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Abstract. We consider complex surfaces, viewed as smooth 4-
dimensional manifolds, that admit hyperelliptic Lefschetz fibrations over the
2-sphere. In this paper, we show that the minimal number of singular fibers

of such fibrations is equal to 2g + 4 for even g ≥ 4. For odd g ≥ 7, we show
that the number is greater than or equal to 2g + 6. Moreover, we discuss the
minimal number of singular fibers in all hyperelliptic Lefschetz fibrations over
the 2-sphere as well.

1. Introduction.

Donaldson and Gompf’s results ([9], [10], [12] and [13]) give the relation between

symplectic 4-manifolds and Lefschetz fibrations, which are a fibering of a 4-manifold by

surfaces, with a finite number of singularities of a prescribed type. Donaldson proved

that every symplectic 4-manifold admits a Lefschetz pencil, which can be blown up

at its base points to obtain a Lefschetz fibration. On the other hand, Gompf proved

that any 4-manifold admitting a Lefschetz fibration carries a symplectic structure. The

isomorphism class of a Lefschetz fibration is determined by its global monodromy. This

relation provides a combinatorial way to understand any symplectic 4-manifold via its

monodromy, whenever it exists.

A Lefschetz fibration admits certain singular fibers associated to its monodromy.

The results on the number of singular fibers of a Lefschetz fibration give us important

information about the total space. It is well known that the number of singular fibers in

a Lefschetz fibration cannot be arbitrary. A natural question to ask is what the minimal

number of singular fibers in Lefschetz fibrations is.

Let Mg,h denote the minimal number of singular fibers in all nontrivial relatively

minimal Lefschetz fibrations of fiber genus g and base genus h. Even though the exact

value of Mg,h for h ≥ 1 is almost known (except the numbers Mg,1 for g ≥ 3 and M2,2)

[14], [18], [19], [25], [30], this question is still open when h = 0 and g ≥ 3. It was

proved that Mg,0 ≤ 2g + 4 when g is even and Mg,0 ≤ 2g + 10 when g is odd [7], [8],

[16]. It is known that M2,0 = 7 by Xiao’s construction [32]. Recently, a relation among

seven positive Dehn twists in the mapping class group of genus-2 surface was found by

Baykur and Korkmaz [4]. They also constructed an interesting relation consisting of 12

positive Dehn twists along simple closed curves which are invariant under a hyperelliptic
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involution ι in the mapping class group of genus-3 surface. Moreover, they showed that

the number of singular fibers in all genus-3 hyperelliptic Lefschetz fibrations over the

2-sphere is greater than or equal to 12.

Let Ng denote the minimal number of singular fibers in all genus-g hyperelliptic

Lefschetz fibrations over the 2-sphere having at least one singular fiber. It follows from

the result of Baykur and Korkmaz that N3 = 12. For g ≥ 4, it is known that Ng ≤ 2g+4

(respectively Ng ≤ 8g + 4) when g is even (respectively when g is odd). (Here, 8g + 4

comes from the hyperelliptic relation.)

Let Mg denote the minimal number of singular fibers in all genus-g hyperelliptic

Lefschetz fibrations on a complex surface over the 2-sphere having at least one singu-

lar fiber. Here, by a complex surface we mean a compact connected complex analytic

manifold of complex dimension 2, considered as a smooth 4-dimensional manifold.

Our aim in this paper is to estimate the numbers Ng and Mg for g ≥ 4. For the

number Mg, we have the following results:

Theorem 1.1. For all even g ≥ 4, Mg = 2g + 4.

Theorem 1.2. For all odd g ≥ 7, Mg ≥ 2g + 6.

For the number Ng with 4 ≤ g ≤ 10, we have the following results:

Theorem 1.3. For the number Ng the following holds.

(1) N4 = 12,

(2) N5 ≥ 15,

(3) N6 = 16,

(4) N7 ≥ 17,

(5) N8 = 19 or 20,

(6) N9 ≥ 24,

(7) N10 = 23 or 24.

Here is an outline of the paper. In Section 2, we give some relevant background

information from the theory of Lefschetz fibrations and some results to be used in the

sequel. Section 3 investigates the minimal number of singular fibers in hyperelliptic

Lefschetz fibrations on complex surfaces. In this section, we prove Theorems 1.1 and

1.2. In Section 4, we investigate the minimal number of singular fibers in hyperelliptic

Lefschetz fibrations. We examine these numbers for 4 ≤ g ≤ 10 and prove Theorem 1.3.
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2. Preliminaries.

