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THE REALIZATION OF ABSTRACT STRATIFIED SETS
By HiROKO NATSUME

§1. Introduction.

It is well-known that n-dimensional differentiable manifolds can be realized
in the (2n-1)-dimensional Euclidean space.

Recently, R. Thom and J. Mather have introduced the notion of abstract
stratified set, modelling after variety (manifold with singuralities). In this
paper, we shall realize n-dimensional stratified sets in the (2n-1)-dimensional
Euclidean space.

DEFINITION 1 ([1]). A stratification S for a subset V in R¥ is a locally
finite family of pairwise disjoint submanifolds X of R?Y, satisfying the follow-
ing conditions.

S1. Each XS lies in V, which is called a stratum of {V, S}.

S2. Each point of V is contained in the interior of some stratum.

S3. The frontier condition: for each stratum X, if a stratum Y intersects with
the closure X in V of X, then YCJX.

If YCX, Y is said to be incident to X and we write Y<X or X>VY.

A topological space V with a stratification S is called a stratified set.
H. Whitney in [1] considered stratified sets with the following condition.

Whitney condition. For each pair of strata (X, Y) such that X>7Y, if both
series of points {x;} in X and {y;} in ¥ converge to a point y in Y and the
line through x, and y, converges to some line [ and the tangent space of X at
x, converges to some plane P, then [CP.

R. Thom ([3]) and J. Mather ([2]), axiomatizing stratified set together
with a tubular neighbourhood system, introduced the following notion of
abstract stratified sets.

DEFINITION 2 ([2]). Let V be a subset of RY with a stratification S. A
family 9={(Tx, 7x, px)} xes is called a tubular neighbourhood system for
S, if it satisfies the following conditions:

T1. Ty is an open neighbourhood of X in R?,

T2. my: Tx—X is a bundle such that there exists a bundle isomorphism
¢x: Tx— By where By is the open unit ball bundle in an inner product bundle
over X.
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T3. px: Tx—[0, 1) is the function defined by px(W)=lex®)| for veTy.
T4. For Y<X, pyemx(v)=py) for veTyNTy.

DErFINITION 3. Let V be a subset of RY with a stratification S. A family
I={(Tx, mx, px)} xes is called a closed tubular neighbourhood system, if Tx
is a closed tubular neighbourhood of X in R?Y and there exists a tubular
neighbourhood system 9'={T%, 7%, p¥%)}xes for S such that T%DTyx, z%|Tx
=rny and p%|Tx=px for any X in S.

DeFINITION 4 ([2]). An abstract stratified set is a triple {V, S, I} satis-
fying the following conditions.

Al. V is a Hausdorff, locally compact topological space with a countable
basis.

A2. S is a family of locally closed subsets of V such that V is the disjoint
union of members of S.

A3. Each stratum of {V, S, 9} is a smooth mainfold.

A4. The family S is locally finite.

Ab5. The frontier condition: the same as S3 in Definition 1.

If YCX, Y is also said to be incident to X and we write Y<X or X>VY.
A6. T is a family of triples {(Tx, nx, px)} xes,» Where Tx is a closed neigh-
bourhood of X in V such that there exists an open neighbourhood T5%DT y of
X in V, =y is a continuous retraction of 7% to X and py is a non-negative
continuous function of T%.

A7, X=p50).

A8. If X>Y, then the mapping 7y, xXpr.x: Tr.x—YX(0, o) is a smooth
submersion, where Ty, x=TyNX, 7y, x=7v|Ty, x, pr.x=pr| Ty, x and the inverse
image of Y'X(0, 1] by zy,xXpr. x is equal to TyNX.

A9. For arbitrary strata X, Y and Z, we have nzyeny, x=nz x and pzy° 7y, x
=pz x whenever both sides of these equations are defined.

DeriNITION 5. We say that a stratified set {V, S, g} is equivalent to

{V’, &', g’} if the following conditions hold.
(1) V=V’, S=S’ and for each stratum X of $S=¢’, the two smoothness struc-
tures on X are the same.
2 If 9={(Tx, wx, px)} and I'={(T%, 7%, p%)}, then for each stratum X of
S, there exists a neighbourhood T% of X in T yN\T% such that py|Ti=p%|T%
and 7y |T4=r%|T%.

Now, we introduce the notion of the relization of abstract stratified sets as
follows:

DEFINITION 6. An abstract stratified set {V, S, 4} is called to be realized
in the Euclidean space RY if there is a homeomorphism F: V—R¥ and an
equivalent abstract stratified set {V, S, 9’} to {V, &, 9} satisfying the follow-
ing conditions:

(1) V,=F(V) is a stratified set with a stratification $;={F(X); XS} and a
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closed tubular neighbourhood system
T ={Trcx>, Trexy, PF(X))} .

