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AN EXTRINSIC RIGIDITY THEOREM FOR SUBMANIFOLDS

WITH PARALLEL MEAN CURVATURE IN A SPHERE

Hong-Wei Xu, Fei Huang and Fei Xiang

Abstract

Let M be an n-dimensional closed submanifold with parallel mean curvature in

Snþp, ~hh the trace free part of the second fundamental form, and ~ssðuÞ ¼ k~hhðu; uÞk2 for

any unit vector u A TM. We prove that there exists a positive constant Cðn; p;HÞ
�
b 1

3

�
such that if ~ssðuÞaCðn; p;HÞ, then either ~ssðuÞ1 0 and M is a totally umbilical sphere,

or ~ssðuÞ1Cðn; p;HÞ. A geometrical classification of closed submanifolds with parallel

mean curvature satisfying ~ssðuÞ1Cðn; p;HÞ is also given. Our main result is an exten-

sion of the Gauchman theorem [4].

1. Introduction

Let M be an n-dimensional closed Riemannian manifold isometrically
immersed in a unit sphere Snþp. Simons [10], Lawson [5], Chern, do Carmo
and Kobayashi [3] proved a rigidity theorem for closed minimal manifolds in a
sphere with bounded second fundamental form. Later, A. M. Li and J. M. Li
[6] improved Simons’ pinching constant to maxfn=ð2� 1=pÞ; 2n=3g.

It was extended to submanifolds with parallel mean curvature in a sphere,
first by Okumura [7] and Yau [16, 17], then by Xu [11], and finally by Cheng and
Nakagawa [2] in codimension 1, and by Xu [12, 13] in codimension p inde-
pendently. Later, Shiohama and Xu [9, 14] generalized the rigidity theorem to
the case where the ambient space is a pinched Riemannian manifold.

Set sðuÞ ¼ khðu; uÞk2 for any u A UM, where h is the second fundamental
form of the immersion, UM is the unit tangent bundle over M. Gauchman [4]
proved that if M is an n-dimensional closed minimal submanifold in Snþp, and if
sðuÞa 1

3 for any unit vector u A TM, then either sðuÞ1 0 or sðuÞ1 1
3 . More-

over he gave a geometrical classification of closed minimal submanifolds satisfy-
ing sðuÞ ¼ 1

3 .
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We give the following

Definition 1.1. Choose a local orthonormal frame field fe1; . . . ; enþpg on
Snþp such that e1; . . . ; en are tangent to M and let fo1; . . . ;ong be the dual frame
field of fe1; . . . ; eng. Denote by h ¼

P
a; i; j h

a
ijoi noj n ea the second fundamen-

tal form of M. We define the trace free second fundamental form of M by

~hh :¼
X

1ai; jan
nþ1aaanþp

~hha
ijoi noj n ea;

where ~hha
ij ¼ ha

ij �
1

n

P
i h

a
ii

� �
dij.

From the above definition it is easy to see that trð~hha
ijÞ ¼

P
i
~hha
ii ¼ 0 for any

a and that ~hh is a symmetric bilinear mapping TxM � TxM ! T?
x M for x A M,

where TxM is the tangent space of M at x and T?
x M is the normal space to M

at x. Define the squared norm of ~hhðu; uÞ by

~ssðuÞ :¼ k~hhðu; uÞk2:

If ~ssðuÞ1 0 for any u A UM, then S1 nH 2, and Mn is a totally umbilical sphere
in Snþp.

The following examples will help us to state our result precisely.

Example 1.2. Let SmðrÞ be an m-dimensional sphere of radius r in Rmþ1.
We imbed SmðaÞ � SmðbÞ in S2mþ1 as follows. Let u A SmðaÞ and v A SmðbÞ be
the vectors of length a and b in Rmþ1. If a2 þ b2 ¼ 1, then we can consider
ðu; vÞ as a unit vector inR2mþ2 ¼ Rmþ1 � Rmþ1. It is easy to see that SmðaÞ � SmðbÞ

is a submanifold of S2mþ1ð1Þ with parallel mean curvature H ¼ b2 � a2

2ab

����
����. In

particular,

Sm 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þH 2 þH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ

q
0
B@

1
CA� Sm 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þH 2 �H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ

q
0
B@

1
CA

is an isoparametric hypersurface of S2mþ1 with parallel mean curvature H and
maxu AUM ~ssðuÞ ¼ 1þH 2.

Example 1.3 (see [4, 8]). Denote by RP2, CP2, QP2 and Cay P2 the pro-
jective plane over the real numbers, complex numbers, quaternions and octonions,
c1 : RP

2 ! S4ð1Þ, c2 : CP
2 ! S7ð1Þ, c3 : QP2 ! S13ð1Þ and c4 : Cay P2 ! S25ð1Þ

the corresponding isometric embeddings, and by tn;m : Snð1Þ ! Snþmð1Þ the
inclusion. Let c 0

1 : S
2ð

ffiffiffi
3

p
Þ ! S4ð1Þ be the isometric immersion defined by

c 0
1 ¼ c1 � p, where p : S2ð

ffiffiffi
3

p
Þ ! RP2 is the canonical projection. We set
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f1;p ¼ t4;p�1 � c1 : RP
2 ! S2þp; pb 2;

f2;p ¼ t7;p�3 � c2 : CP
2 ! S4þp; pb 3;

f3;p ¼ t13;p�5 � c3 : QP2 ! S8þp; pb 5;

f4;p ¼ t25;p�9 � c4 : Cay P2 ! S16þp; pb 9;

f 0
1;p ¼ t4;p�2 � c 0

1 : S
2ð

ffiffiffi
3

p
Þ ! S2þp; pb 2:

Then fi;p is an isometric minimal embedding and f 0
1;p is an isometric minimal

immersion.

