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ON HASSE ZETA FUNCTIONS OF ENVELOPING ALGEBRAS OF

SOLVABLE LIE ALGEBRAS

TAKAKO FUKAYA

1. Introduction

In the paper [Fl], we generalized the Hasse zeta functions CA{S) of
commutative finitely generated rings A over the ring Z of integers, to non-
commutative rings.

The aim of this paper is to prove

THEOREM 1.1. Let R be a finitely generated commutative ring over Z, let g
be a solvable Lie algebra over R which is free of finite rank n as an R-module, and
let A be the universal enveloping algebra of g over R. Then

1.2. We review the definition of the function ζA{s). For a (not necessarily
commutative) finitely generated ring A over Z, the Hasse zeta function ζA (s) of A
is defined by

where r runs over integers > 1, and

p n=\ U

where ®Λ,Γ is a certain scheme of finite type over Z, p runs over prime numbers,
and Fpn is a finite field with pn elements, so the function d , r M coincides with the
product of Weil's zeta functions of ^>AJ®ZFP [We] for all prime numbers
p. For the algebraic closure K of Fp, SAA^) ^S identified with the set of the
isomorphism classes of all r-dimensional irreducible representations of A over K,
and <SA,r(Fpn) is identified with the Gal(K/Fpn)-fixed part of &A,r(K)'

Theorem 1.1 is deduced from the following Theorem 1.3.

THEOREM 1.3. Let B be a finitely generated algebra over Z, let δ be a
derivation of B, and let A be the ring {J2l=obitl;N > 0 , i / e 5 } in which t is an
indeterminate and the multiplication is expressed as tb — bt = δ(b) (b e B). Then
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We show that Theorem 1.1 follows from Theorem 1.3.
We may assume that R is a finite field of characteristic p > 0, for CR(S), CA($)

are products of ζRim(s),ζΛ/mΛ(s) over all maximal ideals m of 7?, re-
spectively. So assume R is a finite field k.

Since g is a solvable Lie algebra, there exists a sequence of subalgebras of g

9 = 9o =3 9i => => ft, = W

where g, is of dimension « —/ as a λ>vector space, and [($,•_!,gj <= 9/ for
1 < / < n. Take the universal enveloping algebras of qt_x and g, as 4̂ and B,
respectively, and apply Theorem 1.3 inductively, then we obtain Theorem 1.1.

In section 2, we prove Theorem 1.3.
A proof of a special case of Theorem 1.1 and a proof of Theorem 1.3 in the

case B is commutative are given in our previous papers [F2], [F3], respectively.

I am very grateful to Professor Kazuya Kato who suggested me to study this
subject, gave me much essential advice and encouragement.

2. Proof of Theorem 1.3

2.1. Let A, B and δ be as in Theorem 1.3. Since CA(S) = YIPCA/PA(S)>
CB(S) = Π;? CB/PB(S) where p ranges over all prime numbers, we may assume that
B is an /^-algebra. Let k = Fp, and let K be the algebraic closure of k. Let
&A = LL>i ®Λ,Γ, a n d f° r a n extension k' of/:, let ®Λ(&') be the set of /^-rational
points of <5A We define &B and S5(/:/) as in the case of A. Let Bκ =
B®kK.

Let M be a finite dimensional irreducible representation of A over K, and let
TV be an irreducible representation of B over K which is a subrepresentation of
M. Let χN : BK -* Endκ(N) be the action of Bκ on TV.

DEFINITION 2.2. Let {<57; I <j <m} (me Z,m> I) be a family of k-derί-
vatίons of B. We say "{χNoδf,\ < j < m} are linearly independent (resp. de-
pendent) modulo inner derivation" if the canonical images of {χN oδj ; 1 < j < m}
in the space

{Bκ^Έnάκ(N)-K-\me?ix}/{Bκ^Έviάκ{N)',b -> χN([b,b0}) for some b0 e Bκ}

are linearly independent (resp. dependent) over K.

LEMMA 2.3. There exists an integer I > 0 such that {χN o δp'; 0 < / < / - 1}
are linearly independent modulo inner derivation and {χN oδp;0 < i < 1} are
linearly dependent modulo inner derivation.

Proof Note that δp'(b) is a /r-derivation for any / e Z, / > 0 ([S-F] Chapter
1, Proposition 2.3.2). In the AΓ-linear space

{Bκ -+Endκ(N)]K-]meai}/{Bκ -> Endκ(N);b ^ χN([b,b0}) for some boeBκ},
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the images of {χN oδpm;m e Z,m > 0} are contained in the following ^Γ-linear
subspace: {h: Bκ -> End^(Λ^);ϋ:-linear, h(ab) = χN{a)h{b) + h(a)χN(b)}/
{BK —> Έndκ{N);b ι-» ##([£, fto]) for some bo e BK}, which is finite dimensional
over K since the maps h satisfying the condition are determined by the values of h
at the generators of B over k. •

We use the same notation δ for the ^-derivation of BK which is induced
from δ in Theorem 1.3.

