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STABILITY OF F -STATIONARY MAPS OF A CLASS OF

FUNCTIONALS RELATED TO CONFORMAL MAPS

Yingbo Han, Shuxiang Feng and Hong Pan

Abstract

In this paper, we study a generalized functional FF related to the conformality of

maps between Riemannian manifolds. We derive the first variation formula and the

second variation formula of FF , then we study the stability of F -stationary map from

or into the standard sphere. We also introduce the F -stress energy tensor associated

to FF which is naturally linked to conservation law.

1. Introduction

Let ðMm; gÞ and ðNn; hÞ be compact Riemannian manifolds without bound-
ary. A smooth map u from M into N is called a conformal map if there exists a
positive function j on M such that u�h ¼ jg, where u�h denotes the pullback
of the metric h by u, i.e.

u�hðX ;Y Þ ¼ hðduðXÞ; duðYÞÞ:
Recently, N. Nakauchi in [8] introduced the following functional,

FðuÞ ¼ 1

4

ð
M

kTuk2 dvg;

(see [6, 9]) where Tu is the symmetric 2-tensor defined by

Tu ¼ u�h� 1

m
kduk2g

and kTuk2, kduk2 as

kTuk2 ¼
X
i; j

Tuðei; ejÞ2; kduk2 ¼
X
i

hðduðeiÞ; duðeiÞÞ:

with respect to a local orthonormal frame ðe1; . . . ; emÞ on ðM; gÞ. They gave
the first variation formula and the second variation formula for this func-
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tional. They also gave a kind of the monotonicity formula and a Bochner type
formula.

On the other hand, following Baird and Eells [2], Ara [1] introduced the
F -harmonic maps, generalizing harmonic maps. Let F : ½0;yÞ ! ½0;yÞ be a
C2 function such that Fð0Þ ¼ 0 and F 0ðtÞ > 0 for t A ½0;yÞ. A smooth map
u : M ! N is said to be an F -harmonic map if it is a critical point of the
following F -energy functional EF given by

EF ðuÞ ¼
ð
M

F
kduk2

2

 !
dvg;

with respect to any compactly supported variation of u. After this, there are
many geometers who studied F -harmonic map such as [4, 5, 7].

In this paper, we generalize and unify the concept of critical point of the
functional F. For this, we define the functional FF by

FF ðuÞ ¼
ð
M

F
kTuk2

4

 !
dvg;

which is F if FðtÞ ¼ t. We call u an F -stationary map for FF ðuÞ, if

d

dt
FF ðutÞjt¼0 ¼ 0

for any compactly supported variation ut : M ! N with u0 ¼ u. We derive the
first variation formula and the second variation formula of FF . We also prove
that every stable F -stationary map form a compact manifold M into Sn is weakly
conformal, provided thatð

Mm

kTuk2 F 00 kTuk2

4

 !
kTuk2 þ ð4� nÞF 0 kTuk2

4

 !( )
dvg < 0:

or every stable F -stationary map from Sm is weakly conformal, provided thatð
Sm

kTuk2 F 00 kTuk2

4

 !
kTuk2 þ ð4�mÞF 0 kTuk2

4

 !( )
dvg < 0:

We also introduce the F -stress energy tensor associated to FF which is naturally
linked to conservation law.

The contents of this paper is as follows:
1. Introduction.
2. Preliminaries.
3. The first variation formula for FF ðuÞ.
4. F -stress energy tensor
5. The second variation formula for FF ðuÞ.
6. Stable maps into spheres.
7. Stable maps from spheres.
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2. Preliminaries

Let ðMm; gÞ and ðNn; hÞ be compact Riemannian manifolds without bound-
ary and let u be a smooth map from M to N. We recall the following
notions.

Definition 2.1. (i) A smooth map u is weakly conformal if there exists a
non-negative function j on M such that

u�h ¼ jg;ð1Þ

where u�h denotes the pullback of the metric h by u, i.e.

u�hðX ;Y Þ ¼ hðduðXÞ; duðYÞÞ:

(ii) A smooth map u is conformal if there exists a positive function j on
satisfy the equation (1).

The condition (1) is equivalent to

u�h ¼ 1

m
kduk2g;ð2Þ

Since taking the trace of the both sides of (1) with respect to the metric g, we

have j ¼ 1

m
kduk2. Then u is conformal if and only if it satisfies (2) with the

assumption kduk0 0. Note that u is weakly conformal if and only if for any
point x A M, u is conformal at x, or dux ¼ 0.

In order to state our results, we also need the following Lemmas.

Lemma 2.2 [8]. (a) Tu is symmetric, i.e. TuðX ;YÞ ¼ TuðY ;XÞ.
(b) u is weakly conformal if and only if Tu ¼ 0.

(c) kTuk2 ¼ ku�hk2 � 1

m
kduk4.

(d) Tu is trace-free, i.e.

Traceg Tu ¼
X
i; j

gðei; ejÞTuðei; ejÞ ¼ 0;

where ei denotes a local orthornormal frame on M.
(e) The trace of Tu with respect to the pullback u�h is equal to the norm

of Tu, i.e.

Traceu�h Tu ¼
X
i; j

hðduðeiÞ; duðejÞÞTuðei; ejÞ ¼ kTuk2;
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We define an u�1TN-valued 1-form su on M by

suðXÞ ¼
X
j

TuðX ; ejÞ duðejÞ ¼
X
j

hðduðX Þ; duðejÞÞ duðejÞ �
1

m
kduk2 duðX Þ

for any vector field X on M.

