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Abstract. We investigate a second order elliptic differential operator
Ag,, on a bounded, open set 2 C R9 with Lipschitz boundary subject to a
nonlocal boundary condition of Robin type. More precisely we have 0 < 8 €
L>(09) and p: 02 — # (), and boundary conditions of the form

0 u(2) + Bu(:) = [ u@(z)(de), € o0,
Q

where 8% denotes the weak conormal derivative with respect to our differen-
tial operator. Under suitable conditions on the coefficients of the differential
operator and the function p we show that Ag ,, generates a holomorphic semi-
group Tg,, on L°*°(Q2) which enjoys the strong Feller property. In particular, it
takes values in C'(Q). Its restriction to C(f2) is strongly continuous and holo-
morphic. We also establish positivity and contractivity of the semigroup under
additional assumptions and study the asymptotic behavior of the semigroup.

1. Introduction.

In the 1950s Feller [19], [20], [21] described all diffusion processes in one dimension;
in particular, he characterized the boundary conditions which lead to generators of what
today is called a Feller semigroup. Besides the classical Dirichlet, Neumann and Robin
boundary conditions, also certain nonlocal boundary conditions can occur. In higher
dimensions, it was Venttsel’ [37] who first described the boundary conditions satisfied
by the functions in the domain of the generator of a Feller semigroup. Naturally, the
converse question of which of these boundary conditions actually lead to generators of
Feller semigroups has recieved a lot of attention. The starting point for that question
is the article by Sato and Ueno [32], who proved that this is the case if and only if a
certain auxiliary problem (which is a generalization of the Dirichlet problem, involving
the boundary condition in question; cf. Equation (3.1) below) is solvable for sufficiently
many right-hand sides. Some concrete examples of boundary conditions for which one
obtains a generator of a Feller semigroup were already contained in [32], [37]; more
refined results were obtained by Taira, see [35] and the references therein, Skubachevskif
[33], [34] and Galakhov and Skubachevskil [22].

In this article, we are concerned with diffusion equations with certain non-local
boundary conditions of Robin type. Let us describe this in more detail. We consider a
bounded, open set Q C R? with Lipschitz boundary. As far as our boundary condition
is concerned, we make the following assumptions.
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HyPOTHESIS 1.1.  We are given a real-valued function 0 < 8 € L*(9), where 92
is endowed with surface measure 0. Moreover, we are given a map p : 92 — .# (), the
space of complex-valued measures on €, which satisfies the following conditions.

(a) For every function f € By(Q), the 5pace of all bounded and Borel measurable
functions on Q, the map z — (f, u fQ z)(dx) is measurable;

(b) for some p > d — 1 with p > 2 we have [, ||u(2)[|? do(z) < oo and

(c) there exists a positive and bounded measure 7 on € such that for every z € 99 the
measure p(z) is absolutely continuous with respect to 7.

In (a), it actually suffices to assume that the map z — (f, 1(z)) is measurable for
all f € C(Q). The measurability for those f which are merely bounded and measurable
follows by a monotone class argument, cf. the proof of Lemma 6.1 in [25]. We will see
later on that if instead of (a) we assume

(a’) For every f € By(Q) the map z +— (f, u(2)) is continuous

then parts (b) and (c¢) in Hypothesis 1.1 are automatically satisfied.
Assuming Hypothesis 1.1 we can define the operator Ag , on L>(Q) by

D(Ag,) :={ue H(Q)NCQ): Auec L>®(Q),

du(z) + B(2)u(z) = (u, u(2)) ¥z € 00},
Ag u = Au.

Here H' () is the usual Sobolev space and the normal derivative d,u has to be under-
stood as follows.

DEFINITION 1.2.  For a function u € H*(Q), we write tru for its trace in L?(99).
Let u € H*(Q) be such that Au € L?(Q2) and let h € L*(9S2). We say that d,u = h if
Green’s formula

/Auvdx+/ Vqudx:/ htrovdo
Q Q o0

holds for all v € H* ().

In what follows we will not distinguish between a function u € H*() and its trace
tru in integrals over the boundary 9f2.

With this definition of the normal derivative the operator Ag , is well-defined. In-
deed, if u € D(Ag,,) then u € C(Q) whence

h(z) := (u, u(2)) = B(2)u(2)

defines a function h € L?(92). Since furthermore u € H(2) and Au € L>(Q) C L*(Q)
it makes sense to say that 0,u = h. This condition is the Robin boundary condition we
are interested in with local part §tru and non-local part (u, u(-)).

We also consider the part Ag u of Ay in C(Q) given by
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D(AS ) ={uec H(Q)NCK): AuecC),
Ovu + Pulag = (u, u(+)) }
Agyﬂu = Au.

One of our main results is the following generation theorem.

THEOREM 1.3.  Assuming Hypothesis 1.1, the operator Ag,, generates a holomor-
phic semigroup (Tp,,(t))e>0 on L>(Q) which satisfies the strong Feller property. In
particular, this semigroup leaves the space C(S2) invariant. Its restriction to C(Q) is a
strongly continuous and holomorphic semigroup whose generator is Agyu‘

We refer to Section 2 for the definition of holomorphic semigroups which are not
strongly continuous at 0 and for an explanation of the strong Feller property. We will
actually prove Theorem 1.3 in more generality, replacing the Laplacian with a general
second order strictly elliptic differential operator with measurable coefficients.