In this paper, we prove a new extrinsic rigidity theorem for submanifold with
parallel mean curvature in a sphere. More precisely, we obtain the following

Theorem 1.4 (Main Theorem). Let Mn be an n-dimensional compact sub-
manifold in a unit sphere Snþpð1Þ with parallel mean curvature vector field of norm
H. If

~ssðuÞaCðn; p;HÞ; for all u A UM;

then M is one of the following:
(1) the totally umbilical sphere Sn

H ¼ Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
� �

;
(2) Cli¤ord isoparametric hypersurface

Sn=2 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þH 2 þH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ

q
0
B@

1
CA� Sn=2 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þH 2 �H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ

q
0
B@

1
CA;

(3) one of the embeddings fi;p, i ¼ 1; 2; 3; 4 or the immersion f 0
1;p.

Here

(1.1)

Cðn; p;HÞ ¼

1þH 2; p ¼ 1; n is even;

n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ2
H 2

� H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
; p ¼ 1; n is odd;

1þ 3nþ 1

4n
H 2; p ¼ 2 and H0 0;

1

3
þ 7nþ 1

24n
H 2; pb 3 or p ¼ 2 and H ¼ 0:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

Noting that
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C1ðn; pÞ ¼ inf
Hb0

Cðn; p;HÞð1:2Þ

¼

1; p ¼ 1 and n is even; or p ¼ 2 and H0 0;

4n2

ð2n� 1Þ2
; p ¼ 1 and n is odd;

1

3
; pb 3; or p ¼ 2 and H ¼ 0;

8>>>>>><
>>>>>>:

we have the following corollary.

Corollary 1.5. Let Mn be an n-dimensional compact submanifold with
parallel mean curvature in a unit sphere Snþpð1Þ. If

~ssðuÞaC1ðn; pÞ; for all u A UM;

then M is either a totally umbilical sphere, a Cli¤ord isoparametric hypersurface,
or one of the embeddings fi;p; i ¼ 1; 2; 3; 4, or the immersion f 0

1;p.

When H ¼ 0, our main theorem reduces to Gauchman’s rigidity theorem for
minimal submanifolds [4].

2. Preliminaries

We shall make the following conventions on the range of indices:

1aA;B;C; . . . a nþ p; 1a i; j; k; . . . a n; nþ 1a a; b; g; . . . a nþ p:

Choose a local orthonormal frame field feAg on Snþp such that e 0i s are tangent to
M. Let foAg be the dual frame field of feAg and foABg the connection 1-forms
of Snþp. Restricting these forms to M, we have

oai ¼
X
j

ha
ijoj; ha

ij ¼ ha
ji ; h ¼

X
a; i; j

ha
ijoi noj n ea; x ¼ 1

n

X
a; i

ha
ii ea;

Rijkl ¼ dikdjl � dildjk þ
X
a

ðha
ikh

a
jl � ha

ilh
a
jkÞ;

Rabkl ¼
X
i

ðha
ikh

b
il � ha

ilh
b
ikÞ:

where h, x, Rijkl , Rabkl are the second fundamental form, the mean curvature
vector, the curvature tensor and the normal curvature tensor of M respectively.
We set

S ¼ khk2; H ¼ kxk; Ha ¼ ðha
ijÞn�n; ca ¼

1

n
tr Ha:
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Denoting the first and second covariant derivatives of ha
ij by ha

ijk and ha
ijkl

respectively, we haveX
k

ha
ijkok ¼ dha

ij þ
X
k

ha
kjoik þ

X
k

ha
ikojk þ

X
b

h
b
ijoab;ð2:1Þ

X
k

ha
ijklol ¼ dha

ijk þ
X
l

ha
ljkoil þ

X
l

ha
ilkojl þ

X
l

ha
ijlokl þ

X
b

h
b
ijkoab:ð2:2Þ

The Laplacian of h is defined bysha
ij ¼

P
k h

a
ijkk. Let M be an n-dimensional

submanifold with parallel mean curvature in Snþp. Following [15, 16], we haveX
i

ha
iik ¼ 0;

X
i

ha
iikl ¼ 0; for all k; l; a;ð2:3Þ

Dha
ij ¼

X
k;m

ha
kmRmijk þ

X
k;m

ha
miRmkjk þ

X
k;b

h
b
kiRbajk;ð2:4Þ

X
a

Rabklðtr HaÞ ¼ 0:ð2:5Þ

Proposition 2.1. For any real numbers s, t, x, y, we have

sx2 þ txya
1

2
ðsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
Þðx2 þ y2Þ;ð2:6Þ

and the equality holds if and only if

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
� sÞ1=2x ¼ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
þ sÞ1=2y; for tb 0;

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
� sÞ1=2x ¼ �ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
þ sÞ1=2y; for t < 0:

(
ð2:7Þ

Proof. Notice that

ðsþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
Þðx2 þ y2Þ � 2ðsx2 þ txyÞð2:8Þ

¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
� sÞx2 � 2txyþ ðsþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
Þy2:

When tb 0, the RHS of (2.8) can be written as

ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
� sÞ1=2x� ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
þ sÞ1=2yÞ2 b 0:ð2:9Þ

When t < 0, the RHS of (2.8) can be written as

ðð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
� sÞ1=2xþ ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
þ sÞ1=2yÞ2 b 0:ð2:10Þ

Thus we get the desired inequality, and the equality in (2.6) holds if and only if
(2.9) or (2.10) becomes equality. r
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Proposition 2.2. Let f ðxÞ be a function defined by

f ðxÞ ¼ x�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cxþ c2 þH 2

p
; x A ½�H;H�:

Then we have

f ðxÞb
�H 2

2c
� c; for cb

H

2
;

c� 2H; for c <
H

2
:

8>><
>>:ð2:11Þ

Proof. Suppose that x0 is a minimum point of f . Then
qf

qx

����
x0

¼ 0. This

implies x0 ¼ �H 2

2c
. Noting that x A ½�H;H�, we get the desired inequality.

r

3. Maximal directions

Let x A M. A vector u A UMx is called a maximal direction of ~ss at x if
~ssðuÞ ¼ maxv AUMx