Lemma 2.3. X
i

hðduðeiÞ; suðeiÞÞ ¼ kTuk2:ð3Þ

Proof. X
i

hðduðeiÞ; suðeiÞÞ ¼
X
i; j

hðduðeiÞ; duðejÞÞhðduðeiÞ; duðejÞÞ

� 1

m
kduk2gðei; ejÞhðduðeiÞ; duðejÞÞ

¼ ku�hk2 � 1

m
kduk4 ¼ kTuk2: r

3. The first variation formula for FF ðuÞ

Let ‘ and N‘ always denote the Levi-Civita connections of M and N
respectively. Let ~‘‘ be the induced connection on u�1TN defined by ~‘‘XW ¼N

‘duðXÞW , where X is a tangent vector of M and W is a section of u�1TN. We
choose a local orthonormal frame field feig on M. We define the F -tension
field tF ðuÞ of u by

tF ðuÞ ¼ �d F 0 kTuk2

4

 !
su

 !
ð4Þ

¼ F 0 kTuk2

4

 !
divgðsuÞ þ su grad F 0 kTuk2

4

 ! ! !
:

Under the notation above we have the following:

Lemma 3.1 (The first variation formula). Let u : M ! N be a smooth map.
Then

d

dt
FF ðutÞjt¼0 ¼ �

ð
M

hðtF ðuÞ;VÞ dvg;ð5Þ

where V ¼ d

dt
utjt¼0.

Proof. Let C : ð�e; eÞ �M ! N be defined by Cðt; xÞ ¼ utðxÞ, where
ð�e; eÞ �M is equipped with the product metric. We extend the vector fields
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q

qt
on ð�e; eÞ, X on M naturally on ð�e; eÞ �M, and denote those also by

q

qt
,

X . Then

V ¼ dC
q

qt

� �����
t¼0

:ð6Þ

We shall use the same notations ‘ and ~‘‘ for the Levi-Civita connection on
ð�e; eÞ �M and the induced connection on C�1TN.

Now we compute

q

qt
F

kTutk
2

4

 !
ð7Þ

¼ F 0 kTutk
2

4

 !
1

4

q

qt
kTutk

2

¼ 1

2
F 0 kTutk

2

4

 !Xm
i; j¼1

qTutðei; ejÞ
qt

Tutðei; ejÞ

¼ 1

2
F 0 kTutk

2

4

 !Xm
i; j¼1

q

qt
hðdutðeiÞ; dutðejÞÞ �

1

m

qkdutk2

qt
gðei; ejÞ

( )
Tutðei; ejÞ

¼ 1

2
F 0 kTutk

2

4

 !Xm
i; j¼1

q

qt
hðdutðeiÞ; dutðejÞÞTutðei; ejÞ

¼ 1

2
F 0 kTutk

2

4

 !Xm
i; j¼1

q

qt
hðdCðeiÞ; dCðejÞÞTutðei; ejÞ

¼ F 0 kTutk
2

4

 !Xm
i; j¼1

hð~‘‘q=qt dCðeiÞ; dCðejÞÞTutðei; ejÞ

¼ F 0 kTutk
2

4

 !Xm
i; j¼1

h ~‘‘ei dC
q

qt

� �
; dCðejÞ

� �
Tutðei; ejÞ

¼ F 0 kTutk
2

4

 !Xm
i; j¼1

h ~‘‘ei dC
q

qt

� �
; dutðejÞ

� �
Tutðei; ejÞ

¼ F 0 kTutk
2

4

 !Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; sutðeiÞ

� �

¼ F 0 kTutk
2

4

 !Xm
i¼1

eih dC
q

qt

� �
; sutðeiÞ

� �
� h dC

q

qt

� �
; ~‘‘eisutðeiÞ

� �� �
;
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where we use that

Xm
i; j¼1

gðei; ejÞTutðei; ejÞ ¼ 0

for the forth equality, and

~‘‘q=qt dCðeiÞ � ~‘‘ei dC
q

qt

� �
¼ dC

q

qt
; ei

� �
¼ 0

for the seventh equality. Let Xt be a compactly supported vector field on M

such that gðXt;Y Þ ¼ h dC
q

qt

� �
; sutðY Þ

� �
for any vector field Y on M. Then

q

qt
F

kTutk
2

4

 !
¼ F 0 kTutk

2

4

 !Xm
i¼1

eigðXt; eiÞð8Þ

� F 0 kTutk
2

4

 !Xm
i¼1

h dC
q

qt

� �
; ~‘‘eisutðeiÞ

� �� �

¼ F 0 kTutk
2

4

 !Xm
i¼1

½gð‘eiXt; eiÞ þ gðXt;‘ei eiÞ�

� F 0 kTutk
2

4

 !Xm
i¼1

h dC
q

qt

� �
; ~‘‘eisutðeiÞ

� �

¼ F 0 kTutk
2

4

 !
divgðXtÞ

� F 0 kTutk
2

4

 !Xm
i¼1

h dC
q

qt

� �
; ~‘‘eisutðeiÞ � sutð‘ei eiÞ

� �

¼ div F 0 kTutk
2

4

 !
Xt

 !
� g Xt; grad F 0 kTutk

2

4

 ! ! !

� F 0 kTutk
2

4

 !Xm
i¼1

h dC
q

qt

� �
; ~‘‘eisutðeiÞ � sutð‘ei eiÞ

� �

¼ div F 0 kTutk
2

4

 !
Xt

 !
� h dC

q

qt

� �
;F 0 kTutk

2

4

 !
divg sut

 !