(2) For each triple (Tx, wy, px)€9’, F is a diffeomorphism of T x into Trcx),
compatible with the retractions =y and zgcx), that is, Fox y=mrxy°F.

(3) PX=PF(X)°F~
F is said to be a realization of {V, S, 9} in R¥.

DEFINITION 7. Two realizations F, and F; of {V, S, 9} in RY are called
isotopic if there exists a realization H of {V, S, 9} X1 in R¥*' which satisfies
the following conditions:

(1) H(x, t)=(H,(x), t) where H, is a realization of {V, S, g} in RY¥ for each
t<[0, 11.
(2) H,=F, and H,=F,.

Remark. We can define naturally a stratification on {V, S, g} X/ with a

tubular neighbourhood system ([3]).
Our main result is the following.

THEOREM. Every paracompact abstract stratified set {V, S, I} with dim V=n
can be realized in R*™' such that the image of the realization 1s the stratified
set satisfying the Whitney condition. All realizations of {V, S, I} in RY are
1sotopic 1f N=2n-+2.

Remark 1. The dimension of V is the topological dimension.

Remark 2. More generally, every continuous mapping F from an n-
dimensional abstract stratified set {V, S, 9} into R?"*' can be approximated by

a realization.

§2. Preliminary lemmas.

In this section, we prove several lemmas for the proof of the theorem.

LEMMA 1. Let n: E—M be a fibre bundle with a compact manifold F as
the fibre, h a diffeomorphism of M onto M’, S a sphere bundle of M’ and p the
projection of S to M’. Suppose that dim S=2 dim E+-2, then we have an embedding
h of E into S such that hom=poh. Moreover, such an embedding h can be
obtained by extending any given embedding Fh,: 7 (A)— p~Y(h(A)) for a closed set
A in M with her=poh,.

Proof. Let A be a closed set in M and h, a given embedding defined on
z-Y(A) into p~(h(A)) with hom=poh, Let U be an open set in M, and V a
compact set with VCU such that both fibre bundles = and p are trivialized
in U and h(U). Then, it is sufficient to prove that h, can be extended to an



4 HIROKO NATSUME

embedding % of a closed set #-'(AUV). Let ¢ be a trivialization z " (U)=UXF
and ¢ a trivialization p~*(A(U)=h(U)XS* with n=dim S—dim M. Define

: (ANU)XF—S™ by ko—p oho hyop™' where p’ is a natural prOJeCtIOH from
h(U)><S" to S®. Then £, can be extended to a smooth map £, on UXF be-
cause 7,(S™")=0 for any ;<dim E. Moreover Thom’s transversality theorem
([4]) assures that £, can be approximated by a mapping £ with k=, on
(ANU)XF and satisfying the following conditions:

(1) The cross-section 7,2 is transverse to X where Y is the subset in
JHUXF, S™) consisting of the first jets of those mappings g which are of full
rank as mappings of F into S™ by fixing points of U.

(2) The mapping jkXjk is transeverse to X, where 3, is the subset in
J(UXF, Sy X J°(UXF, S*) consisting of all elements of the form ((, f, s),
(u, [/, 9)).

As easy calculation shows, the transversality in the conditions (1) or (2)
means the disjointness of ],E(UXF) from Y or j2(UXF)X 3,E(UXF) from X,.
Now, the desired embedding is obtained by defining hA=FH, on 7 (A) and
h=¢ to(hxk)op on z XV) with (hxE)u, f)=(h(u), E(u, f)). This completes
the proof of Lemma 1.

We introduce the following two conditions for convenience.

DEFINITION 8. Let X, Y and Z be strata with X>Y>Z, & a vector field
on T;NY and &y a vector field on TN\ X. We say that £ and &, are 7y, x-
related or &y is my, y-related to &y if (my, x)«Ex=&p.

Now, let T x(t) denote the subset pz'(t) of Tx. Let X, Y and Z be strata
with X>Y >Z, & a vector field on T;nX and {o;} one parameter family of
local transformations defined by & Suppose that for each point x in T,nX
there is a point x, in Tz(1)NX and a real number ¢ with o,(x,)=x.

DEFINITION 9. Under the above situation, a vector field » on T,N\TyNX
is said to be a sliding of a vector field 7, on THU)NTyNX along & if 9(o.(x,))
=0.x(no(xy)) for every x,&T4(1) and t<[0, T].

As J. Mather has shown in [2], we can choose, for a given abstract
stratified set, an equivalent abstract stratified set satisfying the following
condition A10 and All.

Al10. If X and Y are strata and Ty, xy#@, then Y<X.
All. If X and Y are strata and TyN\Ty#®, then X<Y, Y< X, or X=Y.

