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THE AXIOM OF SPHERES IN SEMI-RIEMANNIAN GEOMETRY
WITH LIGHTLIKE SUBMANIFOLDS
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Abstract

Let (M,J) be a semi-Riemannain manifold and (M,g,S(TM),S(TM*)) be its
lightlike submanifold. We show that if M satisfies the axiom of r-planes & spheres then
it is a real space form.

1. Introduction

The notion of axiom of planes for Riemannian manifolds was originally
introduced by Elie Cartan [1] as: A Riemannian manifold M of dimension m > 3
satisfies the axiom of r-planes if for each point p in M and for every r-dimensional
linear subspace T of T,(M), there exists a r-dimensional totaly geodesic sub-
manifold N of M containing p such that T,(N) =T. He proved the following:

THEOREM (A). A Riemannian manifold of dimension m > 3 satisfies the axiom
of r-planes for some r, 2 <r <m if and only if it is a real space form.

In 1971, D. S. Leung and K. Nomizu [5] generalized this notion by introducing
the axiom of r-spheres as: A Riemannian manifold M of dimension m >3
satisfies the axiom of r-spheres if for each point p in M and for every linear
subspace T of T,(M), there exists a r-dimensional totaly umbilical submanifold N
of M with parallel mean curvature vector field such that pe N and T,(N) =T.
They proved the following result to characterize a real space form:

THEOREM (B). A Riemannian manifold of dimension m >3 is a real space
form if and only if it satisfies the axiom of r-spheres for some r, 2 <r <m.

L. Graves and K. Nomizu [4] generalized these notions of axioms of planes
and spheres for indefinite Riemannian manifolds.

The growing importance of lightlike submanifolds in Mathematical Physics,
especially in relativity, motivated the authors to study lightlike submanifolds
extensively. Here, in particular we studied the axioms of planes and spheres for
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semi-Riemannian manifolds with lightlike submaifolds. We propose these axi-
oms for semi-Riemannian manifolds as follows:

AXIOM OF r-PLANES (r-SPHERES). A semi-Riemannian manifold M of dimen-
sion m+n > 3 satisfies the axiom of r-planes (r-spheres) if for each point p e M
and for every r-dimensional linear subspace T of T,(M) there exists a r-dimensional
totally geodesic lightlike submanifold (totally umbilical lightlike submanifold with
parallel transversal curvature vector field) M such that pe M and T,(M) =T,
2<r<m+n and we shall show that

TuroreM (C). Let (M,§) be a semi-Riemannain manifold of dimension
m—+n>3 and (M,g,S(TM),S(TM*")) be a lightlike submanifold of M. If M
satisfies the axiom of r-spheres, 2 <r <m+n, then M is a real space form.

TueoreM (D). Let (M,g) be a semi-Riemannain manifold of dimension
m—+n>3 and (M,g,S(TM),S(TM™")) be a lightlike submanifold of M. If M
satisfies the axiom of r-planes, 2 <r <m—+n, then M is a real space form.

2. Lightlike submanifolds

The used notations and fundamental equations for lightlike submanifolds
are refereed from the book [2] by Duggal and Bejancu. Let (M,g) be an
(m + n)-dimensional semi-Riemannian manifold where m,n > 1 and g be a semi-
Riemannian metric on M with constant index g e {1,2,...,m+n—1}. Let M
be a submanifold of M of codimensional 7 and said to be a lightlike submanifold
if it admits a degenerate metric g induced from g whose radical distribution
Rad(TM) = TM NTM+ is of rank s, where the orthogonal complement TM* of
tangent space TM is defined by

(1) TM* =\ J{ue T:M : §(u,v) =0,Yve TxM,xe M}.

Let S(TM) be a screen distribution which is a semi-Riemannian complementary
distribution of Rad(7TM) in TM and non-degenerate with respect to g. Let
S(TM*) be a screen transversal vector bundle which is a semi-Riemannian
complementary vector bundle of Rad(TM) in TM*.

Since S(TM ™) is a vector subbundle of the orthogonal complement S(7TM)
of the S(TM) in TM, and S(TM)" and S(TM"') are non-degenerate, therefore,
we have

1

S(TM)*" = S(TM*) L S(TM*)™,

where S(TM<*)* is an orthogonal complement of the S(TM<) in S(TM)™*.
Since, for any local basis {&;} of Rad(TM), there exists a local frame {N;} in the
orthogonal complement of S(7M™") in the S(TM)" such that §(¢;, N;) = J; and
g(Ni,N;) =0, it follows that there exists a complementary vector bundle to
Rad(TM) in S(TM*)* on which § vanishes and is called a lightlike transversal
vector bundle of M which is locally spanned by {N;} and denoted by ltr(7TM).
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Consider the vector bundle which is complementary, but not orthogonal to
TM in TM]|,, that is,

(2) tr(TM) = 1tr(TM) L. S(TM*),
which is called as a transversal vector bundle of M. Then we obtain
(3) TM|y,; =TM @ tr(TM) = S(TM) LS(TM*") L (Rad(TM) @ ltr(TM)).