þ sut grad F 0 kTutk
2

4

 ! ! !
:
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By (8) and Green’s theorem, we get

d

dt
FF ðutÞjt¼0 ¼

ð
M

q

qt
F

kTutk
2

4

 !�����
t¼0

dvg

¼ �
ð
M

h dC
q

qt

� �
;F 0 kTutk

2

4

 !
divg sut

 !

þ sut grad F 0 kTutk
2

4

 ! ! !�����
t¼0

dvg

¼ �
ð
M

hðtF ðuÞ;VÞ dvg: r

The first variation formula allows us to define the notion of F -stationary for
the functional FF .

Definition 3.2. A smooth map u is called F -stationary map for the
functional FF if it is a solution of the Euler-Lagrange equation tF ðuÞ ¼ 0.

4. F -stress energy tensor

Following Baird [3], for a smooth map u : ðM; gÞ ! ðN; hÞ, we associate a
symmetric 2-tensor SF to the functional FF called the F -stress energy tensor

SF ðX ;YÞ ¼ F
kTuk2

4

 !
gðX ;Y Þ � F 0 kTuk2

4

 !
hðsuðXÞ; duðYÞÞ;ð9Þ

where X , Y are vector fields on M.

Proposition 4.1. Let u : ðM; gÞ ! ðN; hÞ be a smooth map and SF be the
associated F-stress energy tensor, then for each vector field X on M, we have

ðdiv SF ÞðX Þ ¼ �hðtF ðuÞ; duðX ÞÞ:ð10Þ

Proof. Let ‘ and N‘ denote the Levi-Civita connections of M and N,
respectively. Let ~‘‘ be the induced connection on u�1TN. We choose a local
orthonormal frame field feig around a point P on M with ‘ei ej jP ¼ 0.

Let X be a vector field on M. At P, we compute

ðdiv SF ÞðXÞ ¼
Xm
i¼1

ð‘eiSF Þðei;X Þ

¼
Xm
i¼1

feiðSF ðei;XÞÞ � SF ð‘ei ei;XÞ � SF ðei;‘eiX Þg
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¼
Xm
i¼1

(
ei F

kTuk2

4

 !
gðei;X Þ

 !
� ei F 0 kTuk2

4

 !
hðsuðeiÞ; duðXÞÞ

 !

� F
kTuk2

4

 !
gðei;‘eiX Þ þ F 0 kTuk2

4

 !
hðsuðeiÞ; duð‘eiXÞÞ

)

¼
Xm
i¼1

(
ei F

kTuk2

4

 ! !
gðei;XÞ � ei F 0 kTuk2

4

 ! !
hðsuðeiÞ; duðXÞÞ

� F 0 kTuk2

4

 !
hð~‘‘eisuðeiÞ; duðXÞÞ � F 0 kTuk2

4

 !
hðsuðeiÞ; ~‘‘ei duðXÞÞ

þ F 0 kTuk2

4

 !
hðsuðeiÞ; duð‘eiXÞÞ

)

¼ X F
kTuk2

4

 ! !
� h su grad F 0 kTuk2

4

 ! !
; duðX Þ

 !

� F 0 kTuk2

4

 !
hðdiv su; duðXÞÞ �

X
i

F 0 kTuk2

4

 !
hðsuðeiÞ; ð‘ei duÞðXÞÞ

¼ �hðtF ðuÞ; duðX ÞÞ þ F 0 kTuk2

4

 !
X

kTuk2

4

 !

� F 0 kTuk2

4

 !X
i

hðsuðeiÞ; ð‘ei duÞðXÞÞ

¼ �hðtF ðuÞ; duðX ÞÞ þ F 0 kTuk2

4

 !
1

4
X ku�hk2 � 1

m
kduk4

� �

� F 0 kTuk2

4

 !X
i

hðsuðeiÞ; ð‘ei duÞðXÞÞ

¼ �hðtF ðuÞ; duðX ÞÞ þ F 0 kTuk2

4

 !

�
X
i; j

hð~‘‘X duðeiÞ; duðejÞÞhðduðeiÞ; duðejÞÞ �
1

m
kduk2

X
i

hð~‘‘X duðeiÞ; duðeiÞÞ
 !

� F 0 kTuk2

4

 !X
i

hðsuðeiÞ; ð‘ei duÞðXÞÞ
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¼ �hðtF ðuÞ; duðXÞÞ þ F 0 kTuk2

4

 !X
i

h

� ~‘‘X duðeiÞ;
X
j

hðduðeiÞ; duðejÞÞ duðejÞ �
1

m
kduk2 duðeiÞ

" # !

� F 0 kTuk2

4

 !X
i

hðsuðeiÞ; ð‘ei duÞðX ÞÞ

¼ �hðtF ðuÞ; duðXÞÞ þ F 0 kTuk2

4

 !X
i

hðð‘X duÞðeiÞ; suðeiÞÞ

� F 0 kTuk2

4

 !X
i

hðsuðeiÞ; ð‘ei duÞðX ÞÞ:

Since ð‘X duÞðeiÞ ¼ ð‘ei duÞðX Þ, we obtain

ðdiv SF ÞðX Þ ¼ �hðtF ðuÞ; duðX ÞÞ: r

From the above Proposition, we know that if u : M ! N is an F -stationary
map, we have

div SF ¼ 0;ð11Þ

that is, u satisfies the FF -conservation law.
Recall that for two 2-tensors T1;T2 A GðT �MnT �MÞ, their inner product is

defined as follows;

hT1;T2i ¼
X
ij

Tðei; ejÞT2ðei; ejÞ;ð12Þ

where feig is an orthonormal basis of with respect to g. For a vector field
X A GðTMÞ, we denote by yX is dual one form i.e. yX ðYÞ ¼ gðX ;YÞ. The
covariant derivative of yX gives a 2-tensor field ‘yX :

ð‘yX ÞðY ;ZÞ ¼ ð‘ZyX ÞðY Þ ¼ gð‘ZX ;YÞ:ð13Þ
If X ¼ ‘j is the gradient of some function j on M, then yX ¼ dj and
‘yX ¼ Hess j.

