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Dimensions of multi-fan duality algebras

By Anton Ayzenberg
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Abstract. Given an arbitrary non-zero simplicial cycle and a generic

vector coloring of its vertices, there is a way to produce a graded Poincare
duality algebra associated with these data. The procedure relies on the the-
ory of volume polynomials and multi-fans. The algebras constructed this way
include many important examples: cohomology algebras of toric varieties and

quasitoric manifolds, and Gorenstein algebras of triangulated homology man-
ifolds, introduced and studied by Novik and Swartz. In all these examples the
dimensions of graded components of such duality algebras do not depend on
the vector coloring. It was conjectured that the same holds for any simpli-

cial cycle. We disprove this conjecture by showing that the colors of singular
points of the cycle may affect the dimensions. However, the colors of nonsin-
gular points are irrelevant. By using bistellar moves we show that the number

of distinct dimension vectors arising on a given 3-dimensional pseudomanifold
with isolated singularities is a topological invariant. This invariant is trivial
on manifolds, but nontrivial on general pseudomanifolds.

1. Introduction.

A multi-fan is a collection of full-dimensional convex cones in an oriented space

V ∼= Rn, emanating from the origin and equipped with weights [9]. In contrast to the

ordinary fans, cones of a multi-fan may overlap. The condition of completeness for a

multi-fan is as follows: the multi-fan ∆ is complete if the weighted sum of its maximal

cones is a cycle. This means that for every cone C of codimension one the weights of all

maximal cones incident to C sum to zero, being counted with different signs depending

on which side of C they lie. A multi-polytope based on a multi-fan ∆ is a collection

of affine hyperplanes orthogonal to the rays of ∆. The hyperplanes should intersect

whenever their corresponding rays are the faces of some cone of ∆. In this work as well

as in [2] we restrict to the case when all cones of a multi-fan ∆ are simplicial. In this case

∆ is called a simplicial multi-fan and corresponding multi-polytopes are called simple.

For the simplicial case we work with the following definitions.

Definition 1.1 ([2], [9]). A complete simplicial multi-fan is a pair (ω, λ), where

ω =
∑

I⊂[m],|I|=n

w(I)I ∈ Zn−1

(
△(n−1)

[m] ;R
)
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is a simplicial cycle on m vertices, and λ : [m] → V is any function satisfying the con-

dition: the set {λ(i) | i ∈ I} is a basis of V if |I| = n and w(I) ̸= 0. In this case λ is

called a characteristic function. If ω is the fundamental cycle of an (n− 1)-dimensional

oriented simplicial pseudomanifold K, we say that ∆ is supported on K.

A simple multi-polytope P is a pair (∆, {H1, . . . ,Hm}), where ∆ is a simplicial

multi-fan, and Hi is a hyperplane in V ∗ orthogonal to λ(i) ∈ V , that is

Hi = {x ∈ V ∗ | ⟨x, λ(i)⟩ = ci}.

We say that P is based on ∆. The numbers c1, . . . , cm ∈ R are called the support

parameters of a multi-polytope P .

Every simple multi-polytope based on a given simplicial multi-fan is uniquely char-

acterized by the set of its support parameters.

Many standard notions and facts about convex polytopes and their normal fans are

naturally extended to multi-polytopes and multi-fans. In particular, if P is a multi-

polytope based on a complete multi-fan, there is a well-defined notion of volume of P ,

see [6]. There is a classical Lawrence’s formula to compute the volume of a simple

polytope [8]. This formula is naturally generalized to simple multi-polytopes [2], see

Proposition 2.2. Considering volumes of all multi-polytopes based on a fixed multi-fan ∆

at once, we get the volume function V∆ : Rm → R defined on the vector space of support

parameters. A tuple (c1, . . . , cm) ∈ Rm is mapped by this function to the volume of the

multi-polytope which is based on ∆ and has support parameters (c1, . . . , cm). As was

proved in [6], the function V∆ is a homogeneous polynomial of degree n in the support

parameters: V∆ ∈ R[c1, . . . , cm]n. The polynomial V∆ is called the volume polynomial of

a multi-fan ∆.

There is a standard procedure to make a Poincare duality algebra out of any nonzero

homogeneous polynomial: Macaulay duality [10]. In the case of volume polynomials

it was introduced and studied in [7], [14]. Consider the graded ring of polynomials

D = R[∂1, . . . , ∂m] where each symbol ∂i denotes the partial derivative ∂/∂ci. For topo-

logical reasons we double the degrees by assuming deg ∂i = 2. Each variable ∂i acts on

R[c1, . . . , cm] as a differential operator, so we may consider the homogeneous ideal

AnnV∆ = {D ∈ D | DV∆ = 0}

of differential operators annihilating V∆. The quotient algebra A∗(∆)
def
= D/AnnV∆

satisfies Poincare duality conditions: its top component A2n(∆) is one-dimensional and

the pairing A2j(∆)⊗A2n−2j(∆)
×→ A2n(∆) is non-degenerate. We call A∗(∆) the duality

algebra of a multi-fan. Let dj = dimA2j . Poincare duality implies dj = dn−j .

Multi-fan algebras are important by several reasons. If ∆ is an ordinary complete

simplicial rational fan, the algebra A∗(∆) is isomorphic to the cohomology algebra of

the corresponding toric variety (see [7]). Timorin [14] gave a purely geometrical proof of

Stanley’s g-theorem for a polytopal fan ∆ by showing that A∗(∆) satisfies Lefschetz prop-

erty. In [2] we proved that whenever the multi-fan ∆ is supported on an orientable ho-

mology manifold K, the algebra A∗(∆) coincides with the Gorenstein algebra introduced

by Novik and Swartz in [11]. However, we also showed that every (finite-dimensional
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commutative) Poincare duality algebra generated in degree 2 is isomorphic to A∗(∆) for

some multi-fan ∆. Therefore there exist complete simplicial multi-fans whose algebras

do not satisfy Lefschetz property and whose dimensions’ sequence (d0, d1, . . . , dn) is not

unimodal.

