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ON GLOBALLY MINIMAL FOLIATION WITH RESPECT TO

LAGRANGIANS ON RIEMANNIAN MANIFOLDS

Tran Viet Dung

Introduction

A foliation of a Riemann manifold is called minimal with respect to a
functional if each leaf is minimal with respect to that functional. Volume-
minimal foliations of Riemannian manifolds were studied by Harvey, Lawson
[3, 4], Sullivan [7], Oshikiri [5, 6] and others. We are interested in the minimality
of foliations with respect to functionals given by lagrangians. The aim of this
paper is to find su‰cient conditions for the existence of a lagrangian on a Rie-
mannian manifold such that a given foliation of the manifold is absolutely (or
homologically) minimal with respect to the corresponding functional.

§1. Preliminaries

Let Rn be the Euclidean space of dimension n. Denote by Lk;n the dual
spaces of k-vectors and k-covectors respectively. The scalar product ( ,) in Rn

induces scalar products in Lk;n and Lk;n which are also denoted by ( ,). Denote
the corresponding norm in Lk;n by j � j. The comass of the k-covector o is
defined by

kok� ¼ supfoðxÞ; x is a simple k-vector; jxj ¼ 1g

and the mass of the k-vector x is defined by

kxk ¼ supfoðxÞ;o A Lk;n; kok�
a 1g:

If x is a simple k-vector then kxk ¼ jxj.
Let M be a Riemannian manifold. Denote by EkM the vector space of all

di¤erential k-forms on M, by EkM the space of all k-currents on M with compact
support and finite mass. A lagrangian of degree k on M is a continuous map-
ping L : LkM ! R such that its restriction on each fiber LkMx of the Grassmann
bundle LkMx is positively homogeneous, here Mx is the tangent vector space at
the point x A M. Each lagrangian of degree k on M defines a functional J on
EkM as follows
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JðSÞ ¼
ð
Lð~SSxÞ dkSkðxÞ; S A EkM;ð1:1Þ

where ~SSx is the tangent k-vector of S at x and kSk is the variational measure
given by S (see [1]). Each oriented compact k-surface V on M can be identified
with a k-current ½V � by the formula

VðjÞ ¼
ð
V

j; j A EkM:ð1:2Þ

In this case the tangent k-vector ½~VV �x is a simple k-vector associated with the

tangent space Vx, i.e. ½~VV �x5v ¼ 0 for every v A Vx and the orientation of ½~VV �x is
correspondent to the orientation of the tangent space Vx.

Definition 1.1. Let J be a functional on EkM. A current S A EkM
is called absolutely (respectively, homologically) minimal with respect to J if
JðSÞa JðTÞ for every T A EkM such that ðS � TÞ is a closed (respectively, exact)
current. The following theorem is needed for us.

Theorem 1.1 (see [2]). Let o be an exact (respectively, closed ) k-form on M,
J be a functional on EkM given by lagrangian L of degree k on M. Let S be a
k-current in EkM. If the following conditions are satisfied

oðxÞaLðxÞ for every x A LkM;

oð~SSxÞ ¼ Lð~SSxÞ;
ð1:3Þ

for almost every x A M in the sense of the measure kSk, then S is absolutely
(respectively, homologically) minimal with respect to J.

In this case, sometime we say that S is minimal with respect to the
lagrangian L.

§2. Globally minimal foliations of a Riemannian manifold

Let M be a Riemannian manifold of dimension n. Denote by GkMx the set
of all oriented k-dimensional subspaces of Mx. Put GkM ¼ 6

x
GkMx. Each

element of GkM can be identified with a simple k-vector of mass one. An
oriented k-dimensional distribution P of the manifold M is a section ~PP : M !
GkM such that for every x A M there is a neighbourhood U of x and independent

di¤erentiable vector fields X1; . . . ;Xk on U being an oriented frame of ~PP. That
is, for each y A U the basis fX1ðyÞ; . . . ;XkðyÞg defines the orientation of ~PPðyÞ.
Let the distribution P be integrable, then each maximal connected oriented
integral submanifold is a leaf of a k-dimensional oriented foliation F of M.