Lemma 4.2 (CF. [3, 4]). Let T be a symmetric ð0; 2Þ-type tensor field and let
X be a vector field, then

divðiXTÞ ¼ ðdiv TÞðXÞ þ hT ;‘yXi ¼ ðdiv TÞðXÞ þ 1

2
hT ;LXgi:ð14Þ
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Let D be any bounded domain of M with C1 boundary. By using the
stokes’ theorem, we immediately have the following integral formula:ð

qD

TðX ; nÞ dsg ¼
ð
D

T ;
1

2
LXg

� �
þ ðdiv TÞðXÞ

� �
dvg;ð15Þ

where n is the unit outward normal vector field along qD. By (11) and (15),
we have ð

qD

SF ðX ; nÞ dsg ¼
ð
D

SF ;
1

2
LXg

� �
dvg:ð16Þ

5. The second variation formula for FF ðuÞ

In this section, we calculate the second variation of the functional FF ðuÞ.

Theorem 5.1 (The second variation formula). Let u : ðM; gÞ ! ðN; hÞ be an
F-stationary map. Let us; t : M ! N ð�e < s; t < eÞ be a compactly supported two-

parameter variation such that u0;0 ¼ u and set V ¼ q

qt
us; tjs; t¼0, W ¼ q

qs
us; tjs; t¼0.

Then

q2

qsqt
FF ðus; tÞjs; t¼0 ¼

ð
M

F 00 kTuk2

4

 !
h~‘‘V ; suih~‘‘W ; sui dvg

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiV ; ~‘‘ejWÞTuðei; ejÞ dvg

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiV ; duðejÞÞhð~‘‘eiW ; duðejÞÞ dvg

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiV ; duðejÞÞhðduðeiÞ; ~‘‘ejWÞ dvg

� 2

m

ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiV ; duðeiÞÞhðduðejÞ; ~‘‘ejWÞ dvg

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hðRNðV ; duðeiÞÞW ; duðejÞÞTuðei; ejÞ dvg:

where h ; i is the inner product on T �Mn u�1TN and RN is the curvature tensor
of N.

We put

IðV ;WÞ ¼ q2

qsqt
FF ðus; tÞjs; t¼0:ð17Þ
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An F -stationary map u is called stable if IðV ;VÞb 0 for any compactly
supported vector field V along u.

Proof. Let C : ð�e; eÞ � ð�e; eÞ �M ! N be defined by Fðs; t; xÞ ¼ us; tðxÞ,
where ð�e; eÞ � ð�e; eÞ �M is equipped with the product metric. We extend the
vector fields q=qt on ð�e; eÞ, q=qs on ð�e; eÞ, X on M naturally on
ð�e; eÞ � ð�e; eÞ �M, and denote those also by q=qt, q=qs and X . Then

V ¼ dC
q

qt

� �����
s; t¼0

; W ¼ dC
q

qs

� �����
s; t¼0

:ð18Þ

We shall use the same notations ‘ and ~‘‘ for the Levi-Civita connection on
ð�e; eÞ � ð�e; eÞ �M and the induced connection on C�1TN. We choose a local
orthonormal frame feigm

i¼1 around a point P on M with ‘ei ej jP ¼ 0.
Using (5) we have

q2

qsqt
FF ðus; tÞjs; t¼0 ¼ � q

qs

ð
M

h

 
dC

q

qt

� �
;
Xm
i¼1

(
~‘‘ei F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 !

� F 0 kTus; tk
2

4

 !
sus; tð‘ei eiÞ

)!�����
s; t¼0

dvg

¼ �
ð
M

h

 
dC

q

qt

� �
;
Xm
i¼1

(
~‘‘q=qs

~‘‘ei F 0 kTus; tk
2

4

 !
sus; tðeiÞ

 !

� ~‘‘q=qs F 0 kTus; tk
2

4

 !
sus; tð‘ei eiÞ

 !)!�����
s; t¼0

dvg

where we use the F -stationarity for the last equality. At P, we compute

h

 
dC

q

qt

� �
;
Xm
i¼1

(
~‘‘q=qs

~‘‘ei F 0 kTus; tk
2

4

 !
sus; tðeiÞ

 !
ð19Þ

� ~‘‘q=qs F 0 kTus; tk
2

4

 !
sus; tð‘ei eiÞ

 !)!

¼ h dC
q

qt

� �
;
Xm
i¼1

~‘‘ei
~‘‘q=qs F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !

þ h dC
q

qt

� �
;
Xm
i¼1

RN dC
q

qs

� �
; dCðeiÞ

� �
F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !

where we use
q

qs
; ei

� �
¼ 0.
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The first term in the right-hand side of (19) is

h dC
q

qt

� �
;
Xm
i¼1

~‘‘ei
~‘‘q=qs F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !
ð20Þ

¼
Xm
i¼1

eih dC
q

qt

� �
; ~‘‘q=qs F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !

�
Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; ~‘‘q=qs F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !

The second term in the right-hand side of (20) is

Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; ~‘‘q=qs F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !
ð21Þ

¼
Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; sus; tðeiÞ

� �" #
F 00 kTus; tk

2

4

 !
q

qs

kTus; tk
2

4

 !

