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Abstract

Let M be a semi-discrete linearly compact module over a commutative noetherian
ring R and i a non-negative integer. We show that the set of co-associated primes
of the local homology R-module H/(M) is finite in either of the following cases: (i)
The R-modules H/(M) are finite for all j <i; (ii) I = Rad(Anng(H/(M))) for all
j <i. By Matlis duality we extend some results for the finiteness of associated primes
of local cohomology modules H}(M).

1. Introduction

In [10] Huneke asked the question: If M is finite, is the number of
associated primes of local cohomology modules H;(M) always finite? there is a
similar question in local homology theory: When is the set of co-associated
primes of local homology modules finite? In [4, 3.1] N. T. Cuong and the
author defined the local homology modules H!(M) of M with respect to I by

H/(M) =1lim Tor(R/I'; M).
t
This definition is in some sense dual to A. Grothendieck’s definition of local
cohomology modules. Next, in [6] the authors studied local homology modules
for the category of linearly compact R-modules, which contains strictly all
Artinian modules and also finite R-modules when R is a complete local ring. It
should be noted that in the case of linearly compact modules, this definition of
local cohomology modules is coincident with the definition of J. P. C. Greenlees
and J. P. May [9, 2.4]. We showed in [5, 4.5] that if M is a semi-discrete linearly
compact R-module and the local homology R-modules H{(M),HI(M),...,
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H! (M) are artinian, then the set Coassg(H/(M)) is finite. In Theorem 3.1 we
show that the set of co-associated primes of the local homology module H (M) is
finite in either of the following cases:

(i) The R-modules H]f (M) are finite for all j < i;

(ii) 7 = Rad(Anng(H/(M))) for all j <.
Using Matlis duality, we get the finiteness for associated primes of local co-
homology modules (Corollary 3.6) which is also an extension of [2, 2.2], [12, Th.
B] and [15, 5.5]. It should be noted that the finiteness of the sets Coassg(H/(M))
and Assg(H}(M)) is closely related to the local-global-principle for finiteness
dimensions of G. Faltings [8]. Throughout this paper, R is a commutative
noetherian ring with non-zero identity and has a topological structure.

2. Premilinaries

We begin by recalling briefly definitions and basic properties of linearly
compact modules and local homology modules that we shall use.

Let M be a topological R-module. M is said to be linearly topologized it M
has a base of neighborhoods of the zero element .# consisting of submodules.
M is called Hausdorff if the intersection of all the neighborhoods of the zero
element is 0. A Hausdorff linearly topologized R-module M is said to be linearly
compact if # is a family of closed cosets (i.e., cosets of closed submodules) in M
which has the finite intersection property, then the cosets in % have a non-empty
intersection (see [13]).

It is clear that artinian R-modules are linearly compact and discrete. If
(R,m) is a complete ring, then finite R-modules are also linearly compact and
discrete.

We know that the inverse limit lim, is a left exact functor on inverse systems

of modules. However, if {M,} is an inverse system of linearly compact modules
with continuous homomorphisms, we have the following lemma.

LemMa 2.1 (see [6, 2.4]). Let
0—{M} =N} = {P} =0

be a short exact sequence of inverse systems of R-modules. If {M,} is an inverse
system of linearly compact modules with continuous homomorphisms, then the
sequence of inverse limits

0—>1{i£1 M, — lim N,—>l{i£1 P, —0
1 1 1
is exact.

Let I be an ideal of R, the i-th local homology module H!(M) of an R-
module M with respect to I is defined in [4] by

H} (M) =1lim Tor}(R/I', M).
t
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Denote by A;(M) =1lim, M/I'M the I-adic completion of M, then HJ(M) =~
Ar(M). In case M is a finite R-module, H!(M)=0 for all i>0 (see [4,
3.2(i))]). It should be noted that this definition of local homology modules is
coincident with the definition of J. P. C. Greenlees and J. P. May [9] in the case
of linearly compact modules. The local homology modules H/(M) of a linearly
compact R-module M are also linearly compact R-modules. Moreover, every
short exact sequence of linearly compact R-modules induces a long exact se-
quence of local homology modules (see [6, 4.6]). We have some basic properties
of local homology modules.