We will also establish positivity and contractivity of the semigroup 73, under ad-
ditional assumptions on 5 and pu, see Section 5. In the case of Theorem 1.3, where we
consider the Laplacian, the conditions are as follows. If the measures u(z) are positive
for all z € 02 then the semigroup Tp, is positive; i.e. each Tp ,(t) leaves the positive
cone L>°(Q) 4 of L*°(Q) invariant. If additionally we have that

w(z,Q) < B(z) for almost all z € 99, (1.1)

then the semigroup T3, is sub-Markovian, i.e. Tp , is positive and T ,(¢t)1 < 1 for all
t > 0. If equality holds in (1.1) then Tp , is Markovian, i.e. Tp,(t) is positive and
T3,(t)1 = 1. In these situations we will also study the asymptotic behavior of the
semigroup 7j3,,. In the sub-Markovian, non-Markovian case the semigroup converges in
operator norm to 0, whereas in the Markovian case the orbits converge to an equilibrium.
Let us compare our results to the existing literature. First of all, in this article we
consider less restrictive assumptions on the coefficients and the domain. Indeed, in the
above mentioned references, the domain and the coefficients of the operator are assumed
to be smooth (i.e. C* or a suitable Holder continuity), whereas here we consider coeffi-
cients which are merely measurable and a domain with Lipschitz boundary. Moreover, we
prove our generation result for general boundary conditions and study additional proper-
ties, such as positivity and the Markov property, afterwards, whereas in [33], [34], [22],
[35] there are a priori assumptions imposed on the coefficients in the boundary condition
which ensure these properties. On the other hand, the quoted result treat more general
boundary conditions which cover also, e.g., viscosity phenomena on the boundary.
Possibly the most important novelty in this article is that we obtain a holomor-
phic semigroup on C(f2), even on L>(Q). So far, holomorphic semigroups for diffu-
sion processes with nonlocal boundary conditions were only established on the LP-scale
(1 < p < ), see [36]. To the best of our knowledge, the only other article which
establishes holomorphy of the semigroup on C(Q) for diffusion operators with non-local
boundary conditions is our previous article [8], where we have treated non-local Dirichlet
boundary conditions. We should note that the two problems are rather different. Indeed,
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the non-local Robin boundary condition considered here falls in the so-called ‘transversal
case’, where, due to the normal derivative, the non-local term has lower order than the
rest of the boundary condition. This is not the case for the non-local Dirichlet boundary
condition which falls in the so-called ‘non-transversal case’. Also the strategy for the
proof is rather different. The proof of Theorem 1.3 is based on a perturbation result by
Greiner, which we explain in Section 3. We will actually present a slight generalization of
Greiner’s result which establishes additional properties of the perturbed semigroup. We
should mention that Greiner’s perturbation result cannot be used in the case of non-local
Dirichlet boundary conditions where the maximum principle plays an essential role.

The holomorphy of the semigroup together with the compactness allows us to study
the asymptotic behavior of the semigroup in Section 6.

Non-local Robin boundary conditions of the above form occur in several concrete
situations, for example in heat control, where the heat is measured in the interior and
the control is via the boundary, see [13], [24].

The structure of this article is as follows. After some preliminaries in Section 2,
we present Greiner’s boundary perturbation, along with our modifications, in Section 3.
Section 4 contains results on elliptic differential operators with local Robin boundary
conditions which are needed subsequently. In Section 5 we prove our main generation
result. Section 6 contains our results concerning the asymptotic behavior of the semigroup
and Section 7 is devoted to the special situation where all measures p(z) are absolutely
continuous with respect to Lebesgue measure. There we will see that our conditions for
positivity and sub-Markovianity are necessary in this situation. The concluding Section 8
contains some examples where Hypothesis 1.1 is satisfied, in particular, we prove that it
is satisfied whenever condition (a’) is fulfilled. In the appendix we present some general
results on the asymptotic behavior of positive semigroups, which we use in Section 6.

2. Preliminaries.

2.1. Semigroups that are not necessarily strongly continuous.

In this article, we shall consider semigroups on the space L*(Q2), where Q is a
bounded open subset of R%. By a result of Lotz [27] (see also [6, Corollary 4.3.19]), a
strongly continuous semigroup on L°(2) necessarily has a bounded generator. As we
are concerned with second order differential operators, we will encounter semigroups that
are not strongly continuous. Since this is not a standard situation, we recall the relevant
definitions and results here. Let us start with the following definition, taken from [6,
Section 3.2].

DEFINITION 2.1. Let X be a Banach space. A semigroup is a strongly continuous
mapping T : (0,00) — Z(X) such that

(a) T(t+s)=T({)T(s) for all t,s > 0;
(b) there exist constants M > 0 and w € R such that ||T(t)|| < Me*? for all t > 0;
(¢) if T(t)x =0 for all ¢ > 0, it follows that z = 0.

We say that T is of type (M,w) to emphasize that (b) holds with these constants. A
semigroup of type (1,0) is called contraction semigroup. If additionally we have
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Tt)x—x as t—0

for all x € X, then T is called strongly continuous.

Clearly, the condition T'(t)x — = as t — 0 for every € X implies condition (c)
above and it is not difficult to see that it also implies condition (b) (see [18, I, Proposition
5.5]). Thus, our definition of strongly continuous semigroup coincides with the classical
definition used, e.g., in [18, I, Definition 5.1]. However, even without strong continuity,
we can associate a generator with a semigroup. Indeed, if T is a semigroup of type (M, w),
then there exists a unique operator G such that (w, o) is contained in the resolvent set
p(G) of G and

RO\ Gz = / M) di
0

for all z € X and A > w, see [6, Equation (3.13)]. The operator G is called the generator
of T. Note that in the case of strongly continuous semigroups this is equivalent to the
usual ‘differential’” definition of the generator, see [18, II, Theorem 1.10].

A semigroup T is called holomorphic, if there is some angle 6 € (0,7/2] such that T
has a holomorphic extension to the sector

So = {re’ :r>0,|p| <6}

which is bounded on 3y N {z € C: |z] < 1}, see [6, Definition 3.7.1].
The generators of holomorphic semigroups can be characterized as follows.