We start with a review of some basic definitions and properties of Lefschetz fibra-

tions. In this paper, we denote the 2-sphere by S2. Let Σg denote a closed connected

oriented surface of genus-g and Modg denote the mapping class group of Σg, i.e., the

group of isotopy classes of orientation-preserving diffeomorphisms of Σg. Let M be a

closed connected oriented smooth 4-dimensional manifold. A smooth surjective map

f : M → S2 is a Lefschetz fibration with connected oriented genus-g regular fiber if it

has finitely many critical points and around each critical point it is written in the form

of f(z1, z2) = z21 + z22 with respect to some local complex coordinates agreeing with the

orientations of M and S2. The genus-g of a regular fiber F is called the genus of the

fibration. We assume that all the critical points lie in distinct fibers, called singular

fibers, which can be obtained after a small perturbation. Each singular fiber is obtained

by shrinking a simple closed curve, called vanishing cycle, in the regular fiber. If the

vanishing cycle is non-separating (respectively separating), then the singular fiber is said

to be irreducible (respectively reducible). In this paper, we also assume that all Lefschetz

fibrations are nontrivial, i.e., it has at least one singular fiber and fibrations are relatively

minimal, i.e., it has no fiber containing a sphere of self-intersection −1, otherwise one

can blow-down it without changing the rest of the fibration.

Lefschetz fibrations can be described combinatorially by their monodromy repre-

sentations. The monodromy of a Lefschetz fibration f : M → S2 is given by a positive

factorization tα1tα2 · · · tαn = 1 in Modg, where αi are the vanishing cycles of the sin-

gular fibers. (Here ta denotes the positive Dehn twist about a simple closed curve a

on a genus-g surface.) Conversely, for a given positive factorization ta1ta2 · · · tak
= 1 in

Modg, one can construct a genus-g Lefschetz fibration over S2 by attaching 2-handles

along vanishing cycles ai in a Σg fiber in Σg ×D2 with −1 framing, and then by closing

it up by a fiber preserving map to get a fibration over S2. Two Lefschetz fibrations

f1 : M1 → S2 and f2 : M2 → S2 are said to be isomorphic if there exist orientation pre-

serving diffeomorphisms H : M1 → M2 and h : S2 → S2 such that f2H = hf1. If g ≥ 2,

it is known that a genus-g Lefschetz fibration over S2 is characterized by a positive fac-

torization of the identity element in Modg up to Hurwitz moves (exchanging subwords

taitai+1 = tai+1tt−1
ai+1

(ai)
) and global conjugations (changing each tai with tφ(ai) for some

φ ∈ Modg).

The hyperelliptic mapping class group HModg of Σg is defined to be the subgroup

of the mapping class group Modg which is the centralizer of the class of a hyperelliptic

involution ι : Σg → Σg. We say that a genus-g Lefschetz fibration is hyperelliptic if its

vanishing cycles are invariant under the hyperelliptic involution ι up to isotopy.

We collect some useful facts about the first homology group of the hyperelliptic

mapping class group.

Recall that for any group G, the first homology group of G with integral coefficient

is the abelianization of G, that is,

H1(G;Z) = G/[G,G],

where [G,G] is the subgroup of G generated by all commutators [a, b] = aba−1b−1 for



1312(288)

1312 T. Altunöz

all a, b ∈ G. It is known that H1(Modg;Z) is a cyclic group generated by the class of a

Dehn twist about a non-separating simple closed curve and also we have the following

lemma:

Lemma 2.1. For a closed orientable surface of genus g ≥ 1, we have the following

isomorphism of the first homology group H1(Modg;Z) of the mapping class group Modg :

H1(Modg;Z) ∼=


Z12, if g = 1,

Z10, if g = 2,

0, if g ≥ 3.

For the proof of Lemma 2.1 and further details about the homology groups of the

mapping class group, see [17].

The following lemma can be proven by the presentation of the hyperelliptic mapping

class group [5].

Lemma 2.2. For a closed orientable surface of genus g ≥ 1, the first homology

group H1(HModg;Z) of the hyperelliptic mapping class group HModg has the following

isomorphism :

H1(HModg;Z) ∼=

{
Z/4(2g + 1), if g is odd,

Z/2(2g + 1), if g is even.

