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ON SEQUENTIALLY COHEN-MACAULAY MODULES
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Abstract

In this paper we introduce the notion of good systems of parameters with respect to
certain increasing filtration of submodules of a Noetherian module in order to prove
several characterizations of sequentially Cohen-Macaulay modules in terms of good
systems of parameters. The sequential Cohen-Macaulayness of Stanley-Reisner rings of
small embedding dimension are also examined.

1. Introduction

The concept of sequentially Cohen-Macaulay modules was introduced first by
Stanley [11] for graded rings. Similarly one can give the definition of sequen-
tially Cohen-Macaulay modules on local rings (see [4], [10]): Let M be a finitely
generated module over a local ring R with d = dim M. M is called a sequentially
Cohen-Macaulay module if there exists a filtration of submodules of M

@ZD()CDI CCDt:M
such that each D;/D;_; is Cohen-Macaulay and
0< dlIIl(D]/D()) < dlm(Dg/D]) < < dim(DI/Dt_l) =d.

Then, the filtration 2 of the sequentially Cohen-Macaulay module M as above
is called the Cohen-Macaulay filtration. This filtration is determined uniquely
and coincides with the dimension filtration of M (see [4]). A filtration & of M
is said to be the dimension filtration if D;_; is the largest submodule of D; with
dim D;_; < dim D; for all i=1t—1,...,1 and Dy = H%(M) the zero™ local
cohomology module of M with respect to the maximal ideal m. It is clear that
an unmixed module M is sequentially Cohen-Macaulay if and only if M is Cohen-
Macaulay. Let =1 in the dimension filtration & above. Then M is sequen-
tially Cohen-Macaulay if and only if /z(Dy) < o0 and D;/D, is Cohen-Macaulay;
and it follows easily from the theory of multiplicity in this case that M is
sequentially Cohen-Macaulay if and only if there exists a system of parameters
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x=(x1,...,xq) of M such that /(M /xM) = (r(Dy) + e(x; D). More general,
let 2 be the dimension filtration of M with dim D; =d; and x = (x;,...,x4) a
system of parameters of M such that D; N (xg41,...,x4)M =0 for i=0,1,...,
t — 1 (that a system of parameters will be called a good system of parameters of
M), we proved in [3] that /(M/xM) =1 ,e(x1,...,x4;D;) provided M is a
sequentially Cohen-Macaulay module. Remember the well-known characteriza-
tion of Cohen-Macaulay modules in terms of the lenght and the multiplicity of
a system of parameters, it raises to the following two natural questions for
sequentially Cohen-Macaulay modules:

1. Is it true that M is a sequentially Cohen-Macaulay module if and only
it /(M/xM)=>ye(x1,...,xq;D;) for all good systems of parameters x =
(xl,...,xd) of M?

2. Is it true that M is a sequentially Cohen-Macaulay module if and only
if /(M/xM) =3 _ye(xi,...,xq;D;) for a system of parameters x = (xi,...,X,)
of M?

The purpose of this paper is to give a positive answer for the first question
(see Theorem 4.2). To the second question we prove that M is sequentially
Cohen-Macaulay if and only if there exists a good system of parameters x =
(X1,...,xq) of M such that /(M/(x},...,x2)M) = > 2%e(xy,...,xq; D;) (see
Theorem 4.3). Based on results of Goto in [5] for approximately Cohen-
Macaulay rings, we can show that this result is the best possibility. This means
that there exist a module M and a good system of parameters x = (xy,...,Xy)
of M such that /(M/xM)=>Y"/_,e(x1,...,xq4;D;) but M is not sequentially
Cohen-Macaulay (Example 4.7). Therefore the second question is not true in
general. It should be mentioned that in order to give answers for the above
questions we need some auxiliary results, for examples Lemma 2.7, Prop-
osition 2.9, Lemma 4.1 ..., which can be only proved in this paper if we state
these results in a more general situation then for the case of the dimension
filtration. Therefore we introduce in Section 2 the notions of filtrations satisfying
the dimension condition and of good systems of parameters with respect to that
a filtration, which are generalizations of the notions of the dimension filtration
and of good systems of parameters. Some basic properties of good systems of
parameters are given in this section. In Section 3 we restrict our consideration
to the case the module is sequentially Cohen-Macaulay. It is shown in this
case that a good system of parameters is a special type of strong d-sequences
introduced by Goto-Yamagishi in [6]. We then use this result to give the first
characterization of sequential Cohen-Macaulayness by means of good systems of
parameters. The main results of the paper are stated and proved in Section 4.
In the last section, we apply the main theorem to study the sequential Cohen-
Macaulayness of Stanley-Reisner rings of small embedding dimension.

2. Good systems of parameters

Throughout this paper, M is a finitely generated module over a commutative
Noetherian local ring (R, m) with dim M =d.
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DeriNITION 2.1, (i) We say that a filtration of submodules of M
QTZM0CM1C---CM,=M

9

satisfies the dimension condition if dim M; | < dim M; for i=1,... ¢t
(i) A filtration satisfying the dimension condition,

Y:DycD c---cD =M,

is called the dimension filtration of M if the following two conditions are satisfied.
a) Dy = H’(M) the zero™ local cohomology module of M with respect to
the maximal ideal m;
b) D;_; is the largest submodule of D; with dim D;_; < dim D; for all i =

tt—1,...,1.

DErFINITION 2.2. Let # : My My < --- < M; = M be a filtration satisfy-
ing the dimension condition and d; =dim M;. A system of parameters x =
(X1,...,xq) of M is called a good system of parameters with respect to the
filtration # if M;N (xg41,-..,X3)M =0 for i=0,1,...,t—1. A good system
of parameters with respect to the dimension filtration is simply called a good
system of parameters of M.

