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ON THE GROWTH OF NON-ADMISSIBLE SOLUTIONS
OF THE DIFFERENTIAL EQUATION (w')"= gla,w’

By NOBUSHIGE ToODA

1. Introduction.

Let a,, -+, a, be meromorphic in the complex plane and a,#0. We consider
the differential equation

(1) W= aw  (m=l).
=0

It is said ([1]) that any meromorphic solution w(z) of (1) in the complex plane is
admissible when it satisfies the condition

T(r, a)=0(T(r, w))  (j=0, 1, ---, m)

for r—oo possibly outside a set of » of finite linear measure.

In this paper we will denote by E any set of » of finite linear measure and
the term “meromorphic” will mean meromorphic in the complex plane.

A few years ago, Gackstatter and Laine ([1], 3) investigated the differential
equation (1) in many cases. One of their results is

THEOREM A. When m-n=Fk=1 and k is not a divisor of n, the differential
equation (1) does not have any admissible solutions.

It is well-known that this theorem is true when k=n-+1.

They also gave the conjecture that, when 1=<m=<n—1, the differential equation
(1) does not possess any admissible solutions. With respect to this conjecture, we
have recently proved the following theorems in [7].

THEOREM B. When 1=m=n—1, the differential equation (1) has no admssible
solutions, except when n-m is a divisor of n and (1) has the form:

W) =anw+a)™ (a : constant).

THEOREM C. When 1=m=n—1, any meromorphic solution of the differential
equation (1) is of order at most p, where p=max(p,, -, pm), p,=the order of
a;<oo,
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These were first proved by Ozawa ([6]) when m=1, 2 and 3.

The purpose of this paper is to give some improvements of Theorems A, B
and C by estimating T(r, w) with T(r, a,), -+, T(r, a,) and to prove a result
when m=n. It is assumed that the reader is familiar with the notation of
Nevanlinna theory ([3], [5]).

2. Lemmas.

We shall give some lemmas for later use first.

LEMMA 1. Let g, and g, be meromorphic functions which are linearly inde-
pendent over C and put

(2) gotg1=¢.
Then, we have
T(T', go)éT(V, ¢')+N_(7’, ¢)+N(7’, 0) go)+iv(7: g0)+N-(r’ 07 g1)+2N—(7, gl)+S(r) ’

where
{ O(1) (when g, and g, are rational);

O(log*T(r, go)+log*T(r, g.))+O(logr) (r&E, the other cases).
Proof. From (2) and go+gi=¢’, we have

go=(Pg1/81—")/(81/81—80/80) ,
so that we obtain

(3) mr, g)=mr, ¢gi/g:—¢")+mr, (g1/81—go/80)™1+0(1)
=m(r, ¢gi/g1—¢")+m(r, g1/81—8g0/8o)+N(r, g1/8:—&s/&0)

—N(r, 0, g1/81—8¢/80)+0(1)
and

(4) N(r, g)=N(r, $)+N(r, ))+N(r, 0, g1/8:—gi/g)+N(r, g1).
Using the following inequalities :
m(r, ¢gi/g1—P)=m(r, $)+mr, ¢'/P)+m(r, gi/g)+0(1),
m(r, g1/81—8o/go)=m(r, g1/81)+m(r, gi/g)+0(1),
Ni(r, gi/g1—80/8)=N(r, 0, go)+N(r, g0)+N(r, 0, g)+N(r, g1),

we have from (3) and (4)
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T, g)=T(r, O)+Nir, §)-+N@, 0, g0)+N@r, g)+Nr, 0, g1)+2N(r, g)+S(r),
where
Stry=m(r, ¢ /P)+m(r, g/g)+m(r, gi/g)+0(1)
O(1) (when g, and g, are rational);
{ O(log*T(r, go)+log*T(r, g1))+O(logr) (r&E, the other cases).

Remark 1. This is an improvement of Lemma 1 in [8]. Using this lemma,
we can improve Theorem 1 in [8].

LEMMA 2. Let f, ao, -, a, be meromorphic, then we have the following
inequalities :

(1) mf(r, f) a,fHZkm@r, )+ i m(r, a,)+0(1),
=0 J=0
@) 7o, 2 @, =R, Ft 5 T, a)+00)
(see [2], p. 46).

