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ON THE UNIQUENESS PROBLEMS OF ENTIRE FUNCTIONS
AND THEIR LINEAR DIFFERENTIAL POLYNOMIALS*

Q1 Han AND HONG-XUN Y1

Abstract

The uniqueness problems on transcendental meromorphic or entire functions
sharing at least two values with their derivatives or linear differential polynomials
have been studied and many results on this topic have been obtained. In this paper, we
study a transcendental entire function f(z) that shares a non-zero polynomial a(z) with
f'(z), together with its linear differential polynomials of the form: L[f]=
@ (2)f"(2) +a3(2) f"(2) + - 4 am(2) f7(2) (@m(z) #0), where the coefficients a(z)
(k=2,3,...,m) are rational functions.

1. Introduction and main result

In this paper, a meromorphic function will always mean meromorphic in the
complex plane C. We adopt the standard notations in the Nevanlinna theory of
value distribution of meromorphic functions such as the characteristic function
T(r, f), the proximity function m(r, f) and the counting function N(r, ) (N(r, f))
of poles. For any non-constant meromorphic function f, we denote by S(r, f)
any quantity satisfying S(r, f) = o(T(r, f)), possibly outside a set of finite linear
measure in R. Furthermore, the exceptional set is not necessarily the same at
each occurrence.

Let f" be a non-constant meromorphic function on C, and let a € .#;(C) be
any meromorphic function whose characteristic function satisfies 7'(r,a) = S(r, f).
Then, we call a a small function of f and .#;(C) the set of small functions of f
over C. Obviously, .#;(C) is a field and contains C.

Let f be a non-constant meromorphic function on C, let a € .#;(C) be a
small function of f, and let pf(z) denote the multiplicity of /' —a =0 at z. We
define the a-valued divisor of f by

Ef(a) = {(uf(z),z) eNx C|z e C},
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and the preimage of a under f by
Ef(a) = f'(a) = {ze C|pi(2) > 0}.

Let g be another non-constant meromorphic function on C. We say that f
and g share a CM (resp., IM) whenever E;(a) = E,(a) (resp., Ef(a) = E,(a)),
which means counting (resp., ignoring) multiplicities. Also, we say that f and ¢
share the value oo CM (resp., IM) whenever 1/f and 1/g share the value 0 CM
(resp., IM).

It is well-known that a pair of non-constant meromorphic functions f and g
would be identically equal to each other if f and g share five distinct values IM.
That is the famous Nevanlinna’s Five-value Theorem. Also, the Nevanlinna’s
Four-value Theorem states that if a pair of non-constant meromorphic functions
f and g share four distinct values CM, then f is a bilinear transformation of g.
The condition that “f and ¢ share four distinct values CM” has been weakened
to “f and g share two distinct values CM and other two distinct values IM” by
G. Gundersen, i.e., “2CM + 2IM =4CM” holds.

We refer the reader to [10] and [21] for those foregoing notations and results.

If we focus on the value-sharing problems of f, a non-constant meromor-
phic function, and its derivatives or its linear differential polynomials, then the
number of the shared values could be reduced. For example, if f shares two
finite, distinct values CM with f*) (ke N), then f = (%) (see [7], [9] and [18]);
if / shares three finite, distinct values IM with P[f]:=bof + by f' +---+ b, f"
(b, #0), then f = P[f] (see [8], [15] and [19]), where b; are constants for [ =
0,1,...,n. If f is entire and shares two finite, distinct values with its linear
differential polynomials of similar forms to P[f] but with small function coef-
ficients, say, b; € .#;(C) (I=0,1,...,n) with b, # 0, many results have been
obtained (see [1], [14] and [16]).

It were Jank-Mues-Volkmann who first studied the problem of sharing only
one finite, non-zero value between an entire function f and its derivatives. As a
matter of fact, in 1986, they proved the following theorem in [12].

THEOREM A. Let f be a non-constant entire function. If f and [’ share a
finite, non-zero value ae C IM, and [" = a whenever [ =a, then f = f'.

In fact, from the hypothesis of Theorem A, it could be easily seen that the
value a is shared by f and /' CM.
In 2001, Li-Yang obtained the following result in [17].