All Dehn twists about non-separating simple closed curves that are invariant under

the hyperelliptic involution ι on Σg are nontrivial in the hyperelliptic mapping class

group of Σg, HModg, and each of them maps to the same generator in H1(HModg;Z)
under the natural map HModg → H1(HModg;Z). If a product of positive Dehn twists

about non-separating curves in HModg is trivial then the number of twists is divisible

by 4(2g + 1) (respectively 2(2g + 1)) when g is odd (respectively even). A separating

simple closed curve on Σg is said to be of type h if it bounds subsurfaces of genera h and

g − h. By the even chain relation, each positive Dehn twist about a separating simple

closed curve of type h can be written as a product of 2h(4h + 2) positive Dehn twists

about non-separating simple closed curves. This implies the following relation between

the number of non-separating singular fibers and that of separating singular fibers in a

genus-g hyperelliptic Lefschetz fibration:

Lemma 2.3. Let n (or s) be the number of non-separating (resp. separating) van-

ishing cycles in a genus-g hyperelliptic Lefschetz fibration over S2. Then, we have

n+

[g/2]∑
h=1

2h(4h+ 2)sh ≡

{
0 (mod 4(2g + 1)), if g is odd,

0 (mod 2(2g + 1)), if g is even.

where s =
∑[g/2]

h=1 sh, and sh is the number of separating vanishing cycles of type h.

Lemma 2.4 ([11], [23], [24]). Let f : X → S2 be a genus-g hyperelliptic Lefschetz

fibration. Let n and s =
∑[g/2]

h=1 sh be the numbers of non-separating and separating
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vanishing cycles of this fibration, respectively, where sh denotes the number of separating

vanishing cycles that separate the genus-g surface into two surfaces one of which has

genus h. Then the signature of X is

σ(X) = − g + 1

2g + 1
n+

[g/2]∑
h=1

(
4h(g − h)

2g + 1
− 1

)
sh.

Remark 2.5. Ozbagci [26] concluded that σ(X) ≤ n − s for any 4-manifold X

admitting a genus-g Lefschetz fibration over S2 or D2 and he also proved that

σ(X) ≤ n− s− 4

when the Lefschetz fibration over S2 is hyperelliptic. It can be easily obtained that

σ(X) ≤ n − s − 2 using b1(X) ≤ 2g − 1 by the handlebody decomposition of nontrivial

Lefschetz fibrations over S2 and the fact that every nontrivial Lefschetz fibration over S2
has at least one non-separating vanishing cycle. Then, Cadavid [7] improved the upper

bound of signature σ(X), showing that

σ(X) ≤ n− s− 2(2g − b1(X)). (2.1)

Let us recall the following Stipsicz’s theorem, which we will use to examine the

number of singular fibers.

Theorem 2.6 ([29]). Let f : X → S2 be a nontrivial genus-g Lefschetz fibration

with b+2 (X) = 1.

(1) If g ≥ 6 is even, then f : X → S2 admits at least 2g+4 singular fibers. (This lower

bound is sharp.)

(2) If g ≥ 15 is odd, then f : X → S2 admits at least 2g + 10 singular fibers. (This

lower bound is sharp.)

(3) If g ≥ 9 is odd, then f : X → S2 contains at least 2g + 6 singular fibers.

We want to remark that in the above theorem the lower bounds in (1) and (2) are

sharp, that is, the minimum values 2g+4 and 2g+10, respectively, can be realized on ruled

surfaces which are uniquely determined as (Σg/2×S2)#4CP 2 and (Σ(g−1)/2×S2)#8CP 2,

respectively [29, Sections 4.1 and 4.2]. However, in (3), the lower bound may not be

sharp, that is, we do not know whether there exists a Lefschetz fibration f : X → S2
with b+2 (X) = 1 and 2g + 6 singular fibers.

3. The minimal number of singular fibers in hyperelliptic Lefschetz

fibrations on complex surfaces.

3.1. Even genus case. In this section, first we prove some lemmas to prove

Theorem 1.1.
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Lemma 3.1. The 4-manifold (Σ2 ×S2)#3CP 2 does not admit a genus-4 Lefschetz

fibration over S2.

Proof. Suppose that (Σ2 × S2)#3CP 2 admits a genus-4 Lefschetz fibration and

consider the homology class of a regular fiber F . We may write

[F ] = a[U ] + b[V ] +

3∑
i=1

ci[Ei] ∈ H2

(
(Σ2 × S2)#3CP 2;Z

)
,

for some integers a,b and ci, where [U ], [V ] denote the homology classes of the section and

fiber of the ruling Σ2 × S2 → Σ2, respectively, such that [U ]2 = [V ]2 = 0, [U ] · [V ] = 1,

and [Ei] denote the homology class of the exceptional sphere of the ith blow-up.

The composition of the blowing down and the projection map Σ2×S2 → Σ2 leads to

a degree-d map F → Σ2 for some integer d. The degree d must be equal to a. Moreover,

since the fiber of the trivial S2-bundle Σ2×S2 → Σ2 has a pseudo-holomorphic represen-

tative [21], the degree of the map F → Σ2 is positive by the positivity of intersection.