Hence we have a local quasi-orthogonal field {&;, N;, X,, W,} of frames of TM
along M, where {X,} and {W,} are orthonormal basis of I'(S(TM))|, and
[(S(TM™))|, respectively, where U is a coordinate neighborhood of M.

Now a submanifold (M,g,S(TM),S(TM™*)) of M is

(i) s-lightlike if s < min{m, n},

(i) Coisotropic if s =n < m,

(iii) Isotropic if s =m < n,

(iv) Totally lightlike if s =m = n.
Suppose V is the Levi-Civita connection on M. As TM and tr(TM) are com-
plementary vector subbundles of TM|,,, the Gauss and Weingarten formulas are

(4) VyY =VyY+h(X,Y), VX,YeDl(TM),

(5) VxV =-AyX + ViV, VX el (TM), Vel (r(TM)),

where {VxY, Ay X} and {h(X,Y),VyV} belongs to I'(TM), T'(tr(TM)), respec-
tively. It follows that V and V' are linear connections on M and on the vector
bundle tr(7M), respectively. According to the decomposition (2), considering the

projection morphisms L and S of tr(TM) on ltr(TM) and S(TM*'), respectively,
we have

(6) VY =VyY +h'(X,Y)+1(X,Y),
(7) VxN = —AxX + VLN + D*(X,N),
(8) VW = —AwX + D'(X, W) + Vi W,

where X, Y e (TM), N e T(ltr(TM)) and W e '(S(TM*)). By using (3)(8),
we have

9) g (X, Y), W) +g(Y,D' (X, W)) = g(AwX,Y),
(10) gh'(X,Y), &) +a(Y,h'(X,8) +g(¥,Vx&) =0,
(11) g(D*(X,N), W) =g(N,AyX)

forany X, Y e (TM), N e T(Itr(TM)), W e T(S(TM*)) and ¢ e I'(Rad(TM)).
By using linear connections we have the following covariant derivatives as

(12) (Vxh!')(Y,Z2) =V (h(Y,2)) = h'(VxY,Z) — h'(Y,VyxZ),
(13) (Vxl*)(Y,Z) =Vy(h’(Y,Z)) = h*(Vx Y, Z) — h*(Y,VxZ).

Denoting R and R as the curvature tensor of V and V, respectively, and by using
(6)—(8) and (12)—(13), we obtain
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(14)  RX,Y)Z=R(X,Y)Z+ Apx.2Y — Ay X + Aisx. )Y
— Ay, )X + (Vxh')(Y,Z) — (Vyh!) (X, Z) + (Vxh*) (Y, Z)
— (Vyh*)(X,Z) + D' (X,h*(Y,Z)) — D'(Y,h*(X, Z))
+ D(X,h'(Y,Z)) — D’(Y,h (X, Z)).

Let (M,g,S(TM)) be an m-dimensional coisotropic submanifold of an (m + n)-
dimensional semi-Riemannian manifold (M,g). Then we have, [2]

(15) RX,Y)Z=R(X,Y)Z+ Apx.2Y — Ay X
+ (Vxh)(Y,Z) — (Vyh')(X, Z).

For an m-dimensional isotropic submanifold (M,g,S(TM™)) of an (m+ n)-
dimensional semi-Riemannian manifold (M, g), we have

(16) R(X,Y)Z=R(X,Y)Z+ Apx.2)Y — Ay X
+ (Vah)(¥.Z) - (Vyh")(X, Z)
+D'(X,h*(Y,Z)) - D'(Y,h*(X,Z))
and for a totally lightlike submanifold (M,g) of (M,g), we have

(17) R(X,Y)Z=R(X,Y)Z.

DErFINITION [3]. A lightlike submsnifold (M,g,S(TM),S(TM*)) of a semi-
Riemannian manifold (M, g) is totally umbilical if there is a smooth transversal
vector field H e I'(tr(TM)) on M, called the transversal curvature vector field of
M, such that for all X, Y e ['(TM)

(18) h(X,Y)=Hg(X,Y).

Using (6)—(8) and (18), it is easy to see that M is totally umbilical if and only
if on each coordinate neighborhood u, there exist smooth vector fields
H' e D(itr(TM)) and H* e [(S(TM*')) such that

(19) (x,Y)=H'y(x,Y), D'(x,W)=0,
(20) (X, Y) =Hg(X,Y).