THEOREM B. Let f be a non-constant entire function, let a € C be a finite,
non-zero value, and let k(> 2) be a positive integer. If f, f' and f% share the
value a CM, then [ assumes the form
alb-1)

b )

where b, ¢ are two non-zero constants and b satisfies b*! = 1.

f(z) = ce® +
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In [2] and [3], Chang-Fang generalized Theorems A and B. In effect, their
results state that if we replace the value a € C\{0} in Theorem A with any ele-
ment a € /;(C) satisfying a # a’ and the value a € C\{0} in Theorem B with any
element a € .#;(C)\C, and retain all the other assumptions in Theorems A and B,
respectively, then /' = f’. However, the methods of their proofs were similar to
those original ones in [12] and [17], respectively.

In this paper, we investigate the uniqueness problem of a transcendental
entire function f, its first derivative f’ and its linear differential polynomials of a
certain form. In fact, by employing a different method from those of Theorems
A or B but more or less inspired by that of Theorem B, we obtain the following
result.

THEOREM 1. Let f be a transcendental entire function, and let

L[f] = ax(z)f"(2) + as(2) /" (2) + -+ am(2) /") (2)  (am(2) #0)

be a linear differential polynomial in f with rational coefficients ar(z) (k =2,
3,...,m). If [ and [’ share a non-zero polynomial a of degree p CM, and
L[f] = a whenever f =a, then [ assumes the form

f(z) = ce” + (b~ 1)0(2),
where b, ¢ are two non-zero constants and ®(z) is defined as

p+] a(j_l)(z)

D(z) := Zl 57
=
In particular, ®(z) satisfies the equation
a(z) — (b—1)L[D]
a(z) = (b—1)d(z)’
where ¥ (z) is defined as W(z) = /L, ar(z)b.

Y(z) =

Remark 1. Obviously, Theorem 1 generalizes Theorems A and B, since /)
(keN,k>2) is a special form of L[f] and any non-zero constant is a poly-
nomial of degree 0. Also, the assumptions that “f, f’ share ¢ CM” and
“L[f] = a whenever f = a” are weaker than the assumption that “f, /' and L[f]
share a CM”. Furthermore, it does not seem feasible to apply the methods in
[12] or [17] directly to the assumptions of Theorem 1 to get its conclusion.

Remark 2. Let f be a non-constant meromorphic function on C, and let
no,ny,-..,n; be k+ 1 non-negative integers. We call

MUY= ) ()
a monomial in f of degree yy, :=ny+n; +---+n,. Now, let Mi[f], Ma[f],...,
M;[f] be I monomials in f* of degree y), (j=1,2,...,]), respectively, and let
bi,by,...,b; be I elements in .4 (C). We call
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M[f]:= by M [f] 4 bo Mo [ f] + - - - + b M [ f]

a differential polynomial in f of total degree y,;. :=max{yy,Vas» -+ 7u,}-
In particular, M*[f] is called linear if y,,. =1 (see [6], [10] or [21]).

2. Some lemmas

Lemma 1 (see [5] and [6]). Let f be a non-constant meromorphic function,
and let Q*[f] and Q[f] be two differential polynomials in f with arbitrary mer-
omorphic coefficients q;,q5,...,q; and qi,q,...,q;, respectively. Furthermore,
let P(f) be a non-constant polynomial of f of degree p whose coefficients are small
Sunctions of f. If the total degree y, of O[f] is at most p, then from the following
equation

we have

mr, Q' Uf) < S mr.a)) + S mlr,q.) + S0, f).

u=1 v=1

LemmA 2 (see [13, p.p. 58, Remark 1]). Let f be a solution of the following
homogeneous differential equation

a(2)["(2) + ana (2) SOV (2) 4 an(2)f1(2) + ao(z) f(2) =0,

where the coefficients ay(z),...,a,(z) are polynomials and are not all identically
equal to zero. Then, f is an entire function of finite order.

The order of a meromorphic function, say, f, is defined as o(f) :=
log T'(r,.f)

logr
the lemma of logarithmic derivative (see [10, p.p. 34—42]) yield o(f) = o(f®)) for
all positive integers k € N.

lim sup,_,_ ., Then, the well-known Chuang’s inequality (see [4]) and

LemmA 3. Let P(z) and Q(z) be two polynomials with P(z) # 0 and Q(z) €
C[z]\C. Then, every entire solution F(z) of the following differential equation

F'(z) — 2@ F(z) = P(z)

has infinite order.

The proof of Lemma 3 will be given in the next part since it is relatively long
and of interest in itself.
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LemMA 4 (see [20] or [21]). Let f be a non-constant meromorphic function,
and let R(f) =" oasf/> 1 obif" be an irreducible rational function in f with
small function coefficients {a,},, and {b;},_y (am-by, #0). Then,

T(r,R(f)) = max{m,n}T(r, f) + S(r, f).

