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PICK’S THEOREM WITH OPERATOR-VALUED
HOLOMORPHIC FUNCTIONS

By JacoB BURBEA

§1. Introduction.

Let D be a domain (or a complex manifold) in C* and let H(D) be the class
of holomorphic functions (or forms) in D. Let 4(D) be a Hilbert space of
elements in H(D) with a reproducing kernel K(z, {). More specifically, we shall
assume that 4(D) is the space of all fe H(D) with the norm

=1, 1@ *d e <oo.

Here p is a positive measure acting on D,, where D, is either D or any part
of the boundary 0D which determines the holomorphic functions in D as, for
example, the Silov boundary of D. In the case that D, is not D, f in the last
integral stands for the nontangential boundary values of the holomorphic
function f(z), z€D. In this way we may regard H(D)eHy(D: p) as a closed
subspace of L,(D,: ) in a natural manner. Examples of such spaces are the
familiar Bergman and Hardy-Szeg6 spaces to name only a few (see [2, 6, 9, 13]
for more details).

Let T(z) be a holomorphic function of z€ D and whose values are bounded
linear operators of a Hilbert space U into a Hilbert space W with norm ||7(z)|
<1. Thus, T(z) is a holomorphic contraction of U into W. Let I, and I, be
the identity operators of U and W, respectively. For any z= D,

IT@ull=lulz; 1T@*wlz=lwl

for every uelU and weW, where T(z)* 1s adjoint operator of T(z). These
generate the kernel

(LD Kq(z, )=K(z, OUy—TQ*T ()],

which is holomorphic in (z, ) for (z, )€ Dx D and is a bounded linear operator
from H into U, and the “dual” kernel

(1.2) Jrdl, =Kz, OLIw—T(@)TC)*]
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which is holomorphic in (£, z) for (£, z)€Dx D and is a bounded linear operator
from W into W.
One of the main purposes of this paper is to prove the following statement :

THEOREM A. The kernel Ki(z, ) is positive definite, that is

mz:L(J{T(Zm; Z)m, Un)y=0
» 7

for every finite system {zn}N-1 of points in D, and every corresponding system
{un}¥_1 of vectors in U.

It is our purpose to also prove the corresponding dual theorem regarding
the kernel Kr«(C, 2).

When D is the unit disk d={zeC: |z| <1}, U=W=C, Iy=1 and K(z, &)
=(1—2z0)"! is the Szegd kernel of 4, then this theorem is classical and is due
to Pick (cf. Ahlfors [1, pp.3-4]). A more general case of Pick’s theorem,
namely when in (1.1) K(z, §) is again the Szego kernel of the disk was first
proved by Rovnyak [8] and is discussed in Sz.-Nagy and Foias [13, pp. 231-233].

In our previous works [4, 5] we extended the theorem of Pick by replacing
the Szeg6 kernel of the disk 4 with some reproducing kernel of H,(D: p). The
method of proof of this general assertion is simpler then those found in [1, pp.
3-47 and [13, pp. 231-233] for the less general case when D=4 and K(z, {) is
its Szeg6 kernel. In fact, our method of proof conceals in it the proof of the
much more general assertion embodied in the present Theorem A.

In the course of proving the above theorem we also prove some other
relevant assertions which extend those found in [13, pp. 231-2337. The proof
of this theorem appears in Theorem 2 of this paper. Moreover, when D& O 43
is a plane domain we provide yet another generalization of Theorem A by
letting K(z, &) be the “ generalized Szegi kernel” of D. This positive definite
kernel is induced from the analytic capacity of D and was first studied by
Suita [11]. The present Theorem 3 is dedicated to this generalization.

§2. Preliminaries.

As usual, the space L,(D,: p) stands for the Hilbert space of p-measurable
functions (or rather p-equivalence classes of functions) f on D, for which

1=, 171 d e <oo
The inner product is, of course, given by
(, 9=, f@aEdpaI<co.

The space H,(D : y), mentioned in the introduction, may be regarded as a closed
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subspace of L,(D,: x) in a natural way. We shall write k/(2)=K(z, &); z, 2D,
for the reproducing kernel of H,(D: u) and, therefore, k-= H,(D : p) with

fO=(f, ko), feEH,D )
and
K(z, O)=kd2)=(ky, k.)=KC, %), Kz, 2)=(k,, k,)=0.