~ssðvÞ:
Choose an adapted orthonormal frame fe1; . . . ; enþpg at x such that when

restricted to M, the vectors e1; . . . ; en are tangent to M. Assume that e1 is a

maximal direction at x, ~ssðe1Þ00, and enþ1 ¼
~hhðe1; e1Þ

k~hhðe1; e1Þk
, enþ2 ¼

x� hx; enþ1ienþ1

kx� hx; enþ1ienþ1k
(if x is not parallel to enþ1). By our choices of enþ1 and enþ2, we have

~hha
11 ¼ 0; if a0 nþ 1; and ca ¼ 0 if a0 nþ 1; nþ 2:ð3:1Þ

Since e1 is a maximal direction, at the point x for any t A R we have

k~hhðe1 þ tei; e1 þ teiÞk2 a ð1þ t2Þ2ð~hhnþ1
11 Þ2:ð3:2Þ

Expanding in terms of t, we obtain

4t~hhnþ1
11

~hhnþ1
1i þOðt2Þa 0:

It follows that

~hhnþ1
1i ¼ 0; i ¼ 2; . . . ; n:ð3:3Þ

We now choose an adapted frame at x A M such that in addition to (3.1) and
(3.3),

~hhnþ1
ij ¼ hnþ1

ij ¼ 0; i0 j:ð3:4Þ

Once more expanding (3.2) in terms of t, we can get

�2t2 ~hhnþ1
11 ð~hhnþ1

11 � ~hhnþ1
ii Þ � 2

X
a0nþ1

ð~hha
1iÞ

2

" #
þOðt3Þa 0:
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It follows that

2
X

a0nþ1

ð~hha
1iÞ

2
a ~hhnþ1

11 ð~hhnþ1
11 � ~hhnþ1

ii Þ; i ¼ 2; . . . ; n:ð3:5Þ

Define a tensor field ~TT ¼ ð ~TTijklÞ on M by

~TTijkl ¼
X
a

~hha
ij
~hha
kl :

It is obvious that ~ssðuÞ ¼ ~TTðu; u; u; uÞ.

Lemma 3.1. Let u be a maximal direction at x A M. Assume that ~ssðuÞ0 0.
Let e1; . . . ; enþp be an adapted frame at x such that

e1 ¼ u; enþ1 ¼
~hhðe1; e1Þ

k~hhðe1; e1Þk
; enþ2 ¼

x� hx; enþ1ienþ1

kx� hx; enþ1ienþ1k
;

hnþ1
ij ¼ 0 for i0 j, and x is not parallel to enþ1. At the point x,

(1) If p ¼ 1, then

1

2
ðs~TTÞ1111 b ~hhnþ1

11 n~hhnþ1
11 ð1þH 2 þ cnþ1

~hhnþ1
11 Þ � ð~hhnþ1

11 þ cnþ1Þ
X
k

ð~hhnþ1
kk Þ2

" #
;ð3:6Þ

(2) If p ¼ 2 and H0 0, then

1

2
ðs~TTÞ1111 b ~hhnþ1

11

"
n~hhnþ1

11 ð1þH 2 þ cnþ1
~hhnþ1
11 Þð3:7Þ

� ð~hhnþ1
11 þ cnþ1Þ

X
k

ð~hhnþ1
kk Þ2 � cnþ2

X
k

~hhnþ1
kk

~hhnþ2
kk

#
;

(3) If pb 3, or p ¼ 2 and H ¼ 0, then

1

2
ðs~TTÞ1111 b ~hhnþ1

11

"
n~hhnþ1

11 ð1þH 2 þ cnþ1
~hhnþ1
11 � ð~hhnþ1

11 Þ2Þð3:8Þ

� ð2~hhnþ1
11 þ cnþ1Þ

X
k

ð~hhnþ1
kk Þ2 � cnþ2

X
k

~hhnþ1
kk

~hhnþ2
kk

#
;

and equality holds if and only if

ð~hhnþ1
11 � ~hhnþ1

kk Þ ~hhnþ1
11 ð~hhnþ1

11 � ~hhnþ1
kk Þ � 2

X
a

ð~hha
1kÞ

2

" #
¼ 0;ð3:9Þ

and ~hha
11k ¼ 0, for any k, a.
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Proof. We have

1

2
ðs~TTÞ1111 ¼ ~hhnþ1

11 s~hhnþ1
11 þ

X
i;a

ð~hha
11iÞ

2:ð3:10Þ

From (2.3), it is easy to see that scnþ1 ¼
1

n

P
k; i h

nþ1
kkii ¼ 0. From (2.4), (3.1) and

(3.4), noting that
P

k
~hha
kk ¼ 0 for any a, we have

s~hhnþ1
11 ¼shnþ1

11

¼
X
k;m

hnþ1
km Rm11k þ

X
k;m

hnþ1
m1 Rmk1k þ

X
k;a

ha
1kRanþ1;1k

¼
X
k

ðhnþ1
11 � hnþ1

kk ÞR1k1k þ
X
k;a

ha
1k

X
l

ðha
l1h

nþ1
lk � ha

lkh
nþ1
l1 Þ

¼
X
k

ðhnþ1
11 � hnþ1

kk Þ 1� ðd1kÞ2 þ
X
a

ha
11h

a
kk � 2

X
a

ðha
1kÞ

2

" #

¼
X
k

ð~hhnþ1
11 � ~hhnþ1

kk Þ 1þ hnþ1
11 hnþ1

kk þ cnþ2h
nþ2
kk � 2

X
a0nþ1

ðha
1kÞ

2

" #

¼ n~hhnþ1
11 ð1þH 2 þ cnþ1

~hhnþ1
11 Þ � ð~hhnþ1

11 þ cnþ1Þ
X
k

ð~hhnþ1
kk Þ2

� cnþ2

X
k

~hhnþ1
kk

~hhnþ2
kk � 2

X
k

ð~hhnþ1
11 � ~hhnþ1

kk Þ
X

a0nþ1

ð~hha
1kÞ

2:

(1) If p ¼ 1, then cnþ2 ¼ 0, and the last two terms above vanish.
(2) If p ¼ 2 and H0 0, it follows from (2.5) and (3.1) that Rðnþ1Þðnþ2Þkl ¼ 0.

