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NECESSARY AND SUFFICIENT CONDITIONS FOR A
POISSON APPROXIMATION (TRIVARIATE CASE)

By CHENG-GEE Liu

0. Introduction.

In paper [1], M. Polak has shown that V.R. Mises (1921) has derived
sufficient conditions of Poisson approximation for sums of independent univariate
Bernoulli random variables which may not be identically distributed, and that
J. Macys (1977) has derived that the converse assertion is true, :.e. the condi-
tions are necessary for Poisson approximation as well. M. Polak (1982) has
extended the univariate case to bivariate case. In this paper, we want to
extend Polak’s results [1], and generalize Kawamura’s results [2] to trivariate
case.

Before showing the main results, we give the following notations and
definitions.

1. Notations and definitions.

g, k, m, n: positive integers,

{e;=(1, 0, 0), e,=(0, 1, 0), e;=(0, 0, 1)} : base of 3 dimensional vectors,
E=le, e, e, e;+e,, e;+e;, e,1e;, e, +e, e},

i: 3 dimensional vector belonging to E,

8=(s,, Sz, S3): 3 dimensional vector,

(77:1>=n!/[m!(n—m) 1,

A;: frequence of the observation i in n, trivariate Bernoulli trials,

ti: the trial number for the j-th occurrence of observation i in the n, trials
with tie {1, -+, n,}, where j=1, 2, ---, A,,

F,-={(tf, tg, tty ti&); tf<t§<"‘<t§5},

G,: the set of integers expressed in (¢, ---, t4,) belonging to F, denoted as
Gc”"_"{t‘liy "ty tfl.’})

%}: the sum of all terms for (ff, -+, ti,)F,,

> : the sum of all terms for (#, -, t4y,)€F, with the condition

f
Gin(GeVGeyV-) =@

GiN{Go, UG, -} =0,
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POISSON APPROXIMATION 369
A:(Ael,Aeg, Ae3y Ae1+e2) Ae1+83) Ae2+e31 Ae1+22+ea)y
[C]=[A;<_ Z)} 1A,~=s], j=1, 2, 3], where we can obtain 4,<max s, for every i,
i,ep= J
[Z}C]: the sum of all terms for A,’s with the restriction of [C],
2;: nonnegative real parameter for every i€E,
t},, 13, integers which are conmsisting with the elements of G; with r,, s,
{1, 2, -+, A;}, where n is positive integer.
An,(A), By, (A), Cp,(A): sum of the product of probabilities which will be
deduced later from (2.2.1), (2.8) and (2.1.1).

2. Conditions sufficient for Poisson approximation.

Let {X,;=(X1y,, X24,, X3:)), 7=1, 2, ---, n,} be a sequence of independent
trivariate Bernoulli vectors for every £=1 with

(2.0) P[X,;=i]=P, i), for every i EU{0},
where

2 ij(i):l-

icEvio)

To explain X, (=1, 2, ---, n;), we may consider the following example
for n,=16.

Example 1.
7 1 2345 6 7 8 9101112131415 16 sum
X, 01010011101 010119
X2,, 01 1000010101000T0S5
X3,10110101000O0O0T1107

Let us denote S,,zzl):Xk,: Ei(Xlk,, X2,,, X3, for every k=1. In this
7= =
example, we have S,=(9,5,7). However, in the following discussion P, (i)
expressed in (2.0) will be replaced by Pi) for simplicity. Then P[S.=s] can
be expressed easily as follows.

4e
@D PLSi=s1=3( T [1I Pgiten)]

Aez Aeg
Z LI Pas(e] 2 CII Pisier)]

Gegf\Ge1=@ Gesf\ (GelUGe2) =0

Ael+e2
2 [ II Petele+ey)]
Fejteg J=1 7
Gey+eon(GeyUGegGeg) =0
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Ae +eg
F L H Ptel+e3(e1+e3)]
e;t+eg =1

Ge1+esn(Ge1\JGeZUGes\JGel+22)=g

Ae +eg

2L H PL"’2+93(92+€3)]
Fe2+e3 J=1
Ge2+esf\(GelVGegVGeg\JGe1+e2UGe1+e«)=®

Ae1+e2+ea

o L H Poerrerres(e;+e,+e€;)]}
ej+egteg
Ge1+e2+93r\(0e1UGeZVGeSUGel+ezVGe1+e3UGe2+e3)=®

l'IP ).