We have the following proposition.

PROPOSITION 2.4. Let I be as in Lemma 2.3. Then the map

ι=0

is bijective.

We prove Proposition 2.4 by using the following Lemmas 2.5, 2.6, and 2.7.

LEMMA 2.5. For b e BK and for me Z,m>0,

7=0 \J

Especially, let f : {ae Z; a > 0} —> {# e Z; a > 0} fee ί/*e function defined by
f(a) = a — pr where pr\\a. For an integer m > 0, /or βjrμ b e BK, and for x e N,

(tmb - btm)x = (xtf{m)δm~f{m){b)x

+ {a linear combination of the elements tιδm~ι{b)x (0 < / < f{m)))

where α e Fp, α # 0.

Proof See [S-F] Chapter 1, Proposition 1.3. •

LEMMA 2.6. Assume that {χN oδp O < i < I — 1} are linearly independent
over K modulo inner derivation. Then the map

ι=0

is injective.

Proof We prove this by induction. Let i be an integer such that 1 < i <
pι — 1, and assume that

as AΓ-linear spaces by the map defined above. We show that

(i) N + tN + + ί ι - 1iV + tιN ^
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This (i) is equivalent to the fact that the map

tι \N -* M/(N + tN + + tι~ιN);x ι-> tιx mod N + tN + + tι~ιN

is injective. •

Now we have a lemma.

LEMMA 2.6.1. The above map tι is a B-homomorphism.

Proof. This follows from Lemma 2.5. •

By Lemma 2.6.1, if the map tι is not injective, it is the 0-map (since TV
is irreducible). We assume that tι is the 0-map, and will get a contradiction.

The fact that tι is the 0-map is equivalent to

tιN ^N + tN+- + tι~ιN.

Then for xε N, it can be expressed as

where g}• \ N —> N is a X-linear map for 0 < j < i - 1. For & e BK, by Lemma
2.5,

(ii) btιx --

+ +f-Vi(**)+

Moreover,

(iii) btιx = bgo(x) + + ^ - ^ ( x ) .

We compare the two equations (ii) and (iii). The most important parts in (ii)
and (iii) are the ί^TV-components where / is as in Lemma 2.5.

To prepare to compare the equations, we have some lemmas.

LEMMA 2.6.2. We have the following equation. For b e BK and for me Z,
0 <m < i- 1,

(iv) gm{bx) + {-iy-m(l

my-m(b)x = bgm(x)+Σ'(-I

Proof The left hand side is the ί"W-component in btιx in the equation (ii),
and the right hand side is that in (iii). •
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LEMMA 2.6.3. (1) For j (0 <j <i- 1) such that f(j) > /(/), gj is a scalar
map. That is, gj(x) = CjX (x e N) for some Cj e K.

(2) For j (0 <j <i-\) such that f(j) > /(/), gj is the 0-map.

Proof. We fix an integer m such that /(/) < m < i — 1. Assume that for
j (0 < j < i' — 1) such that j > m, gj is a scalar map C} (Cj e K), and for
j (0 < j < i — 1) such that f(J) > m, gj is the 0-map.

We show that gm is a scalar map Cm (Cme K), and for j (0 < j < i — 1)
such that f(j) = m, gj is the 0-map.

Remark that j > / ( / ) , so Lemma 2.6.3 follows from this by downward
induction on m.

We consider Lemma 2.6.2. Since m > /(/), from the computation of the

coefficient, the part ( - l ) ' " " ^ ^ V ~ m ( £ ) * in the left hand side of the equation

(iv) is 0. So the equation (iv) is

(v) gm(bx) = bgm(x) + Σi-iγί™ + 7 V (b)gm+j(x).
j=\ \ m /

By the theorem of Burnside ([F-D] Corollary 1.16), any X-linear map: N -^ N
is obtained as an action of an element of Bκ So we write gj(x) = bjX for
bj E BK {0<j<i— 1). By the hypothesis of this induction, the equation (v)
is equivalent to the equation

[bm,b]x=
jeΓι(m)

where α7 e Fpy ocjφ 0 (We denote m +j in (v) by j here). For j e f ι(m) such
that 0 < j < i — 1,7 — m—pr for some r e Z,0 < r < / - 1. From the linear
independence of {χN oδp;0 < i < I — 1} modulo inner derivation, C7 = #, = 0 for
y e f~ι(m) such that 0 < j < i - 1. So χN{bmb) - χN{bbm) = 0. Hence gm =
χN(bm) is ^-linear. Since N is irreducible, gm is a scalar map. •