3. Proof of Lemma 3

On the contrary, we assume that there exists some entire solution F(z) of the
following differential equation

(3.1) F'(z) — 2@ F(z) = P(z)

with finite order, say, ¢ > 0. The classical Wiman-Valiron estimate (see [11],
also see [13] for an analogous form) states that, for the transcendental entire
function F(z), and for any positive real number ¢ with 0 < ¢ < 1/8, if we let z
with |z] =r be such that the following inequality

(3.2) |F(z)| > M(r,F)(v(r, F))~ /3"

holds, then there exists a set E = R(1,00) with finite logarithmic measure such
that the following estimate

(k) k
(3.3) FF(Z()Z) - (“2”) (1 + O(v(r, F)~ /5%
holds for all ke N and all r¢ EURJ[0,1], where M (r,F) denotes the maximal
module of F(z) at |z| =r. As to the term v(r, F), called the central index of F(z),
is defined as v(r,F) := max,so{n||a.|r" = u(r,F)} with the maximum term of
F(z) defined as u(r,F):=max,>o{|a,|r"} if the Taylor expansion of F(z) is
F(z) =Y ay,z" with center 0 and radius r. Furthermore, we have ¢ =
log® v(r, F)

log r

Suppose that the degree of P(z) is /. Then, differentiating both sides of Eq.
(3.1) I+ 1 times yields the following homogeneous differential equation

(34)  FU() = 2O FETV (@) + Qi) FV(2) + - + Qo(2)F(2)) = 0,

where the coefficients Q;(z) (j=0,1,...,/) are polynomials written in terms of
Q(z), its derivatives and their combinations.

Let {z,},_, be a sequence of complex numbers with |z, — o0 as n— o
such that it satisfies Eq. (3.2) and Eq. (3.3) simultaneously, and let Q(z) be of the
form Q(z) = ¢uz™ + gu_12""' +--- 4+ qo with g, #0. Now, suppose that there
exists a subsequence {z, },—, of {z,},—, such that

(3:5) |€€C)| ~ exp{R(qmzy ) (1 +0(1))}

holds, and such that R(g,z,’) > 0 holds for sufficiently large k’s. Substituting
Eq. (3.3) and Eq. (3.5) into Eq. (3.4) written in the following form

limsup,_,, with log" x := max{log x,0} for x > 0.
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FU0) o (F106) L 6,0 00 L 4 gy()) =
(3.6) o ¢ (F(Z) +Q1()F(Z) + -+ Qo ))-o

yields a contradiction since we assume that F(z) has finite order.

On the other hand, if there exists no such subsequence {z, },—, of {z,}~,
for which Eq. (3.5) holds could be found with R(g,z,) >0, then we should
have either R(¢mz,;) <0 or R(gmz,;) =0 for an infinite number of points from
{zu}u1- If R(gmz)!) <0 holds for an infinite number of k’s with k — co, then
substituting Eq. (3.3) and Eq. (3.5) into Eq. (3.6) yields a contradiction again.

Finally, if R(g,z]') = 0 holds for all subsequences {z,, },~, of {z,},Z,, then
we would consider the next term (g, 1z;'"') instead. If R(gy 1z ') =0
holds for all subsequences {z,, },—, of {z,},~, again, then we would repeat the
argument to yet another lower term of Q(z) and so on and so forth. We could
eventually derive a contradiction by repeating the argument, which completes the
proof. O

4. Proof of Theorem 1

We now define the function o to be

(a—a')(L[f] — Lla]) — (a — L[a])(f' — a)
f—a '

By the lemma of logarithmic derivative, we have m(r,o) = S(r,f). It is not
difficult to see that the poles of o arise from the zeros of a — a’, since f and f’

4.1 o=

share @ CM, and the poles of a; (k=2,3,...,m). Since f is transcendental, we
get
4.2) T(r,0) =m(r,o) + O(logr) = S(r, f).

We now distinguish the following two cases.

Cast (i). o is rational.

Write o in the form o(z) = p(z)/q(z), where p(z) and ¢(z) are two poly-
nomials with no common factors. It is not difficult to see that f satisfies a linear
differential equation with polynomial coefficients by Eq. (4.1), and hence has finite
order by the conclusion of Lemma 2 and the fact that o(f) = o(f*)) (keN).

Since f and f’ share a CM, we may suppose that

f2) =az) _ o0

f@)—alz) 7

where Q(z) is an entire function. Rewrite Eq. (4.3) as

(f'(2) =d'(2)) = (f(2) = a(2))e??) = a(z) —a'(2).