ge (GeIUG€2UGe3UGEI+EQUG€1 +e3YGegt+eVUBe; regtes)

For simplicity, if the term in the braces {--} of (2.1) is replaced by C,,(4),
then we have

(2.1.1) P[Sk=s]=[ > {Cry (4D} HP 0
s’$(GelUGeZUGe3VGe1+e2UGe1+e3UGe2+e3UGe1+e2+e3)

and also by (2.1) we have

2.2 P[Sy=s]= Z {2 ( H Pioi(e1)/Pes(0)) 2 ( H Pyex(€2)/ Prex(0))

Fe; 1=1
Gezf'\ael—@

2 ( HPz"3 eg)/P,es 0))
Feg j=1
Geaf\(GelsUGez) =0
Aejtey
( II Piere(es+es)/Prertes(0))
Fel+ez J=1 J J
Ger+epn(Ge VUG egUGeg) =0

Ae1+e

o2 (11 Pt'-’1+93(ex+es)/Pt¢1+"s(0))
ej+eg 1=1
Gel+e3n(GerGe2UGe3VGe1+e2) =0

Ae +eg
o ( H Pte2+e3(e2+es)/P£e2+e3(0))
este, J=
Gez+e3n%6erGe2UGe3UGel+egUGel+ea) =0

Aejtegtes '
Pte1+e2+e3(e1+e2+e3)/Pte_1+ez+e3(0))}
Fej+epteg J=1 J

Ge1+e2+e3n<Ge1UGe2UGe3UGe1+eZUGe1+e3UGeg+e3) =0
g
T P,(0).
2=1

Similarly, if the term in the braces {---} of (2.2) is replaced by A,,(A4), then
we have
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g
(2.2.1) P[S,=s8]= % gl;[l{Ank(A)}Pg(O)-

THEOREM 1. If the following conditions (2.3) and (2.4) are satisfied for the
sequence of independent Bernoulli distribution which may not be identically dis-
tributed,

2.3) E’ZP,,,-(i)—d, as koo for all icE,
&

(2.4) min P;;(0)—1 as k—co,
1sjsnp

then we have
Xﬁlcllfzeg oo 2‘421+e2+e3

. _ _ ejt+egteg
@.5) Hm PLSs =)= o, A, T Aepregre,

for every s, where [C]=[A;<' 2) 1A;=s,,l 7=1, 2,3].
z-ej =

e (A e1+132+"'+ 2 ej+egt+egy)

Proof. In order to prove the theorem, we consider the following three
steps.
(step 1) We want to prove that

ng
2.6) TI P,(0) > e~ Rertieptrtlerertey g5 k—oo,
2=1 .

Consider the inequality
1+y§ey; ye[_lr OO) ’

putting y=—x and y==x/(1—x), x<[0, 1), we obtain e */t-<]l—x=<e 7,
x<[0, 1). Now putting A,=P,(e,)+P,(e;)+ --- +P,(e;+e.+e;)=1—P,(0), where
0=A,<1 (by (2.4)) for sufficiently large %k (1=g=<mn,;), and using the last
inequality, we get
1 Ty ny T
e mm P L ‘e < H1 P 0)<e™ k%,
2=
and from (2.3), (2.4) we can prove that

np )
HPg(o)__)e—(1e1+1e2+“'+1e1+92+93) as k—oo,
J=1

(step 2) In order to derive the limiting value of (2.1), we need to prove
(2.8) by (2.7). In this step, let us prove (2.7) and (2.8). Let us put

Aey Ae A,
B, (A)=3 Il Puile) S I1Peses) S II Peesles)
Fey J=1 7 Fey j=1 J Feg j=1 J
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Aeﬁ-e Ae +eg
2 1I Pt‘1+e2(e1+ez) > H PL‘1+e3(e1+ea)
Feyt+eg =1 Feyteg J=1
Ae2+e3
2 1I Pee2+‘8(ez+ea)
Fegteg J=1
Ae1+e2+e3

> I1 PL§1+92+93(91+92+93)-

Feytegt+eg JI=1

Now we are going to prove that
@.7) S Py@1-24/A,)  for every ickE.
i J=

The proof is given by induction with respect to A,.
(1) A.=1. By (2.3), it is obvious that

B Pii)>a  as koo,
ty=1

(2) A;=2. By (2.3) and (2.4), we have
> Pt'(l)Pt (1)422/2

'<t2
because
0= ‘ﬁ P(i)=(1—min P,(0) "zipgm,
g=1 g 8=

and by (2.3), (2.4) the right hand side of the inequality tends to 0, so we have

2 B Py)Pg)= [ZP @®1— Z}Pf,(t)—n?2 as k—oo.

i<t
(3) Assume that (2.7) is correct as A;=m—1, that is,

b HPv(l)—>(2 o/ (m—=1)1  as k—oo.

th<<e, g 771
In order to finish tne induction, let us prove (2.7) as A;,=m.