THEOREM 2.2. An operator G on X generates a holomorphic semigroup if and
only if there exists a constant w € R such that {\ € C: ReA > w} C p(G) and

sup [[AR(A, G)|| < .
Re A>w

PRrROOF. [28, Proposition 2.1.11] or [6, Corollary 3.7.12 and Proposition 3.7.4]. O

The following Lemma is taken from [28, Proposition 2.1.4].

LEMMA 2.3.  Let T be a holomorphic semigroup with generator G. Then we have
T(t)x — x if and only if x € D(G).

It follows from Lemma 2.3 that a holomorphic semigroup is strongly continuous if
and only if its generator is densely defined. Recalling from [28, Proposition 2.1.1] that
D(G) (and hence also D(G)) is invariant under 7', a second corollary of Lemma 2.3 is
that every holomorphic semigroup T restricts to a strongly continuous and holomorphic

semigroup on D(G).

2.2. Transition kernels and the strong Feller property.

In the study of Markov processes it is important that the transition semigroup
consists of kernel operators, as these give the transition probabilities of the process. We
recall the relevant definitions and results and introduce the strong Feller property which
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is important for the ergodic theory of Markov processes. In this subsection, K is a
compact metric space and %(K) denotes the Borel o-algebra on K. Later on, we will
consider K = (.

A (bounded) kernel on K is a map k : K x #(K) — C such that

(i) the map z — k(z, A) is Borel-measurable for all A € Z(K),
(ii) the map A — k(x, A) is a (complex) measure on #(K) for each x € K and

(iii) we have sup,cg |k|(z, K) < oo, where |k|(x,-) denotes the total variation of the
measure k(zx, ).

Let X = C(K) or X = By(K). We call an operator T' € .Z(X) a kernel operator if
there exists a kernel k such that

Tf(x) = /K F() Kz dy) (2.1)

for all f € X and x € K. As there is at most one kernel k satisfying the above equation,
we call k the kernel associated with T. Conversely T is called the operator associated
with k.

Let us note that every bounded operator on C(K) is a kernel operator, since given
T € Z(X) we can set k(z,-) == T*), € 4 (K) for every x € K. Standard arguments
(cf. [25, Proposition 3.5]) show that k is indeed a kernel and it is then easy to see that
T is associated with k. On the other hand, not every bounded operator on By(K) is a
kernel operator. We have the following characterization.

LEMMA 2.4. Let T € £L(By(K)). The following are equivalent.
(i) T is a kernel operator.

(ii) T 1is pointwise continuous, i.e. if f is a bounded sequence converging pointwise to
f, then T f,, converges pointwise to T'f.

PrROOF. The implication ‘(i) = (ii)’ follows from the dominated convergence theo-
rem. For the converse, put k(z, A) := (T14)(x), where 1 4 denotes the indicator function
of the set A € #(K). Using (ii), we see that k(z,-) is a measure, thus k is a kernel. By
the density of simple functions in B, (K) with respect to the supremum norm, we easily
see that T is associated with k. g

Let us note that given a kernel operator T on C(K), we can always extend T to
a kernel operator T on By(K) by defining (Tf)(z) by the right-hand side of (2.1) for
f € By(K). The operator T is called the canonical extension of T. The operator T' may
have other extensions to a bounded operator on By (K), but T is the only one which is a
kernel operator.

DEFINITION 2.5. A kernel operator T' on By(K) is called strong Feller operator if
Tf € C(K) for every f € By(K). A kernel operator T on C(K) is called strong Feller
operator if its canonical extension T is a strong Feller operator.
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Let us now consider a bounded, open set Q C R% and put K := Q. In what follows,
we will be concerned with operators T' € .Z(L*°(Q2)) which take values C(K). It would
be tempting to also call such an operator a strong Feller operator, but there are some
subtleties in this situation. Let us explain this a little bit.

The concept of ‘strong Feller operator’ is only useful for kernel operators. Give an
operator T € £ (L*°(£2)) which takes values in C(K), we can consider the restriction
S = T|ck) of T to C(K). As observed above, S is a kernel operator and thus has
a canonical extension S to Z(By(K)). Now let ¢+ : By(K) — L°°(2) map a bounded
measurable function to its equivalence class modulo equality almost everywhere. Then
the obvious question is whether 7o+ = S. Example 5.4 in [8] shows that this need not
be the case without further assumptions. The problem is that 7T o+ need not be a kernel
operator. However, using the characterization of kernel operators in 2.4, we obtain

LEMMA 2.6. Let T € L (L>®(Q)) take values in C(Q) and let v : By() — L>(Q)
be as above. Then T o is a kernel operator if and only if for every bounded sequence
(fn) C L*™(Q) converging almost everywhere to f, we have T f,(x) — Tf(x) for all
x € Q. In this case, T o is a strong Feller operator.

We define:

DEFINITION 2.7.  An operator T € Z(L>°(Q)) is called strong Feller operator if
(a) Tf € C(Q) for every f € L°°(Q2) and

(b) for every bounded sequence (f,) C L™ (2) converging pointwise almost everywhere
to f, we have T'f,, — T f pointwise.

3. Greiner’s boundary perturbation revisited.

An important tool in this article is boundary perturbation of the generator of a
holomorphic semigroup, established by Greiner in his seminal article [23]. As a matter
of fact, we need some extensions of Greiners results whose proofs follow along the lines
of Greiners article with minor modifications. More precisely, we will consider semigroups
which are not necessarily strongly continuous. Besides being interesting in its own right,
this will allow us to establish under appropriate assumptions the strong Feller property
for the perturbed semigroup. Likewise, other modifications allow us to prove compact-
ness, positivity and domination for the perturbed semigroup. In an effort of being self
contained and for the convenience of the reader we provide complete proofs.

Throughout this section, we make the following assumption.

