g ¼ ðg0 : � � � : gnÞ
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respectively. Let H be a hyperplane in PnðCÞ given by

H ¼ fðo0 : � � � : onÞ : a0o0 þ � � � þ anon ¼ 0g;

where ai ði ¼ 1; . . . ; nÞ are constants, not all zeros. We define functions ð f ;HÞ ¼Pn
i¼0 ai fi and ðg;HÞ ¼

Pn
i¼0 aigi: Let k be a positive integer or þy. We say

that f and g share the hyperplane H CM�
k if the following are satisfied

ðiÞ minfk; n0ð f ;HÞðzÞg ¼ minfk; n0ðg;HÞðzÞg;

ðiiÞ fi

fj

� �ðlÞ
ðzÞ ¼ gi

gj

� �ðlÞ
ðzÞ E0a l < minfn0ð f ;HÞðzÞ; n0ðg;HÞðzÞg;

for all z outside a discrete set S of counting function regardless of multiplicity
equal to oðTf ðrÞ þ TgðrÞÞÞ. If k ¼ 1 (resp. k ¼ þy), we will write IM� (resp.
CM�) for CM�

1 (resp. CM�
þy).

Omitting the condition on the derivative of
fi

fj
and

gi

gj
, we say that f and g

share H CM�
k if

minfk; n0ð f ;HÞðzÞg ¼ minfk; n0ðg;HÞðzÞg and f ðzÞ ¼ gðzÞ

for all z A f �1ðHÞU g�1ðHÞnS, where S is a set of counting function regardless
of multiplicity equal to oðTf ðrÞ þ TgðrÞÞÞ. Similarly as above, if k ¼ 1 (resp.

k ¼ þy), we will write IM� (resp. CM�) for CM�
1 (resp. CM�

þy).
We now extend the results of Nevanlinna and Gundersen to the case of

holomorphic mappings into PnðCÞ as follows.

Theorem 1.1. Let f and g be two linearly non-degenerate holomorphic
mappings of C into PnðCÞ. Let fHig2nþ2

i¼1 be ð2nþ 2Þ hyperplanes of PnðCÞ in
general position with f �1ðHiÞV f �1ðHjÞ ¼ j ð1a i < ja 2nþ 2Þ. Assume that

f and g share ðnþ 1Þ hyperplanes fHignþ1
i¼1 IM� and share ðnþ 1Þ hyperplanes

fHig2nþ2
i¼nþ2 CM�

2 . If nb 2 then f ¼ g.

For the case of holomorphic mappings sharing CM�
k hyperplanes, we prove

the following theorem.

Theorem 1.2. Let f and g be two linearly non-degenerate holomorphic
mappings of C into PnðCÞ. Let fHig2nþ2

i¼1 be ð2nþ 2Þ hyperplanes of PnðCÞ in
general position with f �1ðHiÞV f �1ðHjÞ ¼ j ð1a i < ja 2nþ 2Þ. Assume that

f and g share ðnþ 1Þ hyperplanes fHignþ1
i¼1 IM� and share ðnþ 1Þ hyperplanes

fHig2nþ2
i¼nþ2 CM�

nþ1. If nb 2 then f ¼ g.

2. Basic notions in Nevanlinna theory

Let f : C ! PnðCÞ be a holomorphic mapping. For arbitrarily fixed ho-
mogeneous coordinates ðw0 : � � � : wnÞ on PnðCÞ, we take a reduced representation
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f ¼ ð f0 : � � � : fnÞ, which means that f0; . . . ; fn are holomorphic functions on C
have no common zero. Set k f k ¼ ðj f0j2 þ � � � þ j fnj2Þ1=2.

The characteristic function of f is defined by

Tf ðrÞ ¼
1

2p

ð2p
0

logk f ðreiyÞk dy� 1

2p

ð2p
0

logk f ðeiyÞk dy:

Let j be a nonzero meromorphic function on C, which is occasionally
regarded as a meromorphic map into P1ðCÞ. Then, there is a fact that

TjðrÞ ¼ Tðr; jÞ þOð1Þ:

The meromorphic function j is said to be small with respect to f i¤

k Tðr; jÞ ¼ oðTf ðrÞÞ:

Here, as usual, by the notation ‘‘k P’’ we mean the assertion P holds for all
r A ½0;yÞ excluding a Borel subset E of the interval ½0;yÞ with

Ð
E
dr < y. We

denote by Rf the field of all small (with respect to f ) functions on C.
The following play essential roles in Nevanlinna theory.

Theorem 2.1 (Second main theorem, see [4]). Let f : C ! PnðCÞ be a
linearly non-degenerate holomorphic mapping and H1; . . . ;Hq be q hyperplanes in
general position in PnðCÞ: Then

k ðq� n� 1ÞTf ðrÞa
Xq
i¼1

N ½n�ðr; n0ð f ;HiÞÞ þ oðTf ðrÞÞ:

Lemma 2.2 (Lemma on logarithmic derivative, see [4]). Let f be a nonzero
meromorphic function on Cm: Then���� m r;

f ðkÞ

f

� �
¼ Oðlogþ Tðr; f ÞÞ ðk A ZþÞ:

The next lemma is due to P. Li and C. C. Yang.

