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SUBORDINATIONS BY ALPHA-CONVEX FUNCTIONS

Teodor Bulboacă

Abstract

Let HðUÞ be the space of analytic functions in the unit disk U and let D ¼
fj A HðUÞ : jð0Þ ¼ 1; jðzÞ0 0; z A Ug. For the functions f; j A D we will determine

simple su‰cient conditions such that

jðzÞ
fðzÞ þ ð1=gÞzf 0ðzÞ

� �1=b
f ðzÞ0 kðzÞ ) If; j; b; g½ f �ðzÞ0 kðzÞ;

for all k A M 0
1=b , where

If; j; b; g½ f �ðzÞ ¼
g

z gfðzÞ

ð z

0

f bðtÞt g�1jðtÞ dt
� �1=b

and M 0
1=b represents the class of 1=b-convex functions (not necessarily normalized).

In particular, we will give su‰cient conditions on f and j so that the operators

If; j; b; g are averaging operators on certain subsets of HðUÞ. In addition, some par-

ticular cases of the main result, obtained for appropriate choices of the f and j

functions, will also be given.

1. Introduction

Let HðUÞ be the space of analytic functions in the unit disk U ¼ fz A C :
jzj < 1g and let D ¼ fj A HðUÞ : jð0Þ ¼ 1; jðzÞ0 0; z A Ug. We denote by A
the class of analytic functions in U and usually normalized, i.e.

A ¼ f f A HðUÞ : f ð0Þ ¼ 0; f 0ð0Þ ¼ 1g:
If b; g A C with b0 0, for the functions f; j A D we will define the integral

operator If;j;b; g : Kj;b; g ! HðUÞ of the form

If;j;b; g½ f �ðzÞ ¼
g

zgfðzÞ

ð z

0

f bðtÞtg�1jðtÞ dt
� �1=b

;ð1:1Þ

where Kj;b; g HHðUÞ will be determined in Lemma 3.1, such that the integral
operator (1.1) is well defined.
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The first major result concerning this operator was given in [8], and some
particular cases were previously studied in a large number of papers.

For a set EHC let denote by co E the convex hull of E. In [10] and [4]
the authors introduced the concept of averaging (or mean-value) operator on an
arbitrary set KHHðUÞ, like an operator I : K ! HðUÞ that satisfies

I½ f �ð0Þ ¼ f ð0Þ and I½ f �ðUÞH co f ðUÞ; for all f A K :

For f ; g A HðUÞ we say that the function f is subordinate to g, written
f ðzÞ0 gðzÞ, if g is univalent in U, f ð0Þ ¼ gð0Þ and f ðUÞJ gðUÞ.

By using several results involving di¤erential subordinations and subordi-
nation chains techniques, we will determine simple su‰cient conditions on
f; j A D such that

jðzÞ
fðzÞ þ ð1=gÞzf 0ðzÞ

� �1=b
f ðzÞ0 kðzÞ ) If;j;b; g½ f �ðzÞ0 kðzÞ;

for all k A M 0
1=b, where M 0

1=b represents the class of 1=b-convex functions (not
necessarily normalized) and is given by (2.2). In particular, we will give con-
ditions on f and j so that the operators If;j;b; g are averaging operators on certain
subsets of HðUÞ, and in addition, some special cases of the main result obtained
for appropriate choices of the f and j functions will also be presented.

2. Preliminaries

In order to prove our main results, we will need the following definitions and
lemmas presented in this section.

Let denote by Q the set of functions q that are analytic and injective on
UnEðqÞ, where

EðqÞ ¼ z A qU : lim
z!z

qðzÞ ¼ y

� �
;

and such that q 0ðzÞ0 0 for z A qUnEðqÞ.