It should be noted that in [10] Schenzel defined the dimension filtration of
M as an increasing family of submodules {M;}, ;., where M; is the largest
submodule of M with dim M; <i. Reduce this family to a set of submodules
and renumber the indicators of this set, then we get a filtration of submodules
which is just the dimension filtration in the sense of our definition. Also, a good
system of parameters of M is always a distinguished system of parameters defined
by Schenzel in [10]. But, in general, the converse does not hold.

Remark 2.3. 1) Because of the Noetherian property of M, there always
exists the dimension filtration 2 of M and it is unique. Moreover, let
N peAss( M>N (p) =0 be a reduced primary decomposition of the zero module
of M. Then D; = ﬂdim(R/deH N(p), where d; = dim D;.

ii) Let N be a submodule of M and dim N < dim M. From the definition
of the dimension filtration, there exists a D; such that N € D; and dim N =
dim D;. Therefore, if # : My< M) <---< My, =M is a filtration satisfying
the dimension condition, for each M; there exists a D; such that M; = D; and
dim M; = dim D;.

iii) If a system of parameters x = (xj,...,xs) is good with respect to a
filtration 7, so is (x|',...,x)’) for any positive integers ny,...,n,.

iv) A good system of parameters of M is also a good system of parameters
with respect to any filtration satisfying the dimension condition.

LemMMa 2.4. Let 9 : Dy = Dy = --- = D, = M be the dimension filtration and
x=(x1,...,x4) a good system of parameters of M. Put d;=dim D, Then
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(X1,...,Xq,) is a good system of parameters of D; and D;=0:y x; for all
di< j<diy, i=0,1,...,t— 1

Proof.  Since D;N (xg,41,-..,Xa)M =0, (x1,...,x4,) is a system of param-
eters of D; and we have D, =0 :y x; for all j>d;, i=0,1,...,¢£. Note that
D; has the dimension filtration Dy = Dy = --- = D;. Then it is obvious that
(x1,...,xq,) 1s a good system of parameters of D;. For the second conclusion,
it suffices to prove that 0:y x; € D; for any d; < j<d. Assume that
0:yx; £ D;. Let s be the greatest integer such that 0:y x; & Dy_1. Then
tzs>iand 0:y x; € D,. We have 0:y x; =0:p x;. Since ds = diy1 = J, x;
is a parameter element of D; and dim 0 :) x; < d;. Hence 0:y x; = Dy by
the maximality of D, ;. This contradicts to the choise of s. Therefore,
0:y x; = D; for any d; < j <dij. O

The next result is about the existence of good system of parameters.
LeEMMA 2.5. There always exists a good system of parameters of M.
Proof. Let 9 :DycDyc---<D,=M be the dimension filtration of
M with d; =dim D;, By Remark 2.3, (i), D;= ﬂdim(R/deM N(p) where

ﬂpe asyy N(®) =0 is a reduced primary decqmposition of 0 of M. Put
N; = ﬂdim(R/p)SdiN(p). Then D;NN; =0 and dim(M/N;) =d;. By the Prime

Avoidance Theorem there exists a system of parameters x = (xi,...,xy) such that
Xdit1y-- - Xqa € Ann(M/N;). Therefore (xg41,...,x¢)MND; = N;ND;=0 as
required. ]

The following result is an immediate consequence of Lemma 2.5 and Remark 2.3,

(ii).

COROLLARY 2.6. Let F : My = M| = --- = M, = M be a filtration satisfying
the dimension condition. There always exists a good system of parameters with
respect to .

Let # : Myc My <--- < M, = M be a filtration of M satisfying the dimen-
sion condition with d; = dim M; and x = (xy,...,x;) a good system of param-
eters with respect to . It is clear that (xy,...,xy) is a system of parameters of
M;. Therefore the following difference is well defined

1

Lro(x) = ((M/xM) = " e(x1, ..., x4 M),
i=0

where e(xy,...,xq; M;) is the Serre multiplicity and we set e(xi,...,xq; Mo) =
{(My) if My is of finite length.
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LeEMMA 2.7. Let & be a filtration of M satisfying the dimension condition
and x = (x1,...,x4) a good system of parameters with respect to F. Then

Iz m(x) = 0.

Proof.  Denote

F Mo+ xqM M1+de M+ x4 M M
L. C c
xdf de XdM XdM XdM’

where s=tr—1 if d_1<d—-1 and s=¢t-2 if d_j=d—-1. Put x' =
(X1y...yxq-1). Since (M;+xsM)/xsM ~ M; for i<s, the filtration F/x;F
satisfies the dimension condition and it is easy to prove that x’ is a good system
of parameters of M /x,;M with respect to #/x;%. On the other hand, we have

S
Lyjmmpam (X') = ((M[xM) — e(x';0 1y xa) — e(x; M) — Ze(xl, ooy Xas M),
i=0
Ifd_y <d—-1, Iz y(x ) Iy, mpgm(X') = e(x'50 00 xq) 2 0. Ifd oy =d —1,
then M, CO M Xg since M, 1 NxqM =0. Hence Iz y(x)— 17,7, M/x(,M(x)
=e(x';0:p x4) —e(x’; M,_1) = 0. Therefore I7 (x) >IJ/Y,/ M/x.m(X') and the
lemma follows immediately by induction on d. O

Lemma 2.7 leads to some consequences which are useful in the sequel.

COROLLARY 2.8. Let x = (x1,...,x4) be a good system of parameters with
respect to the filtration #. Then 17 y(X) = Iz/x,7 m/xm(X15 - -+ Xa—1).

Set x(n) = (x{',...,x}") for any d-tuple of positive integers n = (ny,...,ng).
We consider the difference Iz y(x(n)) as a function in ny,...,n,.