Consider a singular fiber Σ. Since the normalization of Σ has genus ≤ 3, such a

degree-d map yields the following inequality

3− 1 ≥ g(Σ)− 1 ≥ d(2− 1) = a(2− 1),

where g(Σ) is the genus of the fiber Σ [15]. Therefore, 0 < d = a ≤ 2. Since [F ]2 = 0,

we have

2ab =
3∑

i=1

c2i . (3.1)

Since the symplectic structure on (Σ2 × S2)#3CP 2 is unique up to deformations and

diffeomorphisms, we can apply the adjunction formula

2g(F )− 2 = [F ]2 + [K] · [F ],

where [K] = −2[U ] + (2h − 2)[V ] + [E1] + [E2] + [E3] is the canonical class with h =

g(Σ2) = 2. In this case, the adjunction formula gives

2g(F )− 2 = 2ah− 2a− 2b−
3∑

i=1

ci. (3.2)

Thus, for g(F ) = 4 and h = 2, we have

6 = 2a− 2b−
3∑

i=1

ci (3.3)

For a = 1, by the identities (3.1) and (3.3) we have
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3∑
i=1

c2i = 2b and
3∑

i=1

ci = −4− 2b,

which lead to

3∑
i=1

c2i +

3∑
i=1

ci = −4.

Hence
∑3

i=1(ci + 1/2)2 = −13/4, which is not possible.

In the case a = 2, using the identities (3.1) and (3.3), we have the following equalities:

4b =

3∑
i=1

c2i and 2 = −2−
3∑

i=1

ci,

which give

3∑
i=1

c2i + 2

3∑
i=1

ci = −4.

Thus, the resulting equality is
∑3

i=1(ci + 1)2 = −1, which is a contradiction. Therefore,

this shows that (Σ2×S2)#3CP 2 does not admit a genus-4 Lefschetz fibration over S2. □

Remark 3.2. The proof of the above theorem is based on Stipsicz’s technique in

[29, Lemma 4.4], and some arguments of [6, Theorem 21] and [20, Lemma 4.2]. It implies

that Theorem 2.6 (1) is true for g = 4 and similarly, one can also show that Theorem 2.6

(3) holds for g = 7.

Let e(X) denote the Euler characteristic of a 4-manifold X. For a genus-g Lefschetz

fibration f : M → S2 with n separating and s non-separating vanishing cycles, we have

e(M) = 4− 4g + n+ s.

We define the following two invariants associated to the 4-manifold M :

χh(M) =
e(M) + σ(M)

4
and c21(M) = 2e(X) + 3σ(X).

Note that if M is a complex surface, then χh(M) is the holomorphic Euler characteristic

of M and c21(M) is the square of the first Chern class of M .

Lemma 3.3. Let f be a genus-g hyperelliptic Lefschetz fibration on a complex sur-

face X over S2 with even g ≥ 6 or odd g ≥ 9. If n+ s < 2g + 4, then n ≥ 2g + 2.

Proof. Suppose that there exists a hyperelliptic Lefschetz fibration on a complex

surface X with n < 2g + 2.

Let us first consider n < 2g. Using the inequality σ(X) ≤ n− s− 4 for hyperelliptic

Lefschetz fibrations over S2 [26], we have
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χh(X) =
e(X) + σ(X)

4

≤ (4− 4g + n+ s) + (n− s− 4)

4

=
2n− 4g

4
< 0.

Now, assume that n = 2g, which gives rise to s ≤ 3. By the signature formula, we

get

σ(X) = − g + 1

2g + 1
n+

[g/2]∑
h=1

(
4h(g − h)

2g + 1
− 1

)
sh

≤ − g + 1

2g + 1
(2g) + 3

(
4(g/2)(g/2)

2g + 1
− 1

)
=

g2 − 8g − 3

2g + 1

<
g

2
− 3

and also, using n+ s ≤ 2g + 3 we have

χh(X) =
e(X) + σ(X)

4

<
4− 4g + 2g + 3 + (g/2)− 3

4

≤ −3(g/2) + 4

4
< 0.

Hence, we conclude that χh(X) < 0 if n ≤ 2g. By the classification of complex

surfaces, X is diffeomorphic to a blow up of a ruled surface which implies that b+2 = 1

[2]. However, this contradicts Theorem 2.6. Therefore, n > 2g. Since the number n is

even by the equality in Lemma 2.3, we get the required inequality. □

Proof of Theorem 1.1. Suppose that we have a hyperelliptic Lefschetz fibra-

tion on a complex surface X with n+ s < 2g+4 and g ≥ 6 is even. Hence, n ≥ 2g+2 by

Lemma 3.3. The equality in Lemma 2.3 implies that n is even and also s =
∑[g/2]

h=1 sh > 0.

Thus, n = 2g + 2 and s = 1.