Multiply the left hand side of the last relation by _2 Py (i) which tends to

th=1

A: (by (2.3)), we obtain

2.7.1) b2y Pt.(z)IIP W+ X P.(z)HP.(z)+
<<t oq i<l g

+ = Pz,,,l(t)HPc(t)Jr 2z 11 P,i(d)

ti<<td, ) th <ti<e<el, ) 91

m

+ DIN II @+ e+ > IIP :(t)

i<t <tb<<et, | I=1 thc<ed, <t =1

S
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EachYof the first m—1) terms of (2.7.1) may be nonnegative and estimated by
[1- mln P,0)] X HPz‘(l);

ticcel,

which is an upper bound of these terms and tends to 0; that is,

0<[each of the first (m—1) terms of (2.7.1)]
=[1- mln Pg(O)] > HPtl( ).
ticncet, | =1

So each of the first (m—1) terms tends to 0, and each of the last m terms has
the same value, then we can obtain the limiting value of (2.7.1) to be

m 2 IIP-(l)—-h? ‘(A" (m—1)1;
'< <z‘ J=1

that is, (2.7) is correct as Ai=m and we finish the proof of (2.7) by the induc-
tion. Then by (2.7), we have

erleez .. 14e1+ez+93

(2.8) B, (A)— ervertes as k—oco,
T Ael ! Aeg e Ael+e2+e3 !
tihs is the result of step 2.
(step 3) Let us define
4., 4.,
R(e;)= X TI Piex(e;)— XTI Pex(ey)
Gey Fey J=1 J Fey j=1 7
G(a'\Ge1=®
(2.9) {J?G (€5)= 2 H Pes(es)— 2 H Pies(es)
FerGes Gesr\e(aeluaez) =0
Ae1+e2+23
R (e;t+e,te)= X I  Pier+ertes(e, +e,te;)
GeyVGeg\UGegteg Fej+egteg J=1 J
Ael+e2+ea

- = 11 P:el+“2+‘3(e1+ez+ea) .
Fey+egteg J=1
Gel+eg+e3r\(Gelu UGeqte3)=0

In this step, we want to prove that each of R«(i) in (2.9) tends to 0 as k—oo;
that is,

(2.10) &im R, (i)=0 for every i E—{0, e,}

where 4 means the union of G’s depending on i.
It is easy to see that for sufficient large %

(2.11) S TP S P S(ete)™.  (Ai=n).
Fi j=1 7 25:1 J
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It is obvious from (2.9) that R(e.) is nonnegative, because the probability
is nonnegative and R.(e,) may be estimated as follows:

4, Agy 4,,
Re)= X Ptil(ez) > > H Piex(e,)
Gey =1 1 s1=1 Fe, sl 7
x5y
GegnGey= {t’z} {ee }
4,
+rl§_zpc$}(ez)Pt;§(ez)n<Esz F% I;I ; Pt§2(ez)
GegnGe={152. 152} ={e51, zel} :
+
+ = H Pm(ez) Z
1< <y J=
4e,
1T Pex(ey)
Fey J=1 J

Gezuael={z§§: =12, A}={t,’;'11; s=1,2,--, 4} TSLOm

<(A)1-min Py@( ) hey to)te

+(4)r1—min Pa)3:( ‘) ey et

‘..