Clearly, convergence in the norm in Hy(D: g) implies uniform convergence on

compacta of D.
Let U be any Hilbert space with the inner product (,)y. The space

L,(U : p) consists of those functions f(-)eU?P which are strongly pg-measurable
and such that

o=, 7@ 54tz <o,

With this definition L,(U : p) becomes a Hilbert space with the inner product

(fs &r,w- ’”:Spo<f(2)’ g@)vdp(z),

where, as usual, two functions in L,(U : u) are regarded as identical if they
coincide p-a.e. on D, Moreover, from every converging sequence of L,(U: p)
one can extract a convergent subsequence which converges in the U-norm
p-a.e. on D,

The class of U-holomorphic functions in D will be denoted by H(D: U).
Thus, H(D: U) is the class of all f(-)eUP for which (f(z), u)y is holomorphic
in zeD for each usU. We also denote by H,(U : p) the subspace of LU : p)
consisting of those functions fe L,(U: u) for which (f(+), u)y€Hy(D: p) for
each u€U. For any uelU we have

ICACs u)ullzzgn0 1(f(@), woPd @D =[ulgl fz,w p

which shows that H,(U: p) is a closed subspace of Ly(U: p). Also, one may
regard H,(U : p) as a subclass of H(D:U) in a natural way.

Some modifications of the arguments will be needed when D, is not D.
This, however, does not constitute a major problem whenever H,(D: 1) is well-
defined. For sake of completeness we shall describe in some detail such an
instance when D is a plane domain. This, along with other possible extensions,
will be given in §4.

We have the following obvious proposition :

PROPOSITION 1. The following hold :
(i) For every (z, ) e DXU and each feH,(U : p)

f, kz(')“)LZ(U~p):(f<Z)’ Wy -
(ii) For every (z, u), (€, v)e DXU
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(ke( )0, k() pyw- =k, Wo=K(z, (v, w)y.
(iii) For every (z, ) e DXU
2. )uli,w =Kz, Dlullf .

A kernel K(z, {) defined on DX D, whose values are bounded operators on
U is said to be positive definite, in short X >0, if

2 (H(zm, Zn)Um, Un)y=0
m, n

for every finite system {z,}X_, of points of D, and every corresponding vectors
{un}¥-, of U. For two kernels, the notation K> X, or K,<X; will indicate

that J(l—JC2>>O.

§3. Holomorphic Kernels.

Let U and W be two Hilbert spaces. The Banach algebra of all bounded
linear operators from U into W is denoted by ®(U :W). Let T(z)e U : W)
which is holomorphic in zeD. Thus, for any (u, w)eUXW, (T(2)u, w)y is
holomorphic in zeD i.e, (T()u, wywsH(D). Since T(z) is in @l :W) for
each ze D, it is clear that its adjoint T(z)* is in ®(W : U) and, moreover, it is
antiholomorphic in z&D. We shall assume that 7T(z) is also a contraction, i.e.,
IT@I=|T&)*|<1 for all zeD. This, of course, means

I1T@ulw=luly; ITE@*wlz=lwli

for every z€D and (u, w)eUXW. We therefore, have T(z)*T(z)<Iy and
T(z)T(z)*=<Iy for all zeD and so one can form the positive operators

Qu(2)=[Iy—T(2)*T(2)]""*
and
Qu()=[Iw—T&)T)*]",

which are self-adjoint on U and W respectively. Here, 0= 2u(2)|, |2w(2)| =1
for every z= D.

We now define the following holomorphic kernels belonging to @(U : U).
For (z, )&DxD we let

Iz, =K@z, DIy,  Rulz, D=TQ*T(2),
QT(Z¢ C):K(Z’ C)QT(Z: C)
and thus, in view of (1.1),
‘JCT(Z) 5)251](2, C)_QT(Z! g) .

These kernels are holomorphic in (z, {) for (z, )& Dx D and they are Hermitian,
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Iz, 0=y, 2)

and so on for the remaining Kkernels. A holomorphic and Hermitian kernel
L(z, &) belonging to ®(U : U) is said to be of class HyU : w), if for any fixed
teD, Lz, QusHyU: p), as a function of zeD, for every ucl.

