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PLANE DOMAINS WITH HARMONIC INTERPOLATING SEQUENCES
WHICH ARE NOT INTERPOLATING SEQUENCES

JUNICHIRO NARITA
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Let D be an arbitrary open set in the complex plane C, and H* (D) be the
set of bounded analytic functions f(z) on D, equipped with the supremum norm
I fll.. =sup..plf(z)]. A sequence {z;} in D is called an (H*(D)-)interpolating

sequence if for all complex valued bounded sequences {a;}, the interpolation
problem

]((Z]‘):Clj7 j:1,2,3,...
has a solution f(z) in H*(D).

For an arbitrary open set D in C, let 2 (D) be the set of bounded har-
monic functions on D, equipped with the supremum norm. In the same way as
H®” (D)-interpolating sequences, we can consider interpolating sequences for this
space h” (D). Namely, a sequence {z;} in D is called an h™(D)-interpolating
sequence or harmonic interpolating sequence (in D), if for any real valued bounded
sequence {a;}, there exists a function /2 € /(D) such that

h(zj)=a;, j=1,2,3....

Obviously every interpolating sequence is a harmonic interpolating sequence.
For the unit disk A = {|z| < 1}, J. Garnett [7] showed the converse: a harmonic
interpolating sequence in A is an interpolating sequence for H® (A).

The existence of a plane domain and a sequence which is a harmonic inter-
polating sequence but not an interpolating sequence was first pointed out by
Fisher using a Zalcman domain ([7, p. 191]), and Behrens gives a necessary and
sufficient condition for some kind of Zalcman domains to satisfy that a sequence
in this domain is an interpolating sequence if and only if it is a harmonic inter-
polating sequence ([2, Th. 3.7]). These two results suggest that one typical
reason for the existence of a sequence which is a harmonic interpolating sequence,
but is not an interpolating sequence, is the existence of a boundary point where
the boundary is sufficiently small for bounded analytic functions (in some sense)
and is not sufficiently small for bounded harmonic functions (i.e. the point is a
regular boundary point in the sense of Dirichlet problem).
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In this paper, first, we study in this direction and describe two sufficient
conditions when harmonic interpolating sequences and interpolating sequences
do not coincide (Theorem 2.3, 2.4). Also we give another example of a domain
and a sequence, which is also a harmonic interpolating sequence, but not an
interpolating sequence, but in this case, this sequence converges to a boundary
point where the boundary is sufficiently large even for bounded analytic functions
(Theorem 3.1).

1. Fundamental lemmas

Thought the proofs of the following two lemmas are essentially included in
Fisher’s example, we would like to contain these, since we use these lemmas with
proof in some detail later.

LemMa 1.1. Let D be a domain in C. Let {z;} be a sequence in D, and
let p; be the harmonic measure relative to z; and D. If there exists a sequence of
mutually disjoint Borel sets {F;} such that F; < 0D and 1;(F;) > 2 (j=12,..),
then {z;} is a harmonic interpolating sequence.

Proof. Let {a;} be a bounded sequence and let |{g;}|,, =k. We set a
boundary function /; as

mQ)=a (k) (=12,
m(() =0 (LedD\JF),

and let f; be the solution of Dirichlet problem for 4. Then | fi||.,, <k and
laj — fi(z)| = aj—J hy dpy| < J |aj — h| dy :J |aj — h| diy
oD oD OD\F,
< supla; — |- 4;(OD\Fy) < 2k(1 —2/3) = (2/3)k.
Hence

Ha = iz}l < (2/3)k.
In the same way as we construct f; from {g;}, we can construct f; € h*(D) from
{a; — fi(z;)} such that

21l < (2/3)k,
;= /i(z) = L) < 2/3)k (=1.2..).
Repeating this process, we can take f, € 2 (D) satisfying
ol < (2/3)" 'k (m=1,2,...),

a_,f;f,(zj) <(2/3)"k (m=12,...;j=12,..).
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Then f =), _, /i satisfies

Il <3 2/3)" k= 3k,

m=1

f@) =g (=12,

This implies that the sequence {z;} is a harmonic interpolating sequence. [

Lemma 1.2. Let D be a domain in C and let { be a regular boundary point
of D in the sense of Dirichlet problem. If a sequence S = {z,} in D converges to
{, then S has a subsequence {z,} which is a harmonic interpolating sequence.

Proof.  Let n; =1 and let g be the harmonic measure relative to z, and D.
For ¢t >0, let

E(t)y={zedD:|z-{| < t}.
Since w1, ({¢}) =0, we can take a #; > 0 such that g, (E(r;)) < 1/6. We want to
take n, to satisfy u,(E(#1)) > 5/6 where u, is the harmonic measure relative to
zy,. To see this, let g; be a boundary function such that g =1 on E(#;) and

g1 =0 on OD\E(1;), and let u; be the solution of Dirichlet problem for the
boundary values g; in D. Since { is a regular boundary point for D,

li =1
o)

Hence we can take n, such that u;(z,) > 5/6. Then

ui(zy,) = J

and so i, (E(t1)) > 5/6.
In a similar manner, we can choose a subsequence {z,} and a sequence of
positive numbers {#;} such that

g1 dpy, = J duy,
D

0. E(T])

h>t>-, ;=0 (j— o),

#(E(ti1)) >5/6 (j=2,3,...),

wE@W) <1/6 (j=1.2,...)
where 4; is the harmonic measure relative to z,. Let

F, = 0D\E(1;),

F=E(-)\E(t) (j=23....).
Then {F;} are mutually disjoint and satisfies

w(F) >2/3 (j=12,...).