HypPOTHESIS 3.1.  We are given complex Banach spaces (X, |- ||x), (D,] -|lp) and
(0X, |l lax), where D is continuously embedded into X. We identify D with its image in
X and frequently consider the closure D of D in X. Moreover, we are given a continuous
mazximal operator A : D — X, a continuous boundary operator B : D — 90X and a
boundary perturbation ® : D — 9X. We assume that all of these mappings are linear
and continuous. Moreover, we assume the following.

(a) The boundary operator B is surjective;
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(b) the boundary perturbation ® is compact;

(c) the operator Ag := Alker B generates a holomorphic semigroup on X and we have

D(Ap) = D. We denote by w a real number such that any A € C with Re A > w
belongs to p(Ap).

In comparison to Greiner’s original work, the main difference in our assumption
is that we do not assume the operator Ay to be densely defined in X. Consequently,
the semigroup T generated by Ag need not be strongly continuous. However, since

D(Ag) = D, it follows from Lemma 2.3 that for every f € D the orbit t — T(t)f
is strongly continuous on [0,00) and T restricts to a strongly continuous holomorphic

semigroup on D.
Given the above maps, we define the perturbed operator Ag by

D(As) :={u€ D: Bu=%u}, Agu= Au.
We can now formulate our version of Greiner’s result.

THEOREM 3.2.  Assuming Hypothesis 3.1, the operator Ag generates a holomorphic
semigroup on X which restricts to a strongly continuous and holomorphic semigroup
on D.

We prepare the proof of Theorem 3.2 with some preliminary results.
LEMMA 3.3.  Assume that A € p(Ap). Then D = D(Ap) @ ker(A — A).

ProoF. If u € D(Ag) Nker(A — A), then u € D(Ap) satisfies Agu = Au. As
A € p(Ap) we must have v = 0. Now let u € D be arbitrary. Since A — Ay is surjective,
we find ug € D(Ap) with (A — A)u = (A — Ag)ug. Consequently v — ug € ker(A — A)
whence u = ug + (u — ug) € D(Ap) + ker(A — A). O

In our framework we can formulate well-posedness of the following boundary value
problem (3.1).

LEMMA 3.4. Let A € p(Ag). Then for every h € X the problem

A —Au =0,
(3.1)
Bu =h
has a unique solution w =: Sxyh in D. The operator Sy : 0X — D 1is continuous,

BS) = Isx and S\B is the projection onto ker(A — A) along D(Ayp).

PrROOF. By Lemma 3.3 the map B defines a continuous bijection between ker(\ —
A) and 0X. As a consequence of the open mapping theorem Sy := (B|ker()\,A))_1 is a
continuous linear operator from X to ker(A — A). Obviously, u := Syh solves (3.1). If
@ was another solution, we must have u — @ € ker B Nker(A — A) = {0} by Lemma 3.3.

This proves uniqueness. The last assertions are obvious from the definition. O
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LEMMA 3.5. Let A € p(Ag). Then for u € D one has u € D(Ag) if and only if
(I —S\®)u € D(Ap). In this case

(/\ — Aq>)’u = ()\ — Ao)(I — S,\<I>)u

for every u € D(Ag). In particular, if (I — S\®) : D — D is invertible, we have
A€ p(As) and

R\, Ag) = (I — Sx®)'R(\, Ay). (3.2)

PROOF. Let us first assume that v € D(Ag), i.e. w € D and Bu = du. Since
BS) = Ipx by Lemma 3.4, we find B(I — S\®)u = Bu — BS\®u = Bu— ®u = 0. Thus
(I — 5\®)u € ker B and consequently (I — Sx®)u € D(Ay).

Conversely, if we assume that u — Sx®u € D(Ay), then u = (I —S\®)u+ S\ Pu € D,
as S takes values in D, and Bu = BS)®u = ®u since BS) = Ipx. Thus u € D(As).

Let us now assume that v € D(Ag) or, equivalently, that (I — Sy®)u € D(Ap).
Then

A=A)T =S\ P)u=AN—Au—(A—A)SPu=\N—A)u
since S takes values in ker(A — A). This implies (3.2). O

We now obtain the following criterion to prove that Ag generates a holomorphic
semigroup.

PROPOSITION 3.6.  Assume that there is some p > w such that for A\ € C with
Re X\ > p the map I — S\® is invertible with

C:= sup |[(I- SA@)_le(E) < 0o.
ReA>p

Then Ag generates a holomorphic semigroup on X .
PROOF. Set

M := sup |IAR(X, Ag)| < o0
ReA>p

since Ag generates a holomorphic semigroup. As a consequence of Lemma 3.5, for Re A >
p we have A € p(As) and

AR\, A)ll = AU = Sx@) T RN, Ao)l| < [[(1 = Sx@) THHIAR(A, Ao)l| < CM.

By Theorem 2.2, this implies that Ag generates a holomorphic semigroup on X. |
We can now prove the main result of this section.

PrRoOOF OF THEOREM 3.2. In view of Proposition 3.6, making use of the Neumann
series, it suffices to prove that S\® — 0 in .Z(D) as Re A — oco. Since ® : D — 90X is
compact it suffices to prove that Syh — 0 as Re A — oo for every h € 9X.
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To prove this, let h € X and fix pu € p(Ag). We put
uy = Sr\h, u,:=S5,h and u=uy—u,.

Note that uy,u,, v € D and that u € D(Ag). Since uy € ker(A—A) and v, € ker(pu— A)
we have

(A = AoJu = —(A— Ay, = (1 — Nu,
and hence u = (u — A\)R(A, Ag)u,. Consequently,

ux = u, — AR(N, Aoy, + pR(X, Ag)uy, — uy —u, +0=10

as Re A — oo, since AR(\, Ag)f — f for every f € D(Ag) = D. O

We can now establish some additional properties of the operator A¢ and the semi-
group generated by it. We start with compactness.