We start with the following theorem, where some care is needed when D,

is not D (see §4).

THEOREM 1. Jy(z, 0, Bz, &) and Kz, €) are of class Hy,(U: p). More-
over, Rp(z, ) 15 of class Hy(U : p) provided p(D,)<oo.

Proof.
150, Dl o=, 1K Dulbdp@=luly| 1K, I*du)

=K Ollulp<oo.
Next,

1820+, Dulltyw w =SD0 | K(z, O IPITQ*T(2)ulld p(z)

S|ul3KE D<o
It therefore, also follows that J(z, €) is of class H,(U ; ). Moreover, when

#(Dy)<oco we have

1R, Dl =, ITQ T @uld utz)
<lull), de@=lulluD)<co,
which concludes the proof.
In analogy to the previous holomorphic kernels we also define the following

kernels belonging @(W :W). For ({, z)eDxXD we let
In€ =Kz Oy, R 2=T@@TQ*
3748, =Kz, HR1E, 2)
and thus, in view of (1.2),
Hro, =w(, 20— B1:(C, 2).

Clearly, these kernels are holomorphic in (£, z) for (§, 2’2 Dx D and they are
Hermitian (for example, B, 2)*=38m(Z, ©). A holomorphic and Hermitian
kernel L(, z) belonging to (W :W), is said to be of class H,(W: ), if for
any fixed {eD, L 2y weH,(W :u), as a function of ze D, for every weW.
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Similarly to Theorem 1 we have:

THEOR_EM 1% gw@, 2), Br, 2) and K&, 2) are of class H,(W : ). Movre-
over, Ry, 2) 1s of class Hy(W : p) provided p(Dy)<oo.

The following lemma is crucial and, again, one must make the appropriate
interpretation when D, is not D.

LEMMA 1. Let (z,{)eDxD and (u, )EUXU. Then Kr(z, HeHyU: )
and

(12, Du, VYo=ELT()—T@)Ju, BLT)—~TEOI) 1yw o
+(Ez‘QU(')uJ quy(‘)V)sz-m .

Proof. We use the reproducing property of k:(z)=K(z, {) as given in Prop-
osition 1. Thus,

(Kr(z, Qu, Vig=(Kr(+, Du, k(I 1,w-
=(k(ILLy—TQO*T()u, kL V)ryw-
=(ke(Iy—TC YT )u, ky(DV)ryw- w

FR(DLTC*—=TEO*IT(Du, kLIV) L@ w
=R 2u(u, B Qy( W),
F(re(DT(u, k.(OLTC)—TEI)Ly0w o -

However,
(Re(DT(Du, k,(DLTC)—TQIV) L0010

=EkLT()~T@)Ju, kLTC)—TQOIW) 00 10
FH(k(DT@u, ko(ILT()—T O Lo0w- p> -

We will therefore, in view of Theorem 1, conclude the proof by showing that
the last term is zero. In fact, in view of Proposition 1,

(ke(DT@u, kLT QV)yw- =Kz, OT@u, TQv)w

and

(Re()T(2u, k()T I)yw w=(k()T (v, k()T (@U)Ly00 1
=k, T, T@uww=Fk.EXT v, T(2)u)w
=K(z, (T (@u, TQvhw

which concludes the proof.
Similarly to this lemma we also obtain :
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LEMMA 1.* Let (&, 2 DX D and (o, w)EW XW. Then K&, z)& Hy(W : D)

and
(Ierl€, D, Wiy =k TV =T *Jo, kLT ~T@* )z,
+(k§‘QW(')wr szW(')u/'>L2(W-ﬂ) .

We are now is a position to prove our main results.

THEOREM 2. The kernels 4y(z, ©), Ry(z, &), Bz, O) and Hp(z, E) are bosi-

tive definste. In fact,
._CRT>>O, 5U>>-@T>>07 JCT>>0.