Lemma 2.3 (Lemma 7, [2]). Let f1 and f2 be two non-constant meromorphic
functions satisfying

k N ½1�ðr; n0fiÞ þN ½1�ðr; nyfi Þ ¼ oðTðr; f1Þ þ Tðr; f2ÞÞ ði ¼ 1; 2Þ:

If ð f s
1 f

t
2 � 1Þ is not identically zero for all integers s and t ðjsj þ jtj > 0Þ, then for

any positive number e, we have

N0ðr; 1; f1; f2Þa eðTðr; f1Þ þ Tðr; f2ÞÞ

where N0ðr; 1; f1; f2Þ denotes the reduced counting function of f1 and f2 related to
the common 1-points.
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3. Some Lemmas

In order to prove Main Theorems, we need some following lemmas.

Lemma 3.1. Let f and g be two linearly nondegenerate holomorphic
mappings of C into PnðCÞ and let fHigq

i¼1 be q hyperplanes of PnðCÞ in general

position. Assume that f and g share Hi IM� for all 1a ia q. If qb nþ 2
then

k TgðrÞ ¼ OðTf ðrÞÞ and k Tf ðrÞ ¼ OðTgðrÞÞ:

Proof. By the Second Main Theorem, we have

k ðq� n� 1ÞTgðrÞa
Xq
i¼1

N ½n�ðr; n0ðg;HiÞÞ þ oðTgðrÞÞa
Xq
i¼1

nN ½1�ðr; n0ðg;HiÞÞ þ oðTgðrÞÞ

¼
Xq
i¼1

nN ½1�ðr; n0ð f ;HiÞÞ þ oðTgðrÞÞa qnTf ðrÞ þ oðTgðrÞÞ:

Hence k TgðrÞ ¼ OðTf ðrÞÞ: Similarly, we get k Tf ðrÞ ¼ OðTgðrÞÞ. r

Lemma 3.2. Let f1 and f2 be two distinct holomorphic mappings of C

into PnðCÞ and let fHig2nþ2
i¼1 be hyperplanes of PnðCÞ in general position with

f �1
1 ðHiÞV f �1

1 ðHjÞ ¼ j ð1a i < ja 2nþ 2Þ. Suppose that f1 and f2 share all
Hi ð1a ia 2nþ 2Þ IM�. Then the following assertions hold:

i) k TfsðrÞ ¼
1

nþ 1

P2nþ2
i¼1 N ½n�ðr; n0ð fs;HiÞÞ þ SðrÞ, for s ¼ 1; 2 and SðrÞ ¼

oðTf1ðrÞ þ Tf2ðrÞÞ.
ii) k Nðr;minfn0ð f1;HiÞ; n

0
ð f2;HiÞgÞ ¼

P2
s¼1 N

½n�ðr; n0ð fs;HiÞÞ � nN ½1�ðr; n0ð ft;HiÞÞ þSðrÞ
for E1a ta 2, 1a ia 2nþ 2.

iii) For two indices i; j ð1a i < ja 2nþ 2Þ, if
ð f1;HiÞ
ð f2;HiÞ

0
ð f1;HjÞ
ð f2;HjÞ

then

k ðTf1ðrÞ þ Tf2ðrÞÞ ¼
X
v¼i; j

Nðr;minfn0ð f1;HvÞ; n
0
ð f2;HvÞgÞ þ

X2nþ2

v¼1
v0i; j

N ½1�ðr; n0ð fs;HvÞÞ þ SðrÞ

and k T r;
ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� �
¼
X2nþ2

v¼1
v0i; j

N ½1�ðr; n0ð fs;HvÞÞ þ SðrÞ; s ¼ 1; 2;

iv) For two indices i; j ð1a i < ja 2nþ 2Þ, if
ð f1;HiÞ
ð f2;HiÞ

¼ ð f1;HjÞ
ð f2;HjÞ

then

k N ½1�ðr; n0ð fs;HiÞÞ ¼ N ½1�ðr; n0ð fs;HjÞÞ þ SðrÞ ¼ SðrÞ; s ¼ 1; 2;
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Proof. i)–ii) By changing indices if necessary, we may assume that

ð f1;H1Þ
ð f2;H1Þ

1
ð f1;H2Þ
ð f2;H2Þ

1 � � �1 ð f1;Hk1Þ
ð f2;Hk1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 1

2
ð f1;Hk1þ1Þ
ð f2;Hk1þ1Þ

1 � � �1 ð f1;Hk2Þ
ð f2;Hk2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 2

2
ð f1;Hk2þ1Þ
ð f2;Hk2þ1Þ

1 � � �1 ð f1;Hk3Þ
ð f2;Hk3Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group 3