COROLLARY 3.7. In the situation of Theorem 3.2, if Ag has compact resolvent,
then so does Ag.

Proor. This follows immediately from the identity (3.2) and the ideal property
of compact operators. O

Next we address positivity of the semigroup. Most often we will be concerned with
Banach lattices such as C(Q) or L>°(Q). However, we will occasionally (for example in
the following corollaries) also consider closed subspaces of such spaces and therefore need
the notion of positivity also in a more general setting. To that end, we assume that our
Banach space X is the complexification of a real ordered Banach space Xg. This means
that in the real Banach space Xgr a positive, proper, closed cone X is given, i.e. we have
Xy +Xy Xy, Ry - Xy € Xy and XN (—X4) = {0}. For u € X we write u > 0 if
u € Xy. An operator S : X — X is called positive if SX; C X, we write S > 0. Given
two operators Sp,.5: : X — X, we write S; < .S if S; — 57 > 0. A semigroup 7 on X is
called positive if T(t) > 0 for all ¢ > 0.

If Y C X is a closed subspace of X, then Y, := Y N X, is a closed, proper cone,
such that Yg := Y N Xg becomes an ordered Banach space. Note that we do not assume
that our cone is generating, i.e. we do not necessarily have that X, — X, = Xg.

COROLLARY 3.8.  Assume in addition to Hypothesis 3.1 that X is the complexifica-
tion of a real ordered Banach space and that Ag generates a positive semigroup. If there
is a p > w such that for A € R with A > p the operator S\® is positive, then also the
semigroup generated by Ag is positive.

PROOF. If the semigroup T generated by A is positive then we have R(\, Ag) > 0
for A > w, as the resolvent is given as the Laplace transform of the semigroup. For
sufficiently large A € R we have ||[S\®|| < 1 and S\® positive. Thus, by the Neumann
series,
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oo

(I=5®)7 = (529)"

n=0

is a positive operator. It follows from (3.2) that R(\, Ag) is positive for sufficiently
large A. It follows from the Post-Widder inversion formula [6, Theorem 1.7.7] that the
semigroup generated by Ag is positive. O

Next we want to compare different perturbations of our operator A. We can ob-
tain different perturbations by either using different boundary operators B or by using
different boundary perturbations ®.

COROLLARY 3.9. Let X,D,0X and A be as in Hypothesis 3.1 and assume that
X and 0X are complexifications of real ordered Banach spaces. Moreover, assume that
we are given maps By, By : D — 0X and ®,®5 : D — 0X such that Hypothesis 3.1 is
satisfied for the operators A, By, ®1 and the operators A, By, 5. We write A} := Alyer B;
and S} = (Bj|ker(>\_A))_1 for 7 =1,2. Finally, we assume that
(a) The semigroup generated by Aé is positive for j = 1,2;
(b) 0 <@y < @y
(c) For some p > w and all A > p we have 0 < S} < S%;
(d) If u € D is positive, then Bou < Bju.

Then for the semigroups T1 generated by AclI>1 and Ty generated by A<21>2 we have 0 <
T1(t) < Ta(t) for allt > 0.

PRroOF. Let us first note that since the operators ®; and Sf\ are positive for A > p
and j = 1,2, it follows from Corollary 3.8 that 77 and T, are positive semigroups. It
follows from (b) and (c) that

(I-8301)7" =) (Sidy)" Z S2%,)" = (I — S3dy) !
n=0 n=0
for all A > w. Now fix f > 0and A > p. We put u; := R(\, A2)f. Then (A—A)(uy —ug) =
0 and Byu; = Baus = 0. Using our assumption (d) and the fact that u; > 0, we see that
Bg(ul — 'LLQ) = Bgul - B1U1 S 0.

Consequently, as u; —ug = S3(Bz2(u; —uz)) and S3 is positive u; —us < 0. This proves
R(\, AY) < R(\, A2). Combining this with the above and Equation (3.2), we find

RN Ap,) = (I — S3®@1) 7 'R(N AY) < (I — S3®2) 'R(A, AY) = R(M, A3)

for all sufficiently large A. By the Post—-Widder inversion formula [6, Theorem 1.7.7] it
follows that T} < T5. O
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Our last topic is the strong Feller property for the semigroup generated by the
perturbed operator.

COROLLARY 3.10.  Assume in addition to Hypothesis 3.1 that X = L*°(Q) and
D = C(Q) for some open and bounded Q C R?. If Ay generates a strong Feller semigroup
on X, then so does Ag.

PROOF. By the proof of [8, Corollary 5.8] it suffices to prove that for sufficiently
large Re A\ the operator R(\, Ag) is a strong Feller operator. But this follows from
(3.2): The hypothesis implies that R(), Ag) is a strong Feller operator, in particular it
maps L>®(Q) to C(Q). Since U := (I — S3®)~! is a bounded linear operator on C()
also R(\, Ap) maps L°°(Q) to C(2). Moreover, if f, is a bounded sequence in L°°()
converging pointwise almost everywhere to f, then R(\, Ag)f, is a bounded sequence
which converges pointwise to R(\, Ag)f. Since U is bounded on C(£2) we have for x €

R(Au A@)fn(x) = <UR()‘u AO)fn>6m> = <R(/\7 AO)fnu U*6x>
= (R(X, A0)f,U"0z) = R(X, Ag) f (),

where we have used dominated convergence. g

4. Local Robin boundary conditions.

In this section we collect some results on elliptic operators with local Robin boundary
conditions which we will need in the next section when we establish our results concerning
non-local boundary conditions.

Let © C R? be a bounded open set with Lipschitz boundary. As we are talking
about positive semigroups, we will consider real-valued spaces LP(2),C(Q), Cy(Q) and
By () throughout. Only when we are concerned with holomorphic semigroups we need
spaces of complex-valued functions, in which case we pass to the complexification of these
spaces. Concerning the coefficients of our operator we make the following assumptions.