Hence, by virtue of Lemma 1.1, the subsequence {z, } is a harmonic interpolating
sequence. ]
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2. Sequences converging to an irregular boundary point

A compact set K in C is called a Painlevé null set if K is a removable sin-
gularities for bounded analytic functions, that is, for any open neighborhood V
of K and f e H®(V\K), f extends analytically to 7. It is not difficult to see
that K is a Painlevé null set if and only if H*(C\K) consists of only constant
functions (|5, p. 86]); the last property is symbolically represented as C\K € O4p
in the function theory.

Similarly, a compact set K in C is a removable singularities for bounded
harmonic functions if and only if 2 (C\K) consists of only constant functions;
symbolically C\K € Oyp. The condition C\K € Oyp is also equivalent to the
condition that the logarithmic capacity of K is zero.

It is known that there is a compact set which is a Painlevé null set, but has
positive logarithmic capacity ([1, p. 252]). Hence the following Theorem gives
another example of plane domains in which interpolating sequences and harmonic
interpolating sequences do not coincide.

THEOREM 2.1. Let D be an open set in C. Suppose a compact set K in D is
a Painlevé null set, and the logarithmic capacity of K is positive, then there exists a
sequence S in D\K such that S is an h* (D\K)-interpolating sequence, but not an
H®(D\K)-interpolating sequence.

Proof. 1t is known that the set of irregular boundary points of an open
set has zero capacity (|3, Satz 4.7]). And the Painlevé null set K has no inner
points. Therefore, there exists a point { on K such that { is a regular boundary
point of D\K. By Lemma 1.2, there is a harmonic interpolating sequence {z;}
in D\K, converging to {. On the other hand, {z;} cannot be an H*(D\K)-
interpolating sequence, since any function in H* (D\K) extends analytically to D.

U

To state another result concerning harmonic interpolating sequences, we in-
troduce Zalcman domains, which were first studied by Zalcman in [9] and are
frequently used in the study of function algebras and the potential theory. Let
Ao = {0 < |z| < 1} and let A(cy, ) = {|]z — ¢u| < rn} be a sequence of closed disks
with centers on the positive real axis satisfying

(1) Aley,ry) = Ay (n=1,2,...),
2) A(en, 1) NA(Cpyr) =0 (n #m),
(3) cg>c>-, ¢ —0 (n— ).

Then the domain A()\U;i1 A(cp, 1) is called a Zaleman domain.
Now we recall the Fisher’s example. Zalcman showed in [9], that when
> Fa/en < o0, any bounded analytic function f on the Zaleman domain D =

AO\UZLI A(Cn,rn) has a limit
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lim z

R 3:z-0 f( )

where R™ represents the negative real axis. Therefore, any sequence tending 0
along negative real axis cannot be an H® (D)-interpolating sequence. Fix two
constants a, b such as 0 <b <a <1, and set

n=a", r=>b" (n=12,...).

Then >, ru/ca = >, (b/a)" < oo. We remark that, though finite closed disks

n=1 0
(a",b") may intersect, we can choose an integer N such that R = AO\U;C:N

(a",b") is a Zaleman domain (for example, take N such as bV < (aV — a™*1)/2
a¥(1—a)/2). Let

==

A, = ORN{a"'? < |z| < a" 17},

and let cap(4,) be the logarithmic capacity of 4,. For n> N, A, = dA(a,,b,).
Since the logarithmic capacity of a disk of radius r is r, we have cap(4,) = b".
Hence the series of the Wiener’s criterion ([4], [8, p. 104]) diverges as

0 n 0 n 0 1
’;vlog(l/cap(A,,)) o ”Z]:V —nlogh r;\/ —logb -

This implies that the boundary 0R is thick at the origin in the sense of fine
topology, or equivalently, the origin is a regular boundary point for R. From
Lemma 1.2, there exists a sequence {z;} on negative real axis such that {z;} is a
harmonic interpolating sequence.

Though Fisher’s example is not contained in the result of Theorem 2.1,
it depends on the fact that in some sense the boundary of the Zalcman domain
is small for bounded analytic functions but not small for bounded harmonic
functions at the origin. By virtue of the study of Gamelin and Garnett in [6], we
can consider this phenomena in more general domains.

Since H* (D) is a Banach algebra with the supremum norm, we can consider
the maximal ideal space .#(D) of H*(D). It consists of all nonzero complex
valued multiplicative linear functionals, called complex homomorphisms, on
H* (D). By the weak star topology inherited from the dual space H*(D)" of
H>* (D), # (D) is a compact Hausdorff space.