2 � � �2 ð f1;Hkm�1þ1Þ
ð f2;Hkm�1þ1Þ

1 � � �1 ð f1;HkmÞ
ð f2;HkmÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

group m

;

where km ¼ 2nþ 2.
For each 1a ia 2nþ 2; we set

sðiÞ ¼ i þ n if i þ na 2nþ 2;

i � n� 2 if i þ n > 2nþ 2:

�
and

Pi ¼ ð f1;HiÞð f2;HsðiÞÞ � ð f2;HiÞð f1;HsðiÞÞ:

Since f1 and f2 are distinct maps, the number of elements of each group is at

most n. Hence
ð f1;HiÞ
ð f2;HiÞ

and
ð f1;HsðiÞÞ
ð f2;HsðiÞÞ

belong to distinct groups. This means

that Pi 2 0 ð1a ia 2nþ 2Þ.
For a fixed index i (1a ia 2nþ 2Þ, we easily see that:
� If z A f �1

1 ðHiÞV f �1
2 ðHiÞ then z is a zero point of Pi with multiplicity at

least minfn0ð f1;HiÞðzÞ; n
0
ð f2;HiÞðzÞg. Similarly, if z A f �1

1 ðHsðiÞÞV f �1
2 ðHsðiÞÞ then z is

a zero point of Pi with multiplicity at least minfn0ð f ;HsðiÞÞðzÞ; n
0
ðg;HsðiÞÞðzÞg.

� If z A f �1
1 ðHvÞV f �1

2 ðHvÞ with v B fi; sðiÞg then z is a zero point of Pi

(because f1ðzÞ ¼ f2ðzÞ).
Thus, we have

n0PiðzÞbminfn0ð f1;HiÞðzÞ; n
0
ð f2;HiÞðzÞg þminfn0ð f1;HsðiÞÞðzÞ; n

0
ð f2;HsðiÞÞðzÞgð3:3Þ

þ
X2nþ2

v¼1
v0i;sðiÞ

minf1; n0ð fs;HvÞðzÞg; s ¼ 1; 2;

for all z outside a discrete set of reduced counting function equal to SðrÞ.
Since ðminfa; bgbminfa; ng þminfb; ng � nÞ for all positive integers a and

b, we have

niðzÞ :¼ minfn0ð f1;HiÞðzÞ; n
0
ð f2;HiÞðzÞg �minfn0ð f1;HiÞðzÞ; ngð3:4Þ

�minfn0ð f2;HiÞðzÞ; ng � n minfnð fs;HiÞðzÞ; 1gb 0;
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for s ¼ 1; 2; and for all z outside a discrete set of reduced counting function equal
to SðrÞ. Therefore, the inequality (3.3) implies that

nPiðzÞb
X

v¼i;sðiÞ
ðminfnð f1;HvÞðzÞ; ng þminfnð f2;HvÞðzÞ; ngð3:5Þ

� n minfnð fs;HvÞðzÞ; 1gÞ þ
X2nþ2

v¼1
v0i;sðiÞ

minfn0ð fs;HvÞ; 1gðzÞ;

for s ¼ 1; 2; and for all z outside a discrete set of reduced counting function equal
to SðrÞ.

Integrating both sides of the above inequality, we get

k NPiðrÞb
X

v¼i;sðiÞ
ðN ½n�

ð f1;HvÞðrÞ þN
½n�
ð f2;HvÞðrÞ � nN

½1�
ð fs;HvÞðrÞÞð3:6Þ

þ
X2nþ2

v¼1
v0i;sðiÞ

N
½1�
ð fs;HvÞðrÞ þ SðrÞ; ðs ¼ 1; 2Þ:

Summing-up both sides of this inequality over all i ¼ 1; . . . ; nþ 1, we have

k
Xnþ1

i¼1

NPiðrÞb
X2
s¼1

X2nþ2

i¼1

N
½1�
ð fs;HvÞðrÞ þ SðrÞ:

On the other hand, by Jensen’s formula and the definition of the charac-
teristic function, we have

NPiðrÞ ¼
ð2p
0

logjPiðreiyÞj dyþOð1Þ

a

ð2p
0

logðjð f1;HiÞðreiyÞj2 þ jð f1;HsðiÞÞðreiyÞj2Þ1=2 dy

þ
ð 2p
0

logðjð f2;HiÞðreiyÞj2 þ jð f2;HsðiÞÞðreiyÞj2Þ1=2 dyþOð1Þ

a

ð2p
0

logðk f1ðreiyÞkðkHik2 þ kHsðiÞk2Þ1=2Þ dy

þ
ð 2p
0

logðk f2ðreiyÞkðkHik2 þ kHsðiÞk2Þ1=2Þ dyþOð1Þ

¼
ð2p
0

logk f1ðreiyÞk dyþ
ð2p
0

logk f2ðreiyÞk dyþOð1Þ

¼ Tf1ðrÞ þ Tf2ðrÞ þOð1Þ:
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This implies that