By Definition 1.1 a complete simplicial multi-fan ∆ consists of two types of data:

a simplicial cycle ω, the combinatorial data, and a characteristic function λ : [m] → V

encoding the directions of rays of a multi-fan, the geometrical data. In many cases the

dimensions of graded components dj = dimA2j(∆) depend only on ω, but not on λ.

If ∆ is supported on a simplicial homology sphere, the dimensions dj coincide with the

h-numbers of this sphere. More generally, if ∆ is supported on a simplicial homology

manifold, the dimensions dj coincide with the so called h”-numbers of a manifold, which

are the combinatorial invariants of the triangulation (see [11]).

We suggested this was a general phenomenon [2, Conjecture 1]: Is it true that

dimensions (d0, d1, . . . , dn) of a multi-fan algebra A∗(∆) depend only on ω but not on

characteristic function λ? If no, is it true for multi-fans supported on pseudomanifolds?

In this paper we answer both questions in negative by providing two counter-

examples. First counter-example is manually computed and relies on several simple

facts proved previously in our paper [2]. However, this counter-example is not a pseudo-

manifold so it does not answer the second question.

The second question is more complicated since, in a sense, the simplest interesting

example of a pseudomanifold which is not a manifold is the suspended torus. In this case

the volume polynomial is a quartic polynomial in at least 9 variables. A script written

in GAP [4], [5] allowed to answer the second question. If K is the suspension over some

triangulation of a torus, then there exist two multi-fans supported on K having distinct

dimension sequences.

In a theoretical part of this work we explain what makes manifolds so special from

the view point of multi-fans. Let ω be a simplicial cycle and i ∈ [m] be its vertex. The

link of the vertex i in a cycle ω may be defined in a natural way. We say that i is a

nonsingular vertex of a cycle ω if the link of i is a homology sphere.

Theorem 1. Dimensions dj of a multi-fan algebra do not depend on the values of

characteristic function at nonsingular vertices.

In particular, since all vertices of a triangulated manifold are nonsingular, d-vectors

of multi-fans supported on manifolds do not depend on characteristic function at all, as

was noticed previously. Nevertheless, the calculations show that d-vectors of mutli-fans

may crucially depend on the values of λ at singular points.

It is natural to consider the following invariant of a simplicial pseudomanifold K:

the number r(K) of distinct dimension vectors of multi-fans supported on K. By the

preceding discussion, this invariant equals 1 on homology manifolds, but may be nontriv-

ial in general. Using bistellar moves we show that this number is a topological invariant

on the class of 3-dimensional pseudomanifolds with isolated singularities, i.e. it does not

depend on a triangulation. General properties of this invariant are yet unknown.
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We study the following family of examples. Consider an arbitrary link1 l :
⊔

α S1
α ↪→

S3 and collapse each of its components to a point. We suppose that the resulting pseu-

domanifold K satisfies r(K) = 1 if and only if all components of the link are pairwise

unlinked. We checked several examples. We have r(K) = 1 for disjoint union of knots

and for Borromean rings. For the Hopf link there holds r(K) = 2; in this case X is a

suspended torus discussed above.

Our considerations suggest that the additive structure of multi-fan algebras over

pseudomanifolds may lead to new invariants of 3-pseudomanifolds or, at least, uncover

interesting relations between convex geometry and 3-dimensional topology.

2. Preliminaries.

Let Ψ ∈ R[c1, . . . , cm]n be an arbitrary non-zero homogeneous polynomial of degree n

and letD∗/AnnΨ be the corresponding Poincare duality algebra, i.e.D∗ = R[∂1, . . . , ∂m],

∂i = ∂/∂ci, AnnΨ = {D ∈ D∗ | DΨ = 0}. Let varj(Ψ) ⊂ R[c1, . . . , cm]n−j be the linear

span of all partial derivatives of degree j of the polynomial Ψ. The linear map

(D/AnnΨ)2j → varj Ψ, D 7→ DΨ (2.1)

is an isomorphism by the fundamental theorem on homomorphisms.

Let ∆ = (ω, λ) be a complete simplicial multi-fan on a finite set M = [m] of rays in

the space V ∼= Rn, where ω =
∑

I⊂M,|I|=n w(I)I, λ : M → V . Consider the simplicial

complex K on M whose maximal simplices are all subsets I ⊂ M, |I| = n such that

w(I) ̸= 0. K is called the support of the cycle ω; it has dimension n − 1. If J ∈ K is a

simplex of any dimension, then we can define the projected multi-fan ∆J as follows.

Construction 2.1. Consider the link of J in K:

linkK J = {I ⊂ [m] | I ∩ J = ∅, I ⊔ J ∈ K},

and let MJ ⊂ M be the set of vertices of linkK J . Let VJ be the quotient of the vector

space V by the subspace ⟨λ(i) | i ∈ J⟩ ∼= R|J|. Consider the simplicial cycle

ωJ =
∑

I∈linkK J,|I|=n−|J|

w(I ⊔ J)I ∈ Zn−1−|J|(linkK J ;R).

The projected characteristic function λJ : MJ → V is defined by the composition

MJ ↪→ M
λ→ V ↠ VJ ,

where the last arrow is the natural projection. The multi-fan ∆J = (ωJ , λJ ) is called the

projected multi-fan of ∆ with respect to J .

1The term “link” appears in this paper in two different meanings, both being well-established. Here
link means “the collection of knots” in S3, however, the link in a simplicial complex means “the combi-

natorial boundary of a neighborhood of a vertex”. Hopefully, the meaning can be understood from the
context.
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Let V∆ ∈ R[c1, . . . , cm]n be the volume polynomial of ∆. For a subset J =

{i1, . . . , ij} ⊂ [m] let ∂J denote the differential operator ∂i1 · · · ∂ij . In [2, Lemma 1]

we proved that ∂JV∆ is zero whenever J /∈ K; otherwise ∂JV∆ coincides with V∆J
, the

volume polynomial of the projected multi-fan, up to a linear change of variables and up

to a constant factor. In particular, we have

dimvars ∂JV∆ = dimvars V∆J for any s = 0, . . . , n. (2.2)

Let us recall the formula for the volume polynomial.