PROPOSITION 2.9. Let & be a filtration satisfying the dimension condition and
x = (x1,...,Xq) a good system of parameters with respect to F. Then the function
I7 v (x(n)) is non-decreasing, i.e., Iz p(x(n)) < Iz yp(x(m)) for all ny <my, i=
1

PRI ¢

Proof. We mneed only prove that the function Iz a(x1,...,%x—1,x7,
Xr41y-.-,Xq4) 18 non-decreasing in n for each re{l,2,...,d}. Put x(n)=
(X105 ey Xomt, X X1, .., Xg). We have

Lrm(x(n+ 1)) = Lz m(x(n)) = £/(M/x(n+ 1)M) — /(M /x(n) M)

—Z e( X1, ...y Xd;3 )
e(x,,;M/(xl,... xr—lax)‘+17-~'7xd)M)

72 e(Xt,... xd? )

di>r
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Applying Lech’s formula and Lemma 2.7 we obtain
e(xps M /(X100 X1, X415+, Xa) M)

.1
=lim —/(M/(X1,. .., %—1,X, Xpi1, ..., Xq) M)
non

1

1
. . )
> hlgnz E e(X1y ey Xrml, X0 Xyt 1y -+ Xy M)

i=0
= Ze(x seees Xa; M)
di>r
Therefore, Iz y(x(n+ 1)) = Iz p(x(n)). O

3. Sequentially Cohen-Macaulay modules

In this section we shall investigate some properties of sequentially Cohen-
Macaulay modules. We first have the following definition.

DerFINiTION 3.1. A module M is called a sequentially Cohen-Macaulay
module if for the dimension filtration & : Dy = D; = --- = D, = M, each module
D;/D;_; is Cohen-Macaulay for i =1,2,...,¢.

Note that the notion of sequentially Cohen-Macaulay module was intro-
duced first by Stanley [11] for graded case (see also Herzog-Sbara [7], Cuong-
Nhan [4], Schenzel [10]). In our study of sequentially Cohen-Macaulay modules,
the notion of dd-sequences defined in [3] is used frequently. For convenience,
we recall briefly the definition and some basic results of dd-sequences presented
in [3]. We first recall the definition of d-sequence and of strong d-sequence due

to Huneke [8] and Goto-Yamaghishi [6] respectively. A sequence (xi,x2,...,X;s)
of elements of m is called a d-sequence on M if (xi,...,xi1)M :x; =
(X1, xic1)M s xix; for i=1,2,...,s and j>1i Then (xi,x2,...,x,) is a
strong d-sequence on M if (xj',x3%,...,x/") is a d-sequence for all positive
integers ny,...,n;.

DEeriNITION 3.2 [3, Definition 3.2]. A sequence (xi,...,x) of elements of m
is called a dd-sequence on M if (x,...,x;) is a strong d-sequence on the module
M/(xH, ..., x!")M for all positive integers n;,...,n, and i=1,2,...,s.

A dd-sequence has many good properties, especially when x is a system of
parameters we have the following characterization.

Lemma 3.3 [6, Corollary 3.6]. Let x = (x1,...,xq4) be a system of param-
eters of M. Then x is a dd-sequence on M if and only if there exist integers
ap,ai,...,ag such that
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d
((M/x(n)M) = Za,—nl S
i=0
for all positive integers ny,...,nqg. In this case,
a; = €(X1, ey Xi (xi+2, . ,Xd)M : x,~+1/(x,~+2, e ,xd)M).

The next proposition gives some properties of sequentially Cohen-Macaulay
modules which is used later on.

ProposITION 3.4. Let M be a sequentially Cohen-Macaulay module. Let
9:DycDyc---c D, =M be the dimension filtration with d; = dim D; and

x=(x1,...,Xq4) a good system of parameters of M. Then

i) Iy, pm(x(n)) =0 for all positive integers ny,...,ng. In particular, x is a dd-
sequence on M.

i) (x1,...,xq,) is a regular sequence on M/D;_y, for i=1,...,t.

iii) depth(M/Di1) =d;, i=1,...,1.
V) (X1, ., x)M 2 x? = (x1,...,x)M + 0y xj, for all 0 <i< j<d.
V) (XXM X = (X XM+ 0y xiq for all positive integers

ny,...,ng and i=0,1,...,d — 1.

Proof. 1) is proved in [3, Theorem 1.5].

ii) By Lemma 2.4 (xi,...,xg4,) is a system of parameters of D;, so is of
D;/D;_,. Then since D;/D;_; is Cohen-Macaulay, (xi,...,xs) is a regular
sequence on D;/D;_j, i=1,...,t. We prove the assertion by decreasing induc-
tion on i. Suppose (xi,...,xg,,) is a regular sequence on M /D;. From the

exact sequence of Koszul homology modules
= Hj(x1,...,Xq;; Di/Diy) — Hj(x1, ..., Xaq; M /Diy)
— Hj(x1,...,xq;M/D;) — - --

we imply H;(x1,...,xq;M/Di—1) =0 for all j > 0, since Hj(xi,...,xq;D;i/Di1)
=0 and Hj(xi,...,xq; M/D;) =0. Therefore, (xi,...,x4) is a regular sequence
on M/D;_,.

iii) By (ii), we have depth(M/D,_;) >d;, for i=1,...,¢t. Thus from the
long exact sequence of local cohomology modules

- — H)7 (M /D;) — H](Di/Di-y) — H}(M/D; 1) — HJ}(M/D;) — ---
we get that H]{I(Di/Di,l) ~ H]-{;(M/D,-,l) for all j < d;r;. In particular,
H&(Di/Di1) ~ Hu(M/Di )

which is always non-zero. Hence, depth(M/D; ) = d,.
iv) Assume that d; < j <d;;;. We have

