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L? HARMONIC FORMS ON A COMPLETE STABLE HYPERSURFACES
WITH CONSTANT MEAN CURVATURE*

HaizuonG Li

Abstract

We show that an n-dimensional (2 < n < 5) complete noncompact strongly stable
hypersurface M with constant mean curvature in an (n + 1)-dimensional manifold M of
nonnegative bi-Ricci curvature admits no nontrivial L? harmonic 1-forms.

1. Introduction

Let M be an (n+ 1)-dimensional orientable Riemannian manifold and
let x: M — M be an immersion with constant mean curvature H of an n-
dimensional differentiable manifold M into M. We recall that x is strongly
stable if (see [1], [2], [6])

(1.1) I(f) = JM{IVfIZ — (|4 + Ric(n))f2}dM > 0

for all f: M — R with compact support, where Vf is the gradient of f and |A|2
is the squared norm of the second fundamental form of x, and Ric(n) is the Ricci
curvature of M in the unit normal direction n. We recall x is weakly stable (c.f.
p- 127 of [2]) if (1.1) is true for all f with compact support that satisfies

(12) JMfdM=0.

In [3], do Carmo and Peng proved that if M is a strongly stable complete
minimal hypersurface of an (n + 1)-dimensional Euclidean space R™*! with finite
absolute curvature, then M is a hyperplane. In [1] and [2], Barbosa, do Carmo
and Eschenburg proved that round spheres are the only compact hypersurfaces
with constant mean curvature in R™! that are weakly stable. Mori [8] and da
Silveira [4] considered the complete and noncompact surfaces with constant mean
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curvature in R3. Mori proved that if M is a strongly stable noncompact surface
with constant mean curvature in R3, then M is a plane. Da Silveira proved the
same assertion under the assumption of weakly stable condition. But very little
is known about the stability of complete and noncompact hypersurfaces M with
constant mean curvature H # 0 for the higher dimension.

In [11], Tanno proved the following result

THEOREM 1 (see Theorem B of [11]). Let M be a complete noncompact
orientable minimal hypersurface in a Riemannian manifold of nonnegative bi-Ricci
curvature. If M is stable, then there are no nontrivial L* harmonic 1-forms on M.

This is a generalization of Palmer’s result (when M = R™!) and Miyaoka’s
result [7] (when M is of nonnegative sectional curvature).

When H = 0, we easily see that strongly stable reduces to stable of minimal
hypersurface. In this paper, we generalize Theorem 1 to hypersurfaces with

constant mean curvature, in fact, we obtain

THEOREM 2. Let M be an n-dimensional (2 <n <5) complete and non-
compact orientable hypersurface with constant mean curvature H in a Riemannian
manifold of nonnegative bi-Ricci curvature. If M is strongly stable, then there are
no nontrivial L* harmonic 1-forms on M.

2. Preliminaries
We first recall the following definition

DerFiNITION 1 ([10]). Let M be an (n + 1)-dimensional Riemannian mani-
fold, and u, v be orthonormal tangent vectors. We set

b-Ric(u, v) = Ric(u) + Ric(v) — K(u, v),

and call it the bi-Ricci curvature in the directions u,v. Here K denotes the
sectional curvature of the plane spanned by u,v.

From Definition 1, it is clear that the nonnegativity of the sectional cur-
vature of M implies the nonnegativity of the bi-Ricci curvature of M. If
n+1=2 or n+1=3, then b-Ric(u,v) = S/2, where § is the scalar curvature
of M.

Remark 2.1. 1t is clear that P, nonnegativity of the sectional curvature of
M in [11] is equivalent to the nonnegativity of the bi-Ricci curvature of M (in
[10]).

Now let @ be an L? harmonic p-form on a complete orientable Riemannian
manifold M = (M,g). It is known that w is closed and coclosed (see [5]). The
Riemannian curvature tensor, the Ricci curvature tensor and the Riemannian
connection are denoted by R}y, Ry and V. The expression of Aw is given by (c.f.