Proposition 2.2 ([2]). Let ∆ = (ω, λ) be a complete simplicial multi-fan and

v ∈ V be a generic vector. Then

V∆(c1, . . . , cm) =
1

n!

∑
I={i1,...,in}∈K

w(I)

| detλ(I)|
∏n

j=1 αI,j
(αI,1ci1 + · · ·+ αI,ncin)

n, (2.3)

where αI,1, . . . , αI,n are the coordinates of v in the basis (λ(i1), . . . , λ(in)), w(I) is the

weight of the simplex I, and detλ(I) is the determinant of the matrix (λ(i1), . . . , λ(in)).

The vector v will be called a polarization vector. The condition that v is generic

simply means that all coefficients αI,i should be nonzero, so that the right hand side of

(2.3) makes sense. This is an open condition in V . The volume polynomial does not

depend on the choice of a polarization vector.

Remark 2.3. It can be seen from this formula that whenever the operator A ∈
GL(V ) acts on all values of characteristic function simultaneously, the volume polynomial

does not change up to constant factor. Indeed, if we take Av as a polarization vector

for the multi-fan A∆ = (ω,Aλ), all the coefficients αI,i remain unchanged, and all the

determinants detλI are multiplied by the same factor detA. Therefore, A∗(A∆) ∼=
A∗(∆).

We finish this section with another small remark.

Remark 2.4. Let us fix a finite set M = [m] and a generic map λ : [m] → V ∼= Rn.

All n-dimensional multi-fans on [m] having λ as a characteristic function form a vector

space (essentially, this is just a certain subspace of the space of all (n− 1)-cycles on [m]

vertices). Therefore, one can form sums and differences of multi-fans, provided that they

have the same vertex sets and characteristic functions. Volume polynomial is additive

with respect to this operation, which easily follows from its formula (2.3).

It may happen that the underlying cycle of a multi-fan does not contain some vertices

from [m]. We call such vertices ghost vertices. The polynomial V∆ does not actually

depend on the variable ci for any ghost vertex i ∈ M . In this case ∂i = 0 in A∗(∆).

3. Characteristic function at nonsingular points.

In this section we prove Theorem 1.

Definition 3.1. A simplicial cycle ω ∈ Zn−1(△n−1
[m] ;R) is called rigid if the di-

mensions dj = dimA2j(∆) of all multi-fans ∆ = (ω, λ) do not depend on λ.
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As was mentioned in the introduction, the fundamental cycle of any oriented homol-

ogy manifold K is rigid since dj = h′′
j (K); the necessary definitions and the proof of this

statement can be found in our previous paper [2]. In particular, every homology sphere

K is rigid and dj = hj(K). If ω is rigid, we denote the dimension dimA2j by dj(ω).

Construction 3.2. Let ω′ =
∑

|I′|=n′ w′(I ′)I ′, ω′′ =
∑

|I′′|=n′′ w′′(I ′′)I ′′ be two

simplicial cycles on disjoint vertex sets M ′, M ′′. Define the join ω′ ∗ ω′′ as a simplicial

cycle on M ′ ⊔M ′′ in a natural way:

ω′ ∗ ω′′ =
∑

I′∈M ′,|I′|=n′

I′′∈M ′′,|I′′|=n′′

ω′(I ′)ω′′(I ′′)I ′ ⊔ I ′′ ∈ Zn′+n′′−1

(
△n′+n′′−1

M ′⊔M ′′ ;R
)
.

Let us define the join of two multi-fans. Let ∆′ = (ω′, λ′) and ∆′′ = (ω′′, λ′′) be

multi-fans in the spaces V ′ and V ′′ with the ray-sets M ′ and M ′′ respectively. Consider

the multi-fan ∆′ ∗∆′′ = (ω′ ∗ω′′, λ′ ∗λ′′), where λ′ ∗λ′′ : M ′ ⊔M ′′ → V ′⊕V ′′ is given by

λ′ ∗ λ′′(i) =

{
(λ′(i), 0), if i ∈ M ′,

(0, λ′′(i)), if i ∈ M ′′.
(3.1)

There holds V∆′∗∆′′ = V∆′ · V∆′′ . This formula can be deduced either from the exact

formula of the volume polynomial, or geometrically, by noticing that every multi-polytope

based on ∆ is just the cartesian product of a multi-polytope based on ∆′ and a multi-

polytope based on ∆′′, so the volumes are multiplied. The polynomials V∆′ and V∆′′

have distinct sets of variables, which implies

A∗(∆′ ∗∆′′) ∼= A∗(∆′)⊗A∗(∆′′). (3.2)

Therefore,

Hilb(A∗(∆′ ∗∆′′); t) = Hilb(A∗(∆′); t) ·Hilb(A∗(∆′′); t). (3.3)

Let S0 denote the simplicial complex consisting of two disjoint vertices x and y.

Abusing the notation, we adopt the same symbol S0 for its underlying simplicial cycle,

which lies in Z0(S
0;R) (this is just the formal difference of two vertices). The join of a

cycle ω with S0 is called a suspension and is denoted by Σω.

A multi-fan ∆ is called suspension-shaped if its underlying simplicial cycle is iso-

morphic to Σω for some cycle ω. Note that the algebra of a suspension-shaped multi-fan

contains two marked elements ∂x, ∂y ∈ A∗(∆) corresponding to the apices of the suspen-

sion. Since the 1-simplex {x, y} does not lie in the support of Σω, there holds ∂x∂y = 0

in A∗(∆). Let us consider two operators

×∂x,×∂y : A∗(∆) → A∗+2(∆),

acting on the multi-fan algebra of a suspension-shaped multi-fan. There holds Im(×∂y) ⊆
Ker(×∂x) according to the relation.
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Dimensions of multi-fan duality algebras 783

Definition 3.3. A suspension-shaped multi-fan ∆ is called editable, if

Im(×∂y) = Ker(×∂x).