Lemma 2.2 (see [4, 3.3(1)]). Let M be an R-module. Then for all i > 0, the
local homology module H!(M) is I-separated, i.e.,

(N 1'H! (M) = 0.

s>0

Denote by E(R/m) the injective envelope of R/m, the Matlis dual of an
R-module M is the module D(M) = Homg(M,E(R/m)). Let H}(M) be the
i-th local cohomology module of M respect to /. We have the following dual
formula.

Lemma 2.3 (see [4, 3.3(ii)]). Let (R, m) be a local noetherian ring and M an
R-module. Then for all i >0,
H!(D(M)) =~ D(H}(M)).

1

In case M is a linearly compact module, we have the following properties.

LemmA 2.4 (see [6, 4.8]). Let M be a linearly compact R-module. Then

0 i=0
I t ~ ’ )
@<01M>:{HﬂMyi>0

>0

A Hausdorff linearly topologized R-module M is called semi-discrete if every
submodule of M is closed. Thus a discrete R-module is semi-discrete. The class
of semi-discrete linearly compact R-modules contains all artinian R-modules.
Moreover, it also contains all finite modules in case R is a complete local ring
(see [13, 7.3]).

LemMa 2.5 (see [6, 5.2]). Let M be a semi-discrete linearly compact R-

module. Then HI(M) =0 if and only if xM = M for some x € I.

3. The finiteness of co-associated primes

We first recall the concept of co-associated primes. A module is called
cocyclic if it is a submodule of E(R/m) for some maximal ideal m of R. A
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prime ideal p is called co-associated to a non-zero R-module M if there is a
cocyclic homomorphic image 7 of M with p = Anng 7 [16]. Note that this
concept of co-associated primes is equivalent with the concepts of L. Chambless
[3] and H. Zoéschinger [19]. The set of co-associated primes of M is denoted
by Coassg(M). M is called p-coprimary if Coassg(M) = {p}. If M is a semi-
discrete linearly compact R-module, then the set Coassg(M) is finite (see [6, 3.4]).

We proved in [5, 4.5] that if M is a semi-discrete linearly compact R-
module and the R-modules H{(M),H[(M),...,H! (M) are artinian, then the
set Coassg(H/(M)) is finite. We show an other finiteness result for the set
Coassg(H!(M)). Note that in Theorem 3.1 the ring R is not necessary local.

THEOREM 3.1. Let M be a semi-discrete linearly compact R-module and i
a non-negative integer. The set of co-associated primes of the local homology
R-module H!(M) is finite in either of the following cases:

(i) The R-modules Hf(M) are finite for all j < i;
(i) 7 = Rad(Anng(H/(M))) for all j <i.

To prove Theorem 3.1, the following lemmas are necessary.

If0 - N - M — K — 0 is an exact sequence of R-modules, then Coassg(K)
< Coassg(M) = Coassg(N) U Coassg(K) (see [16, 1.10]). In general we do not
have the equality Coassg(M) = Coassg(N)U Coassg(K). However, in the fol-
lowing lemma we show that the equality is true in case K is a finite module.

Lemma 3.2. Let 0 = N — M — K — 0 be an exact sequence of R-modules.
If K is a finite R-module, then

Coassg(M) = Coassg(N) U Coassg(K).

Proof. Without loss of generality we may assume that N is a submodule
of M, then K =~ M/N and Coassg(K) = Coassg(M/N). From the short exact
sequence

0O-N—->M-—>M/N—O0
we have
Coassg(M) = Coassg(N) U Coassg(M/N)
by [16, 1.10]. Now let p € Coassg(N), p ¢ Coassg(M/N). We have to prove
that p € Coassg(M).
If p is a maximal ideal, then there is an artinian homomorphic image N/B

of N such that p = Ann(N/B) by [16, 1.6]. Thus N/B has finite length by [17,
7.30]. From the following short exact sequence