We can easily prove (i) and (ii) by the mathematical induction.

3. Theorems.

We shall give an improvement of Theorem A first.

THEOREM 1. When m—n=k=1 and k is not a divisor of n, any nonconstant
meromorphic solution w=w(z) of the differential equation (1) satisfies the following
inequality :

Ttr, W)= K, 33 70, a)+nmir, w'/u)+0(),
where K, 1s a constant independent of r.
Proof. From (1), we have
(5) w=az (W' /w) = T a ).

For an arbitrarily fixed »>0, let M, be the set of # for which |w(ret?)| =1 and
0<6=2r. Then, from (5)

k log*|w(re'®)| =nlog*|w'(re'?)/w(re!?)| +log* I:ga;(w(re”))"" l

+§(n—j>log+ll/w<rew>|+f§'o’log+|ajl+1og+|1/am|+o<1>.
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Integrating both sides of this inequality with respect to € in M, and dividing by
27, we obtain

km(r, w)Snm(r, w'/w)+m(r, mZ_lajw"”H— 7i}:m(r, a;)+m(r, 1/an)+0(1)
J=n 7=
and using Lemma 2(i) we have
(6) m(r, w)=nm(r, w’/w)+§lm(r, a;)-+m(r, 1/a,)+0(1).

On the other hand, as % is not a divisor of n, w(z) does not have any poles
other than those of a, or zeros of a, (j=0, :--, m), so that we have

Ner, = 32 (N(r, a)+N(r, 0, a,)).
7=0

Using this inequality and applying the method used in [1], p. 265, which is also
valid for k=n-+1, we have the inequality :

(7) NG, w)=K go (N(r, a)+Nr, 0, ay)
for a constant K. Adding (6) and (7), we have
T(r, w)<K, }:io T(r, ay)+nm(r, w'/w)+0(1),
where K, is a constant smaller than 2K.
Remark 2. Naturally, this theorem contains the case k=n-1.

COROLLARY 1. Under the same condition as in Theorem 1, the differential
equation (1) does not possess any admissible solution ([1], Satz 6 and [4], Theorem 1).

COROLLARY 2. Let p, (<oo) be the order of a, and p=max(po, ***, Pm)-
Under the same condition as in Theorem 1, the order of any meromorphic solution

of (1) is at most p.

Next, we consider the case m=n in (1). As is noted in [1], p. 266, some
differential equations of the type

W'y = ]g;’ aw  (a,#0)

can have an admissible solution. For example, (w’)"=e™w" has an admissible
solution w=expe’. But some of them cannot possess any admissible solution.

THEOREM 2. Any meromorphic solution w=w(z) of the differential equation

(8) (W) =a, - éoajwf O0<k<n—3, a,#0 and a,#0),
2
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where a, (j=0, ---, k) and a, are meromorphic, satisfies the following inequality :

T(r, w)_SKg( éo T(r, a;)+T(r, an)>+0(log r) (re&E)
=
for a constant K,.

Proof. We have only to prove this theorem when w=w(z) is not rational.
Put

go2)=—a,(w2)", g.(2)=wWw'(2)" sb(Z):];koaj(w(Z))J.
(i) The case: ¢=0. As .
awt=— %a;uﬂ,
by Lemma 2(ii), we have ’
ET(, 0)S(:—DT(, w)+ 3 T, )+0(),
that is, , ”
T, w= X T(r, a)+0(1).
J=0

(i) The case: ¢+#0 and g,, g, are linearly dependent over C. There are con-
stants @, B<C such that

ago+Bg:=0  (lal+|pl+0).

B cannot be equal to zero. Therefore, we have

a n n k 7
TB_a"w =a,w +§0ajw,
that is,
k
(9) (%—l)anw": X aw.

As ¢#0, a/B+1. By Lemma 2(ii), from (9) we have
nTGr, WZRT(, W)+ 3 T, a)+ T, a)+0(),
so that "
1 &
T, W=~ ( 370, e)+ T, a))+0Q).

(iii) The case: ¢#0 and g,, g, are linearly independent over C. As g,+g:=¢,
we have by Lemma 1

(10) T, g =T(r, $)+N@r, §)+N(r, 0, g)+N(, g)
+N(@, 0, g)+2N@, g)+S0).
Here, we estimate each term of (10).