ðnþ 1ÞðTf1ðrÞ þ Tf2ðrÞÞb
X2
s¼1

X2nþ2

i¼1

N
½n�
ð fs;HiÞðrÞ þ SðrÞ:ð3:7Þ

By the second main theorem, we also have

k ðnþ 1ÞTfsðrÞa
X2nþ2

i¼1

N
½n�
ð fs;HiÞðrÞ þ SðrÞ; ðs ¼ 1; 2Þ:ð3:8Þ

This implies that

k ðnþ 1ÞðTf1ðrÞ þ Tf2ðrÞÞa
X2
s¼1

X2nþ2

i¼1

N
½n�
ð fs;HiÞðrÞ þ SðrÞ:ð3:9Þ

This inequality yields that the inequality (3.7) becomes equality. Hence, it
follows that all inequalities (3.3)–(3.5) become equalities for all z outside a
discrete set of reduced counting function equal to SðrÞ and inequalities (3.6)–(3.9)
become equality.

Therefore, (3.8) proves the assertion i) of the lemma. Integrating both sides
of (3.4), we get the assertion ii) of the lemma.

iii) By re-changing index if necessary, without loss of generality we may
assume that j ¼ sðiÞ. Since the assertion ii) holds and the inequality (3.6)
becomes equality, we immediately get the first equality of the assertion iii). We
now prove the second equality. We have

T r;
ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� �
¼ Nðr; nyðð f1;HiÞ=ð f1;HjÞÞ=ðð f2;HiÞ=ð f2;HjÞÞÞ

þm r;
ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� �
aNðr; nyð f1;HiÞ=ð f2;HiÞÞ þNðr; nyð f2;HjÞ=ð f1;HjÞÞ

þm r;
ð f1;HiÞ
ð f1;HjÞ

� �
þm r;

ð f2;HjÞ
ð f2;HiÞ

� �
aNðr; nyð f1;HiÞ=ð f2;HiÞÞ þNðr; nyð f2;HjÞ=ð f1;HjÞÞ

þ T r;
ð f1;HiÞ
ð f1;HjÞ

� �
�Nðr; n0ð f1;HjÞ=ð f1;HiÞÞ

þ T r;
ð f2;HjÞ
ð f2;HiÞ

� �
�Nðr; n0ð f2;HiÞ=ð f2;HjÞÞ

aTf1ðrÞ þ Tf2ðrÞ þNðr; nyð f1;HiÞ=ð f2;HiÞÞ

þNðr; nyð f2;HjÞ=ð f1;HjÞÞ �Nðr; n0ð f1;HjÞÞ �Nðr; n0ð f2;HiÞÞ:
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We see that minf0; n0ð f2;HiÞðzÞ � n0ð f1;HiÞðzÞg � n0ð f2;HiÞðzÞ ¼ �minfn0ð f1;HiÞðzÞ;
n0ð f2;HiÞðzÞg. Then it follows that

Nðr; nyð f1;HiÞ=ð f2;HiÞÞ �Nðr; n0ð f2;HiÞÞ ¼ �Nðr;minfn0ð f1;HiÞ; n
0
ð f2;HiÞgÞ:

Similarly, we have

Nðr; nyð f2;HjÞ=ð f1;HjÞÞ �Nðr; n0ð f1;HjÞÞ ¼ �Nðr;minfn0ð f1;HjÞ; n
0
ð f2;HjÞgÞ:

Combining these equalities and the above inequality, we obtain that

T r;
ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� �
aTf1ðrÞ þ Tf2ðrÞ �Nðr;minfn0ð f1;HiÞ; n

0
ð f2;HiÞgÞð3:10Þ

�Nðr;minfn0ð f1;HjÞ; n
0
ð f2;HjÞgÞ:

On the other hand, we see that

T r;
ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� �
bN r;

ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� 1

� �

b
X2nþ2

v¼1
v0i; j

N ½1�ðr; n0ð fs;HvÞÞ; s ¼ 1; 2:

Combining this inequality, the inequality (3.10) and the first equality of the
assertion, we obtain that

k T r;
ð f1;HiÞ
ð f1;HjÞ

�
ð f2;HiÞ
ð f2;HjÞ

� �
¼ Tf1ðrÞ þ Tf2ðrÞ �Nðr;minfn0ð f1;HiÞ; n

0
ð f2;HiÞgÞ þ SðrÞ

¼
X2nþ2

v¼1
v0i; j

N ½1�ðr; n0ð fs;HvÞÞ þ SðrÞ; s ¼ 1; 2:

We get the last equality of the assertion iii).

iv) Suppose that
ð f1;HiÞ
ð f1;HjÞ

¼ ð f2;HiÞ
ð f2;HjÞ

. Then j0 sðiÞ and i0 sð jÞ. We also

see that n0ð f1;HiÞ ¼ n0ð f2;HiÞ and n0ð f1;HsðiÞÞ ¼ n0ð f2;HsðiÞÞ. We rewrite Pi as follows