Lemma 2.1 [1]. Let q A Q, with qð0Þ ¼ a, and let pðzÞ ¼ aþ anz
n þ � � � be

analytic in U with pðzÞD a and nb 1. If p is not subordinate to q, then there
exist points z0 A U and z0 A qUnEðqÞ, and an mb nb 1 for which pðjzj < jz0jÞH
qðUÞ, and

ðiÞ pðz0Þ ¼ qðz0Þ;
ðiiÞ z0p

0ðz0Þ ¼ mz0q
0ðz0Þ;

ðiiiÞ Re
z0p

00ðz0Þ
p 0ðz0Þ

þ 1bm Re
z0q

00ðz0Þ
q 0ðz0Þ

þ 1

� �
:

For a A R, a function f A HðUÞ with f ð0Þ ¼ 0 and f 0ð0Þ0 0 is called to be
an a-convex function (not necessarily normalized), if
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Re ð1� aÞ zf
0ðzÞ

f ðzÞ þ a
zf 00ðzÞ
f 0ðzÞ þ 1

� �� �
> 0; z A U;

and we denote this class by Ma. The class of a-convex functions was introduced
by P. T. Mocanu in [9]. Note that all a-convex functions are univalent and
starlike, and moreover [7],

Ma HMb HM0; for 0a
b

a
a 1:ð2:1Þ

For a A R we denote by

ð2:2Þ

M 0
a ¼ f A HðUÞ : f 0ð0Þ0 0;Re ð1� aÞ zf

0ðzÞ
f ðzÞ þ a

zf 00ðzÞ
f 0ðzÞ þ 1

� �� �
> 0; z A U

� �
;

and then

K 0 1M 0
1 ¼ f A HðUÞ : f 0ð0Þ0 0;Re

zf 00ðzÞ
f 0ðzÞ þ 1 > 0; z A U

� �

represents the class of convex functions (not necessarily normalized) in U.
The next lemma gives us a necessary and su‰cient condition for an operator

to be an averaging operator.

Lemma 2.2 [10], [4, Lemma 2]. Let KHHðUÞ and let an operator
I : K ! HðUÞ that satisfies I½ f �ð0Þ ¼ f ð0Þ for all f A K . A necessary and
su‰cient condition for I to be an averaging operator on K is that

f A K ; k convex and f ðzÞ0 kðzÞ ) I½ f �ðzÞ0 kðzÞ:

Let c A C with Re c > 0, and let N ¼ NðcÞ ¼ ðjcj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 Re c

p
þ Im cÞ=Re c.

If w is the univalent function wðzÞ ¼ 2Nz=ð1� z2Þ, then we define the open door
function Rc by

RcðzÞ ¼ w
zþ b

1þ bz

� �
; z A U ;ð2:3Þ

where b ¼ w�1ðcÞ.
Remark that Rc is univalent in U, Rcð0Þ ¼ c and RcðUÞ ¼ wðUÞ is the

complex plane slit along the half-lines Re w ¼ 0, Im wbN and Re w ¼ 0,
Im wa�N.

Lemma 2.3 [3, Theorem 1]. Let f; j A D and let a, b, g and d be complex
numbers with b0 0, aþ d ¼ b þ g and Reðaþ dÞ > 0. If f A A satisfies

a
zf 0ðzÞ
f ðzÞ þ zj 0ðzÞ

jðzÞ þ d0RaþdðzÞ;

and the function F is defined by
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F ðzÞ ¼ b þ g

zgfðzÞ

ð z

0

f aðtÞtd�1jðtÞ dt
� �1b

¼ zþ � � � ;ð2:4Þ

then F A A, FðzÞ=z0 0, Ez A U and

Re b
zF 0ðzÞ
F ðzÞ þ zf 0ðzÞ

fðzÞ þ g

� �
> 0; z A U:

(All powers in (2.4) are principal ones.)

Lemma 2.4 [6, Lemma 1.2c]. Let nb 0 be an integer and let g A C , with
Re g > �n. If f ðzÞ ¼

P
mbn amz

m is analytic in U and F is defined by

FðzÞ ¼ 1

zg

ð z

0

f ðtÞtg�1 dt;

then F ðzÞ ¼
P

mbn amz
m=ðmþ gÞ is analytic in U.