Hence the last term above vanishes again.
(3) If pb 3, or p ¼ 2 and H ¼ 0, by (3.5), we get

s~hhnþ1
11 b n~hhnþ1

11 ð1þH 2 þ cnþ1
~hhnþ1
11 � ð~hhnþ1

11 Þ2Þ

� ð2~hhnþ1
11 þ cnþ1Þ

X
k

ð~hhnþ1
kk Þ2 � cnþ2

X
k

~hhnþ1
kk

~hhnþ2
kk :

Substituting this into (3.10), we get the desired results. r

Lemma 3.2. Let fe1; . . . ; enþpg be an adapted frame at x A M as in Lemma
3.1. Assume ~ssðuÞ0 0.

(1) If p ¼ 1, nð¼ 2mÞ is even, ~ssðuÞa 1þH 2 for any u A UMx, then
ðs~TTÞ1111 b 0. If equality ðs~TTÞ1111 ¼ 0 holds, after suitable rearrangement of
e2; . . . ; e2m we have

~hhnþ1
11 ¼ � � � ¼ ~hhnþ1

mm ¼ �~hhnþ1
mþ1;mþ1 ¼ � � � ¼ �~hhnþ1

2m;2m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
:ð3:11Þ

92 hong-wei xu, fei huang and fei xiang



(2) If p ¼ 1, nð¼ 2mþ 1Þ is odd and

~ssðuÞa n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2 � H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
;

for any u A UMx, then ðs~TTÞ1111 b 0. If equality ðs~TTÞ1111 ¼ 0 holds, after suitable
rearrangement of e2; . . . ; e2m; e2mþ1 we have

~hhnþ1
11 ¼ � � � ¼ ~hhnþ1

mm ¼ �~hhnþ1
mþ1;mþ1 ¼ � � � ¼ �~hhnþ1

2m;2mð3:12Þ

¼
�H þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
2ðn� 1Þ ;

~hhnþ1
nn ¼ 0; cnþ1 ¼ �H:

(3) If p ¼ 2 and H0 0, ~ssðuÞa 1þ 3nþ 1

4n
H 2 for any u A UMx, then

ðs~TTÞ1111 > 0.
(4) If pb 3, or p ¼ 2 and H ¼ 0, and if ~ssðuÞa 1

3
þ 7nþ 1

24n
H 2 for any

u A UMx, then ðs~TTÞ1111 b 0. If equality ðs~TTÞ1111 ¼ 0 holds, then nð¼ 2mÞ must
be even and H ¼ 0, after suitable rearrangement of e2; . . . ; e2m, we have

hnþ1
11 ¼ � � � ¼ hnþ1

mm ¼ �hnþ1
mþ1;mþ1 ¼ � � � ¼ �hnþ1

2m;2m ¼
ffiffiffi
3

p

3
:ð3:13Þ

Proof. First we prove assertions (1) and (2). Since e1 is a maximal
direction of ~ss, we have

�~hhnþ1
11 a ~hhnþ1

ii a ~hhnþ1
11 ; i ¼ 2; . . . ; n:ð3:14Þ

By Definition 1.1 we have

Xn
i¼2

~hhnþ1
ii ¼ �~hhnþ1

11 :ð3:15Þ

It is easy to see that the convex function f ð~hhnþ1
22 ; . . . ; ~hhnþ1

nn Þ ¼
Pn

i¼2ð~hhnþ1
ii Þ2 sub-

ject to the linear constraints (3.14) and (3.15) attains its maximal value fmax ¼
ðn� 1Þð~hhnþ1

11 Þ2 when (after suitable rearrangement of e1; . . . ; e2m)

~hhnþ1
11 ¼ � � � ¼ ~hhnþ1

mm ¼ �~hhnþ1
mþ1;mþ1 ¼ � � � ¼ �~hhnþ1

2m;2m; if n ¼ 2m;ð3:16Þ

and fmax ¼ ðn� 2Þð~hhnþ1
11 Þ2 when

~hhnþ1
11 ¼ � � � ¼ ~hhnþ1

mm ¼ �~hhnþ1
mþ1;mþ1ð3:17Þ

¼ � � � ¼ �~hhnþ1
2m;2m;

~hhnþ1
nn ¼ 0; if n ¼ 2mþ 1:
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Thus, by Lemma 3.1(1) we get

1

2
ðs~TTÞ1111 b

nð~hhnþ1
11 Þ2½1þH 2 � ~ssðe1Þ�; if p ¼ 1; n ¼ 2m;

ð~hhnþ1
11 Þ2½nð1þH 2Þ þ cnþ1

~hhnþ1
11

�ðn� 1Þð~hhnþ1
11 Þ2�; if p ¼ 1; n ¼ 2mþ 1:

8><
>:

ð3:18Þ

ð3:19Þ

Assertion (1) follows from (3.16) and (3.18) immediately.
If p ¼ 1, n ¼ 2mþ 1, we have cnþ1 ¼GH, and if

~hhnþ1
11 a

�H þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
2ðn� 1Þ ;

then

nð1þH 2Þ þ cnþ1
~hhnþ1
11 � ðn� 1Þð~hhnþ1

11 Þ2 b 0:

So assertion (2) follows from (3.17) and (3.19).
Secondly we prove assertion (3). We take the following steps: first prove

ðs~TTÞ1111 b 0, then show that the equality can not attain. Since e1 is a maximal
direction of ~ss, we have

ð~hhnþ1
ii Þ2 þ ð~hhnþ2

ii Þ2 a ð~hhnþ1
11 Þ2; i ¼ 2; . . . ; n:ð3:20Þ

Therefore, by Proposition 2.1, we have

ð~hhnþ1
11 þ cnþ1Þð~hhnþ1

kk Þ2 þ cnþ2
~hhnþ1
kk

~hhnþ2
kkð3:21Þ

a
1

2
ð~hhnþ1

11 Þ2½~hhnþ1
11 þ cnþ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~hhnþ1

11 Þ2 þ 2cnþ1
~hhnþ1
11 þH 2

q
�; k ¼ 2; . . . ; n:

Substituting this into (3.7), we obtain

1

2
ðs~TTÞ1111 b ð~hhnþ1

11 Þ2
�
nð1þH 2Þ � nþ 1

2
ð~hhnþ1

11 Þ2ð3:22Þ

þ n� 1

2
~hhnþ1
11 ðcnþ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~hhnþ1

11 Þ2 þ 2cnþ1
~hhnþ1
11 þH 2

q
Þ
�
:

By Proposition 2.2, the function

f ðcnþ1Þ ¼ cnþ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~hhnþ1

11 Þ2 þ 2cnþ1
~hhnþ1
11 þH 2

q
; cnþ1 A ½�H;H�;

satisfies

f ðcnþ1Þb
� H 2

2~hhnþ1
11

� ~hhnþ1
11 ; if ~hhnþ1

11 b
H

2
;

~hhnþ1
11 � 2H; if ~hhnþ1

11 <
H

2
:

8>><
>>:
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Substituting the above into (3.22), we have

1

2
ðs~TTÞ1111 b

ð~hhnþ1
11 Þ2 nþ 3nþ 1

4n
H 2 � n~ssðe1Þ

� �
; ~hhnþ1

11 b
H

2
;

ð~hhnþ1
11 Þ2½nð1þH 2Þ � ðn� 1ÞH~hhnþ1

11 � ð~hhnþ1
11 Þ2�; ~hhnþ1

11 <
H

2
:

8>><
>>:

ð3:23Þ

ð3:24Þ

Assume ~hhnþ1
11 a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3nþ 1

4n
H 2

r
as in assertion (3). If

H

2
a ~hhnþ1

11 affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3nþ 1

4n
H 2

r
, from (3.23) we obtain ðs~TTÞ1111 b 0. If ~hhnþ1

11 <
H

2
, then

nð1þH 2Þ � ðn� 1ÞH~hhnþ1
11 � ð~hhnþ1

11 Þ2 > nð1þH 2Þ � n� 1

2
H 2 �H 2

4

¼ nþ 2nþ 1

4
H 2 > 0:

Thus from (3.24), ðs~TTÞ1111 > 0. In summary, it follows that ðs~TTÞ1111 b 0:
If ðs~TTÞ1111 ¼ 0, then (3.20)–(3.24) all become equalities. By Proposition

2.1, (3.21) becomes equality if and only if (after suitable rearrangement of ei)

~hhnþ1
22 ¼ � � � ¼ ~hhnþ1

ss ¼ �~hhnþ1
sþ1; sþ1 ¼ � � � ¼ �~hhnþ1

nn ¼ C1ð~hhnþ1
11 ; cnþ1;HÞ;

~hhnþ2
22 ¼ � � � ¼ ~hhnþ2

ss ¼ �~hhnþ2
sþ1; sþ1 ¼ � � � ¼ �~hhnþ2

nn ¼ C2ð~hhnþ1
11 ; cnþ1;HÞ;

(
ð3:25Þ

where

C1ð~hhnþ1
11 ; cnþ1;HÞ ¼ ~hhnþ1

11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
½1þ ð~hhnþ1

11 þ cnþ1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~hhnþ1

11 Þ2 þ 2cnþ1
~hhnþ1
11 þH 2

q
�

r
;

C2ð~hhnþ1
11 ; cnþ1;HÞ

¼ sgnðcnþ2Þ � ~hhnþ1
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
½1� ð~hhnþ1

11 þ cnþ1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð~hhnþ1

11 Þ2 þ 2cnþ1
~hhnþ1
11 þH 2

q
�

r
;

8>>>>><
>>>>>:

and sgnðcnþ2Þ is the sign function of cnþ2. On the other hand, by Definition 1.1
and (3.1) we have

Xn
k¼2

~hhnþ1
kk ¼ �~hhnþ1

11 ;
Xn
k¼2

~hhnþ2
kk ¼ 0:ð3:26Þ

Hence, by substituting (3.25) into (3.26), we have

~hhnþ1
11 þ ð2s� n� 1ÞC1ð~hhnþ1

11 ; cnþ1;HÞ ¼ 0;

ð2s� n� 1ÞC2ð~hhnþ1
11 ; cnþ1;HÞ ¼ 0:

(
ð3:27Þ

Noting ~hhnþ1
11 0 0, we have

C2ð~hhnþ1
11 ; cnþ1;HÞ ¼ 0;
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which is equivalent to

cnþ1 ¼GH; cnþ2 ¼ 0:ð3:28Þ
Since (3.23) becomes equality, we have

~hhnþ1
11 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3nþ 1

4n
H 2

r
>

H

2

� �
:ð3:29Þ

Together with Proposition 2.2, we get

cnþ1 ¼ � H 2

2~hhnþ1
11

ða 0Þ:ð3:30Þ

From (3.28)–(3.30), we obtain H ¼ 0, which is a contradiction with the assump-
tion H0 0. So ðs~TTÞ1111 0 0. This proves assertion (3).

Finally we prove assertion (4). From Proposition 2.1 and (3.20) we have

ð2~hhnþ1
11 þ cnþ1Þð~hhnþ1

kk Þ2 þ cnþ2
~hhnþ1
kk

~hhnþ2
kkð3:31Þ

a
1

2
ð~hhnþ1

11 Þ2ð2~hhnþ1
11 þ cnþ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð~hhnþ1

11 Þ2 þ 4cnþ1
~hhnþ1
11 þH 2

q
Þ;

k ¼ 2; . . . ; n:

Substituting this into (3.8), we obtain

1

2
ðs~TTÞ1111 b ð~hhnþ1

11 Þ2½nð1þH 2Þ � ð2nþ 1Þð~hhnþ1
11 Þ2ð3:32Þ

þ n� 1

2
~hhnþ1
11 ðcnþ1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð~hhnþ1

11 Þ2 þ 4cnþ1
~hhnþ1
11 þH 2

q
Þ�:

By Proposition 2.2, the function

gðcnþ1Þ ¼ cnþ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð~hhnþ1

11 Þ2 þ 4cnþ1
~hhnþ1
11 þH 2

q
; cnþ1 A ½�H;H�;

satisfies

gðcnþ1Þb
� H 2

4~hhnþ1
11

� 2~hhnþ1
11 ; ~hhnþ1

11 b
H

4
;

2~hhnþ1
11 � 2H; ~hhnþ1

11 <
H

4
:

8>><
>>:

Substituting this into (3.32), we get

(3.33)

1

2
ðs~TTÞ1111 b

ð~hhnþ1
11 Þ2 nþ 7nþ 1

8
H 2 � 3nð~hhnþ1

11 Þ2
� �

; ~hhnþ1
11 b

H

4
;

ð~hhnþ1
11 Þ2½nð1þH 2Þ � ðn� 1ÞH~hhnþ1

11 � ðnþ 2Þð~hhnþ1
11 Þ2�; ~hhnþ1

11 <
H

4
:

8>><
>>:
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Assume ~hhnþ1
11 a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
þ 7nþ 1

24n
H 2

r
as in assertion (4). If

H

4
a ~hhnþ1

11 affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
þ 7nþ 1

24n
H 2

r
, then from (3.33) we obtain ðs~TTÞ1111 b 0. If ~hhnþ1

11 <
H

4
, we

have

nð1þH 2Þ � ðn� 1ÞH~hhnþ1
11 � ðnþ 2Þð~hhnþ1

11 Þ2 > nþ 11nþ 2

16
H 2 > 0:

It’s seen from (3.33) that ðs~TTÞ1111 > 0: In summary, we have ðs~TTÞ1111 b 0:
If ðs~TTÞ1111 ¼ 0, then (3.31)–(3.33) all become equalities. By Proposition

2.1, (3.31) becomes equality if and only if (after suitable rearrangement of ei)

~hhnþ1
22 ¼ � � � ¼ ~hhnþ1

tt ¼ �~hhnþ1
tþ1; tþ1 ¼ � � � ¼ �~hhnþ1

nn ¼ C 0
1ð~hhnþ1

11 ; cnþ1;HÞ;
~hhnþ2
22 ¼ � � � ¼ ~hhnþ2

tt ¼ �~hhnþ2
tþ1; tþ1 ¼ � � � ¼ �~hhnþ2

nn ¼ C 0
2ð~hhnþ1

11 ; cnþ1;HÞ;

(
ð3:34Þ

where

C 0
1ð~hhnþ1

11 ; cnþ1;HÞ ¼ ~hhnþ1
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
½1þ ð2~hhnþ1

11 þ cnþ1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð~hhnþ1

11 Þ2 þ 4cnþ1
~hhnþ1
11 þH 2

q
�

r
;

C 0
2ð~hhnþ1

11 ; cnþ1;HÞ

¼ sgnðcnþ2Þ � ~hhnþ1
11

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
½1� ð2~hhnþ1

11 þ cnþ1Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð~hhnþ1

11 Þ2 þ 4cnþ1
~hhnþ1
11 þH 2

q
�

r
:

8>>>>><
>>>>>:
Substituting (3.34) into (3.26) we obtain

~hhnþ1
11 þ ð2t� n� 1ÞC 0

1ð~hhnþ1
11 ; cnþ1;HÞ ¼ 0;

ð2t� n� 1ÞC 0
2ð~hhnþ1

11 ; cnþ1;HÞ ¼ 0:

(
ð3:35Þ

Noting ~hhnþ1
11 0 0, we have

C 0
2ð~hhnþ1

11 ; cnþ1;HÞ ¼ 0;

which is equivalent to

cnþ1 ¼GH; cnþ2 ¼ 0:ð3:36Þ

Substituting (3.36) into the first identity of (3.35), we obtain

n ¼ 2t:ð3:37Þ
Combining (3.34), (3.36), (3.37), we get that nð¼ 2mÞ is even and

~hhnþ1
11 ¼ � � � ¼ ~hhnþ1

mm ¼ �~hhnþ1
mþ1;mþ1 ¼ � � � ¼ �~hhnþ1

2m;2m;

~hhnþ2
11 ¼ � � � ¼ ~hhnþ2

mm ¼ �~hhnþ2
mþ1;mþ1 ¼ � � � ¼ �~hhnþ2

2m;2m ¼ 0:

(
ð3:38Þ

Since (3.33) becomes equality, we get

~hhnþ1
11 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

3
þ 7nþ 1

24n
H 2

r
>

H

4

� �
:ð3:39Þ
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Together with Proposition 2.1, we have

cnþ1 ¼ � H 2

4~hhnþ1
11

ða 0Þ:ð3:40Þ

From (3.36), (3.39) and (3.40), we obtain H ¼ 0, and ~hhnþ1
11 ¼ hnþ1

11 ¼
ffiffi
1
3

q
. As-

sertion (4) is proved. r

Let ~LLðxÞ be a function defined by ~LLðxÞ ¼ maxu AUMx
~ssðuÞ on M. We have

Lemma 3.3. Let M be an n-dimensional compact submanifold with parallel
mean curvature in a unit sphere Snþpð1Þ. Assume that one of the following
conditions is satisfied.

(1) If p ¼ 1, nð¼ 2mÞ is even, ~ssðuÞa 1þH 2 for all u A UM,
(2) If p ¼ 1, nð¼ 2mþ 1Þ is odd,

~ssðuÞa n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2

� H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
; for all u A UM:

(3) If p ¼ 2, H0 0, ~ssðuÞa 1þ 3nþ 1

4n
H 2 for all u A UM,

(4) If pb 3, or p ¼ 2 and H ¼ 0, and if ~ssðuÞa 1

3
þ 7nþ 1

24n
H 2 for all

u A UM.
Then ~LLðxÞ is a constant function on M.