þ F 0 kTus; tk
2

4

 !Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; ~‘‘q=qssus; tðeiÞ

� �

¼
Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; sus; tðeiÞ

� �" #
F 00 kTus; tk

2

4

 !

1

2

X
i; j

q

qs
hðdCðeiÞ; dCðejÞÞ �

1

m
kduus; tk

2
gðei; ejÞ

� �
Tus; tðei; ejÞ

" #

þ F 0 kTus; tk
2

4

 !Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; ~‘‘q=qssus; tðeiÞ

� �

¼
Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; sus; tðeiÞ

� �" #
F 00 kTus; tk

2

4

 !

�
Xm
j¼1

h ~‘‘ej dC
q

qs

� �
; sus; tðejÞ

� �" #

þ F 0 kTus; tk
2

4

 !Xm
i¼1

h

 
~‘‘ei dC

q

qt

� �
;

~‘‘q=qs

Xm
j¼1

hðdus; tðeiÞ; dus; tðejÞÞ dus; tðejÞ �
1

m
kdus; tk2 dus; tðeiÞ

" #!
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¼
Xm
i¼1

h ~‘‘ei dC
q

qt

� �
; sus; tðeiÞ

� �" #
F 00 kTus; tk

2

4

 ! Xm
j¼1

h ~‘‘ej dC
q

qs

� �
; sus; tðejÞ

� �" #

þ F 0 kTus; tk
2

4

 !Xm
i; j¼1

h ~‘‘ei dC
q

qt

� �
; ~‘‘ej dC

q

qs

� �� �
Tus; tðei; ejÞ

þ F 0 kTus; tk
2

4

 !Xm
i; j¼1

h ~‘‘ei dC
q

qt

� �
; dCðejÞ

� �
h ~‘‘ei dC

q

qs

� �
; dCðejÞ

� �

þ F 0 kTus; tk
2

4

 !Xm
i; j¼1

h ~‘‘ei dC
q

qt

� �
; dCðejÞ

� �
h dCðeiÞ; ~‘‘ej dC

q

qs

� �� �

� F 0 kTus; tk
2

4

 !
2

m

X
i

h ~‘‘ei dC
q

qt

� �
; dCðeiÞ

� �X
j

h ~‘‘ej dC
q

qs

� �
; dCðejÞ

� �
;

where we use that

Xm
i; j¼1

gðei; ejÞTus; tðei; ejÞ ¼ 0

for the third equality. Let X1, X2, X3, X4 and X5 be compactly supported vector
fields on M such that

gðX1;Y Þ ¼ F 00 kTuk2

4

 !
h~‘‘W ; suihðsuðYÞ;VÞ;

gðX2;Y Þ ¼ F 0 kTuk2

4

 !Xm
j¼1

hðV ; duðejÞÞhð~‘‘YW ; duðejÞÞ;

gðX3;Y Þ ¼ F 0 kTuk2

4

 !Xm
j¼1

hðV ; duðejÞÞhðduðY Þ; ~‘‘ejWÞ;

gðX4;Y Þ ¼ F 0 kTuk2

4

 !Xm
j¼1

hðV ; ~‘‘ejWÞTuðY ; ejÞ;

gðX5;Y Þ ¼ F 0 kTuk2

4

 !Xm
j¼1

hðV ; duðY ÞÞhðduðejÞ; ~‘‘ejWÞ;

for any vector field Y on M, respectively. For the first term in the right-hand
side of (20), we have
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Xm
i¼1

eih dC
q

qt

� �
; ~‘‘q=qs F 0 kTus; tk

2

4

 !
sus; tðeiÞ

 ! !
ð22Þ

¼
Xm
i¼1

eih F 00 kTus; tk
2

4

 !
1

4

q

qs
kTus; tk

2

� �
sus; tðeiÞ; dC

q

qt

� � !

þ
Xm
i¼1

eih F 0 kTus; tk
2

4

 !
~‘‘q=qssus; tðeiÞ; dC

q

qt

� � !

¼
Xm
i¼1

eih F 00 kTus; tk
2

4

 !
1

4

q

qs
ku�

s; thk
2 � 1

m
kdus; tk4

� �� �
sus; tðeiÞ; dC

q

qt

� � !

þ
Xm
i¼1

eih F 0 kTus; tk
2

4

 !
~‘‘q=qssus; tðeiÞ; dC

q

qt

� � !

¼
Xm
i¼1

ei

(
F 00 kTus; tk

2

4

 !Xm
j¼1

h sus; tðeiÞ; dC
q

qt

� �� �

� h ~‘‘ej dC
q

qs

� �
; sus; tðejÞ

� �)

þ
Xm
i¼1

ei

(
F 0 kTus; tk

2

4

 !Xm
j¼1

h ~‘‘ei dC
q

qs

� �
; dCðejÞ

� �

� h dC
q

qt

� �
; dCðejÞ

� �)

þ
Xm
i¼1

ei

(
F 0 kTus; tk

2

4

 !Xm
j¼1

Tus; tðei; ejÞh dC
q

qt

� �
; ~‘‘ej dC

q

qs

� �� �)

þ
Xm
i¼1

ei

(
F 0 kTus; tk

2

4

 !Xm
j¼1

h dCðeiÞ; ~‘‘ej dC
q

qs

� �� �

� h dC
q

qt

� �
; dCðejÞ

� �)

� 2

m

Xm
i¼1

ei

(
F 0 kTus; tk

2

4

 !Xm
j¼1

h dCðejÞ; ~‘‘ej dC
q

qs

� �� �

� h dC
q

qt

� �
; dCðeiÞ

� �)
;
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when s ¼ t ¼ 0, (22) becomes