The transversal curvature vector field of M is parallel (in tr(7M)) if ViH =10
or equivalently

(1) VLH =0 and V{H'=0.
Also, in case of totally umbilical submanifolds, we have [3]

Then from (11) by replacing X by & we have
(23) D*(&,N) = 0.



56 RAKESH KUMAR, RACHNA RANI AND R. K. NAGAICH

DEFINITION [2]. A lightlike submanifold M of M is said to be totally
geodesic if any geodesic of M with respect to an induced connections V is a

geodesic of M with respect to the Levi-Civita connection V.

TueoreM (E) [2]). Let (M, g,S(TM),S(TM*Y)) be a lightlike submanifold of
(M,§). Then the following assertions are equivalent:
(i) M is totally geodesic.
(i) h! and h* vanish identically on M.
(iii) A2 vanishes identically on M, for any ¢eT(Rad(TM)), Aw is
I'(Rad(TM))-valued for any W e T'(S(TM)) and D'(X,SV) =0 for any
Xel(TM) and V e I'(tr(TM)).

3. Proof of theorems

To prove the theorems, the following lemmas are required.

Lemma (1). Let (M,g,S(TM),S(TM*')) be a totally umbilical submanifold
of a semi-Riemannian manifold M. Then Vé(Hl =0 if and only if Vyh' = 0.

Proof. Let X,Y,Ze'(TM). Then by (12) and (19) we have
(24) (Vxh')(Y,2) = Vi(g(Y,2)H') = g(Vx Y, Z)H' — g(Y,Vx Z)H'
=Xg(Y,Z)H' + g(v,2)VLH — g(Vx Y, Z)H' — g(Y,Vx Z)H'
= (Vx9)(Y, 2)H' + (Y, Z)ViH'
or
(25) (Vxh')(Y,2Z) = g(Y,Z)VLH'.

LemMA (2). Let (M,g,S(TM),S(TM™)) be a totally umbilical submanifold
of a semi-Riemannian manifold M. Then ViH* =0 if and only if Vxh* =0.

Proof. Let X,Y,ZeT'(TM). Then by (13) and (20) we have

(26)  (Vxh*)(Y,2)
=Vy((Y,2)H") —g(VxY,Z)H" — g(Y,VxZ)H’
= Xg(Y,Z)H* + g(Y, Z)VLH* — g(Vx Y, Z)H® — g(Y,Vx Z)H*
= (Vxg)(Y, Z)H* + g(Y,Z)V5H"

(27) (Vxh*)(Y,Z) = g(Y, Z)ViH".
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_Lemma  (3) [4]. Ler (M,§) be a semi-Riemannian manifold. If
g(R(X,Y)Z,X)=0 for every orthonormal triple X,Y,ZeT(TM), then M
has constant sectional curvature.

Proof of theorem (C). At an arbitrary point pe M let X, &, V be ortho-
normal at p. Let T be a r-dimensional subspace of 7,(M)|,, containing X and
&, transversal to V. By the axiom there exists an r-dimensional totally umbilical
lightlike submanifold M with parallel transversal curvature H such that 7,,(M) =
T. Since the transversal curvature vector field is parallel, i.e., ViH =0, by (21)
and Lemma 1 and Lemma 2, we have (Vyh') = 0 and (Vx/h*) = 0 or in particular

(28)
(Vxh')(X, X) =0, (Vxh')(&X) =0, (Vxh')(X,X) =0, (Vxh")(&X)=0.
Now form (14), for X,& e I'(TM) the transversal form of R(X,&)X is as below

(
(29)  (R(X,&)X)V = (Vxh) (& X) — (Veh') (X, X) + (Vxh*) (£, X)
)

— (Veh*)(X, X) + D'(X, 1" (£, X)) — D'(&,h* (X, X))
+ DX, 1(E, X)) = D& (X, X)).

Since M is totally umbilical therefore by using (19), (23) and (28) in (29), we
obtain (R(X,&)X)Y =0. Hence g(R(X,&)X, V) =0 then the Theorem follows
from the Lemma 3.

Proof of theorem (D). Since there exists a r-dimensional totally geodesic
lightlike submamfold on M therefore from Theorem (E) and (29) we have
(R(X,&)X)Y =0. Hence g(R(X,&)X,V) =0 then the Theorem follows from
the Lemma 3.

Remark. From (15), (16) and (17) it is clear that a semi-Riemannian
manifold with coisotropic, isotropic or totally lightlike submanifolds, is a real
space form if it satisfies the axiom of r-planes and spheres.
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