1D T(r, g znT(r, w)—T(r, a)+0(1),
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(12) T(r, $)<kT(r, w)+ ]"g T(, a)+-01)  (by Lemma 2(ii)),
(13) Ner, )= Ner, w)-+- ,é) N, 0,

(14) N@r, 0, g0 =N, 0, a,)+N(r, 0, w),

(15) N, g0 =N(r, a,)+N(r, w),

(16) N(r, 0, g)=N(r, 0, v,

(17) N@r, g0)=N@r, w),

) Tl w)ZT0, (B T0, )T, a))+00)  (from ©)),

19) S#)=01og™T(r, w)+ é log*T(r, a;)+log*T(r, a,)+log r) (reE).
J=0

Further, w does not have any poles other than poles or zeros of aq, -+, @, @,.
This can be easily seen from the equation (8). Therefore,

(20) Nir, w)< é (NG, 0, a)+N(r, a))+N(r, a,)+N, 0, a,),
7=0

(21) N, 0, w)=T(@r, w)+0(),

22) N(r, 0, W)ET(r, w)+0Q1).

From (10)-(22), using n-—k—2=1 and log*T(r, w)=0(T(r, w)) (r—co0), we have

T, W)=k 2)T(r, WK 3 Ttr, )+ T(r, a))+0logr) (re&E)
7=0

where K} is a constant.
Combining (i), (ii) and (iii), we have this theorem.

COROLLARY 3. The differential equation (8) does not possess any admissible
solution.

COROLLARY 4. The order of any meromorphic solution of (8) is at most equal
to the maximum of the orders of a,, -+, a, and a, when they are finite.

Remark 3. We cannot weaken the condition 2<n—3. In fact, the differ-

ential equation (w’)>=—w?-+1 has an admissible solution w=cos z.
Next, we consider the case m=n—1 in (1), that is, the differential equation

(23) (W)= f;) aw  (A=m=n—1, an+0).
2

As in [7], p. 241, we rewrite (23) as follows:
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m-2
23") (W) =an(w+b)"+ 3 b,

where b=a,-,/man,, b, is a rational function of a,, a,-, and a, (0=);=m—2).
Under these circumstances, we have the following theorem.

THEOREM 3. Let w=w(z) be any meromorphic solution of (23).
(1) When there is at least one j such that b;#0,

T¢, WK, 3 T(r, a)--Ologr)  (r<E)
7=0

for some constant K.
(I) When all b,=0 and b+ constant,

Tr, W=Ky(T@, an-0)+T(r, an)+0logr) <k

for some constant K.
() When all b;=0, b=constant such that w(z)-~b%*0 and n—m 1s not a divisor

of n,
T(r, an)
2n—m

’ V]

w 04 LA W
JHOWETe, W=KiTr, an)tnm(r, 10 )w O)

w-+b

—nm(r,

for some constant Kj.
(IV) When all b,=0, b=constant such that w(z)--b%0 and n—m s a divisor of n,
for any 21>1,

T(T, am) w’ " .
Sor il —nm(r, )OS T, WS KIDTAr, a.)

for some KY(R) depending only on A.

Proof. (1) Let k be the largest number of ; for which b;#0. Then (23)
becomes

24) W) =an@+b"+ Rbu (0,20, 0=k=m—2).
2

Let w=w(z) be any meromorphic solution of (24) which is not equal to a constant
and put

go=—an(w+b)™, g=W")", 90:;2 b,
(@) When ¢=0, as in the case of Theorem 2(i), we have
T, )= 33 0, b)+0=K 3T, a)+0(D)
for some constant Ky as b, is a rational function of a,, an-1 and a,.

(b) When ¢+#0 and g, g, are linearly dependent over C, as in the case of
Theorem 2(ii), we have
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Ttr, W=~ (mT(, O+ T, an)+ 3T, b))+0W)
m—Ek =0

<K, % T(r, a)+0(1)

for some constant Kj,.
(¢) When ¢+#0 and g,, g, are linearly independent over C, as in the case of
Theorem 2(iii), applying Lemma 1 and using the inequality

Tr, )< " T(r, W)+~ 3 T, a)+0(1)

n n ;=0

we have

T, wW=Ke 3 T(r, a)+00logr)  (reE),

p=

Combining (a), (b) and (c), we obtain the case (I).
(II) Put ap=a. From the inequality (18)’ in the proof of Theorem 2 ([7], p.