Proof. ~LLðxÞ is obviously a continuous function. Using the maximum
principle, it su‰ces to show that ~LLðxÞ is a subharmonic function in the gen-
eralized sense. Fix x A M and let e1 be a maximal direction of ~ssðuÞ at x. In
an open neighborhood Ux of x within the cut-locus of x, we denote by uy the
tangent vector to M obtained by parallel transport of e1 ¼ uðxÞ along the unique
geodesic connecting x and y. Define ~ggxðyÞ ¼ ~ssðuðyÞÞ on Ux, then

s~ggxðxÞ ¼s½ ~TTðuðyÞ; uðyÞ; uðyÞ; uðyÞÞ�y¼xð3:41Þ

¼
X
i

ð‘2
i
~TTÞðe1; e1; e1; e1Þ

¼ ðs~TTÞ1111ðxÞ:

If k~hhðe1; e1Þk0 0, by Lemma 3.2, we have ðs~TTÞ1111ðxÞb 0. If k~hhðe1; e1Þk ¼ 0,

then ~hh1 0 at x, i.e.,

ha
ii ¼ ca; for any a; i;

ha
ij ¼ 0; for any a; i0 j:
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Substituting quantities above into (2.4), it is easy to see that sha
ij ¼ 0 for any

a, i, j. Therefore,

ðs~TTÞ1111ðxÞ ¼ 2
X
i;a

ð~hha
11iÞ

2
b 0:

Thus, we have in any case s~ggxðxÞ ¼ ðs~TTÞ1111ðxÞb 0:
For the Laplacian of continuous functions, we have the generalized definition

s~LL ¼ C lim
r!0

1

r2

ð
Bðx; rÞ

~LL


ð
Bðx; rÞ

1� ~LLðxÞ
 !

;

where C is a positive constant and Bðx; rÞ denotes the geodesic ball of radius
r centered at x. With this definition ~LL is subharmonic on M if and only if
s~LLðxÞb 0 at each point x A M. Since ~ggxðxÞ ¼ ~LLðxÞ and ~ggx a ~LL on Ux, we have
s~LLðxÞbs~ggxðxÞb 0. Thus, ~LLðxÞ is subharmonic and hence constant on M.

4. Proof of Main Theorem

To prove Theorem 1.4 (Main Theorem), we need to prove the following
results.

Lemma 4.1. Let M be an n-dimensional compact submanifold with parallel
mean curvature in a unit sphere Snþpð1Þ. Assume that one of the following is
satisfied:

(1) If p ¼ 1, nð¼ 2mÞ is even, ~ssðuÞ < 1þH 2 for all u A UM,
(2) If p ¼ 1, nð¼ 2mþ 1Þ is odd,

~ssðuÞ < n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2

� H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
; for all u A UM;

(3) If p ¼ 2, H0 0, ~ssðuÞa 1þ 3nþ 1

4n
H 2 for all u A UM,

(4) If pb 3, or p ¼ 2 and H ¼ 0, and if ~ssðuÞ < 1

3
þ 7nþ 1

24n
H 2 for all

u A UM,
then M is the totally umbilical sphere Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þH 2
p
� �

.

Proof. Let e1 be a maximal direction of ~ss at x A M. Assume that M
is not an umbilical submanifold, i.e., ~ssðe1Þ0 0. Define ~ggxðyÞ ¼ ~ssðuðyÞÞ as in
the proof of Lemma 3.3. By Lemma 3.3, ~ggxðxÞ is a maximum of ~ggx, thus
ðs~TTÞ1111 ¼s~ggxðxÞa 0.

On the other hand, by Lemma 3.2, we have ðs~TTÞ1111 > 0, for p ¼ 2 and
H0 0; ðs~TTÞ1111 b 0, for p0 2, or p ¼ 2 and H ¼ 0. In case (3), we already
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have the contradiction. In the other cases, we obtain ðs~TTÞ1111 ¼ 0 on M. By
Lemma 3.2, we have

~ssðe1Þ ¼

1þH 2; if p ¼ 1; n is even;

n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2

� H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
; if p ¼ 1; n is odd;

1

3
; if pb 3; or p ¼ 2 and H ¼ 0:

8>>>>>>>>><
>>>>>>>>>:

ð4:1Þ

This contradicts to assumptions in (1) and (2) respectively. Moreover, if pb 3
and ðs~TTÞ1111ðxÞ ¼ 0 on M, from Lemma 3.2 we have H ¼ 0. Hence (4.1)
contradicts to the assumption in (4). Therefore, ~ssðuÞ ¼ 0 for any u A UM, and
M is totally umbilical in Snþp. r

Theorem 4.2. Let M be a compact hypersurface with constant mean cur-
vature in Snþ1. Assume that nð¼ 2mÞ is even.

(1) If ~ssðuÞ < 1þH 2 for any u A UM, then M is the totally umbilic sphere

Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
� �

;

(2) If maxu AUM ~ssðuÞ ¼ 1þH 2, then M is the Cli¤ord isoparametric hyper-
surface

Sm 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þH 2 þH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ

q
0
B@

1
CA� Sm 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þH 2 �H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ

q
0
B@

1
CA:

Proof. The assertion of (1) follows from Lemma 4.1. We prove (2). As
in Lemma 4.1, we get ðs~TTÞ1111 ¼ 0:

From (3.11) we obtain

~hhnþ1
aa ¼ �~hhnþ1

rr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
; for a ¼ 1; . . . ;m; r ¼ mþ 1; . . . ; n:ð4:2Þ

Correspondingly,

hnþ1
aa ¼ cnþ1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
; hnþ1

rr ¼ cnþ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
;ð4:3Þ

where cnþ1 ¼GH is a constant.
By Lemma 3.1, ~hhnþ1

11k ¼ 0. In this case every ei is a maximal direction, so
we have ~hhnþ1

iik ¼ 0 for any i, k. From (2.3) we have hnþ1
iik ¼ ‘kðhnþ1

ii Þ ¼
‘kð~hhnþ1

ii þ cnþ1Þ ¼ ~hhnþ1
iik ¼ 0: By polarization, we get hnþ1

ijk ¼ 0 for any i, j, k.
From (2.1) and (3.4), we obtain

0 ¼
X
k

hnþ1
ijk ok ¼

X
l

hnþ1
il olj þ

X
l

hnþ1
lj oli ¼ ðhnþ1

ii � hnþ1
jj Þoij:
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Therefore, oar ¼ 0. Then M is locally a Riemannian product V1 � V2 with
dim V1 ¼ dim V2 ¼ m. The curvatures of V1 and V2 are