Our next goal is to prove that suspensions over homology spheres are editable, see

Corollary 3.7. Several technical lemmas are needed for the proof.

Lemma 3.4. Let A∗ be a Poincare duality algebra of formal dimension 2n and

I ⊂ A∗ be a graded ideal. Let Ann I := {a ∈ A∗ | aI = 0} and let I⊥ =
⊕

j(I⊥)2j

denote the component-wise orthogonal complement :

(I⊥)2j = {a ∈ A2j | aI2n−2j = 0}.

Then Ann I = I⊥.

Proof. The subspaces Ann I and I⊥ are defined similarly so at first glance the

statement may seem a tautology. Notice, however, that Ann I consists of elements an-

nihilated by the whole ideal I, while I⊥ is annihilated only by the elements of the

complementary degree. Nevertheless, these conditions are equivalent in a Poincare dual-

ity algebra. If the element a ∈ A2j is not annihilated by some b ∈ A2k, then it is possible

to choose c ∈ A2n−2j−2k such that abc ̸= 0, so that we have an element bc of degree

complementary to a, which does not annihilate a as well. □

The ideals I and Ann I = I⊥ are called orthogonal. If ∆ is a suspension-shaped

multi-fan, then the ideal Im(×∂x) (which is just the principal ideal of A∗(∆) generated

by ∂x) is orthogonal to Ker(×∂x) by definition.

Lemma 3.5. Hilb(Im(×∂x); t) = t2 Hilb(A∗(∆x); t).

Proof. Recall from Section 2 that there is an isomorphism A2j(∆) → varj V∆

which sends D to DV∆. We have

dim Im(×∂x)2j = dim{DV∆ | D ∈ Im(×∂x)2j}.

The latter space may be identified with

{D∂xV∆ | D ∈ D2j−2} = varj−1(∂xV∆).

Equation (2.2) implies that dimvarj−1(∂xV∆) = dimvarj−1 V∆x = dimA2j−2(V∆x). This

finishes the proof. □

Lemma 3.6. Suppose that a simplicial (n − 2)-cycle ω is rigid and its suspension

Σω is rigid. Then any suspension-shaped multi-fan ∆ on Σω is editable.

Proof. For any multi-fan ∆′ based on S0 we have Hilb(∆′; t) = 1 + t2, since S0

is a sphere and its h-numbers are (1, 1). Since ω, S0, and Σω are rigid, the dimension

vectors of the corresponding multi-fans do not depend on characteristic functions, so

that Hilbert polynomials can be computed for a particular joined characteristic function,

defined by (3.1). In this case, formula (3.3) implies
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Hilb(A∗(∆); t) = (1 + t2)
n−1∑
j=0

dj(ω)t
2j .

Lemma 3.5 asserts that Hilb(Im(×∂x); t) = t2 Hilb(A∗(∆x); t). Since ∆x is a

multi-fan based on ω, there holds Hilb(Im(×∂x); t) = t2
∑n−1

j=0 dj(ω)t
2j . Similarly,

Hilb(Im(×∂y); t) = t2
∑n−1

j=0 dj(ω)t
2j . Using Lemma 3.4, we may find the dimensions

of the orthogonal complement Ker(×∂x) = Im(×∂x)
⊥ in each degree:

dimKer(×∂x)2j = dimA2j(∆)− dim Im(×∂x)2n−2j .

This implies

Hilb(Ker(×∂x); t) = t2 Hilb(A∗(∆x); t) = Hilb(Im(×∂y); t).

Since Im(×∂y) lies in Ker(×∂x), and these vector spaces have equal dimensions, they

coincide. □

Corollary 3.7. Let K be a homology (n− 2)-sphere (or its underlying simplicial

cycle). Then any suspension-shaped multi-fan ∆ on ΣK is editable.

Proof. Suspension over a homology sphere is again a homology sphere. Thus

both K and ΣK are rigid and Lemma 3.6 applies. □

Remark 3.8. The arguments in the proof of Lemma 3.6 show that in general, if

∆ is a suspension-shaped multi-fan with suspension points x, y, there holds

Hilb(A∗(∆); t) ≥ Hilb(A∗(∆x); t) + t2 Hilb(A∗(∆y); t),

where the inequality of polynomials is understood coefficient-wise.

The next construction shows how suspension-shaped multi-fans arise when the value

of characteristic function is changed at a single point.

Construction 3.9. Let ∆′ = (ω, λ′), ∆′′ = (ω, λ′′) be multi-fans based on the

same simplicial cycle ω, and assume that λ′(i) = λ′′(i) for all i ∈ [m] except i = k, where

k is a fixed vertex. It is convenient to take two copies x, y of k and consider ∆′ and ∆′′

as the multi-fans on the same set M := ([m]\{k})⊔{x, y} having the same characteristic

function λ:

λ(i)
def
=


λ′(i) = λ′′(i), if i ∈ [m] \ {k},
λ′(k), if i = x,

λ′′(k), if i = y.

The underlying cycles of ∆′ and ∆′′ are isomorphic, however they are different as the

elements of Zn−1(△n−1
M ;R). The cycle ω′ passes through x and has ghost vertex y, while

the cycle ω′′ passes through y and has ghost vertex x. Since ∆′, ∆′′ have the same

characteristic function, their difference is well-defined:
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T = ∆′′ −∆′.

It is easy to observe that T is a suspension-shaped multi-fan with the suspension points

x and y; its underlying simplicial cycle has the form Σωx = Σωy (recall that ωx, ωy are

the projected simplicial cycles with respect to vertices x and y respectively).