243) :
N, 0, w)<N(, 0, b)+N(, 0, a)+N(, 0, a)/n

and the estimate of m(r, 1/w’) in the proof of Theorem 3 ([7], p. 248):
m(r, L/w)=KT(r, b')+T(r, a)+0(og*T(r, w')+log*T(r, a)+logr) (r<kE)
where K is a constant depending only on m, we obtain the inequality

1—=oNT(r, w)=(K+1T(r, b')+3T(r, a)+O0(og*T(r, a)+logr) (re&E).

Here
T, b)=2+o()T(r, b)+O0(ogr) (r&E)

and using b=ay,-,/ma,, we have
T, w)SK'(T(r, an)+T(r, an-1)+0(0ogr) (r&E)
for some constant K’. Further, as

nT(r, w)zmT(r, w)—T, an)—mT(r, b)+0(1)
by
W =an(w+b",

we arrive at the inequality :
T, wW)SKy(T(r, an)+T, an-1))+0(ogr) (r&E).
(II) In this case, the differential equation has the form
W)*=an(w+b)™ (b=constant).
Put w+b=v and a,=a, then the equation becomes

@) "=av™.
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Let v=v(z)=w(z)+b=0 be a meromorphic solution of this equation, then
(25) mT(r, v)=nT(r, v)+ T, a)+0(1),
(26) nTr, v)EmTr, v)+Tr, a)+0Q1).

Further, from

’

() e
27) m(r, a)=(n—m)m(r, v')+mm(r, v’ /v)+0Q1).
Let v have a pole of order u=1 at z=z, and v be the order of pole of a at z=z,.
Then,
(28) n(p+)=v+mp.

This shows that v>0; v has no poles other than those of a’s. Now, from (28),
as p=1,

v=22n—m
and

y=v
2n—m =~

(n—m)(p+1)+

This shows that
m

2n—m

(n—m)N(r, v')+ N(r, )=N(r, a);

that is,

2n—m

(29) N(r, )= N(r, v).

From (27) and (29), making use of (26), we obtain

T, Q= (n—5-)Ttr, o) +mmlr, v/ /0)+0)

=(n= 2N T, 00+ T, @ fbmmtr, v/ /) +0(D),
that is,
(30) %;—s%-—nm(r, —’;—)+0(1)gT(r, V=T, w)+0(1) .

We note that this is valid in the case (IV) because we did not use the condition
that n—m is not a divisor of =.
Next, put u=1/v, then the equation becomes

(_u/)n___auvwn—m.

Now n—m is not a divisor of n and applying Theorem 1 to this case we obtain
for nonzero meromorphic solution of this equation u=u(z)
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Tr, w=K{T@r, a)+nmr, v /u)+0(Q1).
Using
w/u=—v'/v and T(@, w)=T(, v)+0(1)

for v=v(z)=1/u(z), we have
(31) T, VVEK{T(@r, a)+-nm(r, v'/v)4+-01).

Combining (30) and (31), we obtain the inequality in this case.
(IV) As in the case of (I), put w-+b=v and a,=a, then v=0v(z) satisfies

@) "=av™, ((n—m)|m).

From this
’

_-J;L__ (v(n—m)/n)/: v
n—m

——al/n

vm/r[
and we have

-3;—’1’(1'. a)=T(, @ ™/M)1+L0q1).
On the other hand, by a result of Valiron ([9], p. 33), for any constant A>1,

n—m n=-m)/n nh—m n-m)/ny/

wT'—T(r, v)=T(@, v"-—™/ )éQ(l, p )T(Zr, (pr-mainyry
Therefore,
(32) T(r, v)< ——9(—2’—7(1—"—_1"1@@ TGr, a)+0(1).
Putting 2(2, (n—m)/n)/(n—m)=K%(2) and combining (30) and (32), we obtain the
result,

Remark 4. 1t is easily seen that this theorem contains Theorems B and C.
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