The signature σ(X) of X is computed using the signature formula as follows:

σ(X) = − g + 1

2g + 1
n+

[g/2]∑
h=1

(
4h(g − h)

2g + 1
− 1

)
sh

≤ − g + 1

2g + 1
(2g + 2) +

(
4(g/2)(g/2)

2g + 1
− 1

)
= −g2 + 6g + 3

2g + 1

< −g

2
.



1317(293)

The number of singular fibers in hyperelliptic Lefschetz fibrations 1317

Using σ(X) < −g/2, n = 2g + 2 and s = 1, we get:

χh(X) =
e(X) + σ(X)

4

<
4− 4g + 2g + 3− (g/2)

4

≤ −5(g/2) + 7

4
< 0.

In this case, the classification of complex surfaces implies that X is a blow-up of a ruled

surface and hence b+2 = 1. However, this is impossible if g ≥ 6 by Theorem 2.6. Thus

Mg ≥ 2g+4. For even g ≥ 6, the existence of the genus-g hyperelliptic Lefschetz fibration

over S2 with 2g + 4 singular fibers [7], [8], [16] implies that Mg = 2g + 4.

Now, consider the remaining case, g = 4. Assume that there exists a hyperelliptic

Lefschetz fibration so that n + s < 2g + 4 = 12. The equation in Lemma 2.3 leads to

n+12s1 +4s2 ≡ 0 (mod 18), where s = s1 + s2 and n is even. Moreover, we have n ≥ 6

using the inequality n ≥ (1/5)(8g − 3) = 29/5 given in [6].

The possible triples (n, s1, s2) and some topological invariants of the corresponding

genus-4 Lefschetz fibrations over S2, which can be easily computed using the signature

formula and e(X) = 4− 4g + n+ s = −12 + n+ s1 + s2, are given as follows:

(n, s1, s2) e(X) σ(X) c21(X)

(a1) (6, 1, 0) −5 −3 −19

(a2) (6, 4, 0) −2 −2 −10

(a3) (6, 0, 3) −3 −1 −9

(a4) (8, 2, 1) −1 −3 −11

We now rule out all cases:

Case (a1): In this case, c21(X) = −19 < 4 − 4g = −12, which gives a contradic-

tion [28].

Cases (a2)–(a4): In these cases, c21(X) < 2 − 2g = −6. This implies that X is a

blow-up of a rational or ruled surface [20]. Thus we have b+2 (X) = 1. Moreover, using

inequality (2.1), one can conclude that X cannot be simply-connected and so it is a

blow-up of a ruled surface. The equalities

e(X) = 2− 2b1(X) + b+2 (X) + b−2 (X)

= 3− 2b1(X) + b−2 (X)

and

σ(X) = b+2 (X)− b−2 (X) = 1− b−2 (X)

imply that b1(X) = 4. Hence, X is diffeomorphic to (Σ2 × S2)#mCP 2. (Note that

m = 2, 1 and 3 for the cases (a2), (a3) and (a4), respectively.) From the proof of

Lemma 3.1, we see that (Σ2 × S2)#mCP 2 cannot admit a genus-4 Lefschetz fibration

over S2 for m = 0, 1, 2, 3. Since there is a hyperelliptic genus-4 Lefschetz fibration with

12 singular fibers [7], [8], [16], we have M4 = 12. This proves our claim. □
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3.2. Odd genus case. In this section, we find a lower bound for the number

Mg when g ≥ 7 is odd.

proof of Theorem 1.2. Suppose that there exists a hyperelliptic Lefschetz

fibration on a complex surface X with odd g ≥ 7 and n+ s < 2g + 6.

First consider the case g ≥ 9. If n < 2g, then it can be shown that χh(X) < 0

using the inequality σ(X) ≤ n − s − 4 as in the proof of Lemma 3.3. This implies that

b+2 = 1 by the classification of complex surfaces. But, this gives a contradiction with

Theorem 2.6. The odd case of the equation in Lemma 2.3 leads to n ≡ 0 (mod 4). We

can conclude that n ≥ 2g + 2. The assumption n + s < 2g + 6 gives rise to n = 2g + 2

and s ≤ 3. Therefore, the signature formula implies the following inequality:

σ(X) = − g + 1

2g + 1
n+

[g/2]∑
h=1

(
4h(g − h)

2g + 1
− 1

)
sh

≤ − g + 1

2g + 1
(2g + 2) + 3

(
4(g/2)(g/2)

2g + 1
− 1

)
=

g2 − 10g − 5

2g + 1

<
g

2
− 5.

Then, using the inequality σ(X) < g/2−5, the holomorphic Euler characteristic satisfies

χh(X) =
e(X) + σ(X)

4
=

4− 4g + n+ s+ σ(X)

4

<
4− 4g + 2g + 5 + (g/2)− 5

4

≤ −3g

8
+ 1 < 0.