Theorem 2. Let ∆′, ∆′′ be as above. If the projected (n−2)-cycle ωk is rigid and

T = ∆′′ −∆′ is an editable suspension-shaped multi-fan, then

Hilb(A∗(∆′); t) = Hilb(A∗(∆′′); t).

Proof. Consider the ring of differential operators D∗ = R[∂i | i ∈ M ] and the

principal ideals (∂x), (∂y) of this ring. Note that (∂y) ⊂ AnnV∆′ since y is a ghost vertex

of ∆′, and similarly (∂x) ⊂ AnnV∆′′ .

Lemma 3.10. AnnV∆′ + (∂x) = AnnV∆′′ + (∂y).

Proof. It is sufficient to prove that AnnV∆′ ⊂ V∆′′ + (∂y): the symmetry of the

statement would imply AnnV∆′′ ⊂ V∆′ + (∂x).

First note that V∆′′ = V∆′ + VT . Hence ∂xV∆′ + ∂xVT = ∂xV∆′′ = 0. Consider

D ∈ AnnV∆′ . Then ∂xDVT = −D∂xV∆′ = 0. Therefore the class of D in the algebra

A∗(T ) lies in the kernel of ×∂x : A∗(T ) → A∗+2(T ). By assumption, T is editable, which

implies D ∈ AnnVT + (∂y). Thus D = D1 +D2 where D1 ∈ AnnVT and D2 ∈ (∂y).

Applying D1 = D −D2 to the polynomial V∆′′ = VT + V∆′ we get

D1V∆′′ = D1(VT ) + (D −D2)V∆′ = 0,

since D ∈ AnnV∆′ by assumption and D2 ∈ (∂y) ⊂ AnnV∆′ . Thus D = D1 +D2 where

D1 ∈ AnnV∆′′ and D2 ∈ (∂y) which proves the claim. □

Now consider the diagram of inclusions of ideals:

AnnV∆′
� � // AnnV∆′ + (∂x) = AnnV∆′′ + (∂y) AnnV∆′′? _oo

AnnV∆′ ∩ (∂x)
� � //

?�

OO

(∂x, ∂y)
?�

OO

AnnV∆′′ ∩ (∂y)
?�

OO

? _oo

(3.4)

Lemma 3.11. Hilb(AnnV∆′ ∩ (∂x); t) = Hilb(AnnV∆′′ ∩ (∂y); t).

Proof. We have AnnV∆′ ∩ (∂x) = {∂xD ∈ D | ∂xDV∆′ = 0}. Up to

a shift of grading, this vector space is isomorphic to Ann(∂xV∆′). There holds

Hilb(Ann(∂xV∆′); t) = Hilb(D; t) − HilbA∗(∂xV∆′). Note that dimA2j(∂xV∆′) =

dimvarj(∂xV∆′) and the latter space has the same dimension as dimvarj(V∆′
x
) =

dimA2j(∆′
x) according to equation (2.2). Both projected multi-fans ∆′

x and ∆′′
y are

based on the same projected cycle ωk. By the assumption of the theorem, ωk is rigid,

thus dimA2j(∆′
x) = dimA2j(∆′′

y). This proves the lemma. □
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1 2 3 4

5

6

Figure 1. Graph Γ.

It remains to notice, that given a pull-back square of graded vector spaces, that

is a pair of subspaces A,B ⊂ C together with their intersection A ∩ B, there holds an

inclusion-exclusion formula

Hilb(A ∩B; t) + Hilb(C; t) = Hilb(A; t) + Hilb(B; t)

so that the Hilbert functions of any three spaces among A ∩ B,A,B,C determines

the fourth. Both squares in the diagram (3.4) are the pull-back squares. Therefore,

Lemma 3.11 implies Hilb(AnnV∆′ ; t) = Hilb(AnnV∆′′ ; t). This proves the theorem, since

Hilb(A(∆′); t) = Hilb(D∗; t)−Hilb(AnnV∆′ ; t), and the same for ∆′′. □

Corollary 3.7 and Theorem 2 imply Theorem 1.

4. Singular examples.

Proposition 4.1. There exist two complete simplicial multi-fans ∆1,∆2 having

the same underlying simplicial cycle but different dimension vectors.

Proof. Let m = 6 and n = 2. Consider the oriented graph Γ on Figure 1. Let

ωΓ ∈ C1(△[6];Z) be the simplicial cycle which is the sum of all oriented edges of Γ with

weights 1.

We define two complete simplicial multi-fans ∆1,∆2 with underlying cycle ωΓ. To

do this, we need to specify the values of characteristic functions λ1,2 : [6] → R2.

(1) Define the function λ1 so that its values in the vertices 1, 2, 3, 4 lie on x-axis

and the values in vertices 5, 6 lie in y-axis. For example, take λ1(1) = λ1(2) = λ1(3) =

λ1(4) = e1, λ1(5) = λ1(6) = e2, where e1, e2 is the basis of R2. In this case the multi-

fan ∆1 = (wΓ, λ1) is the join of two 1-dimensional multi-fans ∆′ and ∆′′ shown on

Figure 2. Equation (3.2) implies that A∗(∆1) = A∗(∆′) ⊗ A∗(∆′′). Algebra of any

1-dimensional multi-fan has Hilbert function 1 + t2 due to Poincare duality. Finally,

Hilb(A∗(∆1); t) = (1 + t2)(1 + t2) = 1 + 2t2 + t4.

(2) Let us define the function λ2 : [6] → R2. Set the values λ2(1), λ2(2), λ2(3), λ2(4)

arbitrarily (for example we may set them equal to e1). Now choose λ2(5) and λ2(6) so that

they are linearly independent. Then ∆2 = (wΓ, λ2) may be represented as a connected
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Figure 2. The join of multi-fans ∆′ and ∆′′.