Lemma 2.5 [2, Theorem 2], [4, Theorem 2]. Let k be convex (univalent) in U
and let Ab 0. Suppose M > 4=jh 0ð0Þj and that B and D are analytic in U, with
Dð0Þ ¼ 0 and

Re BðzÞbAþMjDðzÞj; z A U:

If p is analytic in U with pð0Þ ¼ kð0Þ, and if p satisfies

Az2p 00ðzÞ þ BðzÞzp 0ðzÞ þ pðzÞ þDðzÞ0 kðzÞ;
then pðzÞ0 kðzÞ.

A function L : U� ½0;þyÞ ! C is called a subordination (or a Loewner)
chain if Lð� ; tÞ is analytic and univalent in U for all tb 0, and Lðz; sÞ0Lðz; tÞ,
when 0a sa t.

Lemma 2.6 [11, p. 159]. The function Lðz; tÞ ¼ a1ðtÞzþ a2ðtÞz2 þ � � � ; with
a1ðtÞ0 0 for tb 0, and limt!yja1ðtÞj ¼ y, is a subordination chain if and only if
there exist constants r A ð0; 1� and M > 0 such that

(i) Lðz; tÞ is analytic in jzj < r for each tb 0, locally absolutely continuous in
½0;yÞ for each jzj < r, and satisfies

jLðz; tÞjaMja1ðtÞj; for jzj < r and tb 0

(ii) there exists a function pðz; tÞ analytic in U for all t A ½0;yÞ and mea-
surable in ½0;yÞ for each z A U, such that Re pðz; tÞ > 0 for z A U, t A ½0;yÞ, and

qLðz; tÞ
qt

¼ z
qLðz; tÞ

qz
pðz; tÞ; for jzj < r and for almost all t A ½0;yÞ:

3. Main results

First we need to determine su‰cient conditions on the f and j functions
such that the integral operators If;j;b; g are well defined.
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From the fact that

If;j;b; g½ f �ðzÞ ¼
g

b þ g

� �1=b
~FF ðzÞ; if g0 0;ð3:1Þ

where

~FFðzÞ ¼ b þ g

zgfðzÞ

ð z

0

f bðtÞtg�1jðtÞ dt
� �1=b

;

in order to determine the subset Kj;b; g HHðUÞ so that the operator If;j;b; g given
by (1.1) is well defined, we need to find the set Kj;b; g such that ~FF A HðUÞ for all
f A Kj;b; g.

Lemma 3.1. Let b; g A C with b0 0, Reðb þ gÞ > 0 and let f; j A D. If
Rbþg represents the open door function defined by (2.3) and if

Kj;b; g ¼ f A A : b
zf 0ðzÞ
f ðzÞ þ zj 0ðzÞ

jðzÞ þ g0RbþgðzÞ
� �

; for b0 1;

and

Kj;1; g ¼ HðUÞ; for b ¼ 1; if in addition Re g > 0;

then the integral operator If;j;b; g is well-defined.

Proof. If b0 1, from (3.1) by using Lemma 2.3 for the case a ¼ b and
d ¼ g we deduce the first part of the result.

If b ¼ 1, denoting t ¼ wz we have

~FF ðzÞ ¼ gþ 1

fðzÞ

ð1

0

f ðwzÞjðwzÞwg�1 dw;

and from (3.1) according to Lemma 2.4 we obtain the second part of our
result. r

Using Lemma 2.3, the previous result and the relation (3.1), respectively
Lemma 2.4 and the relation (3.1) we deduce the next two remarks:

Remark 3.1. Under the assumptions of Lemma 3.1, for b0 1, we have

~FF A A;
~FF ðzÞ
z

0 0; z A U and Re b
z ~FF 0ðzÞ
~FFðzÞ

þ zf 0ðzÞ
fðzÞ þ g

� �
> 0; z A U;

hence,

If;j;b; g½ f �ðzÞ ¼
g

b þ g

� �1=b
zþ � � � A HðUÞ; Ef A Kj;b; g and b0 1:

Remark 3.2. Under the assumptions of Lemma 3.1, we have

If;j;b; g½ f �ð0Þ ¼ f ð0Þ; Ef A Kj;b; g:
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Theorem 3.1. Let b; g A C with b > 0 and Re g > 0, let f; j A D and suppose
that