Pi ¼
ð f1;HiÞ
ð f1;HjÞ

ðð f1;HjÞð f2;HsðiÞÞ � ð f2;HjÞð f1;HsðiÞÞÞ:

Therefore, if z is a zero point of ð f1;HiÞ then z is a zero point of Pi with
multiplicity at least ðn0ð f1;HiÞðzÞ þ 1Þ. Hence, similarly as in the proof of

assertions i) and ii) with this notice, we have
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k NPiðrÞb
X

v¼i;sðiÞ
ðN ½n�

ð f1;HvÞðrÞ þN
½n�
ð f2;HvÞðrÞ � nN

½1�
ð fs;HvÞðrÞÞ þN

½1�
ð fs;HiÞðrÞ

þ
X2nþ2

v¼1
v0i;sðiÞ

N
½1�
ð fs;HvÞðrÞ þ SðrÞ; ðs ¼ 1; 2Þ:

Since (3.6) becomes equality, the above inequality implies that

k N
½1�
ð fs;HiÞðrÞ ¼ SðrÞ; s ¼ 1; 2:

Similarly, we have k N
½1�
ð fs;HjÞðrÞ ¼ SðrÞ, s ¼ 1; 2. The assertion iii) is proved.

r

Lemma 3.11. Let f1 and f2 be two holomorphic mappings of C into

PnðCÞ and let fHig2nþ2
i¼1 be hyperplanes of PnðCÞ in general position with

f �1
1 ðHiÞV f �1

1 ðHjÞ ¼ j ð1a i < ja 2nþ 2Þ. Assume that f1 and f2 share all
Hi ð1a ia nþ 1Þ IM� and share Hi ðnþ 2a ia 2nþ 2Þ CM�. If nb 2 then
f1 ¼ f2.

Proof. Suppose that f1 0 f2. By Lemma 3.1 we have k Tf1ðrÞ ¼
Tf2ðrÞ þ SðrÞ and k Tf2ðrÞ ¼ Tf1ðrÞ þ SðrÞ, where SðrÞ ¼ oðTf1ðrÞ þ Tf2ðrÞÞ. Set

hi ¼
ð f1;HiÞ
ð f2;HiÞ

ði ¼ 1; . . . ; 2nþ 2Þ.

We distinguish the following two cases.

Case 1. Assume that for every positive number e > 0 there exists a subset
Ee HRþ with

Ð
Ee
dt ¼ þy such that

k
Xnþ1

i¼1

N ½1�ðr; n0fs;Hi
Þa eTðrÞ þ SðrÞ; s ¼ 1; 2; Er A Ee;

where TðrÞ ¼ Tf1ðrÞ þ Tf2ðrÞ.
For each j A fnþ 1; . . . ; 2nþ 2g; by the second main theorem we have

k TfsðrÞaN ½n�ðr; n0ð fs;HjÞÞ þ
Xnþ1

i¼1

N ½n�ðr; n0fs;Hi
Þ þ SðrÞ

aN ½n�ðr; n0ð fs;HjÞÞ þ neTðrÞ þ SðrÞ; s ¼ 1; 2; Er A Ee:

Since we suppose that f1 0 f2, there exist two indices j1; j2 A fnþ 1; . . . ; 2nþ 2g
such that P ¼ ð f1;Hj1Þð f2;Hj2Þ � ð f2;Hj1Þð f1;Hj2Þ0 0. Similarly as in the proof
of Lemma 3.2, we have the following
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k Tf1ðrÞ þ Tf2ðrÞbNðr; n0PÞ

b
X

v¼ j1; j2

Nðr;minfn0ð f1;HvÞ; n
0
ð f2;HvÞgÞ þ

X2nþ2

v¼nþ2
v0 j1; j2

N ½1�ðr; n0ð fs;HvÞÞ

¼
X

v¼ j1; j2

N ½n�ðr; n0ð fs;HvÞÞ þ
X2nþ2

v¼nþ2
v0 j1; j2

N ½1�ðr; n0ð fs;HvÞÞ

b
X

v¼ j1; j2

N ½n�ðr; n0ð fs;HvÞÞ þ
1

n

X2nþ2

v¼nþ2
v0 j1; j2

N ½n�ðr; n0ð fs;HvÞÞ

b 2þ n� 1

n

� �
ðTfsðrÞ � neTðrÞÞ þ SðrÞ; s ¼ 1; 2; Er A Ee:

Thus

k Tf1ðrÞ þ Tf2ðrÞb 1þ n� 1

2n
� 3n� 1

n
� e

� �
ðTf1ðrÞ þ Tf2ðrÞÞ þ SðrÞ; Ee > 0; r A Ee:

This implies that

k Tf1ðrÞ þ Tf2ðrÞ ¼ SðrÞ; ðr A EeÞ

for all e <
n� 1

2ð3n� 1Þ . This is a contradiction.

