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ON ALMOST COSYMPLECTIC LORENTZIAN
HYPERSURFACES IMMERSED IN A LORENTZIAN MANIFOLD

By Rapu Rosca

Let x: V21— V%72 be an immersion of a Lorentzian hypersurface into a Lorentzian
manifold and let 2z+1 be the time-like index of the metric of V?**+!, This paper
is concerned with a type of hypersurface V2! (denoted by ¥?**!) such that the
principal curvatures of V2»+! be related by Yiki=—2nksms (=1,2, -, 22). This
condition corresponds to a certain geometrical property of the null real fields on
P2n+1, Next a certain almost cosymplectic structure € is considered on ¥27+! and
the necessary and sufficient conditions that the canonical field of C be concurrent
over ¥2m+1 (in the sense of K. Yano and B. Y. Chen) are established. Finally in
the special case when the structure C is a Pfaffian structure, the infinitesimal
automorphism of a null real field on 727+ is investigated.

1. Preliminaries.

Let V*"+2 be a Lorentzian manifold (having a hyperbolic signature) and let
2. Vi 7242 he an isometric immersion of an orientable Lorentzian hypersurface
(V! has a Lorentzian structure in the tangent bundle [3]). Let F(V?"+!) and
F(V?*+%) be the orthonormal frame bundles of V?**+!' and V?*"+? respectively, and
Bc Vartix F(V?+1) the principal fiber bundle of the adapted frames (peV?*+,
z(P), e1, ***» €an+1, Cans+s) SUCh that e. (a, B, =1, 2, .-+, 2n+1) are unit tangent vectors
and e;,42=7 is the normal unit vector at z(p). Next we denote by e, (7, s, £=1, 2,
-, 2n, 2n+2) the space-like vectors of any frame beB and by e; (i, 7, k=1, 2, ---, 2n)
the space like vectors of the tangent space T, (V') or V! at p. If w4 and
wh=71$00° (A4, B,C=1,2, .-, 2n, 2n+1, 2n+2) are the 1-forms on B induced from
the natural immersion B—F (V?"+?) we may write

(1) dp=0*"" @ eani1—0* Qe;.
The hypersurface V?**! is then structured by the connection

Ver=w;‘® €4,
(2)

Vernii=—o0h,Qea
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and both groups of structural equations are
dNo" =0t A\oh,
AN = —pi N0,

) ANGTH = o N,

AN =25+ 0N\, — 0P A0ty

where 24 are the curvature 2-forms.

2. V241 hypersurfaces.

By means of a transformation of the group .£(2rn+1) it is possible to choose
a frame beB, so as to bring the second fundamental form ¢=—<{dn, dp) associated
with z, into diagonal form. The frame b is then called principal (e, are tangent
to the principal lines) and if &, are the principal curvatures at p, we have

o =k,0" (no summation)
Assuming that the orientation of b is such that
[81, R €2n+1]=iﬂ, i= \/j]-

we shall define following Amur [1] the elementary symmiric functions H, of k,
by

(4) « ” ” dn, .-, dn’ dp’ ., dp“ ” ”=ia!'(2ﬂ+1—a)!-<2n+1>H,,77n
a 2n+1—a @
In (4) «“|]” -+ “||” denotes the combined operation of exterior product and vector

product in V**% and 5 is the volume element of V?*+2, By means of (1) and (2)
one finds

(5) <2n0t+1 )Ha:‘-Zﬂkl o+ eaka; lsa=2n+1

where

61:=1, eon+1=—1

As in [1] an immediate consequence of (4) is that for a compact® hypersurface
V#n+1 we have the integral equation

SVZ"+1 Hl;)?n=o‘

1) See Techniques of differential topology in relativity by R. Penrose, Dept. of Math.,
Univ. of Pittsburg, U.S.A.
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3. Since the tangent vector es,.,, is time-like, we may express any real null
vector field I T,(V?*+) by
(6) I=f2le;cos O;+ fes:1; —%§6’i§%; Fep(VaErtt)
We shall now inquire, under what conditions a field I, which pseudobissects the
principal lines on V2!, is an asymptotic direction of V?2*+! at p (not every
hypersurface posseses a symptotic direction).

If py is the curvature of V?2**! in the direction 7, then as is known, the
necessary and sufficient condition that 7, be an asymptotic direction i that p, be
null. By virtue of (6) and making use of (1) and (2) we find that p,=0 for any

null real field I, on V*+! if and only if one has
a) Ziki‘i‘znkmu:o-
Hence we have the

THEOREM. Let x: Vs V22 be an immersion of a Lorentzian hypersurface
into a Lorenizian manifold V% If ki (i=1, -, 2n) and ke, arve the space-like
and time-like index principal curvatuves at pe V™ rvespectively, then the necessary
and sufficient condition that any null veal vector field, pseudobissecting at p the
principal lines of V1, be an asymptotic direction, is that condition a) holds.