ðiÞ Re
zf 0ðzÞ
fðzÞ þ g

� �
> 0; z A U:

Let k A M 0
1=b and f A Kj;b; g. Then

jðzÞ
fðzÞ þ ð1=gÞzf 0ðzÞ

� �1=b
f ðzÞ0 kðzÞ ) If;j;b; g½ f �ðzÞ0 kðzÞ:

Proof. Since b0 0 and Reðb þ gÞ > 0, according to Lemma 3.1, the op-
erator If;j;b; g is well-defined on the set Kj;b; g.

From the assumption ½jðzÞ=ðfðzÞþ ð1=gÞzf 0ðzÞÞ�1=bf ðzÞ0kðzÞ we have
f ð0Þ ¼ kð0Þ. If b0 1 then f A A, hence kð0Þ ¼ f ð0Þ ¼ 0 i.e. k A M1=b, so it
follows that k is univalent in U. If b ¼ 1 then k A K 0 1M 0

1, hence k is a
convex (and univalent) function in U.

If we denote by F ðzÞ ¼ If;j;b; g½ f �ðzÞ, then by Remark 3.2 we have F ð0Þ ¼
f ð0Þ and

jðzÞ
fðzÞ þ ð1=gÞzf 0ðzÞ

� �1=b
f ðzÞ ¼ FðzÞ b

g

zF 0ðzÞ
FðzÞ

1

HðzÞ þ 1

� �1=b
;ð3:2Þ

where

HðzÞ ¼ 1þ 1

g

zf 0ðzÞ
fðzÞ :

Remark that the assumption (i) implies HðzÞ0 0 for all z A U.
Thus, we need to prove the next implication:

F ðzÞ b

g

zF 0ðzÞ
F ðzÞ

1

HðzÞ þ 1

� �1=b
0 kðzÞ ) FðzÞ0 kðzÞ:ð3:3Þ

For the particular case b ¼ 1, the implication (3.3) becomes

FðzÞ þ 1

gHðzÞ zF
0ðzÞ0 kðzÞ ) FðzÞ0 kðzÞ:

According to Lemma 2.5 for A ¼ 0 and DðzÞ1 0, and by using the inequality (i)
we deduce that the above implication holds.

Now we will prove our result for the case b0 1. Without loss of gen-
erality we can assume that k satisfies the conditions of the theorem on the closed
disk U and k 0ðzÞ0 0 for jzj ¼ 1. If not, then we replace f , k, f and j with
frðzÞ ¼ f ðrzÞ, krðzÞ ¼ kðrzÞ, frðzÞ ¼ fðrzÞ and jrðzÞ ¼ jðrzÞ where 0 < r < 1, and

then kr is univalent on U. Since

jrðzÞ
frðzÞ þ ð1=gÞzf 0

rðzÞ

� �1=b
frðzÞ0 krðzÞ;
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we would then prove that

FrðzÞ ¼ F ðrzÞ ¼ Ifr;jr;b; g½ fr�ðzÞ0 krðzÞ; for 0 < r < 1;

and by letting r ! 1� we obtain F ðzÞ0 kðzÞ.
If we suppose that the implication (3.3) is not true, i.e. FðzÞ 60 kðzÞ, then

from Lemma 2.1 there exist points z0 A U and z0 A qU, and a number mb 1,
such that

F ðz0Þ ¼ kðz0Þð3:4Þ
and

z0F
0ðz0Þ ¼ mz0k

0ðz0Þ:ð3:5Þ
To prove the implication (3.3) we define the function L : U� ½0;yÞ ! C by

Lðz; tÞ ¼ kðzÞ b

g
t
zk 0ðzÞ
kðzÞ

1

Hðz0Þ
þ 1

� �1=b
¼ a1ðtÞzþ � � � ;ð3:6Þ

and we will show that Lðz; tÞ is a subordination chain.