LEMMA 2. Let {V, S, I} be an abstract stratified set, satisfying A10 and
All. Then, there exists a family {of} of one parameter families of local
transformations on Ty for each stratum X in S satisfying the following con-
ditions:

(1) o% is smooth on Ty X for each X with X>Y.

2) 7mxeof(x)=rx(x) for each x in Tyx.

3 pxedf(x)=px(x)—t for x€Ty and t<[0, 1) whenever both sides of this
equation are defined.
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4) If X>Y, nyeof(x)=0¥(xx(x)) for each x in TxNTy.
B) If X>Y, preof(x)=o0y(x) and of - of(x)=0¥-0¥(x) for any x in TxNTy.

Proof. 1t is sufficient to show that if the lemma is true for dim V=k,
then it is true for dim V=Fk+1. So we assume that dim V=Fk-+1. Let {07}
denote the one parameter family on TNV for each Z in V® satisfying the
conditions (1)~(5). Here V® denotes the union of all strata Y of V with
dim Y=<k. Let 5,y be the vector field on T,NY which define {¢#} on T,NY.
Let X be an stratum in S with dim X=Fk+1 and Sy the set of all strata YV
with Y<X. We define a smooth vector field 7y, y on Ty X for each YeESy
satisfying the following conditions:

(a) %». x is tangential to the fibre of the projection my, .

(b) pyeat(x)=py(x)—t for each x in TyNX and [0, 1).

(¢) If Z<KY<X, 9z x and 7y are zy, x-related on ToNTrNX.

(d) If Z<KY <X, 7y, x is a sliding of 7y, x| T2()NTyNX along 7z x restricted
on T,NTyNX.

Let Sy be {Y,, Y, -+, Y} where the suffixes are chosen such that 1< if
dim Y;<dim Y,. For an element x in Ty,NX, S(x) denotes the set of strata
Y in Sy such that x€Ty. Let (¢c);,y denote the condition (¢) for the triple
Z<Y < X.

Now, we assign for each x€XNTy, a neighbourhood U(x) on which a
vector field satisfying the conditions (a), (c) and (d) can be constructed. If
S(x)={Y}, there is a neighbourhood U(x) such that S(y)=S8(x) for each
yeU(x). We construct, in this case, a vector field satisfying the condition (a)
on U(x). If S(x)#{Y,}, then there exists Y,=S(x) to which each stratum in
S(x) is incident. Then we assign a neighbourhood U(x) such that S(»)=S5(x)
for each yeU(x) and construct a vector field on U(x) satisfying conditions (a)
and (c)y,,r,. Let {U;} be a locally finite refinement of the covering {U(x)}.
We construct 7y, y satisfying the conditions (a), (c) and (d) by means of a
partition of unity associated to {U;} and a certain normalization such that
Ny, x satisfies the condition (b). Now we assume that Ny, x is defined for
each Y, with j<p. Now we assign for each x€XNTy, a neighbourhood on
which a vector field satisfying the conditions (a), (c) and (d) can be constructed.
Let A be the set of those points xEX[\Typ such that Y, is incident to each
stratum in S(x). We assign U(x) for each xe A such that S(y) is equal to
S(x) for each point y in U(x) and construct a vector field on U(x) satisfying
(a) and (C)Yp,ym. Here Y, denote the stratum in S(x) to which each stratum
in S(x) is incident. If S(x) contains a stratum which is incident to Y, we
put B the set of points xeTY”(l)m --~mTle(l)mTYmeY“m «-‘mTYJm with

S(x)={Y., -, Y., Y, Y,, -, Y, }. For each point x&B, we choose a
neighbourhood V(x) in Tytl(].)f\ ﬂTylr(l)f\TY“f\ mTy]m such that each

point y in V(x) satisfies the condition A9 and S(y)=&(x) and construct a
vector field 5, on V(x) satisfying (a) and (c) v, vn- We slide each 7, along



6 HIROKO NATSUME

Ny, % 5 Yr,, x and Ny, x successively. Let V*(x) be the open set of all the
Y, . X Y, . X

elements of the form g, ! < 0,," (y) with yeV(x). We extend 7, over
V*(x). It is clear that the family {U(x): x€ A}\U{V*(x): x€B} is an open
covering of Ty NX. Let {U;} be a locally finite refinement of this covering.
We construct 7r, x Dy means of a partition of unity associated to {U,} and
a certain normalization such that Nrp X satisfies (a)~(d). The required one
parameter family {of} on TyNX is generated by 7y x for each X&S and
YeSy. By the construction, {¢f} satisfies the conditions (1)~(5). This com-
pletes the proof of the lemma.

§3. The proof of the theorem.

