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Let R be a concrete d'-algebra
in the sense of I.E.Segal, and A
be the totallty of all self-adjoint
elements of R. For x, y of A, de-
fine the formal product

X oy =(xy + yx)/2

then for every x, y, 2z of A, and
for every real scalar x , we
have

=k(xoy),

(kx) o 7 Xey=Yox,

and
(x +y7) oz =(xo0z2) +# (yoz).

Moreover, if R is commutative,
then the assoclative law (%)

(xey)oz =x o(yo 2z)

holds in A. In this note, we shall
prove the converse

Theorem., If the assoclatlive law
(%) is satisfied in A, then R is
commutative,

Procf. Substituting y = xz+
zx in (%), we have xz%x = zx2z
for every x, z of A.

Let

X = f};dq\ , ﬁﬁdgﬁ

be the spectral representations of
x and y respectively. Then from
the well known fact, the commuta-
tivity of the product Xy is equiva-

lent to that of e ﬁu for all A,
A . Moreover b a theorem due
to J. von Neumann, is the

strong limit of a sequence from A,
for every A,, so that, for every

fixed A, , we get two sequen-
ces {xn} and {Yn} such that
strong lim x, = e, ,
N~
strong lim yp = 9." ;

g0t —> 09
Xn € A, In € A.

Py

Hence

strong lim strong lim xpyymx,
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strong lim strong lim Ym*nYm
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On the other hand we have

Xn¥m*n = Ym*n¥m

for every m, n; therefore

= o’ 4
exe;ex = Cu%u
Set now u=e,6., - &6
then ~H N
— < I'd - 4
uu = (g6, 9“qQ(9“g\ q‘ga}
= °,§m -e e’ehe’ -
‘ ©x Ey e +-q~ehq“ °
=0,
so u = 0; that 1is, eAe” = e‘e,\
for every » , AL Thus we get
Xy = yXo
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