A Lorentzian hypersurface fulfilling condition a) will be denoted by ¥2#+1, and
we shall consider the following two cases

(i) If the immersion x is umbilical (i.e. ¢ is conformal to ds?= <dp, dp>) the
number of principal curvatures of ¥#+! in V% is two and taking account of
condition a) we have

(7) klzkz:"':km:—kmn

In this case we easly see, that the parallel map A (or dilatation) defined by
Az p—p+cen, (c=const.) is conformal and if the manifold V2"t is locally flat, then
P41 is a Lorentzian hypersphere.

(ii) By means of (5) one readily finds that the immersion is minimal if and
only if the time-like index principal curvature k... is null.

4. Almost cosymplectic structure C(2 w) on V2211,
Assume now that
(8) Q= N&?+ -+ 0> I A,
@) R

define an almost cosymplectic structure C(2, ) on V™'t (If (S,(», R) is the real
2n-dimensional symplectic group, then an almost cosymplectic structure is a
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1xSy(n, R)-structure [4]). According to Reeb’s lemma, there exist uniquely a global
vector field EeT(V**+1), called the canonical field of C(2, ), which is defined by

8" Ejo=1l, E Q=0
In the case under discussion, and in consequence of (8) and (8’) we easily get
E=em1

Suppose now that any field X in the direction of E is a concurrent vector field
over V2?1, Following Yano and Chen [8] we must write

(9) dp+VX=0.
Denoting by pe P(V?"*+) a scalar factor, we get from (9) with the help of (1) and (2)

(10) w=—dp,
11) o =0y,
12) Roni1=0.

Equation (10) shows that the 1-form o associated with C is a coboundary, and in
consequence of (ii) it follows from (12) that the immersion x is minimal. On
the other hand, (referring to the connection (2) it is easy to see by means of (11)
and (12), that VE is conformal to the projection dpx of the line element dp, on the
horizontal space H associated with C.

Hence we may formulate the

THEOREM. Let z: VP15 V2m42 be an immersion of a Lorentzian hypersurface
fulfilling condition a) and let define on Vet an almost cosymplectic structure
C(2, w) such that the l-form o of C be the time-like index dual form associated
with x. If E and H are the cannonical vector field and the horizontal space as-
sociated with C respectively, and dpu the projection of the line element dp on i,
then the mecessary and sufficient condition that the field pE be concurrent over
Pent s that

w=—dp, VE=—dpuln

and in this case the immersion x is minimal.

5. Sectional curvature.

According to what have been said at section 3, any horizontal vector field
associated with the considered almost cosymplectic structure C, may be expressed by

H=}:hie; @=L2, -, n).

Under the assumption that the manifold V?"-? is a 1-index Minkowski space, we
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consider the sectional curvature K(II) for the tangent plane element /7 at peVzr+i
spanned by H and any field £’ in the direction of E. Setting according to Otsuki [6]

AX)=Za.sA0sXp0a

(X=X X.e. is any tangent vector field and w,*”*=A.0f), one has the general
formula

KUlH=P|G
where
P={CAH), HY)}KA(E"), E")}—{CA(H), E"))?,

G={H|IPHIIE"|1*—{<KH, E")}".
But in the case under discussion,  and E’ are orthogonal,and
ki 0
Ap=|
0 En
It follows by straight forward calculation
K =kon 1 ki 2k
From the above formula we find that in the case (i) section 3, one has
K(Il)=—(kan+1)"
Hence we have the

THEOREM. Suppose the almost cosymplectic hypersurface V' defined at section
4, is immersed in a l-index Minkowski space M**%. Denote by H and E’ any
horizontal vector field and any vector field in divection of the canonical field as-
societed with the almost cosymplectic structure on V"1, respectively. If the immersion
@ Vi g umbilical, then the sectional curvature at any point peVZ"“
spanned by H and E’ is the negative of the square of the time-like index principal
curvature of V¥t at p.

¢ Immersion of the horizontal manifold of 2+ associated with the structure
C(2, ).

Since w=—df we shall now consider the integral manifold V*" of
13) =0

and the immersion & V-V The line element dp;; of V*" being the restric-
tion of dpg to V", we shall call V2%, the 2-codimensional horizontal manifold
associated with the almost cosymplectic structure C(2, w).
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The second fundamental forms associated with & are
(14) Prnra= —{dP, Pern1r) = Niki @),
14) Panir=—LdP, Vean2y=— Li(@")|fz

where @, k; and f are tl_le induced values of *, etc. by z. Taking account of
condition a), we have };k;=0 and it follows from (14) and (14’) that the mean
quadratic from II associated with z is

2
II: —g‘ ¢2n+1-

But by virtue of (14), we see that II is conformal to the metric {dpsx, dpx) of
Ve, Thus following a known theorem we conclude that the immersion % is psexdo-
umbilical [5] Further a normal non null vector N is defined by