When D is a bounded open set in C, the coordinate function Z belongs
to H*(D). The Gelfand transform Z maps .#(D) onto D, and Z'|,, gives a
homeomorphism of D onto the open subset Z~!(D) of .# (D), which coincides
with the identification by the point evaluations ([5, p. 2]).

When D is unbounded open set in C, the usual coordinate function does not
belong to H* (D). However, if H*(D) contains a nonconstant function, there
exists a continuous function Y from .#(D) onto D = C, such that Y™'|, gives a
homeomorphism of D onto the open subset Y~ (D) of .#(D), and this coincides
with the identification by the point evaluations. ([5, p. 87]).

For a bounded open set D in C and a point { in D, the fiber .#;(D) is
defined by .#;(D) = Z7'({). When D is not bounded and C\D is not a Painlevé
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null set, we can replace Z by Y, and set .#;(D) = Y~ '({). According to usual
terminology, /(D) is called a peak set if there exists an f e H* (D) such that
f=1on .4 D) and |f| <1 on .#(D)\M:(D).

THEOREM 2.2. Let D be an open set in C. Suppose there is a point { such
that { is a regular boundary point for D in the sense of Dirichlet problem, and the
fiber (D) is not a peak set. Then there exists a sequence S in D such that S is
an h™ (D)-interpolating sequence, but not an H® (D)-interpolating sequence.

Proof. When .#4;(D) is not a peak set, there exists a sequence {z;} in D
such that {z;} converges to a point i (called a distinguished homomorphism)
in (D) in the norm of the dual space (H* (D))" ([6, Section 4]). This means
that any subsequence of {z;} is not an H* (D)-interpolating sequence. On the
other hand, by Lemma 1.2, we can take a subsequence S = {z;, } such that S is
an h*(D)-interpolating sequence. O

3. Sequences converging to a regular boundary point

Considering Theorem 2.1 and Theorem 2.2, we might expect that the ex-
istence of these kinds of boundary point is a necessary and sufficient condition for
the existence of a sequence which is a harmonic interpolating sequence but not an
interpolating sequence. However, an example, which we will construct, shows
that this is not true.

To this purpose, we consider domains D = A\( J
Zalcman domains, but satisfy

0

v A(cp,ry), similar to

<<y, g—1 (n— o)

instead of (3). We call these domains as boundary Zalcman domains. Note
that the boundary 6D of a boundary Zalcman domain D is large enough for
bounded analytic functions at any boundary point { € dD; in fact, it is easy to see
that the fiber .#:(D) is a peak set.

THEOREM 3.1. There exists a boundary Zalcman domain D and a sequence
S in D such that S is a harmonic interpolating sequence but not an interpolating
sequence.

Proof. Let R=Ao\|J", A(cs,rs) be a Zalcman domain of Fisher’s ex-
ample, and let {z;} be a sequence in R such that {z;} is a harmonic interpolating
sequence but not an interpolating sequence. We can assume that the sequence
{z;} is constructed as in the proof of Lemma 1.2, and that there exist mutually
disjoint subsets F; = OR such that w;(F;) >2/3 (j=1,2,...) where y; is the
harmonic measure relative to z;. By deleting z; and renumbering, we can also
assume that
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For each positive integer n, there exists an positive integer N(n) such that

N(n)
UF c U OA(Cmy Tm)-
=

m=1

Let {V,} be a sequence of mutually disjoint closed disks in A, whose centers are
on the positive real axis, and converge to 1 € dA. And in each ¥V}, we take N(n)
mutually disjoint disks

B(cnk,r,,k)cVn (ene > 0,14 >0) (k:l 2,...,N(n))

such that V\U A(Cp ks Fn ) is similar to A\U A(c,re). We denote this
similar transformatlon by ¢,:

N(n) _ N(n) _
P, A A(cr, i) U A(Cn ks T k)
=1 =1

(Cn ks Tnk),s

and let

s
Il
>
/
1Cs
T3
>

W”:.fZWn(Z_/') (]:1,2,,117”:1,27)
We show that the boundary Zalcman domain W and the sequence
S={w,;:j=12,....mn=12,..}

in W give the desired example.
Let

Foj=0,(F) (i=12...,mn=12,.).
Then the sequence of subsets of oW,
{FnJ:j: L,2,...,m;n=1,2,...}

are mutually disjoint, and for the harmonic measure f, ; relative to w, ; and W,
we have

B j(Fu.j) > (F) > 2/3.

Hence, by Lemma 1.1, S is a harmonic interpolating sequence in W.
Suppose S is an interpolating sequence in W. Then for any bounded se-
quence {a;} €[®, there is a function f € H*(W) such that

f(w,,,j):aj (G=12,....m;n=12,...).
Let
fu=fop, (n=12,.).
Then f, e H*(R), ||l < |Ifll.. (n=1,2,...), and
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) =fop,(z)=fwnj)=a; (j=12,....msn=12,...).

By taking uniform convergent limit of a subsequence of {f;}, we have a function
f € H®(R) such that

f@) =a (j=12..).

This contradicts the hypothesis of R and {z;}. O
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