[12])
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T
Aw = Aw;,..., = V'V, .., ~ E R, @y, + E R™ PR —

<s

=0.
Putting || = 3wy, 0" and |[Vo|? = ¥ V,0;.., Vo', we obtain
1
2.1) EA”CO”Z = ”le|2 + Zwil..A,erV,w’l""p

1-p
_ 2 r 1ol vu 7) 001
= ||Vo|” + E R wjy..r.qy@™ " — _5_ R™,1, @iy gy @™

t<s

1p
_ 2 r ) vu 150,
= |Vo||" +p E R 0py.., 0" — E R™ 1, @i ..pnpgy @O

<s
-1 .
= ||Vo|* +p Z Ry’ ..., jiy...t, —p(pT)Z Rk,-,-;,wkf,,...,t,a)’h“’ .

On the other hand, we have

1
(2.2) §Alla>ll2 = [l Allo|| + [|V][e]|]]*
= |w[Allo| + [Vol* - F(w),
where
(2.3) F(w) = Vol - [|V]|o|l|%,

and Kato’s inequality implies
(2.4) F(w) = 0.
By (2.1) and (2.2), we get

. -1 .
2.5) llolAloll=p Y Rjo',.,0" " _1’_(1’_2_)2 Rigih0",.., 8™ + F(@).

3. Hypersurfaces with constant mean curvature H

Let M be an n-dimensional orientable hypersurface with constant mean
curvature H in an (n + 1)-dimensional Riemannian manifold M. Let n be a unit
normal vector field on M and let 4 be the shape operator with respect to n. We
assume that M admits a nontrivial L? harmonic p-form w. After Palmer [9] we
use the following cut off function h. Let p be a point of M. By B,(p) we
denote the geodesic r-ball centered at p (r-neighborhood of p in M). his a
smooth function such that 0 <A <1 and

( ) -—1 on B{z(P ) and h =0 outside B,(p),

(ii) ||VA||*> < ¢/r?, where c is a constant.
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Let f = h|lw|| in (1.1), we have
(31) I(h)=- JM K (l|lollAlloll + |4] lo|* + Ric()|lo]*) + jM VAo
By (2.5), we get
32) Ih)=- JM W [pZRijwi,z...,pwjiz""P —pLP—Z:l—)ZRIqihwkj,-a...,pwihﬁ""]’
+F@) + Aol + Retlal?]| + | 1Pl

Now let {ey,...,en, enr1 =n} be a local orthonormal frame along M. Then
we have the following Gauss equations

(3.3) R = AwAji — AuAj + Riju,
n
(3.4) Ry=nHAj -y Apdu+)_ Ryu
3 k=1

=nHA4; — Z A At + R — K(ent1,€) €ns1, €1),
3

where H = (tr 4)/n is the mean curvature of M in M.
Putting (3.3) and (3.4) into (3.2), we obtain

(3.5) I(h)=- [M W [anZA,-jw’iz...,pa)ﬁz""P —pZA,-kAkjw’,z...,pwﬂz""P
-1 . .
_ p(pz )ZAszjthqta--~xpwlh‘3""”
-1 .
+ p(p2 )ZAkhAijwkjls"'lpw,hn'“'p
_ i D = .
+p Z Rk,-kjco',z...,pwﬂz""” — p-—(g-z—) Z Rkjihwkju...,pw'h” k4
2002, Bis 2 20112
+ F(w) + || 4] lo]l” + Ric(n) [|oo]| ] +JM VA"l
=— JM W [an D Ayjay @ = p Y Ap Ayt 0"
—p(p— 1)) Audpe,.,0" % + F(o)

+ APl + 0@)] + [ 1VAPlol?,
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where
(3.6) Qw)=p Z Ryt .. 0072 — P(P;Z_D Z I—ijihwk’i3...,pa)‘7'i3""0
+ Ric(n) |o]|*.