Now we accomplish the proof of Lemma 2.6.
We compare the ί^*)JV-components in (ii) and (iii). We put m = f{ΐ) in

(iv). The coefficient

i

f{i)

which is on the left hand side of (iv) is not zero. By Lemma 2.6.3 and the
argument in its proof,

-XN(bbf(i)) =(*L
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where αy e Fp, ocj φ 0 (j e f~ι (/(/)), 0 < y < i). For each j e / " * (/(/)) such that
0 < y < i, there exists r e Z, 0 < r < / - 1 such that j - f{ι) = pr. This con-
tradicts the assumption that {χNoδp';0 < i < I — 1} are linearly independent
modulo inner derivation. •

LEMMA 2.7. Assume that {χN oδp;0 < i < I - 1} are linearly independent
and {χN oδp 0 < / < /} are linearly dependent modulo inner derivation. Then
there exists an irreducible representation N' of B over K which is a sub-
representation of M such that N' = N as a Bκ-module and

ι=0

Proof Assume that

XN°° =
ι=0

where yt e K, bo e Bκ Put

ι=0

Since [tp\ }=δp\ χN(btf - t'b) = 0 for all b e Bκ. Let W={xEM;bx = 0
for any b e Ann(TV)}, where Ann(Λ^) = {b e Bκ; bN = 0}. Then W is stable
under the actions of Bκ and tf. Let N' be the irreducible representation of B[t'\
over K which is contained in W. In N', the action of tf commutes with the
actions of B[tf], and hence is a scalar map. So N' is an irreducible repre-
sentation also of BK- Since Ann(TV) kills N', N' is isomorphic to TV over Bκ.
The subrepresentation Σf=o1 ^ ^ ' °f ^ *s stable under the actions of the elements
of BK and t. So it coincides with M. Hence we obtain the result. •

LEMMA 2.8. Let N" be an irreducible representation of B over K which is
contained in M. Then N" = N.

Proof As a ^-module, M has a composition series whose all quotients are
isomorphic to N. Hence N" ^ N over Bκ.

To prove N" = TV, it is sufficient to prove that the image of any Bκ-
homomorphism

p'-l

h:N -» M=Σ fNi
ι=0
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is contained in N. Write h{x) = Σ*J^1 t%(x) (x e N) where ht (0 < i < pι - 1)
are iΓ-linear maps N —> N. For any x e N and b e BK,

h{bx) = ho{bx) + thλ{bx) + + ί*'"1 V-i(**)>

and

Λ(foc) = bho(x) + ΛίAiW + + btpl-χhpι_λ(x).

We compare the ί"W-components (0 < m < pι — 1) of the above two equations,
then we have

7=1

This equation has the same form as (v). So from the argument in the proof of
Lemma 2.6.3, A, = 0 for 1 < i < pι - 1. So h(N) c ] ^ . Π

From Lemma 2.8, we obtain

COROLLARY 2.8.1. There exists a surjective map

π : <5A(K) -^ ^>B{K)] the class of M i-> the class of N.

This map π commutes with the action of the Galois group GeA(K/k).

By Lemmas 2.6, 2.7, and 2.8, we obtain Proposition 2.4.

2.9. Let / be as in Lemma 2.3.
From the above argument, we have that the irreducible representation M of

A over K is determined by χN and the action of tpl. Write

ϊ
where γ( e Γ̂ and bo e Bκ Put

By Proposition 2.4, the action of ί' on M is completely determined by its action
on N, and from the argument of the proof of Lemma 2.7, t' acts on N as a
scalar. Then we have for x e N,

tfχ = ex

for some c e K. Hence

1=0

We can take c e K arbitrarily.
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From this and Corollary 2.8.1, for each finite extension Fq of k which has q
elements and x e &β(Fq), the Gal(K/Fq)-set π~ι(x) is a ^Γ-principal homogeneous
space. Since Hι(Gal(K/Fq),K) = {0},π~ι(x) is isomorphic to K as a Gal
(K/Fq)-set. Hence we have

This proves Theorem 1.3.

3. Remark

For a solvable Lie algebra cj over R where R is a finitely generated
commutative ring over Z, we have Theorem 1.1 which says that the Hasse zeta
function of the universal enveloping algebra of g over R is determined only by its
rank over R.

But when Lie algebra g is not solvable, we cannot say such things. For
example, if A is the universal enveloping algebra of sfaζZ), we have

Π
p .oάά prime p .oάά prime

(see [Fl]).
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