Hence, the classification of complex surfaces implies that X is a blow-up of a ruled

surface. In this case, b+2 (X) = 1. However, this contradicts to Theorem 2.6.

Now consider the case g = 7. Suppose that we have a hyperelliptic genus-7 Lefschetz

fibration X with n+ s < 20, where s = s1 + s2 + s3. We know that n ≥ (1/5)(8g − 3) =

(53/5) (and therefore n ≥ 11) [6] and it follows from the congruence

n+ 12s1 − 20s2 + 24s3 ≡ 0 (mod 60)

that n ≡ 0 (mod 4) by Lemma 2.3. Hence the possible values of (n, s1, s2, s3), e(X),

σ(X), c21(X) and χh(X) are as follows:
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(n, s1, s2, s3) e(X) σ(X) c21(X) χh(X)

(b1) (12, 0, 0, 2) −10 −2 −26 −3

(b2) (12, 2, 0, 1) −9 −3 −27 −3

(b3) (12, 4, 0, 0) −8 −4 −28 −3

(b4) (12, 1, 0, 4) −7 3 −5 −1

(b5) (12, 0, 3, 2) −7 3 −5 −1

(b6) (12, 3, 0, 3) −6 2 −12 −1

(b7) (12, 2, 3, 1) −5 1 −7 −1

(b8) (12, 0, 0, 7) −5 9 −5 1

(b9) (12, 5, 0, 2) −5 1 −7 −1

(b10) (12, 4, 3, 0) −5 1 −7 −1

(b11) (16, 0, 2, 1) −5 −3 −19 −2

Cases (b1)–(b3): The manifold X has c21(X) < 4 − 4g = −24, which gives a con-

tradiction [28].

Cases (b4)–(b7), (b9) and (b10): In these cases, χh(X) < 0. Thus, X is a blow-up

of a ruled surface. However, σ(X) ≤ 0 for such a manifold. Hence, we exclude these

cases.

Case (b8): In this case, the manifold X does not satisfy the inequality σ(X) ≤
n− s− 4.

Case (b11): In this case, since c21(X) < 2 − 2g = −12, X is diffeomorphic to a

blow-up of a rational or ruled surface. Hence b+2 = 1. We have

e(X) = −5 = 2− 2b1(X) + b+2 (X) + b−2 (X)

= 3− 2b1(X) + b−2 (X)

and

σ(X) = −3 = b+2 (X)− b−2 (X)

= 1− b−2 (X).

Hence (b1(X), b+2 (X), b−2 (X)) = (6, 1, 4). Therefore, X = (Σ3 ×S2)#3CP 2. But one can

prove that (Σ3 × S2)#3CP 2 does not admit a genus-7 Lefschetz fibration over S2 using

the same idea as in the proof of Lemma 3.1. This finishes the proof. □

4. The minimal number of singular fibers in hyperelliptic Lefschetz

fibrations.

In this section, we determine the minimal number of singular fibers in some hyper-

elliptic Lefschetz fibrations over S2. The proofs of Theorems 1.1 and 1.2 rely on the fact

that any complex surface admitting a symplectic structure with χh < 0 is diffeomorphic

to a ruled surface. In this section, we study the minimal number of singular fibers in

hyperelliptic Lefschetz fibrations over S2 that may not have a complex structure. Re-

call that Ng denotes the minimal number of singular fibers in all hyperelliptic genus-g

Lefschetz fibrations over S2.
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Proof of Theorem 1.3. One can easily conclude that N4 = 12 and N7 ≥ 17 by

the proofs of Theorems 1.1 and 1.2 (for g = 7, refer to the cases (b1)–(b3)), respectively.

Now let us begin the proof of Theorem 1.3 (2). Suppose that N5 < 15 so that we

have a hyperelliptic genus-5 Lefschetz fibration X. Let n and s = s1+s2 be the numbers

of nonseparating and separating vanishing cycles, respectively. Hence n+ s < 15.

The equation in Lemma 2.3 turns out to be

n+ 12s1 − 4s2 ≡ 0 (mod 44)

so that n is divided by 4. It is known that n ≥ 8 [6]. The signature and the Euler

characteristic are computed as

σ(X) =
−6n+ 5s1 + 13s2

11

and

e(X) = 4− 4g + n+ s = −16 + n+ s1 + s2,

respectively. Hence the possible values of (n, s1, s2), e(X), σ(X), c21(X) and χh(X) are

as follows:

(n, s1, s2) e(X) σ(X) c21(X) χh(X)

(c1) (8, 0, 2) −6 −2 −18 −2

(c2) (8, 3, 0) −5 −3 −19 −2

(c3) (8, 1, 5) −2 2 2 0

We now eliminate all cases:

Cases (c1) and (c2): In these cases, c21(X) < 4−4g = −16. This is impossible [28].