(15) N=r(cha expii+sha esms); 7, ace DV
and with the aid of (2) and (2') we get

FN=rY, (dl—ﬁ—a —Fk;sh a)c?ﬂei+r<i:—ch a+da sh a>32n+1

(15")
+7’<% sh a+dach a) Contoe

The above expression of VN shows that there does not exist for z: V22— | 2n+2
a nowhere vanishing normal vector field N such that FN=0. Consequently #: V2"
— V22 is a substantial immersion [8)], and we may formulate the

THEOREM. Being given a hypersurface Vel penez for C(2, w) an almost
cosymplectic structure on Veret such that the 1-form w of C be the timelike index dual
form of V. Then the immersion z: Vn—V™+% of the horizontal 2-codimensional
manifold associated with & is substantial and pseudo-umbilical.

ReEMARK. X, Z being two tangent vector fields at p to V2", consider the skhape
operator Sx(Z) [7] of V?* in V?*+% Since

Sx(Z)=7.,XZ%;,  (*=2n+1, 2n+2)
one finds taking account of (11)

1 )
(16) Sx(Z)=~— 7 (X, ZYesn +(ZikiZtX’)ezn+z.

Hence if X, Z are orthogonal, then S(Z) is the direction of the normal to P2»+t
at the homologous point p of p. On the other hand, the orthogonal complement
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TH(V*) of T V?*")at p being a time-like 2-flat (or a Lorentzian 2-flat), it contains
two null real vector fields, namely

Ni=2(eens1+€2n+2), Ne=22(Cont1—C2n+2).
Thus we see from (16) that if

an YhZ X=X, 2O, e==1,

then the shape operator Sx(Z) at p is in the direction of one of the two null real
vectors which span the total normal plane of 7?" at p. Consequently, for a given
tangent field XeT3(V?®"), the vectors Z such that condition (17) is fulfilled define
a (2n—1)-subspace of T3 V?*) and if the manifold V** is not totally geodetic the
operation of reflection is possible [2].

7. Hypersurfaces V/?+! with Pfaffian structure and concurrent cannocial field.

Following a theorem of K. Yano and B. Y. Chen [8], being given the immersion
x: M*>R™ (M" and R™ are Riemannian manifolds) if the normal field N is con-
current of M" in R™, then N has constant length and is parallel in the normal
bundle and M™ is umbilical in the direction of N.

Coming back to the immersion z: 7271 V?*+2 and putting N=2zn+2, 1€ D(V22+1)
for the normal vector field at peV* !, we get from dp+FN=0

(18) A=const,
(18,) k1=k2="'=_‘k2n+1=—‘1/2.

If we refer to the case (i) from section 3, conditions (18) and (18’) show that
the above theorem is also valid for the immersion z: V2*+'—V?*+2 which satisfies
the additional condition that the curvatures k, are all constant.

ReMARK. Making use of equations (4), one readly finds that if conditions (18")
and (18") fulfilled, then all transversal curvature forms £,2"+? vanish. Further
we shall assume that the almost cosymplectic structure C(2, w) defined at section
(4) is a Pfaffian structure, (denoted by C,) that is

(19) R=dNo.

The canonical field £ becomes now the dynamical vector field associated ted with
the Pfaffian structure Cy(d Ao, o).

Any tangential vector field X of Penea may be written
(20) X=fE+HX

where HX is the horizontal component of X. Asis known [4] X is an infinitesimal
automorphism of the Pfaffian structure C) if
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21) Lxo=0.

Taking account of (20) one gets

(22) Lxo=df+HX)(dA\o)

and in this case f=X |w is the basic function of X, that is E |df=0 [4].
If we write HX=23he; we find from (22) and (8)

(23) Af +hi0® + -+l 10" — ho' — -+ — hgp™ 1 =0.
It follows from (23) that
(24) aa,fzha-H’ aif: _hﬁ—l

where 8; denotes the Pfaffian derivate and the numbers 1=¢=2n—1 and 2=a=<2n
are odd and even respectively. Consequently an infinitesimal automorphism X(f)
for the considered Pfaffian structure C, on Penet g expressed by

(25) X:fezn+l+ Zaaafeaﬂ - Zﬁaﬁfei—l-
From (25) it follows that the necessary and sufficient condition that X(f) be
a null real vector field is that
(26) dlgf=—— 3 cr=a.
Vg
Hence we may state the

THEOREM. If the almost cosymplectic structure on an V' hypersurface is a
Pfaffian structure C, then the necessary and sufficient condition that an infinitesimal
automorphism X(f) be a null real vector field is that there exist a l-form & as-
sociated with a hovizontal principal pseudobissecting line on Ventt such that & be a
coboundary.

ReEMARK. X (f) and y(f) being two infinitesimal automorphism of C,, ne has [4]
[X, Y] o=Xjdg—9E |df =HX |dg
and if X(f) and Y(g) are both null real fields, we deduce from (26)
[X, Y1= () fo

where (%) is a constant factor.
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