Proof. For {z,}¥., in D and corresponding vectors {u,}%_, of U we have:

~

=
=V

mzn(fRT<2m; Z)Um, un)U:mZn(T(Zn)*T(Zm)umy Un)y

:mZn(T(zm)um’ T<Zn>un)W:” ; T(Zmﬁt'rn”%’

showing that ®;>0. Further, by Proposition 1,
mzn(-@T(Zmy zn)umy un)U:mE K(Zm» EnxT(Zn)*T(Zm)um; un)U

= 2 K(zn, Z20(TEn)tn, T(z0)unw
:mZn(EzmT(Zmﬁlmy EznT(zn)un>L2(W ”m

= "% EzmT(Zm)umHZLZ(W =0

and therefore ®,;>0. Finally, by virtue of Lemma 1, we have
2 (JCT(Zan 5n)um; un)U: 2 (EZWET(')_T(Zm)jumy k-zn[T(')_T(Zn>:|u z)I,Z(W ”

m,n m,n

"}‘mzn(i?-zmgll(')um’ k_'anU(.)ltn)LQ(Lr "
=1z e [T()=Tn) Jun 300

+ “ ; Ezm‘QU< ) )um”iz((} 12 20 ’

which shows that A;>0 or 4> B,. This concludes the proof.
Similarly, by appealing to Lemma 1*, we also obtain
THEOREM 2.% The kernels Gy, 2), Redll, 2), B, 2) and Kl z) are
positive definite. In fact,

g?.Ti:)’O »

JW>>_‘BT*>>0; (}\/:Tk:>/\0~
The most important results of the previous two theorems are, of course
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that AX7>0 or Ar>0. Since these generalize the classical result of Pick (see
Ahlfors [1, pp. 3-4]) one might expect that the positive definiteness of these
kernels would lead to some distortion theorems of the Schwarz-Pick type. That
this is indeed the case is shown in the following corollaries (see also [4, 5]).

COROLLARY 1. Let u be any vector i U and let {zn} 5~y be points in D.
Then
det[(JCT(zm,En)u; u)l]]%nz_o

Proof. Let {a,}#-, be scalars in C and define u,=a,u, 1=m=N. Since
Hr>0, it follows that

> (Hr(zm, Zn)lm, Un)y= 2 (K (Zm, Z)U, W)U =0
m, n m,n

and the result follows.
We say that D is of class M if for any {<D there exists an feHy(D: p)
so that f({)=0. Clearly, De if and only if K(z, 2)>0 for every z€D.

COROLLARY 2. Let De M and let wu€U be a wwmt vector. Suppose further
that |T(z2)ullw s not a constant throughout D. Then
lK(Z@_Z___<I:l_”T(Z)u”%[/]'I—__l—“”T(g)u“%Vj

Kz, DKL O = [1—(T@)u, TQu)w|*

for any z, {=D.

Proof. This follows from Corollary 1 by taking N=2 and z,=z, z,=C(.
Note also that the denominator of the right hand side of the inequality does
not vanish for every z, {=D. Indeed, |7T(z)ullw=1 and by the maximum
principle (see [7, p. 100]), in view of the non-constancy of |T(z)uly, we actu-
ally have |T(2)ullw <1 for each zeD. Consequently, |(T(2)u, T(Qu)w| <1 for
every z, e D. The left hand side of the inequality is, of course, well defined
because De M. This concludes the proof.

If fis a C'-function near z=(z,, ---, z,)€C", and, v=(v,, ---, v,)=C", we
write

8, /(@= 3 vd. [(2), d.f&)= 30,5, [(2).
J=1 J=1
Let Des, =D and veC™. We write
Vo v)=0d,log K, K=K, 3,

and note that when dg is the usual (Lebesgue) volume element then this
expression is, precisely, the classical Bergman metric for D. We also have

buo(S: )= VK, Dmax{18./(2)| : f= 3D )},
where
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B(D: p={fEHD: p): IfI=1, f()=0},
(see [2, p. 26] and [3]).

COROLLARY 3. Let the assumptions of Corollary 2 prevail. Assume further
that veC™. Then
= T@uli] 10,T@)ulw+0,T(@u, T(@)u)w|*
[I=1T@ul%]

1
bmy(z:v)= [
and thus

bupy(z; 0)Z0,T(2)ullw

for any z€ D.