Case (c3): In this case, σ(X) > n− s− 4, which is also impossible for hyperelliptic

Lefschetz fibrations [26]. Therefore, N5 cannot be less than 15.

Next, we will prove that N6 = 16. Suppose that N6 < 16 so that we have a

hyperelliptic genus-6 Lefschetz fibration X with n + s < 16, where s = s1 + s2 + s3.

Using arguments similar to the above, we have the possible values of (n, s1, s2, s3), e(X),

σ(X) and c21(X) are as follows:

(n, s1, s2, s3) e(X) σ(X) c21(X)

(d1) (10, 0, 3, 0) −7 −1 −17

(d2) (10, 3, 0, 1) −6 −2 −18

(d3) (10, 2, 0, 3) −5 1 −7

(d4) (10, 1, 4, 0) −5 1 −7

(d5) (12, 0, 1, 0) −7 −5 −29

(d6) (12, 1, 2, 0) −5 −3 −19

(d7) (14, 1, 0, 0) −5 −7 −31

We now eliminate all cases:

Cases (d5) and (d7): In these cases, c21(X) < 4 − 4g = −22. This is a contradic-

tion [28].
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Cases (d1), (d2) and (d6): In these cases, c21 < 2 − 2g = −10. Hence, X is a

blow-up of a rational or ruled surface [20]. Thus, b+2 (X) = 1. However, this contradicts

to Theorem 2.6.

Cases (d3) and (d4): In these cases, we have the following identities:

σ(X) = b+2 (X)− b−2 (X) = 1, (4.1)

e(X) = 2− 2b1(X) + b+2 (X) + b−2 (X) = −5. (4.2)

So, the equations (4.1) and (4.2) yield

b+2 (X) = b1(X)− 3, (4.3)

b−2 (X) = b1(X)− 4. (4.4)

Observe that X cannot be a rational surface because b1(X) = 4 > 0 as b+2 = 1. Also,

X is not a blow-up of a ruled surface, since ruled surfaces have σ ≤ 0. Let X̃ be the

minimal model of X so that X ∼= X̃#kCP2
for some non-negative integer k. Due to

Liu [22] and Taubes [31], c21(X̃) ≥ 0. Also, the equation

c21(X̃) = c21(X) + k = −7 + k

implies that k ≥ 7. It is known that b−2 (X) ≥ k ≥ 7. The identity (4.4) gives rise to

b1(X) ≥ 11. Since b1(X) ≤ 2g − 1 = 11 by the theory of Lefschetz fibrations, we have

b1(X) = 11. However, this contradicts with the result of [20, Lemma 2.5]. Hence N6

cannot be less than 16. Since there exists a genus-6 hyperelliptic Lefschetz fibration with

16 singular fibers [7], [8], [16], we have N6 = 16.

For 8 ≤ g ≤ 10, we list all possible values of the numbers n and s (the remaining

details for these cases follow similarly from the above arguments). One can list these

numbers using the congruence in Lemma 2.3 and the inequality n ≥ (8g − 3)/5 [6].

For g = 8, the possible values of (n, s1, s2, s3, s4), e(X), σ(X) and c21(X) are as

follows:

(n, s1, s2, s3, s4) e(X) σ(X) c21(X)

(e1) (14, 1, 0, 0, 1) −12 −4 −36

(e2) (14, 0, 2, 0, 1) −11 −1 −25

(e3) (14, 0, 1, 3, 0) −10 2 −14

(e4) (16, 1, 1, 0, 0) −10 −6 −38

(e5) (14, 0, 1, 2, 2) −9 5 −3

Using arguments similar to those arguments, we can eliminate all possibilities except for

the case (e5). Thus, we can conclude that N8 = 19 or 20.

For g = 9, the possible values of (n, s1, s2, s3, s4), e(X), σ(X) and c21(X) are as

follows:
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(n, s1, s2, s3, s4) e(X) σ(X) c21(X)