0—-N/B—M/B— M/N — 0,

we have the fact that M/B is finite. Combining [16, 2.6], [16, 2.7] and [I6,
2.10] yields Coassg(M/B) = Coassg(N/B)U Coassg(M/N). Therefore pe
Coassg(M/B) and then p € Coassg(M).
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In case p is not a maximal ideal, by [16, 1.16], there is a sum-
irreducible homomorphic image N/C of N with p={xe R|x(N/C) # N/C}
and Coassg(N/C) = {p}. Thus we have the following short exact sequence

0—-N/C—M/C—M/N—0

and hence Coassg(M/C) < Coassg(N/C)U Coassg(M/N) = {p} U Coassg(M/N).
Since p is not a maximal ideal, N/C is not a finite R-module, so M /C is also not
a finite R-module. It should be noted that the co-associated primes of a finite
module are only maximal ideals. Therefore p € Coassg(M/C) = Coassg(M) and
the proof is complete. O

COROLLARY 3.3. Let 0 = N —> M — K — 0 be an exact sequence of R-
modules. If K is a finite R-module and Coassg(M) is finite, then Coassg(N) is
also finite.

Proof. By 3.2, we have Coassg(M) = Coassg(N)UCoassg(K). Since
Coassg(M) is finite, Coassg(N) is also finite. O

LemMma 3.4. Let M be a I-separated linearly compact R-module. If there is
an element x € I such that Coassg(M/xM) is finite, then Coassg(M) is finite.

Proof. Let pe Coassg(M), then there is an artinian quotient R-module
M/N of M with p=Ann(M/N). Hence there is a positive integer n such
that x"(M/N)=x'(M/N) for all r>n. Since ()_,x'M =0, we have
X" (M/N)= (). X'(M/N)=0. Thus x"M =N, so M/N may be considered
as an artinian quotient R-module of M /x"M. Therefore p € Coassg(M/x"M),
that means Coassg(M) < Coassg(M/x"M). Thus we need only to show that
Coassg(M /x"M) is finite. Indeed, from the epi-morphim M /xM = xM /x*M
we have Coassg(xM /x>*M) = Coassg(M/xM) is finite. Now, the short exact
sequence

0 — xM/x*M — M/x*M — M/xM — 0

gives Coassg(M /x> M) = Coassg(xM /x> M) U Coassg(M /xM). Therefore
Coassg(M/x>M) is finite. By induction we get Coassg(M /x"M) is finite. This
finishes the proof. O

Now we can prove Theorem 3.1.

Proof of Theorem 3.1. (i) We prove by induction on i. When i = 0, for all
positive integers ¢ the canonical epi-morphisms M — M /I'M induces an epi-
morphism M — A;(M) by 2.1. Then we have Coassg(A;(M)) < Coassg(M)
which is finite by [6, 3.4], because M is a semi-discrete linearly compact
R-module.
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Let i > 0. Combining 2.4 with 2.5, we may assume that there is an element
x el such that xM = M. Then the short exact sequence of linearly compact
modules

O—>0:Mx—>Mi>M—>O
induces an exact sequence of local homology modules

- HI (M) S H] (M) 5 H (0 ) 5 HE (M),
If 0:p x =0, then H/(M) = xH/(M) = (., x'"H/ (M) = 0 for all i >0 by 2.2.
We now assume that 0:p x #0. Since the R-modules HJ-’ (M) are finite for
all j<i, the R-modules H!(0:) x) are also finite for all j<i—1. Then
Coassg(H! (0 :p x)) is finite. Now we have H! (0 :y x)/Imd = H! (0:) x)/
kero ~Ima < H! |(M). Because H! (M) is finite, H/ (0:y x)/Imd is also
finite. Thus Coassg Im 6 is finite by 3.3. That means Coassg(H/(M)/xH}(M))
is finite. Therefore Coassg(H/!(M)) is finite by 3.4.

(i) The case i =0 was proved in (i).

Let i >0. Denote by L(M) the sum of all artinian submodules of M,
then L(M) is artinian by [19, 1(L5)]. From [6, 5.4] we have the isomorphism
H/(M) = H/(L(M)) for all j>0 and the short exact sequence

0 — HY(L(M)) — HI(M) — Hi(M/L(M)) — 0.