From the fact that zk 0ðzÞ=kðzÞjz¼0 ¼ 1 and the assumptions (i) and b > 0, we
have

Re
b

g

zk 0ðzÞ
kðzÞ

����
z¼0

1

Hðz0Þ
> 0;

hence Lðz; tÞ is analytic in jzj < r < 1, for su‰cient small r > 0 and for all
tb 0. We also have that Lðz; tÞ is continuously di¤erentiable on ½0;yÞ for each
jzj < r < 1.

A simple calculus shows that

a1ðtÞ ¼
qLð0; tÞ

qz
¼ k 0ð0Þ b

g
t

1

Hðz0Þ
þ 1

� �1=b
;

and because k 0ð0Þ0 0, from (i) and b > 0 we deduce

Re
b

g
t

1

Hðz0Þ
þ 1

� �
b 1 > 0; Etb 0;

hence a1ðtÞ0 0, Etb 0. From (i) we have ðb=gÞtð1=Hðz0ÞÞ0 0, Ez0 A U and
Et > 0, so we obtain that limt!yja1ðtÞj ¼ y.

Using the definition (3.6), by a directly computation we obtain

Re z
qL=qz

qL=qt

� �
¼ tb Re 1� 1

b

� �
zk 0ðzÞ
kðzÞ þ 1

b
1þ zk 00ðzÞ

k 0ðzÞ

� �� �
þRe gHðz0Þ½ �:

From the above relation, by using the fact that k A M 0
1=b and the assumption

(i), we deduce that

Re z
qL=qz

qL=qt

� �
> 0; Ez A U; Etb 0;
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and according to Lemma 2.6 we conclude that Lðz; tÞ is a subordination chain.
This implies in particular:

kðzÞ ¼ Lðz; 0Þ0Lðz; tÞ; Etb 0:ð3:7Þ
Using the equality (3.2) and the relations (3.4) and (3.5) we obtain

jðz0Þ
fðz0Þ þ ð1=gÞz0f 0ðz0Þ

� �1=b
f ðz0Þ ¼ F ðz0Þ

b

g

z0F
0ðz0Þ

Fðz0Þ
1

Hðz0Þ
þ 1

� �1=b

¼ kðz0Þ
b

g
m
z0k

0ðz0Þ
kðz0Þ

1

Hðz0Þ
þ 1

� �1=b
¼ Lðz0;mÞ; mb 1;

and then, according to (3.7) we deduce that

jðz0Þ
fðz0Þ þ ð1=gÞz0f 0ðz0Þ

� �1=b
f ðz0Þ ¼ Lðz0;mÞ B kðUÞ:

This last relation contradicts the assumption ½jðzÞ=ðfðzÞ þ ð1=gÞzf 0ðzÞÞ�1=bf ðzÞ0
kðzÞ, then we finally conclude that FðzÞ0 kðzÞ. r

4. Particular cases

In this section we will discuss several particular cases of Theorem 3.1 ob-
tained for appropriate choices of the f and j functions.

1. For a given function f A D, taking jðzÞ ¼ fðzÞ þ ð1=gÞzf 0ðzÞ in Theorem
3.1, then jð0Þ ¼ 1 and the assumption (i) of the theorem is equivalent to

Re g
jðzÞ
fðzÞ

� �
> 0; z A U:

Since fðzÞ0 0, Ez A U, from the above inequality it follows that j A D and then
we obtain:

Corollary 4.1. Let b; g A C with b > 0 and Re g > 0, let f A D and suppose
that

ðiÞ Re
zf 0ðzÞ
fðzÞ þ g

� �
> 0; z A U:

Let k A M 0
1=b and f A Kfþð1=gÞzf 0;b; g. Then

f ðzÞ0 kðzÞ ) If;fþð1=gÞzf 0;b; g½ f �ðzÞ0 kðzÞ;
where

If;fþð1=gÞzf 0;b; g½ f �ðzÞ ¼
g

zgfðzÞ

ð z

0

f bðtÞtg�1 fðtÞ þ 1

g
tf 0ðtÞ

� �
dt

� �1=b
:ð4:1Þ
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Using this corollary in the special case kðzÞ ¼ f ðzÞ we obtain the next
example:

Example 4.1. Let b; g A C with b > 0 and Re g > 0, let f A D and suppose
that

ðiÞ Re
zf 0ðzÞ
fðzÞ þ g

� �
> 0; z A U:

If f A Kfþð1=gÞzf 0;b; g VM 0
1=b, then

If;fþð1=gÞzf 0;b; g½ f �ðzÞ0 f ðzÞ;

where If;fþð1=gÞzf 0;b; g½ f � is given by (4.1).