Case 2. Assume that there exists a positive number e0 > 0 such that

k
Xnþ1

i¼1

N ½1�ðr; n0ð fs;HiÞÞb e0TðrÞ þ SðrÞ; s ¼ 1; 2:

Set hi ¼
ð f1;HiÞ
ð f2;HiÞ

, i ¼ 1; . . . ; 2nþ 2.

Fix indices i; j A fnþ 2; . . . ; 2nþ 2g. By the supposition f 0 g, there exists
an index k B fi; jg, such that hi 0 hk 0 hj. Then from the first equality of the
Lemma 3.2iii), we easily see that

k Nðr;minfn0ð f1;HiÞ; n
0
ð f2;HiÞgÞ þNðr;minfn0ð f1;HkÞ; n

0
ð f2;HkÞgÞ

¼ Nðr;minfn0ð f1;HjÞ; n
0
ð f2;HjÞgÞ þNðr;minfn0ð f1;HkÞ; n

0
ð f2;HkÞgÞ þ SðrÞ

) k Nðr;minfn0ð f1;HiÞ; n
0
ð f2;HiÞgÞ ¼ Nðr;minfn0ð f1;HjÞ; n

0
ð f2;HjÞgÞ þ SðrÞ

) k Nðr; n0ð fs;HiÞÞ ¼ Nðr; n0ð fs;HjÞÞ þ SðrÞ; s ¼ 1; 2:
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We see that the last inequality actually holds for all i; j A fnþ 2; . . . ; 2nþ 2g.
Then there is a positive function NðrÞ ðr > 1Þ such that

k Nðr; n0ð fs;HiÞÞ ¼ NðrÞ þ SðrÞ; s ¼ 1; 2 and i A fnþ 2; . . . ; 2nþ 2g:ð3:12Þ

On the other hand, for a fixed index i A fnþ 2; . . . ; 2nþ 2g as above, we
repeat the same arguments as in the proof of Lemma 3.2i)–ii) and see that all
inequalities (3.3)–(3.9) become equalities (maybe outside a discrete set of reduced
counting function of SðrÞ). Then from (3.4), we have

minfn0ð f1;HiÞðzÞ; n
0
ð f2;HiÞðzÞg ¼ minfn0ð f1;HiÞðzÞ; ng þminfn0ð f2;HiÞðzÞ; ng

� n minfnð fs;HiÞðzÞ; 1g

, minfn0ð f1;HiÞðzÞ; n
0
ð f2;HiÞðzÞga namaxfn0ð f1;HiÞðzÞ; n

0
ð f2;HiÞðzÞg

, n0ð fs;HiÞðzÞ ¼ n; s ¼ 1; 2;

This implies that

k nN ½1�ðr; n0ð fs;HiÞÞ ¼ N ½n�ðr; n0ð fs;HiÞÞ þ SðrÞ ¼ Nðr; n0ð fs;HiÞÞ þ SðrÞð3:13Þ

¼ NðrÞ þ SðrÞ; s ¼ 1; 2:

for all z A f �1
1 ðHiÞU f �1

2 ðHiÞnfa discrete set of reduced counting function equal
to SðrÞg.

Moreover, suppose that for every e > 0 there exists a subset Ee HRþ withÐ
Ee
dt ¼ þy such that k NðrÞa eTðrÞ þ SðrÞ for all r A Ee. Then we have

k
X2nþ2

v¼nþ2

N ½1�ðr; n0ð fs;HvÞÞ ¼ ðnþ 1ÞNðrÞ þ SðrÞa ðnþ 1ÞeTðrÞ þ SðrÞ

for s ¼ 1; 2 and r A Ee: Hence, by repeating the same argument as in Case 1,
we again get a contradiction. Therefore, there exists a positive number e1 > 0
such that

k NðrÞb e1TðrÞ þ SðrÞ:ð3:14Þ

Suppose that there exist three indices i1; i2; i3 A fnþ 2; . . . ; 2nþ 2g with hi1 0

hi2 0 hi3 0 hi1 . By Lemma 3.2iii) we see that k T r;
hiv
hiu

� �
b ðe0 þ ðn� 1Þe1ÞTðrÞ,

1a u0 va 3. We also have

k Nðr; n0hi1=hiv Þ þNðr; nyhi1=hiv Þ ¼ SðrÞ; v ¼ 2; 3;

and k N0 r; 1;
hi1
hi2

;
hi3
hi1

� �
b
Xnþ1

j¼1

N ½1�ðr; n0ð f1;HjÞÞ þ SðrÞb e0TðrÞ þ SðrÞ:
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Then Lemma 2.3 yields that there exist integers p, q, not all zeros, such that

hi1
hi2

� �p

¼ hi1
hi3

� �q
:

By Lemma 3.2iii) we have the following

T r;
hi1
hi2

� �p� �
¼ T r;

hi1
hi3

� �q� �
ð3:15Þ

, jpjT r;
hi1
hi2

� �
¼ jqjT r;

hi1
hi3

� �

, jpj
Xnþ1

j¼1

N ½1�ðr; n0ð f1;HjÞÞ þ jpj
X2nþ2

j¼nþ2
j0i1; i2

N ½1�ðr; n0ð f1;HiÞÞ

¼ jqj
Xnþ1

j¼1

N ½1�ðr; n0ð f1;HjÞÞ þ jpj
X2nþ2

j¼nþ2
j0i1; i3

N ½1�ðr; n0ð f1;HiÞÞ

, ðjpj � jqjÞ
Xnþ1

j¼1

N ½1�ðr; n0ð f1;HjÞÞ þ
n� 1

n
NðrÞ

 !
¼ SðrÞ:

This implies that jpj ¼ jqj0 0. Suppossing that p ¼ �q; we have

hi1
hi2

� �2p
¼ hi3

hi2

� �p

:

Similarly to (3.15), one gets

ðj2pj � jpjÞ
Xnþ1

j¼1

N ½1�ðr; n0ð f1;HjÞÞ þ
n� 1

n
NðrÞ

 !
¼ SðrÞ:

Then p ¼ 0. This is a contradiction. Therefore, we must have p ¼ q0 0.

This implies that h
p
i2
¼ h

p
i3
. Hence

hi2
hi3

¼ constant. This contradicts to the fact
that

k T r;
hi2
hi3

� �
¼
Xnþ1

j¼1

N ½1�ðr; n0ð f1;HjÞÞ þ jpj
X2nþ2

j¼nþ2
j0i2; i3

N ½1�ðr; n0ð f1;HiÞÞ þ SðrÞ

b e0TðrÞ þ jpjðn� 1ÞNðrÞ þ SðrÞ:

Then the supposition that hi1 0 hi2 0 hi3 0 hi1 is untrue. Therefore we mus have
hi1 ¼ hi2 or hi2 ¼ hi3 or hi3 ¼ hi1 . By this and by Lemma 3.2iv), we see that
k NðrÞ ¼ SðrÞ. This is a contradiction.
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Hence the supposition f1 0 f2 is untrue. Therefore we have f1 ¼ f2. The
lemma is proved. r

4. Proofs of Main Theorems

Proof of Theorem 1.1. Suppose that f 0 g. By Lemma 3.2, we have
k Tf ðrÞ ¼ OðTgðrÞÞ þ SðrÞ and k TgðrÞ ¼ OðTf ðrÞÞ þ SðrÞ, where SðrÞ ¼ oðTf ðrÞþ
TgðrÞÞ.

Fix an index i0 A fnþ 2; . . . ; 2nþ 2g. Since f 0 g, there exist two indices

i; j A f1; . . . ; 2nþ 2gnfi0g such that
ð f ;HiÞ
ð f ;HjÞ

0
ðg;HiÞ
ðg;HjÞ

. Then by Lemma 3.2 (the

last equality of the assertion iii)), we have

k T r;
ð f ;HiÞ
ð f ;HjÞ

�
ðg;HiÞ
ðg;HjÞ

� �
¼
X2nþ2

v¼1
v0i; j

N ½1�ðr; n0ðu;HvÞÞ þ SðrÞ; u ¼ f ; g:

On the other hand, since f and g share Hv ðv0 i; jÞ IM�, every point
z A f �1ðHvÞU g�1ðHvÞ (outside a discrete set of reduced counting function

equal to SðrÞ) is zero of
ð f ;HiÞ
ð f ;HjÞ

�
ðg;HiÞ
ðg;HjÞ

� 1

� �
with multiplicity at least

minfn0ð f ;HvÞðzÞ; n
0
ðg;HvÞðzÞg. Therefore, we have

k T r;
ð f ;HiÞ
ð f ;HjÞ

�
ðg;HiÞ
ðg;HjÞ

� �
b
X2nþ2

v¼1
v0i; j

Nðr;minfn0ð f ;HvÞ; n
0
ðg;HvÞgÞ þ SðrÞ:

Thus

k
X2nþ2

v¼1
v0i; j

N ½1�ðr; n0ðu;HvÞÞb
X2nþ2

v¼1
v0i; j

Nðr;minfn0ð f ;HvÞ; n
0
ðg;HvÞgÞ þ SðrÞ; s ¼ 1; 2:

Because k N ½1�ðr; n0ðu;HvÞÞaNðr;minfn0ð f ;HvÞ; n
0
ðg;HvÞgÞ þ SðrÞ for u A f f ; gg and

v A f1; . . . ; 2nþ 2g, then the above equality implies that

k N ½1�ðr; n0ðu;HvÞÞ ¼ Nðr;minfn0ð f ;HvÞ; n
0
ðg;HvÞgÞ þ SðrÞ for v B fi; jg and u A f f ; gg:

In particular, we have

k N ½1�ðr; n0ð f ;Hi0
ÞÞ ¼ N ½1�ðr; n0ðg;Hi0

ÞÞ ¼ Nðr;minfn0ð f ;Hi0
Þ; n

0
ðg;Hi0

ÞgÞ þ SðrÞ:ð4:1Þ
These equality yield that

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞg ¼ 1ð4:2Þ
for Ez A f �1ðHi0ÞU g�1ðHi0Þnfa discrete set of reduced counting function equal to
SðrÞg.
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On the other hand, by Lemma 3.2ii) we have