4. I? harmonic 1-forms

Let M be a complete orientable hypersurface in M. We assume that M
admits a non-trivial L? harmonic 1-form  and let w* denote the vector field dual
to w with respect to the Riemannian metric. Choosing p = 1, in (3.5), we have

1) I(h) = - [M R[D@") + F(@) + Q@)] + jM VAP ],
where
4.2) D(w*) = nHA(0*, 0*) — {Aw*, Aw*) + || A|*||w|?,

43) Q) =), R(er, ", ex, ") + Ric(ens1, ent1) | 0*|>
= E(w*’ (l)*) + E(en+1’ en+l)||“’*||2 - E(en+1; CO*, €n+1,6l)*),

where ey,...,e, are local orthonormal basis and e, =n. Let Ade; = A, ie.,
A(e,-,ej) = 1,6,']', w* = Za,-e,-, then

nH =+t Ao)=) agid;=) ka,
{Aw*, Aw*> = Zafl%.
We first prove the following lemma
LemMA 4.1. For any tangent vector field v="7_ be; on M, we have
(44)  D(v) = nHA(v,v) — {Av, v} + || A|*|l0]*
=t +)Y D= B+ + )G+ +BY)

>0, when 2<n<S5.

Proof. For 1 <i<n, we let
Fr= (Mt AP = BPA7 + (A + - + 2B
= [(h o+ A)h = A+ (AT + o+ 4107

When n =2, F;=1/2[(4 + 4)? + A2 4+ A2]p? > 0.

When n=3, F=1/2[(A+4)+ (A& +4)’+ 42+ 4263 >0, similarly,
Fi>0, i=23.

When n=4, F; =[(A/2+ A)* + (A1/2 + 43)2 + (A1/2 + As)* + 22/4)2 > 0,
similarly, F; >0, i =2,3,4.
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When n =5, Fi=[(11/2+J)* + (/2 + 43)* + (M /2 + Aa)* + (11/2 + 4s)*|2
> 0, similarly, F; >0, i > 2. Thus, the left hand side of (4.4) =), F;>0. O

Remark 4.1. Note that, if n = 6, for example, ; = —1,h =--- =46 =1/2,
by #0,by=---=bg=0. In this case, Fi = —b?/4 <0,F, =--- = Fg =0, thus
the left hand side of (4.4) is negative. We see that the condition » < 5 in Lemma
4.1 is essential.

5. The proof of Theorem 2

Let M be an (n+ 1)-dimensional Riemannian manifold of nonnegative bi-
Ricci curvature. Then by (4.3)

(51) Q@) = Ric(w", ") +Ric(ent1, ens1) 0| = K(ent1, ", ens1, ")
= [Ric(e, €) + Ric(ent1, ent1) — K(ent1,€; ens1, €)][|0"|
=0,

where e = 0*/||w*|| is the unit tangent vector field on M. Now we assume that
M is an n-dlmens1onal noncompact complete strongly stable hypersurface with
constant mean curvature H in M, and that there is a nontrivial L? harmonic 1-
form w on M. So we have by (4.1), (1.1) and the definition of function A

(62 0sIt)=-| RIDE)+F@+o@)]+| IVl

<—[ )+ F@+o@)+S [ ol
/2(P) M

Letting r — oo, in view of (2.4), Lemma 4.1 and (5. 1), we have Q(a))
F(w) = D(w*) =0. The equahty F(w) =0 implies 2|o|? Viw; = (V,||co|| ).
So éw = 0 implies w'V;||w||*> = 0. Furthermore, dow = 0 implies ||| is constant
and w* is parallel. Thus Ric(w*,w*) =0, and we have by (3.4)

(53) nHA(0*,0*) — {do*, Ao*) + Ric(w*, 0*) — K(eps1, ®*, €py1,®*) = 0.

By (4.2), D(w*) =0 reduces to
(5.4) nHA(w*, 0*) — {Aw*, do*) + || 4| ||| = 0.

By (4.3), Q(w) =0 becomes
(5.5)  Ric(w*,w*) + Ric(ens1, ens1)||0*||* — K(ens1,@*, enp1,0*) = 0.

Combining (5.3), (5.4) with (5.5), we have

(5.6) 42 || + Ric(ens1, en1) ] = 0.
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Let u be an arbitrary unit tangent vector field to M. From the nonnegativity
of the bi-Ricci curvature of M, for an orthonormal pair {u, e, 1}, we have

(5.7) Ric(u, u) + Ric(eni1, ens1) — K(u, en1, 4, €511) = 0.
By Gauss equation (3.4), we get from (5.6) and (5.7)
(5.8)  Ric(u,u) = Ric(u,u) — K(u, ens1,u, eny1) + nHA(u,u) — {Au, Au)
> — m(en+1,en+1) +nHA(u,u) — (Au, Au)
= 41> + nHA(u,u) — {Au, Au).
By use of Lemma 4.1, we can conclude that
(5.9) Ric(u,u) > 0.