Our next result deals with a general class of averaging integral operators.

Corollary 4.2. Let b; g A C with bb 1 and Re g > 0, let f A D and suppose
that

ðiÞ Re
zf 0ðzÞ
fðzÞ þ g

� �
> 0; z A U:

Then the integral operator If;fþð1=gÞzf 0;b; g given by (4.1) is an averaging operator on
Kfþð1=gÞzf 0;b; g.

Proof. If f A Kfþð1=gÞzf 0;b; g, then from Remark 3.2 we have If;fþð1=gÞzf 0;b; g

½ f �ð0Þ ¼ f ð0Þ. Let consider an arbitrary convex function k such that f ðzÞ0
kðzÞ.

For the case b ¼ 1 we have k A K 0 1M 0
1 and, according to Corollary 4.1

we deduce that If;fþð1=gÞzf 0;1; g½ f �ðzÞ0 kðzÞ.
For the case b > 1, since f ðzÞ0 kðzÞ and f A Kfþð1=gÞzf 0;b; g then kð0Þ ¼

f ð0Þ ¼ 0. From (2.1) we have k A M1 HM1=b HM 0
1=b for b > 1, and using

Corollary 4.1 we obtain that If;fþð1=gÞzf 0;b; g½ f �ðzÞ0 kðzÞ for b > 1.

Now, from Lemma 2.2 we conclude that in the both two cases the integral
operator If;fþð1=gÞzf 0;b; g is an averaging operator on Kfþð1=gÞzf 0;b; g. r

Remark 4.1. Remark that this corollary generalizes Theorem 1 of [5] that
may be obtained for the particular case fðzÞ ¼ 1.

2. Taking fðzÞ ¼ jðzÞ ¼ elz with l A C in Theorem 3.1, then f1 j A D and
the condition (i) of the theorem reduces to Reðlzþ gÞ > 0, Ez A U. Since this
inequality holds whenever Re gb jlj, we obtain:

Corollary 4.3. Let b; g A C with b > 0 and Re g > 0. For a number
l A C , suppose in addition that Re gb jlj. Let k A M 0

1=b and f A Ke lz;b; g. Then
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g

lzþ g

� �1=b
f ðzÞ0 kðzÞ ) Ie lz; e lz;b; g½ f �ðzÞ0 kðzÞ;

where

Ie lz; e lz;b; g½ f �ðzÞ ¼
g

zgelz

ð z

0

f bðtÞtg�1elt dt

� �1=b
:

By the same reasons, if we take fðzÞ ¼ jðzÞ ¼ elz with l A C in Corollary
4.2, we have:

Corollary 4.4. Let b; g A C with b > 0 and Re g > 0. For a number
l A C , suppose in addition that Re gb jlj. Then the integral operator Ie lz; e lz;b; g
given by

Ie lz; e lzþðlz=gÞe lz;b; g½ f �ðzÞ ¼
g

zgelz

ð z

0

f bðtÞtg�1 elz þ lz

g
elz

� �
dt

� �1=b
is an averaging operator on Ke lz;b; g.

Remark 4.2. Note that this corollary also extends Theorem 1 of [5] that
may be obtained for the special case l ¼ 0.