+(‘i{‘)[1—min Pg(O)]“(’Lkz)(zeere)*‘ea"“,
(where A=min(A,,, 4.,)-

By (2.4) and (2.11), the right hand side of the last inequality tends to 0 as
k—oo. So we have R(ez)——>0 as k—oco. In the same way, we can proved each

R,@@) of (2.9) tends to 0 as k—oo, for every i€ E, and we finish step 3.
Now we prove theorem 1 as follows. By the definition of B,,(4) and (2.9),
we have

‘431 Aez Aes
(2.12) Ba(A)={3 T Pste) T I Posle) 3 TI Puss(es)
Fey J=1 Fey =1 Feg j=1
Aeytey Aejtey
X H Ptel+’2(e1+ez) p H Pt‘l+°3(e1+es)
Fel+02 J=1 e1+e3 J=1
Ae2+e
2 10 PteZ*"’a(ez‘l‘ea)
F62+e3 J=1
Ael+e2+23

Pt51+e2+es(el +e,+e;)}

Fejtegteg J=1
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-

7=

ey ey Aes
=3 Tl Pele)[Ry(er)+ 2 11 Pth(ez)][R*(e?s)‘*‘ > 1 Pt§3(e3)]
Fey 7 Fey J=1 Feg 1=1

GegnGe =0 Gegn(Ge \UGey) =0

A81+22+B3

- [Rylest+ete)+ 2 11 P,e.1+e2+es(el+e2+e3)]
Feytegtey J=1 J
Gejt+egtegn(Ge)UGeyUGegUGe  +egVUGey+e3VGeg+e3) =T

:an(A)+F(R) )
where

R=(Ry(e;), Ry(e;), Ry(e;+e,), Ry(e,+e;), Ri(e,+e,), Ry(e,+e,+ey),

and F is a polynomial of Ry(e,), ---, R«(i), ---, R«(e;+e,+e;) which coefficients
may be expressed by the product of X)’s, and we denote F by the following :

4, A,
F(R)=3 TI Pisi(e)Rule) 3 11 Pess(es) -
Fey; J=1 Feg j=1

Gegn(GeyUGey) =0
Ael+e2+e3
Pt'-’1+ez+e3(el+ eg+e3)
Fejtegtes 7

Geptept+egn(GeVGegUGesUGe +eoVGe; +eg\UGen+e3) =0

e, 4,
+>2 11 Ptj-l(e1) > 11 P;§3(63)R*(93)
Fe; J=1 Fey J=1
GegnGe =0

Ae1+eg+e3

Peyregres(€,4-€,1€;)
Fejt+egteg )= 7

GejtegteN(GeVGeyUGeg\UGe  +egVGe; +e3\ Geg+e3) =D

+
Ae2
+ > I Paley) - > II Pies(es) Ri(ey) -+
Fey J=1 7 Fegteg =1
Ge2+e£f\(Ge1U"'VGe1+e3)=®

-+ Ry(e;+e,+e;)
+ PP

4,
+ 3 ITPaile)Ruler) - Rules+estey).

Fey J=1
By (2.10), we get F(R)—0, and by (2.8), (2.12) we have
15;:13;*;2 oo JAertestes

e|+es+eg

as k—co,
Ael !Aez ! Ael+ez+e3 !

(2.13) Cay(A)

It is easy to see that
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1 \igEAi

cnk<A>§Ank<A>§(m/

Cay(4),

and by (2.4), (3.13), we have

Aeq 74e Aejtegte
zel lxeg 2. ] e11+e22+933

Aq !Aegl ot Ae1+ez+e3!
The relations (2.6) and (2.14) finish the proof of theorem 1.

(2.14) An (4)— as k—oo.

3. Conditions necessary for Poisson approximation.

The converse assertion of theorem 1 is also valid, but the proof is quite
different. Let us show it by the following theorem.

THEOREM 2. If the condition (2.5) (for the sums of independent Bernoull:
vectors which may not be identically distributed) is satisfied, then we have (2.3)
and (2.4).

In order to prove theorem 2, we are going to show lemma 1 and lemma 2.

LEMMA 1. If the condition (2.5) is satisfied, then we have

3.1) ‘max [P,(@)/Pg(0)]—0 as k—oo, for every icE,
Esnp

and

3.2) z”:l Pi)/P0) >4,  as k—oo, for every icE.
P

Proof. We shall prove lemma 1 by the following four steps which can be
obtained from (2.5) and using (2.2) for given s.
(step 1) Put s=0 in the relation (2.5), it is obvious to obtain

3.3) gi—jlpg(())__,e-(xe1+1e2+~~+xe1+e2+e3) as h—oo.