Xm
i¼1

eigðX1; eiÞ þ
Xm
i¼1

eigðX2; eiÞ þ
Xm
i¼1

eigðX3; eiÞð23Þ

þ
Xm
i¼1

eigðX4; eiÞ �
2

m

Xm
i¼1

eigðX5; eiÞ

¼
Xm
i¼1

gð‘eiX1; eiÞ þ
Xm
i¼1

gð‘eiX2; eiÞ þ
Xm
i¼1

gð‘eiX3; eiÞ

þ
Xm
i¼1

gð‘eiX4; eiÞ �
2

m

Xm
i¼1

gð‘eiX5; eiÞ

¼ divðX1Þ þ divðX2Þ þ divðX3Þ þ divðX4Þ �
2

m
divðX5Þ:

By Green’s theorem the integral of (23) vanishes. Theorem follows from (19)–
(23). r

6. Stable maps into spheres

In this section we prove the following theorem

Theorem 6.1. Let u : Mm ! Sn be an F-stationary map from a compact
Riemannian manifold M into the n-dimensional standard sphere Sn. Assume
that ð

Mm

kTuk2 F 00 kTuk2

4

 !
kTuk2 þ ð4� nÞF 0 kTuk2

4

 !( )
dvg < 0:ð24Þ

Then u is unstable.

Proof. In order to prove the instability of u : Mm ! Sn, we need to
consider some special variational vector fields along u. To do this, choosing
a local orthonormal frame field f�ag, a ¼ 1; . . . ; n around a point P on Sn with
S n

‘�a�bjP ¼ 0 and choosing �nþ1 such that f�a; �nþ1g is an orthonormal frame
field of Rnþ1. Meanwhile, taking a fixed orthonormal basis EA, A ¼ 1; . . . ; nþ 1
of Rnþ1 and setting

VA ¼
Xn
a¼1

vaA�a; vaA ¼ hEA; �ai; vnþ1
A ¼ hEA; �nþ1i;ð25Þ

where h ; i denotes the canonical Euclidean inner product. We shall consider the
second variation
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IðVA;VAÞ ¼
ð
M

F 00 kTuk2

4

 !
h~‘‘VA; suih~‘‘VA; sui dvgð26Þ

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiVA; ~‘‘ejVAÞTuðei; ejÞ dvg

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiVA; duðejÞÞhð~‘‘eiVA; duðejÞÞ dvg

þ
ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiVA; duðejÞÞhðduðeiÞ; ~‘‘ejVAÞ dvg

� 2

m

ð
M

F 0 kTuk2

4

 !Xm
i; j¼1

hð~‘‘eiVA; duðeiÞÞhðduðejÞ; ~‘‘ejVAÞ dvg

þ
ð
M

F 0 kTuk2

4

 !X
i

hðRSnðVA; duðeiÞÞVA; suðeiÞÞ dvg:

At P, we compute

~‘‘eiVA ¼S n

‘duðeiÞVA ¼ �vnþ1
A duðeiÞ:ð27Þ

From (25) and (27), we compute the following equations:

F 00 kTuk2

4

 !X
A

h~‘‘VA; suih~‘‘VA; suið28Þ

¼ F 00 kTuk2

4

 !X
A; i; j

hð~‘‘eiVA; suðeiÞÞhð~‘‘ejVA; suðejÞÞ

¼ F 00 kTuk2

4

 !X
A; i; j

vnþ1
A vnþ1

A hðduðeiÞ; suðeiÞÞhðduðejÞ; suðejÞÞ

¼ F 00 kTuk2

4

 !
kTuk4

and

F 0 kTuk2

4

 !X
A

Xm
i; j¼1

hð~‘‘eiVA; ~‘‘ejVAÞTuðei; ejÞð29Þ

¼ F 0 kTuk2

4

 !Xm
i; j¼1

X
A

vnþ1
A vnþ1

A hðduðeiÞ; duðejÞÞTuðei; ejÞ

¼ F 0 kTuk2

4

 !
kTuk2
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and

F 0 kTuk2

4

 !X
A

Xm
i; j¼1

hð~‘‘eiVA; duðejÞÞhð~‘‘eiVA; duðejÞÞð30Þ

¼ F 0 kTuk2

4

 !Xm
i; j¼1

X
A

vnþ1
A vnþ1

A hðduðeiÞ; duðejÞÞhðduðeiÞ; duðejÞÞ

¼ F 0 kTuk2

4

 !
ku�hk2

and

F 0 kTuk2

4

 !X
A

Xm
i; j¼1

hð~‘‘eiVA; duðejÞÞhðduðeiÞ; ~‘‘ejVAÞð31Þ

¼ F 0 kTuk2

4

 !Xm
i; j¼1

X
A

vnþ1
A vnþ1

A hðduðeiÞ; duðejÞÞhðduðeiÞ; duðejÞÞ

¼ F 0 kTuk2

4

 !
ku�hk2

and

F 0 kTuk2

4

 !X
A

Xm
i; j¼1

hð~‘‘eiVA; duðeiÞÞhð~‘‘ejVA; duðejÞÞð32Þ

¼ F 0 kTuk2

4

 !Xm
i; j¼1

X
A

vnþ1
A vnþ1

A hðduðeiÞ; duðeiÞÞhðduðejÞ; duðejÞÞ

¼ F 0 kTuk2

4

 !
kduk4

and

F 0 kTuk2

4

 !Xm
i¼1

X
A

hðRSnðVA; duðeiÞÞVA; suðeiÞÞð33Þ

¼ F 0 kTuk2

4

 !Xm
i¼1

X
A;a;b

vaAv
b
AhðRSnð�a; duðeiÞÞ�b; suðeiÞÞ

¼ F 0 kTuk2

4

 !Xm
i¼1

X
a

hðRSnð�a; duðeiÞÞ�a; suðeiÞÞ
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¼ F 0 kTuk2