(4.3)
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We now apply the conclusion of Lemma 3 to the above equation to derive
that Q(z) is a constant. Thus, there exists a constant b € C\{0} such that

f1(2) —a(z) _
f(z) —al2)
Solving the above non-homogencous linear differential equation yields
(44) [(2) = ce” + (b= 1)®(2), .
where ¢(# 0) is a constant and ®(z) is defined as ®(z) := Zf:ll a(j;;(z). So,
(5) T(r,f) = T(r.e") +S(r, ),
FP(z) = eb¥e? + (b — NOW(2) (k> 1),

and
(4.6) Lf(2)] = ce™¥(z) + (b~ 1)L[®(2)],

where W(z) is defined as W(z) := >, ax(z)b*.
Since e¢”* has two Picard values 0 and oo, noting Eq. (4.4) and Eq. (4.5), we
see that f has two Picard “small functions” (b —1)® and oo, i.e.,

N(r7f)=S(r,f), N(nﬁ):b’(nf)

Obviously, (b — 1)®(z) # a(z); otherwise, we would have —1 =0, a con-

tradiction. We now define the function f* to be f*:= f—{b;—al)(l)' Hence,
(4.7) T(r, f)=T(r,[")+S(r.f),

and

(4.8) N(r,ﬁ) = N(r,%) +S(r, f).

Furthermore, N(r, f*) = N(r, m> =S(r,f) and N(”?ﬁ) -

N(r,f)+ O(logr)=S(r,f). By Eq. (4.7), we also have S(r, )= S(r, f7).
We now apply the Second Main Theorem to f* with 0, 1 and oo to conclude

7.7 = N ) + S0.5°)

f’*

Hence, combining the above equation with Eq. (4.7) and Eq. (4.8) yields
1

(49) T(I",f)—N(V,f_a)+S(V,f)

From Eq. (4.9), we see that f — a has infinitely many zeros. Take z, to be
a zero of f —a. Since L[f] =a whenever f = a, from Eq. (4.4) and Eq. (4.6),
we derive
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a(za) = ce™ + (b — 1)D(z,),
a(zq) = ce" P (z,) + (b — 1)L|®(z,)].
Eliminating ce®* from the above two equations yields
a(za) = (a(za) = (b = 1)®@(24))¥(24) — (b = 1) L[®(z4)] = 0.

If a(z) — (a(z) — (b — 1)®(2))¥(z) — (b — 1)L[®D] is not identically equal to
zero, then we derive

N<r’fl—a) < N(“a— ey 1>L[<D1)
= T<r’a— (a—(b— 1)(1)1)\11— = 1)L[(I>]> = Ollogr) = Sr. /),

which contradicts Eq. (4.9). Hence,

(4.10) a(z) = (a(z) = (b = D)®(2))¥(2) + (b — 1 L[D],
which can be rewritten as ¥(z) = 222 : EZ: Bé[((j)]

Casg (ii). o is transcendental.
Rewrite Eq. (4.1) as

f—a :é((a —a')(L[f] = Lld]) = (a = Lla))(f" = "))

Differentiating the above equation yields
@iy f = = (5) (@ L - Lid) - (0 L) (7 - @)

(@~ a") (L] ~ Lid) + (a— a)(L'[f] ~ L'la)
(@~ L)~ )~ (@~ Lid)(/" ~ ")),

A routine calculation leads to

(4.12) <1 + (a — Lla]) (i)l + (a' — L'[a)) :() (f' —a)

m—+1
_ a; (f(k) - a(kfl))

2
+ {(a' —a)+ G) ((a —a') Z aad®V — a(a — a')>
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m
< a—ad <Za,\ak b a’+Zaka(k>>
k=2

oS-

where aj (k=2,3,...,m+ 1) are linear combinations of ¢; (j =2,3,...,m), 1/a
and their derivatives, ¢ and a —a’ etc..
Since a # a’, we claim that the following expression

(4.13) (@' —a)+ (é)l <(a —a') zm:aka(k_l) —afa — a’))
=2

(a—a') apad*=V — o’ ; ara®

( (o)

(S )

could not be identically equal to zero. If not, we rewrite Eq. (4.13) as

k=2 k=2
+ (a/ . a//) <zm: aka(kfl) a))
=
1 , a—a' Y ara® Y —ala—d'
+()<( > ( ))