Nðr;minfn0ð f ;Hi0
Þ; n

0
ðg;Hi0

ÞgÞ ¼ N ½n�ðr; n0ð f ;Hi0
ÞÞ þN ½n�ðr; n0ðg;Hi0

ÞÞð4:3Þ

� nN ½1�ðr; n0ðu;Hi0
ÞÞ; Eu ¼ f ; g:

We also note that

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞgbminfn; n0ð f ;Hi0
ÞðzÞg þminfn; n0ðg;Hi0

ÞðzÞg

� n minf1; n0ðu;Hi0
ÞðzÞg; u ¼ f ; g;

for all z A f �1ðHi0ÞV g�1ðHi0Þ, and the inequality becomes equality if and only if

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞga namaxfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞg:

Therefore, the equality (4.3) yields that

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞga namaxfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞg

for Ez A f �1ðHi0ÞU g�1ðHi0Þnfa discrete set of reduced counting function equal to
SðrÞg. From this and (4.2), we have

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞg ¼ 1 and maxfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞgb nð4:4Þ

for Ez A f �1ðHi0ÞU g�1ðHi0Þnfa discrete set of reduced counting function equal to
SðrÞg

On the other hand we notice that: Since f and g share Hi0 IM�
2 , if a point

z A f �1ðHi0ÞU g�1ðHi0Þ (maybe outside a discrete set of reduced counting function
equal to SðrÞ) is a zero of ð f1;Hi0Þ with multiplicity 1 then it will be zero of
ð f2;Hi0Þ with multiplicity 1 and vise versa. This means that

maxfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞg < n

for Ez A f �1ðHi0ÞU g�1ðHi0Þnfa discrete set of reduced counting function equal to
SðrÞg.

From this notice and (4.4), we easily see that

k N ½1�ðr; n0ðu;Hi0
ÞÞ ¼ SðrÞ; u ¼ f ; g:

Therefore, f and g share Hi0 CM�. This holds for all i0 A fnþ 2; . . . ; 2nþ 2g.
With the help of Lemma 3.11, we have f ¼ g. This contradicts to the sup-
position.

Then we must have f ¼ g. The theorem is proved. r

Proof of Theorem 1.2. Suppose that f 0 g. As in the proof of Theorem
1.1, we have k Tf ðrÞ ¼ OðTgðrÞÞ þ SðrÞ and k TgðrÞ ¼ OðTf ðrÞÞ þ SðrÞ, where
SðrÞ ¼ oðTf ðrÞ þ TgðrÞÞ.
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Fix an index i0 A fnþ 2; . . . ; 2nþ 2g. By Lemma 3.2ii) we have

Nðr;minfn0ð f ;Hi0
Þ; n

0
ðg;Hi0

ÞgÞ ¼ N ½n�ðr; n0ð f ;Hi0
ÞÞ þN ½n�ðr; n0ðg;Hi0

ÞÞð4:5Þ

� nN ½1�ðr; n0ðu;Hi0
ÞÞ; u ¼ f ; g:

Repeating the same argument as in the proof of Theorem 1, we see that

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞgbminfn; n0ð f ;Hi0
ÞðzÞg þminfn; n0ðg;Hi0

ÞðzÞg

� n minf1; n0ðu;Hi0
ÞðzÞg; u ¼ f ; g;

for all z A f �1ðHi0ÞV g�1ðHi0Þ, and this inequality becomes equality if and only
if

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞga namaxfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞg:

Then the equality (4.5) implies that

minfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞga namaxfn0ð f ;Hi0
ÞðzÞ; n0ðg;Hi0

ÞðzÞgð4:6Þ

for Ez A f �1ðHi0ÞU g�1ðHi0Þnfa discrete set of reduced counting function equal to
SðrÞg.

We also note that: Since f and g share Hi0 IM�
nþ1, if a point z A f �1ðHi0Þ

U g�1ðHi0Þ (maybe outside a discrete set of reduced counting function equal to
SðrÞ) is a zero of ð f1;Hi0Þ with multiplicity < n (resp. multiplicity > n) then it will
be zero of ð f2;Hi0Þ with multiplicity < n (resp. multiplicity > n) and vise versa.

From this notice and (4.6), we easily see that

n0ð f ;Hi0
ÞðzÞ ¼ n0ðg;Hi0

ÞðzÞ ¼ n

for Ez A f �1ðHi0ÞU g�1ðHi0Þnfa discrete set of reduced counting function equal to
SðrÞg.

Therefore, f and g share Hi0 CM
�. This holds for all i0 A fnþ 2; . . . ; 2nþ 2g.

From Lemma 3.11, we have f ¼ g. The theorem is proved. r
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