4

 !Xm
i¼1

X
a

½hð�a; suðeiÞÞhð�a; duðeiÞÞ � hðduðeiÞ; suðeiÞÞhð�a; �aÞ�

¼ ð1� nÞF 0 kTuk2

4

 !
kTuk2:

From (26)–(33), we get

Xnþ1

A¼1

IðVA;VAÞ ¼
ð
Mm

kTuk2 F 00 kTuk2

4

 !
kTuk2 þ ð4� nÞF 0 kTuk2

4

 !( )
dvg:ð34Þ

By (34) and the assumption, we have

Xnþ1

A¼1

IðVA;VAÞ < 0ð35Þ

and u is unstable. r

Corollary 6.2. Assume that (i) F 00 a 0 and nb 5, or (ii) F 00 < 0 and n ¼ 4.
Then any stable F-stationary map from a compact Riemannian manifold M to Sn

is a weakly conformal map.

7. Stable maps from spheres

In this section we prove the following theorem

Theorem 7.1. Let u : Sm ! N be an F-stationary map. Assume thatð
Sm

kTuk2 F 00 kTuk2

4

 !
kTuk2 þ ð4�mÞF 0 kTuk2

4

 !( )
dvg < 0:ð36Þ

Then u is unstable.

Proof. In order to prove the instability of u : Sm ! N, we need to consider
some special variational vector fields along u. To do this, choosing a local
orthonormal frame field feig, i ¼ 1; . . . ;m around a point P on Sm with
Sm

‘ei ejjP ¼ 0 and choosing emþ1 such that fei; emþ1g is an orthonormal frame
field of Rmþ1. Meanwhile, taking a fixed orthonormal basis EA, A ¼ 1; . . . ;mþ 1
of Rmþ1 and setting

VA ¼
Xm
i¼1

viAei; viA ¼ hEA; eii; vmþ1
A ¼ hEA; emþ1i;ð37Þ

where h ; i denotes the canonical Euclidean inner product. Then duðVAÞ A
Gðu�1TNÞ and
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X
A

viAv
j
A ¼

X
A

hEA; eiihEA; eji ¼ dij ;ð38Þ

‘eiVA ¼ �vmþ1
A ei;ð39Þ

~‘‘ei duðVAÞ ¼ �vmþ1
A duðeiÞ þ vlA

~‘‘ei duðelÞ:ð40Þ

By using the condition tF ðuÞ ¼ �d F 0 kTuk2

4

 !
su

 !
¼ 0 and (38), we have

ð
Sm

Xmþ1

A¼1

F 0 kTuk2

4

 !
hðs duÞðVAÞ; suðVAÞi dvgð41Þ

¼
ð
Sm

X
A

viAv
j
AF

0 kTuk2

4

 !
hðs duÞðeiÞ; suðejÞi dvg

¼
X
i

ð
Sm

F 0 kTuk2

4

 !
hðs duÞðeiÞ; suðeiÞi

¼
ð
Sm

F 0 kTuk2

4

 !
hðs duÞ; sui

¼
ð
Sm

d du; d F 0 kTuk2

4

 !
su

 !* +

¼ 0:

It follows from Weitzenböck formula that

�
Xm
k¼1

RNðduðXÞ; duðekÞÞ duðekÞ þ duðRicSmðXÞÞ ¼ ðs duÞðX Þ þ ð‘2 duÞðXÞ:ð42Þ

where X is any smooth vector field on Sm and ð‘2 duÞðX Þ ¼
Pm

i¼1½‘ei‘ei du�
‘‘ei

ei du�ðX Þ. With respect to the variational vector field duðVAÞ along u, it
follows form (41) and (42) thatX

A

IðduðVAÞ; duðVAÞÞð43Þ

¼
ð
M

F 00 kTuk2

4

 !X
A

h~‘‘ duðVAÞ; sui2 dvg

þ
ð
M

F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; ~‘‘ej duðVAÞÞTuðei; ejÞ dvg

þ
ð
M

F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; duðejÞÞhð~‘‘ei duðVAÞ; duðejÞÞ dvg
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þ
ð
M

F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; duðejÞÞhðduðeiÞ; ~‘‘ej duðVAÞÞ dvg

� 2

m

ð
M

F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; duðeiÞÞhðduðejÞ; ~‘‘ej duðVAÞÞ dvg

�
ð
M

F 0 kTuk2

4

 !X
i

hðduðRicSmðeiÞÞ; suðeiÞÞ dvg

þ
ð
M

F 0 kTuk2

4

 !X
i

hðð‘2 duÞðeiÞ; ÞsuðeiÞÞ dvg:

At P, we compute

F 00 kTuk2

4

 !X
A

h~‘‘ duðVAÞ; sui2ð44Þ

¼
X
A

F 00 kTuk2

4

 ! X
i

h~‘‘ei duðVAÞ; suðeiÞi
" #2

¼ F 00 kTuk2

4

 !X
A

�
X
i

ð�vmþ1
A hðduðeiÞ; suðeiÞÞ þ vlAhð~‘‘ei duðelÞ; suðeiÞÞÞ

" #2

¼ F 00 kTuk2

4

 !X
A

vmþ1
A vmþ1

A

X
i

hðduðeiÞ; suðeiÞÞ
" #2

� 2F 00 kTuk2

4

 !X
A

vmþ1
A

X
i

hðduðeiÞ; suðeiÞÞ
" #

�
X
l

vlA

X
i

hð~‘‘ei duðelÞ; suðeiÞÞÞ
" #( )