Let {V, S, 9} be an n-dimensional stratified set satisfying A10 and All
Let V¢ denote the union of all strata X in S with dim X<k. Then, there is
the number k, such that V¢ ig the disjoint union of manifolds. Let F¢*® be
an embedding of V¢® into RY, S(F*0)={F“*o(X): XCV*»} and 71 the closed
tubular neighbourhood system {(N(X), px, 7x): XCV¥0} for S(F*») in RY.
We assume that there is a stratified realization F of V¢ into RY and that
S(F™)={F®(X): XCV®}, Let 9 be the closed tubular neighbourhood
system {(N(X), px, tx): XCTV®} for S(F®) in RY. As shown by Lemma 2,
there exists a family of one parameter families of local transformations
{6} xes for {V, S, I} and there exists a family of one parameter families of
local transformations {Bf} xes for {F®(V®), S(F®), g1}. Let X be a stratum
in S with dim X=£k+1. Now we show that there exists an embedding Fy of
TyNX into N(Y) for each YE=Sy, satisfying the following conditions:

(1) If Z<Y, then F;=Fy on ToN\TyNX.

(2) preFy=F®eoqy.

(3) pr(x)=tye Fy(x) for each x in TynX. We denote the elements of Sy by
Zy, Zs, -+, Z, where we have :1<j whenever Z,<Z,, Now we construct the
embedding F;, of Tz,NX to N successively. A sequence (Y, -, Y,) of
elements in Sy is said to be a chain of the length [ if Y, <Y,< - <Y,. For
a chain C=(Y,, -, Y,), we apply Lemma 1 to the bundle zy : Ty (1) -
NTy,ONX—=Y NTr(DN - NTy,(UNX to obtain the embedding F¢¥ of
Ty, (DN - NTy,(NX into Ny (DN - NNy,(1). We can extend F¢” to the
embedding F¢y of Ty N - NTy,NX by Felofl -+ of(x))=p4 - B{(Fc’(x)). We
define Fz, on Tz "\Ty,N - NTy,NX by Fg for every C=(Z,, Yy, -+, ¥,) with
the maximum length. Now we define Fz, on Tz N\Ty,N\ " NTy, . NTy, N
NTy,NX. We apply Lemma 1 to the bundle 7wz : Tz, (ONTy,(DN - NTy,_,(1)
Ny (DN - NTrONX=ZNTy (DN - NTr,  (DNTy (DN Ty (DN X to
extend the embedding Fz, on the union of Tz (DNTyr (DN - NTy, ,(DUNTy
ATre DN -+ ATr,MDNX With ¥, ;<Y<Viuy to Tz,(DNTr,DN - ATy, (1)
NTy, ., (DN NTy,(OUNX. Then we define Fz, on T NTyN\ - NTy,_ N
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Ty, NTy,NX by means of the same procedure as in the extension of
Fe® to Fp. In this way, we can extend Fy, step by step to reach finally the
whole domain Tz NX. Next we define Fz,. We define Fz, on T NTzNX
by Fz,. Let (Z, Yi, -+, Yn) be a chain with the maximum length beginning
with Z,, We define Fz, on T;,N\Ty,N - NTy,NX by applying Lemma 1 to
the bundle 7z,: Tz, (DUNTr, (DN - NTr,(ONX—=Z.NTy, DN - NTy (DNX to
extend Fj, on Tz NTz, ()N - NX and by means of o, and B,. The extension
of Fz, to whole Tz, X can be otained by the same procedure as in the case
of Fz, Similarly we can define the embedding Fj, of Tz;,nX. This com-
pletes the proof of the existence of {FY}YGSK and it is obvious by the con-

struction that Fy satisfles the conditions (1)~(3). We define the stratified
realization F by F|V¥*=F® and F=Fy on Ty for each YeSy with dim X
=k-+1. Let X denote the closure of the difference X—\J{Ty: Y=Sx}. The
set X is a cornered manifold in the sense of J. Cerf ([5]). As shown in [5],
we can extend F to whole X and we can choose the closed tubular neighbour-
hood N(X) of F(X) in RY with the projection py and the tubular function 7.

Now, we show that the image of the stratified realization satisfies the
Whitney condition.

For any strata X and Y with X>Y and each point y in Y, by the definition
of the tubular neighbourhood and the construction of the realization F, there
exists a diffeomorphism 4 from a neighbourhood U of F(») in RY to R" such
that AW(F(X)NU)=h(U)XRY¥=*t and h(F(Y)N\U)=h(U)X R¥-°2 where c¢,=codim
X and c,=codim Y. Since the pair (R¥-°1, R¥-%) with ¢,<c, obviously satis-
fies the Whitney condition, the pair (X, Y) also satisfies the same condition.

This completes the proof of the first part of the realization theorem. The
remaining part of the theorem can be proved similarly.
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