
A NOΓI ON NGIifSD ftXKO

I. Σ*Gelfand has shorn in his first
paper on Hornierte Hinge (Recue11
Sathematique, Γ.9 (51), 1941) that if H
satisfies four conditions (o( ), (β)»
(4)» w d iί ) given below, then H is
algebraically isomorphio and topologl*
cally honeomorphie to R

#
 with the sane

three conditions (0C)» ( fi)
9
 If), and

) which is strictly stronger than (**)

According to his proof, he assumed
eomrautativity of R or, at least, the
existence of right unit element of R
In this note* we shall show that his
assertion is still valid in the oase
without assumption such as eomutatlvity
of R

It is to be mentioned, however, that
our condition (?) has a right unit ele»
meat, while Gelfand's ( f ) has a left
unit element*

2,
fo
<

Let H be a set of elements x# y#
« which satisfies the following
conditions (* ), ( 1 ) , ( f ) and

(sf ) E is a Banach space with complex
numbers &$ it® coefficient field*

((I) i is a rings

C Λ^^a^β complex numbers}»

lΊί) R has a right unit element e s

moreover 0 β | *f* 0

( ί} Operation of Multiplication is
continuous

s
 i##»

$

implies

Let '4 be a Banach space of all linear
operators on a into R itself* And let
fr be the totality ©f A& in Q such
that

l«β
 t ζA

X
ί X*

Then, for the mapping ψ t x 4r~* Ax
between R and R

#
 » we can easily show

that

(1) x ψ xf implies Ax + &
 9

which evidently asserts a one-to-
one mapping of ψ between R
and R* . *

(2) f iβ algebraic isomorphism.

(3) f is continuous from R' onto R

(4) R' is closed in %% thus R
/
 Is

complete*

Therefore by the known theorem of Banach
t

(5) f is continuous from R onto

We can then conclude that

R and R
7
 are la

morphic, and
c

it)

Proof (1)

If x 3+ x» , then

Hence

In the out of Gelfand, (1) lβ not
satisfied, tnd we shall give It counter
example at the end of this not* (4 (b))

(2) Obvious.

(3) By the inequality

U) If A*. -> A « Λ , then ζ*4 SΛ
a Cauchy sequence, for

R being complete, there exists an ele-
ment z f D, such that



For any element y

and

i.e.,

Hence it must be

Ax •- *t
Thus

A ~ Ax e Jt'
This asserts the closedness of R

/
 in

(5) By (1), (3) and (4)

3 Let

o)

Then M is a right ideal with e as
a unit element, and N is an ideal
To be explicit

and N (direct sum)

According as the direct decomposition
of R, R

f
 can be expressed in a matrix

form such that

\

/

and for any W e M
 J

4 Examples
(a) Let

ft sBr^(λ
/
ft) ̂ complex numbers)

and

Then R is a Banach space with res-
pect to this norm.

By the operation of multiplication
(λ^XV.H-')

 β
 CΛA', /^A:), R

forms a normed ring

In this case (1,0) is a right unit
element, but not a left unit element, for

( V O <*'•!*') = <<*/, <O

And

(b) In place of the multiplication in
(a), a little change of multiplication
such that

yields a counter example of Gelfand s
case

o
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