HypoTHESIS 4.1. We are given bounded, real-valued, measurable functions a;;,
bj, ¢;, do on Q for i,j =1,...,d. The diffusion coefficients a = (a;;) are assumed to be
bounded and strictly elliptic, i.e. there is a constant n > 0 such that for all £ € R? and
almost all x € Q2 we have

d
> aij(@)6& > gl
inj=1

With these assumptions we define the operator & : H1(2) — 2(Q2)' by

d

d
du = — Z Di(a;jDju) — ZDj(bju) + ZCiju + dou.
i,j=1 j=1 j=1

Here, H*(£2) denotes the usual Sobolev space of order one, 2(Q2) = C°(1) is the space of
all test functions and 2(€)’ is the space of all distributions. We introduce the continuous
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bilinear form a: H*(Q) x H'(Q) — R given by

d d
afu,v] = Z /QaijDiuDjvdx+Z/ijuDjv—|—cj(Dju)vd:c+/Qdouvdx
ij=1 j=1

for u,v € H(Q). Thus (Fu,¢) = alu, ¢| for all u € H(Q) and ¢ € 2(Q).
If u e HY(Q), we say that @/u € L?*() if there exists a function f € L?(Q) such
that (u, ) = [f,¢] for all p € 2(Q). Here, and in what follows,

f,0] = /Q fod

denotes the scalar product in L?(2). If &/u € L?(Q) the function f above is unique and
we identify @/u and f.

Next we define the weak conormal derivative by testing against functions in H*()
rather than functions in () only.

DEFINITION 4.2. Let u € H'(Q) be such that @/u € L*(Q). For a function
h € L?(09Q) we say that h is the weak conormal derivative of v and write 07 u = h if
the Green formula

afu,v] — [Fu,v] = /aQ hv do

holds for all v € H(Q).

Under our assumptions on the coefficients the weak conormal derivative, if it exists,
is unique. It depends on the operator &/ only through the coefficients a = (a;;) and
bj. Moreover, if the coefficients and the boundary of © are smooth enough the weak
conormal derivative coincides with the usual conormal derivative

d d
af{u = Z (Z aijDiu +tr bju) Vj
j=1 i=1
where v = (v1, ..., v4) is the unit outer normal of Q. In particular, 91 = ijl trb;v;.

For a proof of these facts and more information we refer to [1, Section 8.1].

Next we endow our differential operator with Robin boundary conditions, given
through a real function g € L*>°(9€Q). For now, we do not (as in Hypothesis 1.1) assume
that 8 > 0, but this assumption will be used later on (in Theorem 4.10) to obtain
analyticity of the semigroup via Gaussian estimates.

To define the differential operator with Robin boundary conditions, we employ the
theory of bilinear forms, defining ag : H'(Q) x H'(2) — R by

aglu, v] := afu,v] + Buv do.
o0

The associated operator ,sa/ﬁ? on L?(Q) is given by
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D(#3) :={ue H'(Q) : 3 f € L*(Q) with aglu,v] = [f,v] Vv € H(Q)},
,Qiﬁzu = f.
Testing against test functions we see that Mgu = /u for all u € D(,QZBQ) By the

definition of the weak conormal derivative we obtain the following description of the
domain:

D(#3) ={uec H'(Q) : u € L*(Q) and 07 u + Btru = 0}.

Thus 437,82 is the realization of &/ with Robin boundary condition. We immediately obtain
the following generation result.

PROPOSITION 4.3.  Assume Hypothesis 4.1 and let § € L*>°(0N2). Then the operator
—,53752 generates a positive, strongly continuous semigroup Tg on L?(£2).

ProOOF. Using Lemma 4.7 below and the fact that the trace is a compact operator
from H'(Q) to L?(99), we see that the form ag is elliptic, i.e. there are constants o > 0
and w > 0 such that

aglu, u] + w||u||2L2(Q) > aflull g1 (q)-

Thus, by standard results from the theory of quadratic forms ([31, Section 1.4]) —o/7
generates a holomorphic semigroup TBQ. The positivity of Tﬁ2 follows from [31, Theorem
2.6] noting that aglu™,u~] =0 for all u € H(Q). O

We next investigate when the semigroup Tg is sub-Markovian. We will use the
following lemma.

LEMMA 4.4. Let g € L*(Q) and h € L?(0Q) be such that
/ gvdz + hvdo >0 (4.1)
Q o9

for all0 < v e HYQ). Then g > 0 a.e. on Q and h > 0 a.e. on 9. Moreover, if in
(4.1) identity holds for allv € H'(Q), then g =0 a.e. on Q and h =0 a.e. on 0.

PROOF. By (4.1) we have [, gvdz >0 for all 0 < v € C2°(Q). Thus g > 0 almost
everywhere on . Given a function ¢ € C(01), we find a sequence v, € C*(Q) such
that vplaa — ¢ in C(0Q), 0 < v, < [|¢|lec in @ and such that v, is supported in a
relatively open set U, C Q with U, D Uyqq and (), oy Un = 99. Choosing v = v, in
(4.1) and letting n — oo, we infer from dominated convergence that [, aq hepdo > 0. As
p € C(09N) was arbitrary, the claim follows. O

PROPOSITION 4.5.  Assume Hypothesis 4.1 and let § € L*®(9). We additionally
assume that by € Wh>°(Q) for j =1,...,d.