Proof. For a fixed {= D, consider the function

O IT@ulpd-L—I1TQulR] _ K& Ol

8@ B=los = b1 1y, T Kz, DKC D

According to Corollary 2, g=0 and, moreover, g assumes a local minimum at
z={. Therefore, for each direction v C" the Hessian of g

4,g=40,0,g
is non-negative at z={. However, by a direct computation,
10, T (2)ull}y [0, T(2)u, T(@)u)w!* ~ -
Apg=—4—"— S T — 040, log K(z,
G T e P og Kz, 2}

and the corollary follows.
The last corollary also shows that the so-called “ Carathéodorv-Reiffen
metric” of D is always dominated by b,py(z: v) (see [3, 4] for more details).

Remark. The previous results were proven under the assumptions that
T(z) is contractive and thus, T(2)*T(z)<Iy and T(z)T(z)*=<Iy. These results
can be further generalized by assuming instead that T(z)*T(z)=A and T(2)T(2)*
<B where A€ 3(U: U) and B 8(W : W) are constant operators. Indeed, we
can, for example, write T(z)=S(z)A'? with S(z)e 8(U : W) and ||S(z)| <1. Then
A—T()*T(2)=AY[I,—S(z)*S(z)JAY? and one proceeds as before. We omit
the details.

§4. The Szeg6 Kernel.

The results exhibited earlier are valid for holomorphic reproducing kernels
of the Hilbert spaces Hy(D: ). However, some care is needed when dyu does
not act on D but rather, say, on the Silov boundary of D. This care is mostly
needed in providing a precise meaning for H,(U:pu) or Hy(W : u) where the
inner products are defined via the boundary values of certain holomorphic
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vector functions. As an example we shall treat the case when D is a plane
domain and, in so doing, we even obtain an extension of the previous results.

Let D be a plane domain whose boundary consists of a finite number of
rectifiable curves. We shall assume that 0D is in fact smooth or more gener-
ally of Smirnov type. Let L,(0D) designate the customary Hilbert space of
functions on 0D with the inner product

(f, 9=, f&2@dz]: IfI=~F, ),

that is, here we are taking D,=0D and dp(z)=|dz|. Let L$(D) be the
closed linear subspace of L,(@D) consisting of those functions ve L,(0D) for
which

L S i(~Zf)~dz:0, teEy=C—D.

273 Jop z—C

Then

1 v(z)
@D Q=5 2oz, L=D,
is holomorphic in D and v coincides almost everywhere on 0D with the non-
tangential limit of f.
We now introduce the classical Hardy-Szegté space Hy(D). A function
feH(D) is said to belong to H,(D) if there exists an exhaustion {D,} of D
such that each dD,, is smooth, the lengths of the dD,, are bounded, and

4.2) Il=Tm | [f@)dz] <eo.

It is well known that every fe H,(D) has a nontangential limit v almost every-
where on 6D with |f]z=|v| and that f can be recovered from its boundary
function v via a Cauchy integral over dD. Since 0D is of Smirnov type, the
set of boundary functions of H,(D) is precisely the class L$(@D). Therefore,
each ve L§(0D) determines exactly one holomorphic function fe Hy,(D) by (4.1)
with | fllz=|v|, and, because of this uniqueness we shall not destinguish between
() and f(), {=0dD. We can therefore, identify H,(D) with L3(@D), thus
providing H,(D) with the Hilbert structure of L3(@D) and embedding it in
L,(0D) as a closed subspace.

In view of (4.1) point evaluations are bounded linear functionals on Hy(D)
and therefore, H,(D) admits a reproducing kernel k-(z)=FK(z, ) which is the
classical Szegé kernel for D. Let U be any Hilbert space with the inner
product (,);. As before, we consider the space L.,(UU) of functions f(-)eU?
which are (strongly) measurable on 0D and for which

=\ If@IEdz] <.
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This is, of course, a Hilbert space with the inner product

(f, Drw=], (1), g@Duldz|.