λ(1) λ(2) λ(3) λ(4)

λ(5)

λ(6)

λ(5)

λ(6)

#

Figure 3. Connected sum of multi-fans ∆̇ and ∆̈.

sum of 2-dimensional multi-fans ∆̇, ∆̈ depicted in Figure 3 (The definition of connected

sum is given in [2]. There we do not require that the set along which the connected

sum is taken is a simplex: it is only required that the values of characteristic function

on this set are linearly independent.) By [2, Proposition 11.3] we have Hilb(∆2; t) =

Hilb(∆̇; t) + Hilb(∆̈; t) − (1 + t4). Multi-fans ∆̇, ∆̈ are supported on spheres, therefore

dimensions of their algebras are the h-vectors. These are (1, 2, 1) in both cases. Thus

Hilb(∆2; t) = 1 + 4t2 + t4. □

Remark 4.2. The vertices 1, 2, 3, 4 of Γ are nonsingular vertices. Hence the Hilbert

function of A∗(∆) does not depend on the values of λ in these vertices by Theorem 1.

Proposition 4.1 implies the following alternative: the dimensions-vector of a multi-fan

on Γ is either (1, 2, 1) (if the values λ(5), λ(6) are collinear) or (1, 4, 1) (if λ(5), λ(6) are

linearly independent).

Next we construct an example similar to Proposition 4.1 but based on a pseudo-

manifold. At first we specify, what is meant by a simplicial pseudomanifold.

Definition 4.3. A simplicial pseudomanifold of dimension is defined inductively

• A simplicial pseudomanifold of dimension 0 is a pair of points, i.e. the complex S0.

• A simplicial pseudomanifold of dimension 1 is a cycle graph.

• A simplicial pseudomanifold of dimension k ≥ 2 is a simplicial complex K such

that for every vertex i of K the complex linkK{i} is a connected simplicial pseu-

domanifold of dimension k − 1.
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Figure 4. The minimal triangulation of a torus.

This definition implies (but is not equivalent to) the condition that each codimension

one simplex of K lies in exactly two maximal simplices of K, which is often taken as the

definition of the pseudomanifold. However, we will work with the definition above; so

the objects like a 2-sphere pinched at two points, are not considered as pseudomanifolds.

Note that the class of simplicial pseudomanifolds of dimension 2 coincides with the class

of triangulated surfaces.

Proposition 4.4. There exist two complete simplicial multi-fans ∆1,∆2 which are

supported on the same pseudomanifold but have different dimensions of their multi-fan

algebras.

Proof. Let L be the minimal triangulation of a 2-torus shown on Figure 4. Using

general formulas for h”-numbers, one can show that h”-numbers of L are (1, 4, 4, 1). Let

∆′ be any multi-fan supported on L. Since L is a manifold, we have Hilb(A∗(∆′); t) =

1 + 4t2 + 4t4 + t6.

Consider the suspension K = ΣL, this simplicial complex is obviously a pseudoman-

ifold. We claim that there exist two multi-fans supported on K with different d-vectors

of multi-fan algebras

(1) Let ∆′′ be any multi-fan supported on S0. Then we have Hilb(A∗(∆′′); t) = 1+t2.

Therefore,

Hilb(A∗(∆′ ∗∆′′); t) = (1 + 4t2 + 4t4 + t3)(1 + t2),

so the dimension vector of multi-fan ∆′ ∗∆′′ supported on K is (1, 5, 8, 5, 1). This multi-

fan has the property that the values of its characteristic function in suspension points

are collinear.

(2) Now we take another multi-fan supported on K and set the values of character-

istic function in suspension points to be non-collinear. In this case there is no way to

compute dimensions by hands. The computations were implemented in GAP [5] with

the use of the package simpcomp [4]. The script for the computation of dimension vec-

tors is available at [1]. It outputs the d-vector (1, 5, 12, 5, 1) whenever the values of λ at

suspension points (last two values of the list) are non-collinear. □

In fact, there are exactly two alternatives for the dimension vector of the suspension

over a torus.
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Proposition 4.5. Let N be a triangulation of a 2-torus with m − 2 vertices,

and K = ΣN its suspension with additional suspension points x, y. For a multi-fan

∆ = ([K], λ) supported on the pseudomanifold K there are two alternatives :

1. d-vector equals (1,m− 4, 2m− 10,m− 4, 1) if the vectors λ(x), λ(y) are collinear ;

2. d-vector equals (1,m−4, 2m−6,m−4, 1) if the vectors λ(x), λ(y) are non-collinear.

Proof. At first note that all vertices of N , that is M \ {x, y}, are nonsingular in

the pseudomanifold K. Therefore, the d-vector of a multi-fan does not depend on the

values of characteristic function at these vertices according to Theorem 1.

(1) Let M = [m] denote the vertex set of K. Let λ(x), λ(y) ∈ V ∼= R4 be collinear.

We may assume that all values {λ(i) | i ∈ M \ {x, y}} lie in the 3-plane transversal to

⟨λ(x)⟩. Then ∆ is just the join of two multi-fans: one supported on N and another

supported on S0. Formula (3.3) implies

Hilb(A∗(∆); t) = (h′′
0(N) + h′′

1(N)t2 + h′′
2(N)t4 + h′′

3(N)t6)(1 + t2).

h′′-numbers of any 2-surface are easily computed: they are symmetric, h′′
0 = 1, and

h′′
1 = m− 3. Therefore,

Hilb(A∗(∆); t) = (1 + (m− 5)t2 + (m− 5)t4 + t6)(1 + t2)

= 1 + (m− 4)t2 + (2m− 10)t4 + (m− 4)t6 + t8.

This proves the first case.

(2) Now suppose that λ(x), λ(y) are non-collinear. At first, we will show, that

proposition holds for the minimal triangulation L of a torus.