(a) The semigroup TE 1s sub-Markovian if and only if
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d
ZDjbj <dp almost everywhere on Q and (4.2)
j=1
d
Ztr(bj)uj +52>0 almost everywhere on 0€). (4.3)
j=1

(b) The semigroup Tg is Markovian if and only if

d
ZDjbj =dy almost everywhere on Q and (4.4)
j=1
d
Ztr(bj)uj +5=0 almost everywhere on OS). (4.5)
j=1

PROOF.  (a) The semigroup T} is sub-Markovian if and only if the Beurling-Deny
Ouhabaz criterion holds, i.e.

aglunl,(u—1)T1>0

for all u € H(), see [31, Chapter 2] and [29, Corollary 2.8] or [17] for the case where
the form is not necessarily accretive. Recall that for u € H() the functions u A 1 and
(u—1)T also belong to H(2) and

Dij(uAl)=1geyDju and Dj(u—1)* = 1,13 Dju.
Thus D;(u A1)Dj(u—1)T =0 and (u—1)"D;(u A1) =0. We see that

aglu AL, (u— 1)+]

d
:/ ijDj(ufl)er:er/ do(u — 1) dx + Bu—1)"do
Qi {u>1} o9

d d
=— bi)(u—1)Tdz vi(u—1)Tdo
- /Q;wgb])( 1)*d */@ S by — 1)t d

j=1
+/ do(u—V)tdz+ [ Bu—1)Tdo.
Q o0

The latter is positive if (4.2) and (4.3) hold whence Tg is sub-Markovian in this case.
This shows sufficiency of these two conditions.

Conversely, if the semigroup T, 5 is sub-Markovian, the Beurling-Deny—-Ouhabaz cri-
terion yields

/Q (do - jz;Djbj)(u —1)tdz + /6Q (:1 bjvj + 6) (u—1)"do >0
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for all u € H'(Q). Choosing u = 1 +v with 0 < v € H'(2), Lemma 4.4 shows that (4.2)
and (4.3) are valid.

(b) A Markovian semigroup is in particular sub-Markovian whence the inequalities
(4.2) and (4.3) are satisfied. If T3 is sub-Markovian, then it is Markovian if and only if
1 € ker(—«/3). Note that

d
—/1 = Djb; —dy.
j=1

Thus (4.4) is necessary for T52 to be Markovian. If (4.4) holds, then for v € H'(Q) we
have

d d
a[l,v] — [&1,v] = Z/(bijv + dov) dz = Z/ bjv;vdo,
j=1"% j=1709

where we used an integration by parts. Thus saying 971+ =0, ie. 1 € D(—.sz/g), is
equivalent to

d
Z/ bjvjvdo = — Bvdo
=1 /o0

o0

for all v € H'(Q) and hence to (4.5). O

In order to apply the abstract results of Section 3, we need some results about the
following elliptic problem, which are also used implicitly in the proof of Theorem 4.10.

A+ u = f on Q,
> (4.6)
0, u+ fu=h on 0.

Obviously, ag defines a continuous sesquilinear mapping on H'(Q). By [15, Corollary 2.5]
it is also elliptic, i.e. there are some w, o > 0 such that agu, u] +w||u||2L2(Q) > a||u||§{1(ﬂ).
With this information at hand, one can prove existence and uniqueness of solutions
to (4.6) by means of the Lax—Milgram Theorem. Indeed, considering the continuous
functional F on H' (), given by F(v) = [, fodz + [, hvdo, it follows from the Lax-
Milgram Theorem that for A > w there is a unique u € H*() such that

aglu, v] + Afu,v] = F(v)

for all v € H'(2). From [30, Theorem 3.14(iv)] we obtain the following result concerning
regularity of the solution.

PROPOSITION 4.6. Assume Hypothesis 4.1, fir ¢ > d and A > w. Then there exist
constants v > 0 and C > 0 such that whenever f € LY%(Q) and h € LI~ () the
unique solution u of (4.6) belongs to C7 () and we have

||Uch(ﬁ) < C(Hf”mﬂ(sz) + ||h||L‘?*1(8Q))-
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The following lemma is easy to prove, see e.g. [9, Lemma 2.3].

LEMMA 4.7.  Let Xy, Xo, X3 be Banach spaces such that X is reflexive. Let T :
X, — X3 be compact, S : X1 — Xs be injective. Then, given € > 0 there exists a
constant ¢ > 0 such that

1T x; < ellzllx, +cllSzllx,
for all x € X;.
We use this lemma to prove the following domination result.

PROPOSITION 4.8.  Assume Hypothesis 4.1 and let 81,02 € L*>®(9N) be such that
B1 < Ba. There exists w so that both ag, +w and ag, + w are coercive and such that
for X > w the following holds. Let 0 < f € L?(Q), 0 < h € L*(09Q). For j = 1,2, let
u; € HY(Q) be the unique solution of
Au+ Au=f on
affu—&—ﬁju:h on 0N.

Then 0 < ug < uj.

PRrROOF. We first show positivity for weak solutions u of (4.6). To that end consider
f <0and h <0 for now. If u solves (4.6) we have

o]+ apfu] = [fy0] + [ hwdo
o9
for all v € H'(2). Setting v := u™ and noting that aglu,u™] = aglu™, u™] by the locality
of ag, we find
MNut,ut] + aglut,ut] = [f,u’] + hut do < 0.
89

As ag 4+ w is coercive we have that aglut,ut] + wHu"‘H%z(Q) > a||u+||%{1(m for some
o > 0. Together with A > w it follows that [[u™ || g1 () < 0, whence u < 0.