3. Considering fðzÞ ¼ 1þ lz, l A C , then fð0Þ ¼ 1 and for jlja 1 we have
fðzÞ0 0, Ez A U, i.e. f A D.

It is easy to check that the condition (i) of Theorem 3.1 becomes

Re
lz

1þ lz
þ g

� �
> 0; z A U:ð4:2Þ

Letting wðzÞ ¼ z=ð1þ zÞ, since w 0ð0Þ0 0 and

Re
zw 00ðzÞ
w 0ðzÞ þ 1 ¼ Re

1� z

1þ z
> 0; jzj < 1;

the function w is a convex function in D ¼ fz A C : jzj < jljg, if jlja 1. From
the fact that wðzÞ ¼ wðzÞ, z A D, we deduce that the function w maps the disk D
onto the convex domain wðDÞ that is symmetric with respect the real axis.
Hence

inf
lz

1þ lz
: z A U

� �
¼ tð�jljÞ ¼ jlj

jlj � 1
; for jlj < 1;

which shows that the condition (4.2) holds whenever Re gb jlj=ð1� jljÞ, for
jlj < 1. From here, by using Theorem 3.1 we have:

Corollary 4.5. Let b; g A C with b > 0 and Re g > 0. Let j A D and for
a number l A C with jlj < 1, suppose in addition that

teodor bulboacă276



Re gb
jlj

1� jlj :

Let k A M 0
1=b and f A Kj;b; g. Then

jðzÞ
1þ ððgþ 1Þ=gÞlz

� �1=b
f ðzÞ0 kðzÞ ) I1þlz;j;b; g½ f �ðzÞ0 kðzÞ:

By the same reasons, if we take fðzÞ ¼ 1þ lz with jlj < 1 in Corollary 4.2,
we have:

Corollary 4.6. Let b; g A C with b > 0 and Re g > 0. For a number l A C
with jlj < 1, suppose in addition that

Re gb
jlj

1� jlj :

Then the integral operator I1þlz;1þððgþ1Þ=gÞlz;b; g given by

I1þlz;1þððgþ1Þ=gÞlz;b; g½ f �ðzÞ ¼
g

zgð1þ lzÞ

ð z

0

f bðtÞtg�1 1þ gþ 1

g
lt

� �
dt

� �1=b
is an averaging operator on K1þððgþ1Þ=gÞlz;b; g.

Remark 4.3. This corollary also extends Theorem 1 of [5] that can be
obtained for the particular case l ¼ 0.

4. If we take fðzÞ ¼ ð1þ zÞ2a with aa 0 in Theorem 3.1, then the condition
(i) of the theorem reduces to

Re
2az

1þ z
þ g

� �
> 0; z A U:

If a < 0, the function wðzÞ ¼ 2az=ð1þ zÞ maps the unit disk U onto the half-
plane D ¼ fw A C : Re w > ag, and we deduce that the above inequality holds if
and only if Re gb�a.

If a ¼ 0, the same inequality holds for all g A C with Re g > 0, hence we
obtain the next result:

Corollary 4.7. Let b; g A C with b > 0 and Re g > 0. Let j A D and for
a number aa 0 suppose in addition that

Re gb�a:

Let k A M 0
1=b and f A Kj;b; g. Then

jðzÞ
ð1þ zÞ2a�1ð1þ ðð2aþ gÞ=gÞzÞ

" #1=b
f ðzÞ0 kðzÞ ) Ið1þzÞ2a;j;b; g½ f �ðzÞ0 kðzÞ:
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Similarly, by taking fðzÞ ¼ ð1þ zÞ2a with aa 0 in Corollary 4.2 we have:

Corollary 4.8. Let b; g A C with b > 0 and Re g > 0. For a number aa 0
suppose in addition that

Re gb�a:

Then the integral operator Ið1þzÞ2a; ð1þzÞ2a�1ð1þðð2aþgÞ=gÞzÞ;b; g given by

Ið1þzÞ2a; ð1þzÞ2a�1ð1þðð2aþgÞ=gÞzÞ;b; g½ f �ðzÞ

¼ g

zgð1þ zÞ2a
ð z

0

f bðtÞtg�1ð1þ tÞ2a�1 1þ 2aþ g

g
t

� �
dt

" #1=b

is an averaging operator on Kð1þzÞ2a�1ð1þðð2aþgÞ=gÞzÞ;b; g.

Remark 4.4. For the particular case a ¼ 0 we remark that this corollary
represents Theorem 1 of [5].
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