(f1) (16, 0, 0, 0, 2) −14 −2 −34

(f2) (16, 1, 1, 1, 0) −13 −3 −35

(f3) (16, 0, 0, 1, 3) −12 4 −12

(f4) (16, 5, 0, 0, 0) −11 −5 −37

(f5) (16, 1, 1, 2, 1) −11 3 −13

(f6) (16, 0, 3, 2, 0) −11 3 −13

(f7) (16, 3, 1, 0, 2) −10 2 −14

(f8) (16, 3, 0, 3, 0) −10 2 −14

(f9) (16, 2, 3, 0, 1) −10 2 −14

(f10) (16, 1, 5, 0, 0) −10 2 −14

(f11) (16, 0, 0, 2, 4) −10 10 10

(f12) (16, 5, 0, 1, 1) −9 1 −15

(f13) (16, 4, 2, 1, 0) −9 1 −15

(f14) (16, 2, 0, 0, 5) −9 9 9

(f15) (16, 1, 2, 0, 4) −9 9 9

(f16) (16, 1, 1, 3, 2) −9 9 9

(f17) (16, 1, 0, 6, 0) −9 9 9

(f18) (16, 0, 4, 0, 3) −9 9 9

(f19) (16, 0, 3, 3, 1) −9 9 9

(f20) (20, 0, 1, 2, 0) −9 −3 −27

Using arguments similar to those above, we can eliminate all possibilities (f1)–(f20) such

that n+ s < 24. Thus, we can conclude that N9 ≥ 24.

For g = 10, the possible values of (n, s1, s2, s3, s4, s5), e(X), σ(X) and c21(X) are as

follows:

(n, s1, s2, s3, s4, s5) e(X) σ(X) c21(X)

(g1) (16, 0, 1, 0, 1, 1) −17 1 −31

(g2) (16, 1, 2, 0, 1, 0) −16 0 −32

(g3) (16, 0, 1, 1, 1, 1) −16 4 −20

(g4) (16, 1, 2, 1, 1, 0) −15 3 −21

(g5) (16, 1, 0, 0, 2, 2) −15 7 −9

(g6) (16, 0, 2, 0, 0, 3) −15 7 −9

(g7) (16, 0, 1, 2, 1, 1) −15 7 −9

(g8) (16, 4, 0, 0, 0, 2) −14 2 −22

(g9) (16, 2, 1, 0, 2, 1) −14 6 −10

(g10) (16, 1, 3, 0, 0, 2) −14 6 −10

(g11) (16, 1, 2, 2, 1, 0) −14 6 −10

(g12) (16, 1, 0, 1, 2, 2) −14 10 2

(g13) (16, 0, 2, 1, 0, 3) −14 10 2

(g14) (16, 0, 2, 0, 4, 0) −14 10 2

(g15) (16, 0, 0, 0, 1, 5) −14 14 14

(g16) (18, 2, 0, 0, 0, 0) −16 −8 −56

(g17) (18, 2, 0, 1, 0, 0) −15 −5 −45

(g18) (18, 2, 0, 2, 0, 0) −14 −2 −34
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(n, s1, s2, s3, s4, s5) e(X) σ(X) c21(X)

(g19) (18, 1, 0, 0, 3, 0) −14 2 −22

(g20) (18, 0, 2, 0, 0, 1) −14 2 −22

(g21) (20, 1, 0, 0, 0, 1) −14 −6 −46

(g22) (18, 0, 0, 0, 2, 3) −13 9 1

Using arguments similar to those above arguments, one can eliminate all possibilities

except for the case (g22). Thus, one can conclude that N10 = 23 or 24. □

As long as genus-g increases, the number of possibilities of n and s increases, where

n and s are the numbers of irreducible and reducible fibers, respectively. Hence, it is

hard to find the exact value of Ng. The odd case is harder because of the upper bound

8g + 4 of Ng. For the general case we have the following:

Proposition 4.1. Let f : X → S2 be a genus-g Lefschetz fibration with n + s <

2g + 4 and g > 6. Then the signature of X, σ(X), is positive.

Proof. Suppose that X admits a genus-g Lefschetz fibration with n+ s < 2g+4

for g > 6 and g ̸= 7. It follows from Theorem 2.6 that b+2 ̸= 1 and therefore X is not a

blow-up of a rational or ruled surface. This gives c21(X) ≥ 2− 2g by [20]. Therefore we

get:

2− 2g ≤ c21(X) = 3σ(X) + 2e(X)

= 3σ(X) + 2(4− 4g + n+ s)

≤ 3σ(X) + 2(4− 4g + 2g + 3)

= 3σ(X) + 14− 4g,

which implies that σ(X) > 0 when g > 6 and g ̸= 7.

We see that the same argument holds for g = 7 using Remark 3.2. □

Remark 4.2. Proposition 4.1 implies that every hyperelliptic genus-g Lefschetz

fibration with n+s < 2g+4 and g > 6 has b1(X) > (8g−15)/6 by applying the inequality

(2.1). However, the existence of such a Lefschetz fibration is not known [3], [27].

Remark 4.3. Recently, Korkmaz has constructed a factorization of the identity in

the hyperelliptic mapping class group HModg with length 5g− 3. This new construction

provides us to improve the upper bound of Ng when g is odd. Therefore, we conclude

that Ng ≤ 2g + 4 if g is even and Ng ≤ 5g − 3 if g is odd.
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