(step 2) Put s=e, and s=2e; in (2.5) and using (3.3), we obtain
(3.2.1) ‘:jlptgi(e,)/afi(o>—>z,,., i=1,2,3 as koo,
because the SOlllltiOD of [C] is

) i e. see example 2 which
[Al"' Jg'(l$e’)] for s=e, (explains the getting way)

for the solution.
(3.2.1) means (3.2) being valid for i=e, (:=1, 2, 3), and
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(3.4) S IL[Pge)/PasO] > 2/2  as koo,
t§i<egt I=
because the solution of [C] is

[ 0]

By (3.2.1) and (3.4), we get

for s=2e,.

nk
> [Pii(e)/Pi(0)]* >0  as k—co,

t§i=1
which implies that
3.1.1) max [Ptfi(et)/P,;fi(O)]—*O (=1, 2, 3) as k—oo.
1st§isn,

(3.1.1) means (3.1) being valid for i=e, (:=1, 2, 3).
(step 3) Put s=e;+e, (1=/<;j=<3) in (2.5), we obtain

ng
(3.5) 2 Puirejleite;)/Pive;(0)

t§itej=1
neg np
+ 3 Pgie)/Pugi(0) 3 Pusi(e,)/Pres(0)
t§i=1 t$i=1
#t§t
'—_)'zei+ej+2ei'zej:
because the solution of [C] is
Aei Ae] Ae,;+e, Ac (iiez; e]x ei+e;)
(1) (1) (1) 8 for s=e;+e, (1=:1<;<3).

Since

3 Pile)/Pasu(0)- Prsi(e,)/ Pasi(0)

€q
t§i=1

é(lei—i—s)~m§1_X[Pz;i(ej)/Pz§i(0)]

-0 (by B.L1), 3.2.1)),

then by (3.2.1), we can obtain the second term of the left side of (3.5) tends to
Zeiule]., and by (3.5), we have
t

(322 3 Paelecte)/Puirei0—der,, (Si</=3) as koo
eitejoy

(3.2.2) means (3.2) being valid for i=e;+e, (i=1, 2, 3). Similarly put s=2(e;+e,)
(1=/<j=3) in the relation (2.5), we get
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(3.6) > H Ptel(ez)/Ptel(o) > HPt"J(e; /PteJ(O
¢t T=1 t j<t"’1 =1
*c;’t t

+ E Ptel(et)/Pt"’t(O) E Pt"’j(e;)/Pt"J(O) 2 Pte1+ej(ei+e])/Ptel+e,(0
t¢i=1 t¢i=1
#t§t %tel teJ

+ 2 II Pieivej(ei+e,)/ Preites(0)

te,+e]<lez+e] T=1

- [(191)2/2] . [(Zej)z/z:l +2¢i 'zej * Xei+e1+(’lei+e4)2/2 ’
because the solution of [C] is
I'Ae1 Ae, Ae;+e, A, (i+e,, e, e;+e))

2 20 0 .
[ Ll 1 o for s=2(e;+e,) (1<i<j<3).
o0 2 0

Let us consider the first term of the left side of (3.6). By (3.1.1), (3.2.1) and
having the similar consideration deriving (2.10), we can obtain

R (e;)-— > H Pzej(e;)/Pt”J(O)_ > H Pte;(e])/Pte;(O)

91,180 tei<egi T=1 t¢i<tgs =1
€] i€
*t§1, 18

SPicie))/Piei(0) 3 Pyjle,)/Prgi(0)

t§i<esd

+Pgi(e)/Pgi(0) 2 Prejle;)/Peg;(0)

t§1<tss

+Pte1,(ej)/Pt§1,(0) 2 Pc"J(e;)/PteJ(O)

tgi<egt

+Ptet(ej)/Pt‘i(0) > Pt"j(ej)/Ptfj
tpI<egt

+Pygi(e;)/Pugi(0)- Pigie;)/ Pigi(0)
§max[Pg(ej)/Pg(0)] -4(2e;+¢)

+max[P,(e;)/P,(0)]-max[P,(e;)/P,0)]
—0 (by (3.1.1), (3.2.1)),

and by (3.4) we have

2 HPm €.)/Piei(0) X HPze;(e,)/PteJ(O —[(4.,)*/2]-[(A. /2]

t8i<egl T=1 ti<egi T=1

a;tfz &gt

The second term of the left side of (3.6) may be represented by
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ng
2 Ptel(el)/PleL(o) Z PL"J(e;)/Pz"J(O) +Z) Ptfi+ej(ei+e;)/Pc‘-’i”j(O)
t§i=1 t$i=1 €j=1