(x1,...,x:)(M/Dy) : sz = (x1,...,x;)(M/Dy)
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since (x1,...,Xq,,) is a regular sequence on M /D,. This implies that
[(x1,...,x;)M + Dy] :sz = (X1,...,X)M + Dj.
By Lemma 2.4, D, =0:) x;. Then by the fact
[(x1,...,x))M + Dy] :sz o (x1,..., %)M : sz 2 (X1, X)) M 401y x;

we obtain (xi,...,x;)M : X7 = (x1,...,x;)M + 0 ;.
v) From (iv) we have

(X1, ey X)) M 2 X = (X1, X)) M+ 0 0y Xy,

for i=0,1,...,d—1. Then the statement follows from the fact that

(x7",...,x}") is also a good system of parameters of M for all positive integers
ny,...,n4. O
LemmA 3.5. Let x=(x1,...,x4) be a system of parameters and 9 : Dy

Dy c--- < D, =M the dimension filtration of M with dim D; = d;. Suppose that
x is a dd-sequence on M. Then D; =0 :p x441 for i=0,1,...¢t—1

Proof. We prove the lemma by induction on the dimension of M. The case
d =11s clear. Assume that d > 1. From the hypothesis x is a dd-sequence, we
have D,_; = 0:) x4 by [3, Lemma 6.3], and therefore D;Nx;*M = D, Nx}'M
=0fori=0,...,r—1 and all positive integers n,. Then dim(D; + x};'M)/x,' M
=d; for all n; > 1, since
(Dl’ + x;"M)/x['l"’M ~ D,'/x;}“MﬂD,- = D,’.

Assume now that either d,_; <d—1 or i<t—1. From Remark 2.3, (ii),
there exists an R-module D in the dimension filtration of M /x}’M such that
(Di+x)'M)/x}'M = D and dim D =d;. Since the system of parameters x' =
(x1,...,x4-1) is also a dd-sequence on the module M/x}'M and dim D = d,,
it follows from the induction assumption that D = (0:xy41),, "y~ Thus
Di+x)'M = XM : xq41 for all n; >0 and therefore D; =0 :y x[},H by the
Krull Intersection Theorem. On the other hand, since x is a d-sequence,
(Xd415 -+, Xa)(0 a7 Xg,41) = 0.

Thus dim(0 :ps x4,+1) < d;. This implies by the maximality of D; that D; =
0 ‘M Xdi+1- O

LemMa 3.6. Let (xi,...,x5) be a d-sequence on M. Then, for i=1,...,s,
(0iar i) OV (x1, 0y X)) M = (0207 x3) N (31, Xi1) M.
In particular, (0 :p x2) N (x1,..., %)M = x1(0 137 x2).

Proof. For the case i =s, we need to prove that

(0 :37 x5) N (X1, ey x) M < (02 x5) N (X150, X5m1) M.
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Let ae (0 :p x5) N (x1,...,xX;)M, then ax; =0 and a = xja; + - - + x,a; where
ay,...,age M. Thus age (x1,...,x1)M : x> = (x1,...,X1)M : x; and so a e
(0:pr x5) N (x1,...,x5—1)M. The case i <s is proved by decreasing induction.

Assume that  (0:p x;01) N (x1,. .., x)M = (0 :pr x501) N (x1,...,x;)M. Since
0:pr xi €07 xi1, we have (0:37 x;) N (g, .oy x0) M = (0237 x;) O (X1, ..o, x) M.

Note that (xi,...,x;) is also a d-sequence, then by our proof above for i = s, we
have (0 :pr x;) N (x1,. .., x)M = (007 x;) N (x1,. .., xi-1) M. O
COROLLARY 3.7. Let x=(x1,...,X4) be a system of parameters of M.

Suppose x is a dd-sequence on M. Then x is a good system of parameters of M.

Proof. Let 2 :Dyc D) <---< D, =M be the dimension filtration of M
with dim D; =d;. From Lemma 3.5, D;=0:y x4+ for i=0,1,...,¢—1.

Since x is a dd-sequence, it is a d-sequence on M. Thus S0 i (Xg41,...,X4)-
By Lemma 3.6 we have for all 0 <i< ¢,
DN (X411, xq)M = 0. O

COROLLARY 3.8. Let M be a sequentially Cohen-Macaulay module and x =
(x1,...,xq) a system of parameters of M. Then x is a good system of parameters
of M if and only if x is a dd-sequence on M.

Proof. The conclusion is immediate from Proposition 3.4, (i) and Corollary

3.7. O

We have the first characterization of sequentially Cohen-Macaulay modules.

THEOREM 3.9. Let 9 :Dyc Dy < ---< D;= M be the dimension filtration
of M with dim D; =d; and x = (x1,...,x4) a good system of parameters of M.
The following statements are equivalent:

1) M is a sequentially Cohen-Macaulay module.

i) (x1,...,xq) is a regular sequence on M/D;_| for i=1,...,t.
i) (", x )M X = (XYM 40ty Xy for all positive inte-
gers ny,...,ng and i =0,1,...,d — 1.

iv) (xl,...,xi)M:x/Z:(xl,...,x,-)MJrO:ij,for all 0 <i<j<d.

v) depth M/D; 1 =d; for i=1,.... 1.

Proof. 1) = 1ii) and i) = v) are proved in Proposition 3.4.

i) = iii): Assume that (xj,...,x4) is a regular sequence on M /D, i, s =
1,...,t and dy_; <i<d;., By Lemma 2.4 we have D,_; =0 :); x;1;. Then
(et XY (M0 g X)) = X = (et x) (M0 g X)),
for all positive integers ny,...,n;. Thus

[(xf‘,...,x["")MJrO M Xitl] :x;i*ll = (x;”,... ,x;li)M+0 ‘M Xitl-
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Then by the fact

(] X)YM + Dy o xH 2 (xx )Mz X
= (Xfll,...,x;qi)M—l-O ‘M Xitl
we obtain

(X XM X = (et X M40 sy X

iii) = iv): For 0 <i < j<d, by taking n; =2 and using Krull’s Intersec-
tion Theorem we have

(X1, xi)M : xj2 = N (xl,...,x,-,xl.'fl‘,...,xffll)M : sz
Niy1y5 M|
= () (e xn X ,x;’fll)M—i-O M X
Rit1yeeey 1]