Definition 2.1. Let J be a functional on GkM. The foliation of dimension
k on M is said to be absolutely (respectively, homologically) minimal with respect
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to J if a compact domain of each leaf is an absolutely (respectively, homologi-
cally) minimal k-current with respect to J.

Theorem 2.1. Let F be a k-dimensional foliation of M given by an oriented
distribution ~PP. If there is an exact (respectively, closed ) k-form y satisfying the
condition yð~PPðxÞÞ0 0 for every x A M then there exists a class of convex dif-
ferentiable lagrangians of degree k on M such that the foliation F is absolutely
(respectively, homologically) minimal with respect to the corresponding functionals.

Proof. Let y be an exact (respectively, closed) k-form satisfying yð~PPðxÞÞ
0 0. From the continuity of y and ~PP it follows that yð~PPðxÞÞ has the same sign
on each connected component of M. Denote by o the k-form on M defined by
the formula

ox ¼ yx if yð~PPðxÞÞ > 0;

ox ¼ �yx if yð~PPðxÞÞ < 0:

�

Then the k-form o is exact (respectively, closed). Moreover,

oð~PPðxÞÞ > 0ð2:1Þ
for every x A M. Denote by H the hyperplane in LkMx given by the equation

oxðxÞ ¼ oxð~PPðxÞÞ:ð2:2Þ
There is k-vector o�

x in LkMx satisfying the relation ðo�
x ; xÞ ¼ oxðxÞ for

every x A LkMx, here ( ,) is the scalar product in LkM induced by the Rie-
mannian metric on M. Denote by dðOx;HÞ the distance from the zero-vector
Ox to the hyperplane H. We have

dðOx;HÞ ¼ joð~PPðxÞÞj
jo�

x j
ð2:3Þ

Put

ax ¼
oð~PPðxÞÞ � o�

x

jo�
x j

2
A LkMx:ð2:4Þ

For two arbitrary points x1; x2 in H we have

ðax; x2 � x1Þ ¼
oð~PPðxÞÞ
jo�

x j
2

jðo�
x ; x2Þ � ðox; x1Þj

¼ oð~PPðxÞÞ
jo�

x j
2

joxðx2Þ � oxðx1Þj ¼ 0:

Thus, the k-vector ax is orthogonal to H. It is easy to see that

jaxj ¼ dðOx;HÞ:ð2:5Þ
Put

bx ¼ ~PPðxÞ � ax:ð2:6Þ
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Denote by CL;x the ellipsoid of revolution with focuses Ox; 2bx and passing
through ~PPðxÞ in LkMx. We can check that CL;x is tangent to H at
~PPðxÞ. Consider a mapping Lx : LkMx ! R positively homogeneous of degree 1
such that for each x A CL;x,

LxðxÞ ¼ oð~PPðxÞÞ:ð2:7Þ
Obviously, Lx is completely defined by its values on CL;x. Put

BL;x ¼ fx A LkMx;LxðxÞaoð~PPðxÞÞg:

Then the set BL;x is a closed convex domain containing Ox in LkMx and
qBL;x ¼ CL;x. When x moves in the whole M we obtain a mapping L : LkM !
R such that

LjLkMx
¼ Lx:

Because oð~PPðxÞÞ > 0 it follows LðxÞ > 0 for every x0 0. We will show that
L is di¤erentiable. Actually, for each x0 0, in LkMx there is a number l > 0
such that lx A CL;x, then

LðxÞ ¼ 1

l
oð~PPðxÞÞ:ð2:8Þ

The number l is the positive solution of the equation

jlx�Oxj þ jlx� 2bxj ¼ 2j~PPðxÞj:ð2:9Þ
It is easy to check that the positive solution l ¼ lðx;ox; ~PPðxÞÞ of the equa-

tion (2.9) is di¤erentiably dependent on x; x. From (2.8) we have

LðxÞ ¼ oð~PPðxÞÞ
lðx;ox; ~PPðxÞÞ

ð2:10Þ

The di¤erentiability of ~PP;o; l implies the di¤erentiability of L. The con-
vexity of L follows the convexity of the set BL;x. We will prove that

oðxÞaLðxÞð2:11Þ
for every x A LkM.