Q;tei #zet 3¢

= 2 Pieive;(e;+€,)/Prgive;(0) Z‘. Piei(e,)/Pisi(0) E Piej(e;)/ Pres(0).
t§itej=1 1$i=1 ¢j=1
tet+e] téﬁ»e‘, ttlzz

By (3.1.1), (3.2.1) and having the similar consideration deriving (2.10), we can
obtain

R (e)= 2 Ptez(el)/Ptez(O)— E Pz‘-’t(ez)/Pt"’l(O)
§ites t§i=1 t§i=1
te1,+e]

:Ptfi"ej(ez)/Pcfi”J(O)
émle[Pg(ez)/Pg(O)]

—0

,  (by B.1.1)
and

R (e ) E Pz‘:(e;)/PL"J(O)_‘ E Ptel(e])/PteJ(O)
téite], 1€ t$i=1 t$i=1
#t§i+e], 161

=Pyeives(e,)/Preives(0)+Piei(e;)/Prei(0)
=2 mgaX[Pg(ez)/Pg(O)]
-0, (by 3.1.1))

and by (3.2.1), (3.2.2), we have

2 Pt‘-’t(ez)/Pz"t(O) 2 Ptel(e])/Pte](O) E Pt"t+ei(ez+€;)/Pzel+‘J(0)
tel_ 1] 1 t itej=y
#t§t *tet t$i

qzei'ze‘,'ze,ﬁej-

From the discussion above and by (3.6), we have

3.7 p) 11 Pieivej(este;)/Pieive,(0) > (e, 4,0 /2,

tel+ej<le7'+e] =1

and by (3.2.2), (3.7), we get

2 [Ptfl“'eJ(et‘l’eJ)/P VHJ(O)]Z_)O

t§itej=1

which implies that
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(3.1.2) max[P,em](e +e;)/Pii+e;(0)] -0, (1=:<;=3), as k—oo.

tgite
(3.1.2) means (3.1) being valid for i=e;+e, (1=:<7=3).

The solution of [C] for fixed s will be given in the following example.
Example 2. For s=2(e;+e,)=(2, 2, 0) we have

Asoot+ Ao+ Aot A =2
Asrot+ Ao+ Ao+ A =2
A001+A011+A101+Au1=0

The solution of [C] is given by the table.
Ao Aoro Ase A, (i*ey, e, €,+e;)]

2 2 0 0
1 1 1 0
0o 0 2 0

(step 4) In the same way as step 3, put s=e,+e,+e; in (2.5) we obtain

3.8 Ek sz1+92+e3(el+ez+es)/Ptfl""2+93(0)

t‘l’1+¢2+¢3=1

+ 2 Ptel(el)/Ptel(o) Z P;ez+es(e2+es /P¢€2+93(0)

21 =1
t"l

+ 2 Pt‘2(ez)/Pt“2(0) E P¢e1+es(e1+e3 /Per+es(0)
t§2=1
#"2

+ 2 Pteii(es)/Pteﬁ(o) 2 P£e1+ez(el+ez /P;91+92(0
131 €3=1
;et"3

+ E Pt"l(e1)/Pt"’l(0) 2 Pc"2 (e /PL"2 0) 2 Pte?»(ez)/Pz‘Er
tl 1 t€3=1
*tel ;etell t$2

- /zel+e2+e3+xel ‘ 2e2+e3+222 ‘ 2e1+e3+2e3 ‘ 2e1+e2_}‘2e1 : 282 ‘ 2e3 »

because the solution of [C] is
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—_—o oMo

1

Aoy Ay Acyrey
0 0 0
0 0 0
1 0 0
0 1 1
1 1 0
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Aez+33

Aurey
0 0
0 1
1 0
0 0
0 0
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Ael+eg+23

1

oo oo

, for s=e;+e,te,.