Indeed, the statement holds for some particular choice of characteristic function

using GAP. In this case we have m = 9 and the d-vector is (1, 5, 12, 5, 1). However any

two non-collinear pairs of vectors (values in suspension points) may be translated into

each other by an element A ∈ GL(V ). Therefore the d-vector is (1, 5, 12, 5, 1) for any

characteristic function on ΣL, according to Remark 2.3.

Let us prove the statement for an arbitrary triangulation of a torus. Any triangu-

lation N is connected to the minimal one by a sequence of bistellar moves according to

Pachner’s theorem [13]. Therefore the corresponding sequence of “suspended bistellar

moves” joins K = ΣN with ΣL. There are 3 types of bistellar moves in dimension 2,

shown on the top of Figure 5. Suspended bistellar moves are shown below.

Each suspended move is decomposed as a sequence of 3-dimensional bistellar moves.

In [2, Theorem 10] we proved that under bistellar moves (otherwise called flips) the

dimension vector of multi-fan algebra changes in exactly the same way as the h-vector

of simplicial complex does. Let us make all the computations.

The suspended move Σ(0, 2) is the same as adding new vertex d in the tetrahedron

{a, b, c, y} (this is (0, 3)-move) followed by the (1, 2)-move applied to adjacent tetrahedra

{a, b, c, d} and {a, b, c, x}. The (0, 3)-move adds (0, 1, 1, 1, 0) to the dimension vector,

and (1, 2)-move adds (0, 0, 1, 0, 0). Therefore Σ(0, 2) increases d1 = d3 by 1 and d2 by 2.

Similarly, the inverse move Σ(2, 0) subtracts (0, 1, 2, 1, 0) from the d-vector.
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Figure 5. Bistellar moves and their suspensions.

The suspended move Σ(1, 1) is equivalent to the application of (1, 2)-move to ad-

jacent tetrahedra {a, b, d, y} and {b, c, d, y} followed by the application of (2, 1)-move to

tetrahedra {a, b, c, d},{a, b, d, x},{b, d, c, x}. First move adds (0, 0, 1, 0, 0) to the d-vector,

and the second subtracts the same value. So far, the suspended (1, 1)-move does not

change the d-vector.

In all three cases the d-vector changes in the same way, as the expression (1,m− 4,

2m− 6,m− 4, 1). Since the d-vector is equal to this expression for the minimal triangu-

lation of a torus, the same holds for any triangulation of a 2-torus. □

Remark 4.6. Propositions 4.4, 4.5 show that suspension K over a 2-torus is not

rigid. A suspension-shaped multi-fan supported on K is editable if and only if the values

of its characteristic function in the suspension points are collinear.

Propositions show that multi-fans supported on a suspension of a fixed triangulation

of a torus may have two different values of d-vector. The technique used in the proof

shows that d-vectors of multi-fans supported on suspended orientable surfaces of any

genus g ≥ 2 can take no more than 2 values, depending on whether the values of λ in

suspension points are collinear or not. The results of calculations performed in GAP

support the following claim.

Claim 4.7. Let N be a triangulated surface of genus g with m − 2 vertices, and

K = ΣN its suspension with additional suspension points x, y. For a multi-fan ∆ =

([K], λ) supported on the pseudomanifold K there are two alternatives :

1. d-vector equals (1,m− 4, 2m− 10,m− 4, 1) if the vectors λ(x), λ(y) are collinear ;

2. d-vector equals (1,m− 4, 2m− 10 + 4g,m− 4, 1) if the vectors λ(x), λ(y) are non-

collinear.
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So far, the gap between possible values of d-vector depends on the links of singular

points. The claim was checked for g ≤ 10 however we cannot explain this result rigorously.

5. 3-dimensional pseudomanifolds.

Let X be any triangulated 3-dimensional closed oriented pseudomanifold with iso-

lated singularities. By this we mean that X is a pure 3-dimensional simplicial complex

such that links of all its vertices are orientable surfaces and X has a fundamental cycle.

We also assume that there are no two singular points connected by an edge.

Consider the following number

r(X) = number of distinct d-vectors of multi-fans supported on X.

Proposition 5.1. r(X) is a topological invariant, that is X1
∼= X2 implies

r(X1) = r(X2).

Proof. Any two triangulations of a given topological pseudomanifold with iso-

lated singularities are connected by a sequence of bistellar moves performed outside

singularities, as shown in [3, Theorem 4.6]. However, each bistellar move have the same

effect on all d-vectors, so the number of possible d-vectors coincides for all triangula-

tions. □

Example 5.2. As was proved earlier, r(X) = 1 for all manifolds. If the pseu-

domanifold X has a unique singular point, we still have r(X) = 1 since the value of

λ at the singular point (the only value that matters according to Theorem 1) can be

made arbitrary by a linear transformation of an ambient space. If X is a connected

sum of several pseudomanifolds Xi with r(Xi) = 1, then r(X) also equals 1. Indeed,

in [2] we showed that dj(∆1#∆2) = dj(∆1) + dj(∆2) for j ̸= 0, n, therefore there is

only one possibility for the d-vector of connected sum, whenever this is true for the

summands. Hence there exist pseudomanifolds X with any number of singular points

having r(X) = 1. These examples are consistent with the result of [12, Theorem 4.7],

which asserts that Hilb(k[K]/Θ; t) does not depend on the linear system of parameters

Θ in the Stanley–Reisner ring k[K] for a certain class of pseudomanifolds with isolated

singularites.

However, r(X) = 2 for the suspended torus (and conjecturally for all suspended

surfaces by Claim 4.7). By taking connected sums of suspended tori, we can construct

pseudomanifolds X with arbitrarily large r(X).