Let x be an arbitrary point of CL;x. If there is a number t > 0 such that
tx A H then tb 1 and

oðxÞ ¼ 1

t
oðtxÞ ¼ 1

t
oð~PPðxÞÞaoð~PPðxÞÞ:ð2:12Þ

From (2.7) and (2.12) it follows

oðxÞaLðxÞ:
If there is no number t > 0 such that tx A H then there exists t < 0 so that

tx A H, or, the straight line hOx; xi is parallel to H. In both of these cases, we
have oðxÞa 0. Hence, the innequality oðxÞaLðxÞ is satisfied automatically.
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Thus (2.11) is proved for every x A CL;x. This implies that (2.11) is true for
every x A LkMx. By our construction,

oð~PPðxÞÞ ¼ Lð~PPðxÞÞ:ð2:13Þ

According to Theorem 1.1, each compact domain of a leaf of F is abso-
lutely (respectively, homologically) minimal with to the functional given by
lagrangian L.

In fact, we can find a class of lagrangians Lt, tb 0 analogously. Each
lagrangian Lt can be defined as above when the set CL;x is exchanged by a set
CL;x; t given by the equation

jxþ tbxj þ jx� 2bx � tbxj ¼ 2j~PPðxÞ þ tbxjð2:14Þ

The set CL;x; t is the ellipsoid of revolution with focuses �tbx; 2bx þ tbx and
passing through ~PPðxÞ. Using an argument analogous to the previous one we
obtain the lagrangian Lt satisfying the conditions

oðxÞaLtðxÞð2:15Þ
oð~PPðxÞÞ ¼ Ltð~PPðxÞÞð2:16Þ

Hence, the foliation F is absolutely (respectively, homologically) minimal
with respect to the functional given by Lt.

Thus, the theorem is proved.

§3. G-invariant foliations minimizing lagrangians

In this section we consider foliations invariant with respect to the action of a
connected compact Lie group. We say that the Lie group G acts on the
Riemannian manifold if there is a mapping of class Cy

P : G �M ! M

such that for every g A G the mapping Pg : M ! M defined by

PgðxÞ ¼ Pðg; xÞð3:1Þ
is a di¤eomorphism from M into itself. Moreover, Eg; h A G, Pg�h ¼ Pg �Ph and
Pe ¼ idM where e is the unity of G. As usual, the notation gx is used instead of
Pðg; xÞ. Each g A G induces a mapping

g� : GkM ! GkM:

Definition 3.1. Assume that the Lie group G acts transitively on M. Let
~PP be a k-dimensional distribution on M. The distribution ~PP is said to be
invariant with respect to the action of G if for every x A M, g A G, the equality

~PPðgxÞ ¼ g�~PPðxÞð3:2Þ
holds.
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In this case the foliation F corresponding to ~PP is said to be invariant with
respect to the action of G (or, G-invariant). Each Pg; g A G, induces a mapping

g� : EkM ! EkM

and a mapping

g� : EkM ! EkM:

Definition 3.2. A di¤erential k-form o (respectively, k-current S) is said to
be invariant with respect to the action of G if g�o ¼ o (respectively, g�S ¼ S) for
every g A G.

Let L be a lagrangian of degree k on M. The lagrangian L is said to be
G-invariant if Lðg�xÞ ¼ LðxÞ for every g A G.

In [1] Dao Trong Thi has shown that for a fixed current S A EkM, the
mapping r : G ! EmM given by rðgÞ ¼ g�S is continuous. For the compact Lie
group G, there exists a bilaterally invariant Haar’s measure on G such that the
measure of the whole G equals to 1. For a k-form o A EkM, we put

P�
Go ¼

ð
G

g�o dgð3:3Þ

and for k-current S A EkM, put

PGo ¼
ð
G

g�S dgð3:4Þ

It is easy to see that P�
Go (respectively, PGo) is G-invariant. Note that the

action g� (respectively, g�) is comutative with the operator q (respectively, d ).
Hence if the k-form o is exact (respectively, closed) then P�

Go is also exact
(respectively, closed).