2 Ptel(ex)/Pz"’l(O Ptex(e2+e3)/Ptel(0)

t§1=1

<maX|:Pg(€2+63)/Pg(0)] E Ptel(el)/Ptel(())

-0,

and similarly we have

and

and

t“l

(by (3.1.2), (3.2.1)),

Z) Pe(es)/Prea(0)- Preo(e,+es)/ Prea(0)

t§2=1

<maX[Pg(e1+es)/Pg<0)] E Ptel(ez)/PzeZ(o)

-0,

Ll =1

(by (3.1.2), (3.2.1)),

2 Pies(€s)/ Pies(0)- Pres(ey+-€z)/ Pres(0)

t93=1

<max{Py(e,+e)/Py(0)] 3 Pus(e)/Pas0)
t93=1

-0,

(by (3.1.2), (3.2.1)),

2 Piei(es)/Piei(0)- Peei(es)/ Pees(0) Z Pres(es)/ Pres(0)

t§1=1

53_

+ 2 Piei(ey)/Pugi(0) Z) Pyea(€,)/ Piga(0) - Prei(es)/ Pegi(0)

t1=1

t§2=1
#t§1

+ 2 Ptel(el)/P,ex(O) Z Pt"z(ez)/Ptez(O

tf1=1

=, +e) -n}ax[Pg(ez)/Pg(O)] “(Aeste)

¢L91

+(Ae, ) (A, te)- mgaX[Pg(e:;)/Pg(O)]

t¢2(es)/Pt"2(0
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+ (e, ) (Aot 8)-m3X[Pg(es)/ Py(0)]
-0, (by (3.1.1), (3.2.1)),

then by (3.2.1) and (3.2.2) we can obtain the last four terms of the left side of
(3.8) tend to (e, Aeyreg)T(Rey Aeyteg) Aoy Aeytey) (A ey Ae,) and by (3.8) we
obtain the first term of the left side of (3.8) tend to le,}e,+e;; that is,

ng
(3.2.3) > P591+¢2+93(e1+ez+es)/Pzel+"2+93(0) — 2, +egteg e
te1+estes_y 1 1 1

(3.2.3) means (3.2) being valid for i=e,+e,+e;. Similarly, put s=2(e,-+e,+-e;)
and having the same considering of step 3, we get
e 2

(3.9) 2 1Pt:1+22+¢8(el+ez+e3)/P;$1+ez+e3(0)

t4121+eg+83<tgl+e2+e3 =
- (1e1+e2+e3>2/2 ,
because the solution of [C] is

Aez Ae3 Ae1+e2 Ae1+e3 Ae2+23 Ae1+e2+e3

A,
0 0
11
1 0
0 0
0 1
2 0
2 1
2 2
0 0
0 2
0 0
0 1
1 1
12
10
1 1

N"""O‘—‘OOI\DN)—‘OOHOHO
HFHPOOrRHRONMNOOOO~ROO O
OO'—‘*—"—"——‘NOooo»—-oOoo
OHOHOHOOOP—‘NOO!—-‘OO

for s=2(e;+e,+es),

and by (3.2.3), (3.9), we can obtain
ng
[szl*‘%“a(el+ez+ea)/Ptfl+92+93(0)]2"’O,
tg1teates—y
which implies that

(3.1.3) maXI:PL:I"‘"’z"'eS(el+ez+ea)/Ptf1+eg+e3(0):| —0.

(3.1.3) means (3.1) being valid for i=e,;+e,+e;. The conclusions of our four
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steps finish lemma 1.
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LEMMA 2. If the conditions (3.1) and (3.2) are satisfied, then we have (2.3)

and (2.4).

Proof. Because m?x[Pg(i)/Pg(O)]aO, for all i€ E, we have for all ¢>0,

@' —1)-ez 2 max[P,()/P,(0)]
gn?gaxg‘_.E LP(i)/P4(0)]
_—_nzax{[l——Pg(O)]/Pg(O)}

~max{ 55—}
1

~ ‘min P,(0) -1

>0 (where 1=<g=<n,),

and we can prove

2.4) min P,(0)—1 as k—oo.

isgsnyg
Since
ng
n}zin P0)- ;=21 Py(i)/Px0)

n

IA
4=

 P(d)

I

J

< 3 Pi)/P,0),

J

e

and by (3.2), (2.4), we can obtain

@.3) z'ipj(i)—w.- as koo, for every icE,
p2

and we finish the proof lemma 2. The conclusions of lemma 1 and lemma 2

complete the proof of theorem 2.

4. Conclusion.

In this paper, we have derived the necessary and sufficient conditions of
Poisson approximation for sums of independent trivariate Bernoulli vectors
which may not be identically distributed. The author considers that he has
already extended the trivariate case to multivariate case, however, a little
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problem lies with the way of expressing the general notations and its refine-
ment and hopes to report it in the near future.
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