Then for all j <i we have I = Rad(Anng(H/(L(M)))), hence H/(L(M)) are
artinian by [4, 4.7]. Therefore Coassg(H/!(M)) = Coassg(H!(L(M))) is finite by
[5, 4.5]. The proof is complete. O

Remark 3.5. In case M is semi-discrete linearly compact, the condition
I = Rad(Anng(H/(M))) for all j <i may not follow H/(M) are artinian for
all j<i. For example, let (R,m) be a complete local noetherian ring and N
a finite R-module such that the module M = N/IN is not artinian. Then
HI(M) =~ A (M)~ M. Thus I < Rad(Anng(H!(M))), but HI(M) is not
artinian. Therefore (ii) is an extension of [5, 4.5].

We now use Matlis duality to get a finiteness result for associated primes
of local cohomology module. In Corollary 3.6 (R,m) is a local ring and the
topology of R is the m-adic topology.

COROLLARY 3.6. Let (R,m) be a complete local ring with the m-adic to-
pology and M a semi-discrete linearly compact R-module. Let i be a non-negative
integer. The set of associated primes of the local cohomology module H}(M) is
finite in either of the following cases:

(i) The modules H{(M) are artinian for all j < i;

(ii) I = Rad(Anng(H{(M))) for all j <i.



THE FINITENESS OF CO-ASSOCIATED PRIMES OF LOCAL HOMOLOGY MODULES 389

Proof. We have the following isomorphism by 2.3
D(H{(M)) = H/(D(M)).

(i) It follows from [18, 3.4.12] that R-modules H/I(D(M)) are finite for
all j <i. Moreover, D(M) is also a semi-discrete linearly compact R-module
by [13, 5.8, 9.13]. Then the set Coassg(H/(D(M))) is finite by 3.1, so is
Coassg D(H}(M)). On the other hand, in virtue of [16, 1.18] we have
Assp(H{(M)) = Coassg(D(H[(M))). Therefore the set Assg(Hj(M)) is finite.

(i) We have Anng(H/(D(M))) = Anng(D(H](M))) = Anng(H{(M)) by
(18, 3.4.2]. Then I = Rad(Anng(H/(D(M))) for all j <iand D(M) is a semi-
discrete linearly compact R-module. It follows Coassg(H/(D(M))) is finite, so is
Coassg(D(H}(M))). Hence Assg(H}(M)) = Coassg(D(H}(M))) is finite.  [J

The following corollary is a result of [2, 2.2], [15, 5.5] and [12, Theorem
B(5)].

COROLLARY 3.7 (see [2, 2.2], [12, Theorem B(f)] and [15, 5.5]). Let M be a
finite R-module over a local ring (R, m) and i a non-negative integer. The set of
associated primes of the local cohomology module HI(M) is finite in either of the
following cases: ‘

(i) The modules Hj(M) are artinian for all j < i

(i) The modules Hj(M) are finite for all j < i.

Proof. From [1, 4.3.2] we have an isomorphism of R-modules
H{(M)®grR=Hj,(M®QgR),

in which M ® Rf( is a finite fi-module. On the other haAnd the natural homo-
morphism of rings f: R — R induces a map f*:Spec(R) — Spec(R). More-
over, it follows from [14, 9.B] that Assg(H;(M)) = f*(Assg(H] (M ®gR)).
Thus, replacing M by M ®z R, we may assume without any loss of generality
that (R,m) is a complete local ring. Then M is semi-discrete linearly com-
pact by [13, 7.3]. On the other hand the hypothesis (ii) follows that / <
Rad(Anng(Hj(M))) for all j < i by [7, Theorem]. Therefore the result follows

from 3.6. O

Remark 3.8. When M is semi-discrete linearly compact, the condition
I = Rad(Anng(Hj(M))) for all j <i may not follow H/(M) are finite for all
j<i. For example, let N be an artinian R-module such that the module
M =0:y1 is not finite. Then H)(M)=~ M. Thus I < Rad(Anng(H}(M))),
but HY(M) is not finite.
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