= (X17...,X,‘)M+OZM Xj.

iv) = ii): It suffices to prove that [(xi,...,x;))M + Dy] : xiy1 = (x1,...,x) M
+D, for s=0,1,...;t—1, i<dy;. We have (xi,...,x)M+0:y x;41 S
(X1, X)M : x40 S (x1,...,x;)M : x2,,. Hence

(X1, ey x)M 2 X1 = (X1, .00, X)) M+ 0 iy Xigg-
By Lemma 2.4, Dy, =0 x4,, 20 :p7 x;41. Therefore,

[(xla"'7xi)M+Ds] X1 & (X1, "7xi)M P Xdg Xitl

s+1

(x1,-
[(x1,. oy X))M + 0t xi1] 2 xg
(

In

L2
Xlyeooy Xi)M 1y Xi

= (x1,...,X;)M + D;.

ii) = i) and v) = 1i): Both (ii) and (v) imply that depth M/D;_; > d;. Then the
assertion follows by the short exact sequence

0—>Dl'/Di,1—>M/Di,1—>M/D,'—>O. I:‘

It is well-known that depth(M/D;_) =min{j: Hi(M/D;_) #0}. Then the
following result is an immediate consequence of Theorem 3.9.

- COROLLARY 3.10. M is a sequentially Cohen-Macaulay module if and only if
HL(M/D; ) =0 for all i=1,...,t and j < d,.

4. Parametric characterizations

In this section, we shall give answers for the questions raised in the first
section. We first begin with an auxiliary lemma.
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LEMMA 4.1. Let & : My < M| < --- <« M, = M be a filtration satisfying the
dimension condition and x = (x,...,x4) a good system of parameters with respect
to F. Assume that Iz y(x(n)) =0 for all positive integers ny,...,ng. Then
(xl,...,x,-)M:x/2 =(x1,..., )M +0 0 x; for all 0 <i< j<d.

Proof. The lemma is proved by induction on d. The case d =1 is trivial.
Let d > 2. By Lemma 3.3, x is a dd-sequence on M, thus (xj,...,x;)M : x/2 =
(X1,...,x;)M : x; for all 0 <i< j<d. Itis sufficient to prove that ‘

(X1, X)) M s xp = (x1,...,x))M 4+ 0 27 X
for all 1 <i< j<d. Assume first that dim M; > 1. For any positive integer
n; we consider the following filtration
F Mo+x{"M M +x{"M M, +x{'"M M
g o < M - "M < M
x|\ F X X X X

where dim(M; + x{" M) /x"M = d; — 1 for all i > 0. Thus the filtration Z/x]"#
satisfies the dimension condition and it can be proved easily that (xa,...,x4)
is a good system of parameters of M /x|'M with respect to #/x'#. More-
over, by the same argument as in the proof of Lemma 2.7, we get
that I om gz gy (X375, xq") < dza(x(n)),  which implies T 5 /0y

(x52,...,x}") =0 for all positive integers ny,...,n;. By the induction assump-

tion we have for all 1 <i< j<d,
(X2, .o X)) (M /X" M) : xp = (X2, .., x;) (M /X" M) + x{"M : x;/x{" M,
thus
(" X2, X)) M s xp = (X, X2, . x) M+ XM X

Take n; =1, it remains to prove that x;M :x;=x M +0:y x;. Since
dim M| > 2, we can permute x; and x, in the sequence xj,Xx»,...,Xx; without
loss of generality. Hence we have

n n n
(X2, X1, X3, ., X)) M 2 xp = (x5, X1, X3, ..., X)) M + x3° M : x;.

Let i =1. By applying Krull Intersection Theorem we have

xiM o xp = (V(x1, XM = x; = (((x1,x52)M + x5 M = x;) = xiM + 0 1 x;.

n n

Now assume that dim M; =1. Denote N =0:y x5, then M; =N and
dimN=1. Put M =M/N. We have an exact sequence

N/x(n) > M/x(n)M — M/x(w) M — 0,
where Ker ¢ = NNx(n)M = x{"N by Lemma 3.6. Hence
((M/x(m)M) = /(N/x{"N) + /(M x(n)M).
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The module N has a filtration satisfying the dimension condition 7, : My = N
and the module M has a filtration satisfying the dimension condition
Fr:0c (My+N)/N c(M3+N)/Nc---c(M;_1+N)/N < M/N.
Since dimN =1, dim(M;+N)/N=d; and e(x,...,xq;M;+N/N)=
e(xy,...,xq; M;) for all i > 1. Hence
Iz, 57(x(n) + L7 n(x]") < Iz m(x(n)) =0
which implies 7/ 7 (x(n)) =0. Note that dim(M> + N)/N > 2, then by apply-
ing the first part of the proof to the module M and the ﬁltratlon Z, we have
(X1, xi)M i xp = (x1,...,x)M + 0 157 x;,
for all 1 <i< j<d. Thus
(et .o, )M+ NJ:xp = (x1,...,x)M + Ny x;.
Keep in mind that x is a dd-sequence, then N :jy x; =0 1y X2x; = 0 :p7 X;. By
the fact that
(et o, X)) M+ N X 2 (X1, x) M ocx 2 (X0, .00, X)) M+ 00y xj,
we obtain
(X1, X)) M o xp = (x1,...,x))M 4+ 0 :p7 X
for all 1 <i< j<d as required. O

The following result is a complete answer for the first question mentioned in the
introduction.

THEOREM 4.2. Let M be a finitely generated R-module of dimension d and
9 :Dyc Dy c---< D, =M the dimension filtration of M. The following state-
ments are equivalent:
1) M is a sequentially Cohen-Macaulay module.
i) Iy m(x) =0 for all good systems of parameters x = (x1,...,xq) of M.
iii) There exists a system of parameters x = (xi,...,xq) of M such that x is a
dd-sequence on M and Iy p(x) = 0.
iv) There exists a good system of parameters x = (xy,. ..
Iy m(x(n)) =0 for all positive integers ny, ..., ng.