Theorem 3.1. Let G be a connected compact Lie group which acts transi-
tively on M, F be a k-dimensional foliation of M given by an oriented G-invariant
distribution ~PP. If there exists an exact (respectively, closed ) di¤erential k-form

o on M such that oð~PPðx0ÞÞ0 0 for some point x0 A M and the sign of oð~PPðxÞÞ
does not exchange in M then there is a class of G-invariant di¤erentiable convex
lagrangians of degree k on M such that F is absolutely (respectively, homologi-
cally), minimal with respect to the corresponding functionals.

Proof. Consider the k-form ~oo ¼ P�
Go on M. It is an exact (respectively,

closed) k-form. We have

~ooð~PPðxÞÞ ¼
ð
G

g�oð~PPðxÞÞ dg ¼
ð
G

oðg�~PPðxÞÞ dg

¼
ð
G

oð~PPðxÞÞ dg:
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Because oð~PPðx0ÞÞ0 0 and the sign of oð~PPðxÞÞ does not exchange in M,
~ooðPðxÞÞ0 0 for every x A M.

Analogously as in the proof of Theorem 2.1, we can construct a di¤erenti-
able, convex, positively homogeneous function Lt;x0 on LkMx0 for each parameter
tb 0 such that the following conditions are satisfied

~ooðxÞaLt;x0ðxÞð3:5Þ
for every x A LkMx0 , and

~ooð~PPðx0ÞÞ ¼ Lt;x0ð~PPðx0ÞÞð3:6Þ
Denote by Hx0 the subgroup of G consisting of elements that withstand the

point x0. On Hx0 there exists the Haar’s bilaterally invariant measure such that
the measure of Hx0 equals 1. Consider the mapping ~LLt;x0 : LkMx0 ! R given by
the formula

~LLt;x0ðxÞ ¼
ð
Hx0

Lt;x0ðh�xÞ dh;ð3:7Þ

where x A LkMx0 . Then ~LLt;x0 is Hx0 -invariant. Since ~oo is G-invariant, ~oox0 is
Hx0 -invariant. From (3.5), it follows

~oox0ðh�xÞaLt;x0ðh�xÞð3:8Þ
for every x A LkMx0 , h A Hx0 . Hence,

~oox0ðxÞ ¼
ð
Hx0

oðh�xÞ dha
ð
Hx0

Lt;x0ðh�xÞ dh ¼ ~LLt;x0ðxÞ:ð3:9Þ

Analogously,

~oox0ð~PPðx0ÞÞ ¼ ~LLt;x0ð~PPðx0ÞÞ:ð3:10Þ
The convexity of Lt;x0 implies the convexity of ~LLt;x0 . Denote by ~LLt a

mapping ~LLt : LkM ! R given by

~LLtðg�xÞ ¼ ~LLt;x0ðxÞð3:11Þ
for every g A G, x A LkMx0 . The mapping ~LLt is defined correctly. Actually, if

g�x ¼ g 0
� � x

0 then x 0 ¼ ðg 0�1gÞ�x. It is easy to see that ðg 0�1gÞ A Hx0 . Since ~LLt;x0

is Hx0 -invariant, ~LLt;x0ðx 0Þ ¼ ~LLt;x0ðxÞ. Thus, ~LLt is dependent on only the product
gx. Then ~LLt is a G-invariant, convex, di¤erentiable lagrangian. From (3.9),
(3.10) and the G-invariance of ~oo, ~LLt, ~VV , it follows

~ooðxÞaLtðxÞð3:12Þ
for every x A LkM and

~ooð~PPðxÞÞ ¼ ~LLtð~PPðxÞÞð3:13Þ
According to Theorem 1.1, the foliation is absolutely (respectively, homo-

logically) minimal with respect to the functional corresponding to Lt, for each
tb 0.

This completes the proof of theorem.
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