We let L3(U) be the closed subspace of L,(U) consisting of those functions
ve Ly(U) for which (v(z), u)ye L3(@D), as a function of z€dD, for every ucU.
Here, (v(z), u)y is the boundary value of the holomorphic function (f(z), u)y
where

43) f©=5— M2 4. e,

271 Jap z—(
the integral being in the sense of Bochner [7, p. 95]. Analogously, we can
define the class Hy(U), thus fe H(D: U) belongs to H,(U) if

Tm | If@lbldz] <eo,

where {D,} is an exhaustion of D as that in (4.2). Therefore, every f< H,(U)
has a nontangential limit (in the U-norm convergence) ve LF(U) almost every-
where on 0D and can be recovered from v by (4.3). Consequently, we can
identify H,(U) and L3(U) in the previous natural way. An account for the
main part of the above exposition can be found, for example, in [6, pp. 167-185]
and [13, pp. 183-190] where further literature is quoted.

Once the spaces L,(U) and H,(U) have been introduced it obviously follows
that Proposition 1, Lemma 1 (or 1*), Theorems 1, 2 (or 1* 2%) and their corol-
laries hold true in this setting.

We now pass to the more general case where D is merely assumed to be
D& Oyp, i.e., D admits a non-constant bounded holomorphic function. In this
case one can define the “analytic capacity” of D at {eD by

Co@=max{|f"(O|: feH(D: 4)},

where, H-«(D: 4) is the family of all holomorphic functions f from D into the
unit disk 4 with f({)=0. Then, there exists a unique Fe H(D: 4), called the
“ Ahlfors function” F(z)=F(z:{), with F'({:{)=Cp({)>0. Moreover, if D is a
plane domain with a smooth boundary then Cp({)=2xK(, &), where K(z, ) is
the Szegd kernel for D (see [2, p. 118]).

Let {D,} be a canonical exhaustion of D& O,z such that each D,, consists
of a finite number of analytic curves. Here, D, eventually contains each
compact subset of D. In every D, we have the Szegt kernel K,(z, &), the
analytic capacity C,(z) and the Ahlfors function F,(z)=F,(z:{). Obviously,
FL,Q)=Cn()=2aK,(, ) and F,()=0. Under these circumstances, {F,(z)}
and {C,(z)} converge uniformly on compacta of D to F(z) and Cp(z), respec-
tively. The same is also true for the sequence {K.(z,{)} as was pointed out
by Suita [11]. Indeed, {Kn(z, &)} converges uniformly on compacta of D to a
function K(z, £) which is holomorphic in (z, &) with (z, )eDxD.
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The function K(z, &) will be called the “ generalized Szegd kernel” for
De&0yp. It is clearly an Hermitian positive definite kernel with 27 K(z, 2)=
Cp(z) for every zeD. Let T(z) be a holomorphic contraction in D from U into
W. Then the kernels 45 (z, &), R (z, &) and so on are, of course, well defined.
In particular, {#{(z, )}, given by

H (2, O=Kn(z, OLI—TEO*T(2)],

converges uniformly on compacta of D to Kn(z, O)=K(z, O)[[;—T&)*T(z)]. This
leads to an extension of Theorems 2 and 2* as follows:

THEOREM 3. Let D be a plane domain, De&Oyp, and let Kz, &) be uts
generalized Szegi kernel. Let Kp(z, O)=K(z, O[Iy—TE)*T(z)] have the same
meaning as before. Then Kp>0 and the same holds for the corresponding
kernel Jir(C, 2).

It is clear that Corollaries 1-3 are also valid for this generalized Szegd
kernel. This leads to many interesting distortion theorems. In fact, already
even in the scalar case where U=W=C we have, in view of Corollary 2,

wp K@ U@ o

Kz, 2)KC, ) = (1) f Q)T ’
where fe H(D: 4). Here, H(D: 4) is the family of holomorphic functions from
D into 4. This inequality constitutes an improvement of the well known
inequality |K(z, )|2<K(z, Z)K(, £). From (44) one deduces, as in Corollary 3,
that the curvature of the analytic capacity is <—4 (see [3] and [12] for
details). It also shows that

S@=fO | _[,_ Kz DI T, .
(45) B ) o e ) IR LCIEE

which means that the so-called “ Ahlfors distance” is dominated by the right
hand side of (4.5). Evidently, these results may be also formulated in terms
of weighted Szegt kernels and the so-called “ Rudin kernels” (see Saitoh [9, 10]
for further information on these kernels). We omit the details.
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