Example 5.3. Consider two 3-pseudomanifolds: X1 is the suspended 2-torus and

X2 is the connected sum of two copies of the space Y , where Y is the quotient of the

solid torus by its boundary. We have r(X1) = 2 by Proposition 4.5 and r(X2) = 1

by the previous example, since the summand Y have only one singularity. The spaces

X1 and X2 are different, but this difference is not easy to see. The cohomology rings

are isomorphic: in both cases cohomology is torsion-free, and the Betti numbers are

(1, 0, 2, 1). The multiplication is trivial by dimensional reasons. Both spaces have exactly

two singular points with toric links. The difference may be seen by cutting singular points
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Figure 6. Parts of construction of collapsed Borromean rings.

and noticing that the first space becomes S3 minus Hopf link, while the second space

becomes S3 minus two unlinked circles. It is interesting that invariant r can sense such

knot-theoretical distinctions.

The invariant r(X) somehow measures the complexity of spatial relationships be-

tween singular points. It would be interesting to describe this number in a more formal

and computable way or at least find out when r(X) = 1. The next question is motivated

by Example 5.3.

Problem 5.4. Let l :
⊔

α S1
α ↪→ S3 be a link, and X be a pseudomanifold obtained

by collapsing each component of l to a point. Is it true that r(X) = 1 if and only if each

two circles of the link are unlinked?

Example 5.3 shows that pairwise linking numbers affect r(X).

Proposition 5.5. Let l :
⊔

α=1,2,3 S
1
α ↪→ S3 be the Borromean rings and X be a

pseudomanifold obtained by collapsing each component of l to a point. Then r(X) = 1.

Proof. Figure 6 shows how to triangulate the space X. We specialize three tori

in R3 linked together like Borromean rings (see left part of Figure 7), triangulate the

remaining space, and put a cone over each torus. This triangulation is further used

perform computations in GAP [1].

In order to define multi-fans over this triangulation, we need to specify the values

of characteristic function. In our implementation, the singular vertices, which are the

apices of the cones over tori, are labeled by numbers 29, 30, 31. The symmetry group of
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Figure 7. Two links.

X acts transitively on the set of singular vertices, therefore, up to linear transformation

of the ambient vector space V we have the following possibilities:

1. λ(29), λ(30) and λ(31) are linearly independent. Without loss of generality, λ(29) =

(1, 0, 0, 0), λ(30) = (0, 1, 0, 0), λ(31) = (0, 0, 1, 0).

2. λ(29), λ(30) and λ(31) lie in one 2-space, but any two of them are non-collinear.

Without loss of generality λ(29) = (1, 0, 0, 0), λ(30) = (0, 1, 0, 0), λ(31) =

(1, 1, 0, 0).

3. λ(29) is collinear to λ(30) and non-collinear to λ(31). Without loss of generality

λ(29) = (1, 0, 0, 0), λ(30) = (1, 0, 0, 0), λ(31) = (0, 1, 0, 0).

4. λ(A), λ(B), and λ(C) are collinear. Without loss of generality λ(29) = λ(30) =

λ(31) = (1, 0, 0, 0).

These cases are checked in GAP, and the resulting d-vector is (1, 27, 100, 27, 1) all the

time. Therefore, for the collapsed Borromean rings we have r(X) = 1. □

Remark 5.6. We checked another example shown on the right part of Figure 7.

After collapsing each component of this link we obtain a pseudomanifold with 3 singular

points. We considered a special triangulation of this space, constructed similarly to

the case of Borromean rings. This triangulation has 18 vertices with singular vertices

labeled 16 (corresponds to middle circle), 17, and 18. Calculations show that there are

3 alternatives:

1. if λ(16), λ(17), λ(18) are collinear, then d-vector is (1, 14, 34, 14, 1);

2. if λ(16), λ(17), λ(18) span 2-dimensional space, then d-vector is (1, 14, 38, 14, 1);

3. if λ(16), λ(17), λ(18) are linearly independent, then d-vector is (1, 14, 40, 14, 1).

Surprisingly, the relation between the values of characteristic function at singular points

corresponding to unlinked circles (vertices labeled by 17, 18) affect the answer. Indeed,

when λ(17), λ(18), λ(16) are all in general position, the answer differs from the case when

λ(17) = λ(18), and λ(16) is in general position. This is another strange phenomenon to

be explained.
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[10] D. M. Meyer and L. Smith, Poincaré Duality Algebras, Macaulay’s Dual Systems, and Steenrod

Operations, Cambridge Tracts in Math., 167, 2005.

[11] I. Novik and E. Swartz, Gorenstein rings through face rings of manifolds, Compos. Math., 145

(2009), 993–1000.

[12] I. Novik and E. Swartz, Face numbers of pseudomanifolds with isolated singularities, Math. Scand.,

110 (2012), 198–222.

[13] U. Pachner, P.L. homeomorphic manifolds are equivalent by elementary shellings, European

J. Combin., 12 (1991), 129–145.

[14] V. A. Timorin, An analogue of the Hodge–Riemann relations for simple convex polytopes, Russian

Math. Surveys, 54 (1999), 381–426.

Anton Ayzenberg

Laboratory of Applied Geometry and Topology

Faculty of Computer Science

Higher School of Economics

Moscow, Russia

E-mail: ayzenberga@gmail.com

794(122)

https://doi.org/10.1007/s40598-016-0048-4
https://doi.org/10.1007/s40598-016-0048-4
https://doi.org/10.1090/S0002-9947-96-01660-1
https://doi.org/10.1090/S0002-9947-96-01660-1
https://doi.org/10.1090/S0025-5718-1991-1079024-2
https://doi.org/10.2748/tmj/1178224815
https://doi.org/10.2748/tmj/1178224815
https://doi.org/10.1017/CBO9780511542855
https://doi.org/10.1112/S0010437X09004138
https://doi.org/10.1112/S0010437X09004138
https://doi.org/10.7146/math.scand.a-15204
https://doi.org/10.7146/math.scand.a-15204
https://doi.org/10.1016/S0195-6698(13)80080-7
https://doi.org/10.1016/S0195-6698(13)80080-7
https://doi.org/10.1070/RM1999v054n02ABEH000134
https://doi.org/10.1070/RM1999v054n02ABEH000134