(4.4)

Rabcd ¼ dacdbd � dad dbc þ hnþ1
ac hnþ1

bd � hnþ1
ad hnþ1

bc

¼ ð1þ ðcnþ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ2Þðdacdbd � dad dbcÞ; for 1a a; b; c; dam;

Rrstw ¼ ð1þ ðcnþ1 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
Þ2Þðdrtdsw � drwdstÞ; for mþ 1a r; s; t;wa n:

Thus V1 and V2 are two spaces with constant curvatures 2ð1þH 2Þ þ 2H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p

and 2ð1þH 2Þ � 2H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
respectively. The compactness of M allows us to

complete the proof. r

Theorem 4.3. Let M be a compact hypersurface with constant mean cur-
vature in Snþ1. Assume that nð¼ 2mþ 1Þ is odd. If

~ssðuÞa n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2 � H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
;

then M is the totally umbilical sphere Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
� �

.

Proof. It follows from Lemma 3.3 that ~LLðxÞ ¼ maxu AUMx
~ssðuÞ is a constant

function on M. Assume that

~LLðxÞ1 n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2 � H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
:

As in the proof of Lemma 4.1, we have ðs~TTÞ1111 1 0 on M. From (3.12) we
have

hnþ1
aa ¼ �H þ ½�H þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
�=2ðn� 1Þ;

for a ¼ 1; . . . ;m;

hnþ1
rr ¼ �H � ½�H þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
�=2ðn� 1Þ;

for r ¼ mþ 1; . . . ; 2m;

hnþ1
nn ¼ �H:

8>>>>>>><
>>>>>>>:

ð4:5Þ

Since hnþ1
nn is a constant, from (2.1) and (3.4) we have

X
k

hnþ1
nnk ok ¼ �2

X
i

hnþ1
ni oin ¼ 0:

Therefore

hnþ1
nnk ¼ 0; k ¼ 1; . . . ; n:ð4:6Þ
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Moreover, as in the proof of Theorem 4.2, we have hnþ1
ijk ¼ 0, for i; j ¼ 1; . . . ; 2m,

k ¼ 1; . . . ; n. Hence, hnþ1
ijk ¼ 0, for i; j; k ¼ 1; . . . ; n. Thus, it is easy to see from

(2.1) that

oar ¼ oan ¼ orn ¼ 0:ð4:7Þ
Then we have

0 ¼ doan

¼ �
Xm
b¼1

oab5obn �
X2m

s¼mþ1

oas5osn � oa;nþ15onþ1;n þ oa5on

¼ ðhnþ1
aa hnþ1

nn þ 1Þoa5on:

Similarly we obtain ðhnþ1
rr hnþ1

nn þ 1Þor5on ¼ 0. Then we have

1þ hnþ1
aa hnþ1

nn ¼ 0;

1þ hnþ1
rr hnþ1

nn ¼ 0:

	
ð4:8Þ

This implies hnþ1
aa ¼ hnþ1

rr . Hence, we have

�H þ ½�H þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
�=2ðn� 1Þ

¼ �H � ½�H þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q
�=2ðn� 1Þ:

Thus, ð2n� 1Þ2H 2 þ 4nðn� 1Þ ¼ H 2, i.e., 4nðn� 1Þð1þH 2Þ ¼ 0, which is a
contradiction. Therefore,

~ssðuÞ < n

n� 1
þ 2n2 � 2nþ 1

2ðn� 1Þ H 2 � H

2ðn� 1Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2n� 1Þ2H 2 þ 4nðn� 1Þ

q

for any u A UM. It follows from Lemma 4.1 that M is an totally umbilical
sphere. r

Theorem 4.4. Let M be an n-dimensional compact submanifold with parallel
mean curvature in Snþ2. If H0 0 and

~ssðuÞa 1þ 3nþ 1

4n
H 2; for any u A UM;

then M is the totally umbilical sphere Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
� �

.

Proof. It follows from Lemma 4.1. r

Theorem 4.5. Let M be an n-dimensional compact submanifold with parallel
mean curvature in Snþp, where pb 3, or p ¼ 2 and H ¼ 0. If

~ssðuÞa 1

3
þ 7nþ 1

24n
H 2; for any u A UM;
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then M is either the totally umbilical sphere Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
� �

, one of the embeddings

fi;p, i ¼ 1; 2; 3; 4, or the minimal immersion f 0
1;p.

Proof. In the case where ~ssðuÞ < 1

3
þ 7nþ 1

24n
H 2, for any u A UM, it follows

from Lemma 4.1 that M is the totally umbilical sphere Sn 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þH 2

p
� �

.

In the case ~LLðxÞ ¼ maxu AUMx
~ssðuÞ1 1

3
þ 7nþ 1

24n
H 2, as in the proof of

Lemma 4.1, we obtain ðs~TTÞ1111 ¼ 0 on M. By Lemma 3.2, we see that nð¼ 2mÞ

is even and H ¼ 0, thus maxu AUMx
~ssðuÞ ¼ maxu AUMx

sðuÞ ¼ 1

3
. By the same

argument as in [4], one see that the isometric immersion is a

ffiffiffi
3

p

3
-isotropic

minimal immersion with parallel second fundamental tensor. Using Sakamoto’s

classification [8] of all

ffiffiffi
3

p

3
-isotropic minimal immersions into a unit sphere with

parallel second fundamental form, we conclude that M is one of fi;p, i ¼ 1; 2; 3; 4,
or f 0

1;p. This proves Theorem 4.5. r

Proof of Main Theorem. It follows from Theorems 4.2, 4.3, 4.4 and
4.5. r
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