,Xq) of M such that

Proof. (1= 1ii) follows from Proposition 3.4.

(ii = iii): Let x = (x},...,x4) be a good system of parameters of M. By
Remark 2.3, (iii), x(n) is also a good system of parameters for all positive integers
ni,...,nq. From the assumption, Iy p(x(n)) =0. Hence, x is a dd-sequence on

M by Lemma 3.3.

(iv = 1) follows from Theorem 3.9 and Lemma 4.1.

(i = iv):  Assume that x is a dd-sequence and Iy »(x) =0. By Lemma 3.3
we have for all positive integers ny,...,ny,
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{(M /x(n) Za,nl
where a; = e(x1, ..., x5 (Xig2y -, Xa)M ¢ Xip1/(Xi42, ..., Xq)M). Hence
Iy m(x Zb n -
where b; = a; —e(xy,...,x;;D;) if i =dim D; for some j and b; = a; otherwise.

We first claim that b; >0 for i=0,1,. .,d. It suffices to treat the case i =
dim D; for some j. Since x is a good system of parameters, D; = 0 :js x;41 by
Lemma 2.4 and

D; = (Xit1,. .., Xa)M + Dj/(xiy1, ..., xa) M.
This implies
bi=e(X1y. ., Xi; (Xig2, ooy Xa)M 2 X1/ (Xig2y « oy Xa) M)
—e(X1y .oy X5 (X2, oy Xa)M 40y xi1/ (Xig2, - oy Xa) M)
= (X1, .o, X5 (Xiv2, ooy Xa) M 2 Xy [ (Xigs oo Xa )M+ 0 tag Xi41)

which is non-negative. This proves the claim.

We have Iy y(x)= E bij=0. Hence b;=0 for all i=0,1,...,d.
Therefore I 3(x(n)) = 0 for all positive integers ny,...,ny. O

The next theorem is a finite criterion for the sequentially Cohen-Macaulay
property, which gives a partial answer of our second question for a more general
situation as follows.

THEOREM 4.3. Let x = (x1,...,Xq) be a good system of parameters of M.
Then M is a sequentially Cohen-Macaulay module if and only lf there is a filtration
F satisfying the dimension condition such that Iz y(x3,...,x3) = 0.

Proof. The sufficient condition is proved by virtue of Lemma 2.5 and
Proposition 3.4. We prove the necessary condition. By Remark 2.3, (i) and

Lemmas 2.7, 2.9, we have Iz y(x?,...,x2) = Iz »(x(n)) = Iy m(x) = 0 for all
ni,...,ng€{1,2}. Hence Iz p(x(n)) =1y pm(x)=0 for all ny,...,nge{l,2}.
By Theorem 4.2, we need only to prove that if Iz p(x?,...,x3) =0 then x is a
dd-sequence on M. First we prove that Iz j(x ( ))=0 for all ny,...,ng1 €
{1,2} and arbitrary positive integer n;. In fact applying Corollary 4.3 of [1] to
the sequence (x’,x}",...,x}"]) we have

((M]x(n)M) — e(x(n = ”dz e(xg,xi", ..., x5 (0 xznill)M/(xl.”gz,m,x;’f;l)M)

+/((O X{I}d)M/< "i—l)M),
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for all positive integers ny,...,ns. Moreover, for ny,...,n;€{1,2},

t—1

(M /x(n)M) — e(x(n); M) = Lz (x(n)) + Y mi -+ nge(x1s..,xq; M),
i=0

which is independent of n,;. Hence

d=2
- e(xq, x{", ..., x["; (0 xl'z;:rll)M/(X::;ZA,AA.,XZ{TI)M) =0
and
(0:x; )M/( cxp M = (O xd)M/(xf',...,x:;fI’l)M'
Thus for all ny,...,ng-1 €{1,2}, ng =1
/(M/x(n)M) — e(x(n); M) = £((0: xz") pren a1 )0r)
=20 xa) p sty ar)
—1
= an o 'ndl-e(X], ey Xdjs Ml)
i=0
Therefore, 17 y(x(n)) =0 for all ny,...,ns_1 € {1,2} and all n; > 1. Next, we

prove the statement by induction on the dimension of M. The case d =1 is
done by the proof above. Assume d > 1. For an arbitrary positive integer ny
we denote

F Mo +x'M M1 —|—xg”M M+ x)'M M
: R c
X1 F MM M XM XM’

where s=¢t—1if d_1<d—-1and s=¢r—2 if d_1=d—1. It follows from
Corollary 2.8 and the hypothesis that Iz s v (X7,...,x3 ) =0. Hence,
by the induction assumption, I, F1x 7 M [ M(x1 soo, Xy ) =0, for all positive
integers ny,...,n4_1. Therefore

((M/x(n)M) =ny---ng_re(xi,...,xq-1; M/x)' M)
+Zn1 coenge(Xi, ... Xay (M4 x)' M) /x) M)
=ny---nge(x; M) +ny - -ng_re(x1,...,xq-1;0 :pr X4)
Janl -nge(xi, ..., xXq; M;)

for all positive integers ny,...,n;. Hence x is a dd-sequence on M by Lemma
3.3. O
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In [5], Goto gave the notion of approximately Cohen-Macaulay rings. A
local ring (R, m) is called approximately Cohen-Macaulay if R is not a Cohen-
Macaulay ring and there exists an element @ € m such that R/a"R is a Cohen-
Macaulay ring of dimension d — 1 for every n > 0. Similarly, we can define the
notion of approximately Cohen-Macaulay modules.

DerFmiITION 4.4. A non Cohen-Macaulay module M is called an approx-
imately Cohen-Macaulay module if there exists an element ¢ € m such that
M/a"M is Cohen-Macaulay of dimension d — 1 for every n > 0.