Dividing (¢ — @’) on both sides of the above equation yields

(
(4.13*) = é <<Za/a<k D _g4 —|—iaka ) ((Z_Z:/) <iaka(k—l) _ a))
k=2

1 / m
+1{= N
B(E

Multiplying o on both sides of Eq. (4.13*), plus the fact that N(r,a) = O(log r)
from Eq. (4.2) and the lemma of logarithmic derivative, yields
T(r,o) =m(r,a) + O(log r) < S(r,a) + O(log r),

which contradicts the assumption that o is transcendental.
Let f denote the expression of Eq. (4.13) which is not identically equal to
zero. Dividing both sides of Eq. (4.12) by f yields
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(1+ @ 2a) () + @ - L)) " - )
;
85 (%) — b

k=2
B

Dividing (f’ — a) on both sides of Eq. (4.12*), plus the lemma of logarithmic
derivative and the fact that a, ax (k=2,3,...,m), o and thus f are all small
functions of f, yields

(4.14) m(r, f’l—a) =S(r f).

Since f is entire, we have

T(r,f) = mr, /) + O(1)
= (L (= )L~ Ld) - (0= L) (7'~ )} + 01
f

<m(r, f")+S(r, ) <T(r, f")+S(r, f) < T(r, f) +S(r, f);

(4.12%) | =

that is,
(4.15) T, f)=T(rf)+ S f).

By Eq. (4.14), Eq. (4.15) and the assumption that f and f” share a CM, we
get

(4.16) m(r, ﬁ) — T f) - N(r, ﬁ) + 50, /)
) 50

Thus, Eq. (4.9) still holds.

We now define  to be
_S—a
(4.17) Vo= T—a
Obviously, by the lemma of logarithmic derivative and Eq. (4.16), plus the as-
sumption that f and f’ share a CM, we see that ¥ is a small entire function of
f, ie., T(r,y)=S(r,f). Rewrite Eq. (4.17) as
(4.18) f'=yf+all =) = f +m,

where 1; and g, are defined as A :=, u; :=a(l — ).
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We repeat the above argument (k — 1)-times by differentiating Eq. (4.18)
repeatedly and by substituting the differential equations into earlier ones to
conclude

(4.19) SO =S+ (k=1,2,...),
where A, and g, are small entire functions with the following recurrence for-
mulas:

Ak = /l;(fl + AAk-1, Wy = /‘1/(71 + w1 (k=2,3,...).

It is not difficult, by applying induction in the number k to A; and g, plus
the knowledge that differentiation never increases the total degree of a differential
polynomial, to deduce that

(4.20) A=y + Pl mo=—apt + P (k=1,2,..),
(421) Myt +(1/1k+1 = (a_a,)lrbk—i_Qk—l[l//] (k: 1,2,~--),

where P[], P;_,[¥] and Qi_i[y] are differential polynomials in y with poly-
nomial coefficients and max{yp,_,,7p. ,7g,,} <k —1. Here, yp  denotes the
total degree of Pj_;[y] and VP s Vo,., are similarly defined.

Since L[f] = a whenever f =a, by Eq. (4.9), Eq. (4.19), the expression of
L[f] and the fact that V, a, ax, A and g, (k=2,3,...,m) are all small functions
of f, plus analogous reasoning to that of Eq. (4.10), we have

422)  a= alaktm) = alla— W+ 0l
k=2 k=2

= (a — a/)aml//mil + Q;_z[lp]

Obviously, O} ,[¥] # a; otherwise, we would have =0, a contradiction. We
now apply the conclusion of Lemma 1 to Eq. (4.22) to conclude

T(r,y) = m(r,¢) + O(1) < S(r, ) + O(log r),

which implies that i/ is a polynomial without zeros, and hence a non-zero con-
stant, say, b e C/{0}. Thus, Eq. (4.4), Eq. (4.5) and Eq. (4.6) still hold.

On the other hand, by Eq. (4.4) and Eq. (4.6), Eq. (4.1) can be written as

B ce’((a—a"\¥ — b(a — L[a)))

*= ce> +(b—1)® —a

L (a=a)((b = DL[®] ~ Lia)) ~ (@ =~ La})((b — )P’ — ")

ce+(b—-1)®—a '

(4.23)

We now apply the conclusion of Lemma 4 to Eq. (4.23), noting Eq. (4.5),
to obtain that either T'(r,a) = O(logr) or T(r,a) = T(r, f) + O(log r) dependent
upon whether o is reducible or not. However, it contradicts the assumption that
o is a transcendental small function of f.

This contradiction finishes the proof of Theorem 1. O
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