Thus the Ricci curvature of M is nonnegative. Because M is complete and
noncompact, the volume of M is infinite ([13]). This contradicts that e is an L?
harmonic 1-form and ||| is constant. O

Remark 5.1. By Dodziuk’s result [5] the existence of a nontrivial L?
harmonic 1 form follows from a topological condition that there exists a cycle of
codimension one in M which does not disconnect M (c.f. Palmer [9] or Tanno

(11)).

6. L? harmonic 2-forms

In this section, we will prove the following result

THEOREM 6.1. Let M be an n-dimensional (2 < n < 4) complete noncompact
orientable hypersurface with constant mean curvature H in an (n + 1)-dimensional
Euclidean space R™!'. If M is strongly stable and M admits a nontrivial L?
harmonic 2-form w, then « is parallel on M.

We first prove the following Lemma
LemMA 6.1. Let A, B be n x n real matrices such that
(i) A is symmetric
(il) B is skew-symmetric.
If 2<n<4, then
l411B|* + 2tr(AB)* + 2tr(4%B*) — 2tr A - tr(4B*) > 0.

Proof of Lemma 6.1. First we diagonalize 4 to the form (aid;) by an
orthonormal transformation. Let B = (b;;), then we have the following
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41?1 = (Z a?) (Z b?j), tr(4B)’ = - aab},
1 1#) 1#)
tr(4%B?) = — ; aib}, —2tr(A)-tr(4B%) =2 aizk ajb}.
i#) i j#

Therefore, we obtain
1 4]1%(|B||* + 2tr(AB)* + 2tr(A2B?) — 2trd - tr(AB?)
=20+ ai+ - +a - 2aa+ (a1 + - + ap)(a1 + @)
4265 4+ 282 )
When n=2, (a1 + a2)2 —2a1a 2 0. When n=23,
@ —2a1ay + (a1 + ay + a3) (@) + ap)
=(a3/2+ @) + (@3/2+ @)? +d2/2 > 0.

When n =4,

a§ + aﬁ —2a1a02 + (a1 + az + a3 + as) (a1 + a2)

1 1 1 1
=5 (a + a3)? +5 (@ + ag)? +5(@ +a3)? +5(@ +ag)* = 0.

O

Remark 6.1. When tr4 =0, Lemma 6.1 reduces to Lemma 1 of Tanno

Just as in Tanno [11], the condition » <4 in Lemma 6.1 is essential.

Proof of Theorem 6.1. We assume that a complete orientable hypersurface
M with constant mean curvature H in R"*! is strongly stable and M admits a

rivial L2 harmonic 2-form w. Let p =2 in (3.5), we have

6.1) I(h) =-— J n? [2nH Y Ao’ -2 Apdyolo” -2 Audpo¥o™
M

+F@) + APl + | 19Aol?

_ j [D1(0) + F(0)] + j VA lol?,
M M

where

(6.2)

Dy (w) = —2tr(A)tr(AB?) + 2tr(4*B?) + 2tr(4B)* + ||4)%|| B|1%,

where 4 = (4;;) and B = (wy)).
Lemma 6.1 implies that Di(w) >0 holds on M. Then (6.1) and the
definition of function 4 imply the following

(6.3)

OSI(h)S-J

[D1(@) + F(@)] + (/) j ool
B,x(p) M
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Letting r — o0, F(w) = Di(w) =0. The equality F(w) =0 implies (c.f. [11])
(6.4) 2o|*Viwy = (Villol)w;.

We consider (6.4) on an open set where w#0. dw=0 implies that
a)"kallwll2 =0 holds. Furthermore, dw =0 is equivalent to

ka,'j + V,‘C()jk + V,-cuki =0.

By (6.4) and the last equality multiplied by ¥, we get Vk||co||2 =0, and hence
|lw|| is constant. By (6.4), we conclude that w is parallel. O
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