Then, the following characterization of approximately Cohen-Macaulay
modules are easily derived by Theorem 4.3. It should be mentioned that the
equivalence of (i) and (ii) was proved in [5, Theorem 1] for local rings.

ProposITION 4.5. Let M be a non Cohen-Macaulay R-module of dimension
d. The following statements are equivalent.
1) M is an approximately Cohen-Macaulay module.
ii) There exists an element a € m such that 0 :yy a = 0 2y a* and M /a*M is a
Cohen-Macaulay module of dimension d — 1.
i) M is a sequentially Cohen-Macaulay module with the dimension filtration
2 :0=Dyc Dy = Dy=M where dim D; =d — 1.

Proof. (i=1ii) is trivial.

(ii = iii). Assume that M/a*M is Cohen-Macaulay of dimension d — 1.
Then there exists a system of parameters x = (xj,...,X4-1,X7) of M such that
x; = a and we have

((M)(xE, .. x)M) =e(x},...,x2 ; M/x3M)
=2%(x; M) + 27 e(xy, ..., xa1;0 1ap Xg).

Since M is not Cohen-Macaulay, e(xy,...,xs-1;0 :as x4) > 0, so dim(0 :p; x4) =
d — 1. Therefore the filtration & : 0 = 0 :j; x; = M satisfies the dimension con-
dition. Since 0 :p x4 =01y xﬁ, it is easy to prove that x is a good system of
parameters with respect to the filtration #. Moreover, we have Iz (X7, ... ,xf,)
=0. Then M is a sequentially Cohen-Macaulay module by Theorem 4.3 and
therefore % is the dimension filtration of M by Lemma 4.1.

(ii = 1). Assume that M is a sequentially Cohen-Macaulay module with
the dimension filtration 2 : 0 = Dy < Dy < D, = M where dim Dy =d — 1. Let
x be a good system of parameters of M. By Proposition 3.4, x is a dd-sequence
and Iy p(x(n)) =0 for all positive integers ny,...,ns. Hence /(M /x(n)M) =
e(x{', ..., x) s M /x M), since Dy =0 :p x4 =0 :p0 X", Therefore M /x)'M is
a Cohen-Macaulay module of dimension d — 1 for all n; > 0. O

Remark 4.6. A filtration satisfying the dimension condition
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F MycMyc---cM,=M

is called a Cohen-Macaulay filtration if M;/M;_; is Cohen-Macaulay modules for
all i=1,...,¢. Then it was showed in [4] that if M admits a Cohen-Macaulay
filtration %, M is a sequentially Cohen-Macaulay module and % is just the
dimension filtration of M. Here we want to clarify that there exists filtration
satisfying the equivalent conditions of Theorem 4.3 which is not the dimension
filtration of M. Let M be a sequentially Cohen-Macaulay module of positive
depth and
9:0=DycDyc---=cD,=M

the dimension filtration of M. Let x = (x},...,x4) be a good system of param-
eters of M. Then it is not difficult to check that the following filtration

F 0=MycM  =xDic---cM,1=xD,_1cM

satisfies the equivalent conditions of Theorem 4.2 but it is not the dimension
filtration of M.

It should be mentioned that an R-module M is Cohen-Macaulay if and only
if there exists a system of parameters x of M such that /(M /xM) = e(x; M).
Then the second question in the introduction says that M is sequentially Cohen-
Macaulay if there exists a good system of parameters x such that Iy p(x) =0
where & is the dimension filtration of M. Unfortunately, the answer is negative.
Therefore we can not delete the number 2 in the statement iv) of Theorem 4.3.
Below we give two counterexamples for this question, where the first example is
due to Goto [5, Remark 2.9].

Example 4.77. (1) Let R =k[[x, y,z,w]] be the ring of formal power series
over a field k and P = (xw— yz, x> — 22 w? — xp?, zw — x%y), Q= (3% z,w).
Put M = R/PNQ. Then the dimension filtration of M is 2:0=Dy < D; =
Dy =M where Dy = P/PNQ, dim D; =1. Since D; =0:y w=0:y w?, it is
easy to see that (x+ y+z+ w,w) is a good system of parameters of M. More-
over, by a simple computation we have

Ipu((x+y+z+w)" wh) = {0 if m e :
’ 1 otherwise.
So M is not a sequentially Cohen-Macaulay module though Iy p(x+ y+
z+w,w) =0.

(2) Let R = k[[x, y,z,w]] be the ring of formal power series over a field k
and P = (x,w)N(y,z), Q= (x,»%z). Put M =R/PNQ. Then the dimension
filtration of M is 2 :0= Dy = D; = Dy = M where D; = P/PNQ, dim D; = 1.
Since Dy =0y (x+ ) =013 (x+ p)?, it is easy to see that (z+ w,x+ y) is a
good system of parameters of M. Moreover, by a simple computation we have

0 ifl’lzil

Io m((z+w)", (x+»)™) = {1 ity =2
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So M is not a sequentially Cohen-Macaulay module though Iy y(z +w,x + )
=0.

5. Stanley-Reisner rings

A simplicial complex A over n vertices {v;,...,v,} is a collection of subsets
of the set {vy,...,v,} such that,
i) DeA.

ii) For all element F € A and all subsets F' = F, F' € A.

Each element F € A is called a face of A.  Among the faces of A, the face F with
the property that if F = F’ and F’ € A then F = F’ is called a facet of A. So a
simplicial complex is defined completely if all its facets are given. For a set of
n vertices {vj,...,v,} we consider the polynomial ring R = k[X,..., X,] over a
field k. Then A corresponds to an ideal Iy of R defined by a set of generators
{X;, - X;, : {vi,,...,v,} ¢ A}. The Stanley-Reisner ring of A over k is defined
by k[A] = R/I5. For each face F of A we define dim F = dim R/Ir — 1 and the
corresponding ideal Iy is a prime ideal generated by X;’s. It is well-known that
I, is a radical ideal and I) = ﬂ 7 Ir, where F runs through over all the facets of
A. Therefore, the dimension filtration

@ZDOCD] C~--CD,_1 CDIZk[A]

of k[A], d; = dim D;, can be determined by D; = ﬂdimﬂlgdm Ip /1.