þ F 00 kTuk2

4

 !X
A

X
l

vlA

X
i

hðð‘ei duÞðelÞ; suðeiÞÞ
" #" #2

¼ F 00 kTuk2

4

 !
kTuk4 þ

X
l

X
i

hðð‘el duÞðeiÞ; suðeiÞÞ
" #22

4
3
5;

where we use the symmetry of ‘ du in the last equality.
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F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; ~‘‘ej duðVAÞÞTuðei; ejÞð45Þ

¼ F 0 kTuk2

4

 !X
A

½hð�vmþ1
A duðeiÞ þ vkA

~‘‘ei duðekÞ;

�vmþ1
A duðejÞ þ vlA

~‘‘ej duðelÞÞTuðei; ejÞ�

¼ F 0 kTuk2

4

 !"
kTuk2 � 2

X
A

vmþ1
A vkAhðduðeiÞ; ~‘‘ej duðekÞÞTuðei; ejÞ

þ
X
A

vkAv
l
Ahð~‘‘ei duðekÞ; ~‘‘ej duðelÞÞTuðei; ejÞ

#

¼ F 0 kTuk2

4

 !
kTuk2 þ

X
i; j;k

hðð‘ek duÞðeiÞ; ð‘ek duÞðejÞÞTuðei; ejÞ
" #

and

F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; duðejÞÞhð~‘‘ei duðVAÞ; duðejÞÞð46Þ

¼ F 0 kTuk2

4

 !X
A

½hð�vmþ1
A duðeiÞ þ vkA

~‘‘ei duðekÞ; duðejÞÞ

� hð�vmþ1
A duðeiÞ þ vkA

~‘‘ei duðekÞ; duðejÞÞ�

¼ F 0 kTuk2

4

 !
½ku�hk2 þ vkAv

l
Ahð~‘‘ei duðekÞ; duðejÞÞhð~‘‘ei duðelÞ; duðejÞ

� 2vmþ1
A vkAhðduðeiÞ; duðejÞÞhð~‘‘ei duðekÞ; duðejÞÞ�

¼ F 0 kTuk2

4

 !
ku�hk2 þ

X
i; j;k

hðð‘ek duÞðeiÞ; duðejÞÞhðð‘ek duÞðeiÞ; duðejÞ
" #

and

F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; duðejÞÞhðduðeiÞ; ~‘‘ej duðVAÞÞð47Þ

¼ F 0 kTuk2

4

 !
ku�hk2 þ

X
i; j;k

hðð‘ek duÞðeiÞ; duðejÞÞhðduðeiÞ; ð‘ek duÞðejÞ
" #

and
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F 0 kTuk2

4

 !X
i; j;A

hð~‘‘ei duðVAÞ; duðeiÞÞhðduðejÞ; ~‘‘ej duðVAÞÞð48Þ

¼ F 0 kTuk2

4

 !
kduk4 þ

X
i; j;k

hðð‘ek duÞðeiÞ; duðeiÞÞhðduðejÞ; ð‘ek duÞðejÞ
" #

and

F 0 kTuk2

4

 !X
i

hðduðRicSmðeiÞÞ; suðeiÞÞð49Þ

¼ ðm� 1ÞF 0 kTuk2

4

 !
hðduðeiÞ; suðeiÞÞÞ

¼ ðm� 1ÞF 0 kTuk2

4

 !
kTuk2

and

F 0 kTuk2

4

 !X
i

hðð‘2 duÞðeiÞ; suðeiÞÞð50Þ

¼ F 0 kTuk2

4

 !X
i;k

hð~‘‘ek
~‘‘ek duðeiÞ; suðeiÞÞ

¼ ek F 0 kTuk2

4

 !X
i

hðð‘ek duÞðeiÞ; suðeiÞÞ
( )

� F 00 kTuk2

4

 !X
k

X
i

hðð‘ek duÞðeiÞ; suðeiÞÞ
" #2

� F 0 kTuk2

4

 !X
i; j;k

hðð‘ek duÞðeiÞ; ð‘ek duÞðejÞÞTuðei; ejÞ

� F 0 kTuk2

4

 !X
i; j;k

hðð‘ek duÞðeiÞ; duðejÞÞhðð‘ek duÞðeiÞ; duðejÞ

� F 0 kTuk2

4

 !X
i; j;k

hðð‘ek duÞðeiÞ; duðejÞÞhðduðeiÞ; ð‘ek duÞðejÞÞ

þ 2

m
F 0 kTuk2

4

 !X
i; j;k

hðð‘ek duÞðeiÞ; duðeiÞÞhðduðejÞ; ð‘ek duÞðejÞÞ:
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By (43)–(50), we get

X
A

IðduðVAÞ; duðVAÞÞð51Þ

¼
ð
Sm

kTuk2 F 00 kTuk2

4

 !
kTuk2 þ ð4�mÞF 0 kTuk2

4

 !( )
dvg:

By (51) and the assumption, we have

X
A

IðduðVAÞ; duðVAÞÞ < 0ð52Þ

and u is unstable. r

Corollary 7.2. Assume that (i) F 00 a 0 and mb 5, or (ii) F 00 < 0 and
m ¼ 4. Then any stable F-stationary map from Sm is a weakly conformal
map.
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