For more details on Stanley-Reisner rings, the readers can find in books of
Bruns-Herzog [2] and Stanley [11].

Denote by 4; the number of the facets of dimension d; — 1 of the simplicial
complex A. We derive from Theorem 4.2 the following criterion, which is very
convenient for checking whether k[A] is a sequentially Cohen-Macaulay ring.

ProposITION 5.1. Let A be a simplicial complex of dimension d —1 on
n vertices. Then the Stanley-Reisner ring k|A] is sequentially Cohen-Macaulay if
and only if there exists a homogeneous good system of parameters x such that

(kA (3, ... x2)k[A]) = z[: 2%, deg(xy) - - - deg(xy,),

i=1

where deg(x;) is the degree of x; in the graded ring k[A].

Proof. Let x be a homogeneous good system of parameters of M. Then
the proposition follows from Theorem 4.3 if we can show that
e(x1,...,xq;D;) = A; deg(xy) - - - deg(xg,).

In fact, since dim(R/(ﬂdimFﬂdel Ir + (\gimpeq, IF)) < di, and

D= ) IF/IA:< N+ N 1F>/m I,

dim F+1>d; dim F+1>d;, dim F<d; im F<d,;
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we obtain

e(x1,...,xq;D;) = e xl,...,xd,.;R/ (O Ir ).
dim F<d;

Moreover, by the association law of multiplicity, we have

e(xl,...,xd,;R/ﬂ Ip) Z e(x1,...,xq; R/IF).
d

im F<d; dim F=d;—1

Since R/Ir is a regular ring, e(xy,...,xq;R/Ip) = deg(x;)---deg(xs); thus
e(x1,...,xq;D;) = A; deg(xy) - - - deg(xg,). N

We consider following examples, in which the number of vertices is small.

Example 5.2. For n <3, k[A] are always sequentially Cohen-Macaulay
rings.

Proof. There are five cases (up to an isomorphism of k[A]) as follows.

i) n <2 is trivial.

i) k[A] = R/(X1X2X3): Tt is easy to see that x=(x; =X+ X2, x =
X1 4+ X3) is a good system of parameters of k[A]. By a simple computation we
have /(k[A]/(x},x3)k[A]) = 12 =22.3; so k[A] is Cohen-Macaulay, since A has
three facets of dimension 1.

iii) k[A] = R/(X>X3): Similarly to (ii) we can find a good system of
parameters x = (x; = X1,x2 = X» + X3). Then /(k[A]/(x},x3)k[A]) =8 = 22.2.
Since A has two facets of dimension 1, k[A] is Cohen-Macaulay.

iv) k[A] = R/ (X1 X2, X2 X3, X3X,) is Cohen-Macaulay, since dim k[A] =
depth k[A] = 1.

v) k[A] = R/(X1X3,X2X3):  The simplicial complex A has a facet of dimen-
sion 1 and a facet of dimension (0. There is a good system of parameters x =
(x1 = Xz + X3,x2 = Xi) of k[A] and we have /(k[A]/(x},x3)k[A]) = 6 = 2.2+ 2.
Therefore k[A] is sequentially Cohen-Macaulay but not Cohen-Macaulay. []

Example 5.3. For n =4, there is only one simplicial complex A for which
the ring k[A] is not sequentially Cohen-Macaulay: Consider the simplicial com-
plex A given by two facets {vj,vs}, {v2,v3} of dimension 1. Then k[A] = R/
(X1 X2, X1 X3, X2 Xy, X3X4). There is a good system of parameters x = (x; = X +
X2, x2 = X3+ X4) of k[A]. We obtain by a simple computation that /(k[A]/
(x},x3)k[A]) =9 =222+1. So k[A] is not sequentially Cohen-Macaulay.
Moreover, it holds /(k[A]/(x{",x3?)k[A]) =2nmny + 1, and therefore k[A] is a
Buchsbaum ring. For all other simplicial complexes A, the ring k[A] are sequen-
tially Cohen-Macaulay. Par example, A is given by the facets {X|, X3, X3},
{X17X4}, {XQ,X4}, {X3, X4}. Then k[A] = R/(X1X2X4, X1X3X4,X2X3X4) has a
good system of parameters x = (x; = X3+ X4, x0 = X1 + X2 + X3,x3 = X1X0).
We have /(k[A]/(x7,x3,x3)k[A]) =28 = 23.1.2 + 22.3, since A has one facet of
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dimension 2 and three facets of dimension 1. Therefore k[A] is sequentially
Cohen-Macaulay.

Example 5.4. For higher n, we can find many ‘“bad” rings. Consider a
simplicial complex A over five vertices given by the facets {v;,vs,v3}, {v1, 04,05}
Then

k[A] = R/ (X2 X3, X2 X5, X3X4, X3X5) = R/ (X2, X3) N (X4, X5).

The ring k[A] has a good system of parameters x = (x| = X;x = Xp + Xg;
x3 = X3+ X5). Moreover,

C(K[A]) (x", x5%, x532)k[A]) = 2ninons + ny.

Since A has two facets of dimension 2, k[A] is not sequentially Cohen-Macaulay.
Note here that, although k[A]/x3k[A] is a sequentially Cohen-Macaulay ring of
dimension 2 and x3 is a regular element of k[A], it does not imply the sequential
Cohen-Macaulayness of k[A]. This is one of different features between sequential
Cohen-Macaulayness and Cohen-Macaulayness.
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