We can prove the domination similarly. This time we fix f > 0 and h > 0. The
solution u; (j = 1,2) satisfies the equation

)‘[U’j?v] +aﬁ_7‘[ujav] = [f,v] +/6Qh1)d0'

for all v € H'(Q). Subtracting these equations we find for a positive v that

AMug — uy,v] + alug — uq,v] = /BQ(ﬂIUI — Baug)vdo < /89 Ba2(u1 — ug)vdo,

since u; > 0 by the above. Testing against v := (us — uq)", we find



1540 W. ARENDT, S. KUNKEL and M. KUNZE
A(ug = u1)™, (ug — wr) ™) + af(uz — ur) ™, (w2 — ur) 7]
2 2
< —/ Ba((ug —u1)™) dz < ||52||Loo(an)/ ((ug —ug) ™) do.
o on

Applying Lemma 4.7 with X; = H'(Q), Xo = L?(Q) and X3 = L?(0Q) where T :
HY(Q) — L2?(09) is the trace operator (which is compact) and S : H'(Q) — L2(Q) is
the natural embedding, given £ > 0 we find a constant ¢ > 0 such that

1821 L= (o) /m ((us = w)*)do < el|(ua — wn) 3 ) + el (w2 = w1) ¥ 320
= 5/@ |V (uz — u1)+’2dx + (c+ E)/Q ((ug — u1)+)2dx.
Using the ellipticity of a we deduce that, for a suitable constant o > 0, we have
A+ a—w)(uz —ur)* 220 + a/Q |V (us — wr) | da
<< [ Vs =) e+ (e 9 = 00) o

Choosing ¢ = a/2 and A\g > w+c+e+1, it follows that for A > A\g we have (ug—u;)™T = 0,
ie. us < uq. Il

Proposition 4.8 yields in particular the following monotonicity property.

COROLLARY 4.9.  Assume Hypothesis 4.1 and let 51,02 € L™(Q) be such that
B1 < B2. Then 0 < Tj (t) < TF (t) for all t > 0.

PROOF. Proposition 4.8 shows that for large A we have 0 < (\ + ,52/[322)_1 < (A +
.@7521 )~L. This implies the claim in view of Euler’s formula. O

For our next result, we assume again that 0 < 8 as in Hypothesis 1.1. Under this as-
sumption, we will show that the semigroup 773 on L*(Q2) always leaves the space L>(Q2)
invariant, even if Tg is not sub-Markovian. This follows from Gaussian estimates for
the semigroup T52 which can be proved under the assumption that 0 < . It seems to
be unknown whether this is necessary for the Gaussian estimates. As a second conse-
quence of the Gaussian estimates, we see that the restriction Tz of Tg to L>®(Q) is a
holomorphic semigroup, by which we mean that the C-linear extension of T§| Le(Q) to
the complexification L (2; C) of L>°(2) is holomorphic.

Of course the generator of T is the part Ag of —@762 in L>(Q), i.e.

D(Ap) = {u € H*(Q)NL®(Q): Fu € L®(Q),07u+ fu = 0},
Agu = —a/u.
We will also see that the semigroup T 5 has leaves the space C'(Q) invariant and restrincts

to a strongly continuous semigroup on that space. Naturally, the generator of TI@C is the
part Ag of 7%62 in C(Q), i.e.
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D(AG) ={ue H(Q)NC(Q) : u e CQ),0u+ Btru=0},
Agu = —u.

As a consequence of the strong continuity of Tﬁc we find that D(Ag) is dense in C(€).

THEOREM 4.10.  Assume Hypothesis 4.1 and let 0 < § € L>=(9Q). Then Tg leaves
the space L™ (Q) invariant. Its restriction Tz to L*°(Q) is a holomorphic semigroup on
L>(Q). Each operator Tz(t), t > 0, is compact and enjoys the strong Feller property. In
particular, C () is invariant under Ts. The restriction Tﬂc of Tg to C(Q) is a strongly
continuous and holomorphic semigroup.

PROOF. It was proved in [14, Corollary 6.1] (see also [10, Theorem 4.9]) that
the semigroup Tg has Gaussian estimates so that TE extrapolates to a consistent family
of semigroups T on L7(Q) for ¢ € [1,00]. In particular, Tg leaves the space L*(Q)
invariant and restricts to a semigroup T on this space. By [10, Theorem 5.3] the
semigroup T3 is holomorphic on L (). Moreover, by the proof of [30, Theorem 4.3]
Ts(t)L>*(Q) C C(Q) for all t > 0. It was also seen in that theorem that Tp(t) is
compact for all ¢ > 0. We now show that Ts(t) is strongly Feller for ¢ > 0. Since
T§ is ultracontractive by [3, 7.3 Criterion (v)] it follows that T73(t)L%(Q) C L>(Q)
and hence T3(t)L9() C T3(t/2)L>(Q) C C(Q) for some ¢ € (2,00). By the closed
graph theorem, T§(t) is a bounded operator from L?(2) to C(§2). Now the strong Feller
property, as defined in Definition 2.7, follows from the dominated convergence theorem.

It follows from [30, Theorem 4.3] that the restriction of the semigroup to C'(£2) is strongly
continuous. O

5. Non-local boundary conditions.

We are now prepared to prove the main results of this article. We begin by setting
up the framework in which we apply Greiner’s boundary perturbation. In contrast to
the last section, in this section only consider complex Banach spaces in order to handle
(possibly) complex valued functions p : 9Q — . (Q).

We assume throughout Hypotheses 1.1 and 4.1. In particular, we assume throughout
that 0 < 8 € L*°(09). We then define

D:={uecCOQNHYQ) : Fuec L®Q),d7uc LP(0N)},
where p > d — 1 is as in Hypothesis 1.1(b). Endowed with the norm
llullp := H“”c(ﬁ) + [Jullzr ) + |97 ul| Lo (@) + ||a£f{u||LP(BQ)

D is a Banach space which is continuously embedded into X = L*°(2). Since D(Ag) C
D, it follows from Theorem 4.10 that D is dense in C'(Q). We define our maximal operator
A: D — X by Au := —&/u which is linear and continuous. We set 90X := LP(9f)) and
consider the boundary operator B : D — 0f) defined via Bu = 8;‘,2{u + Bu where (3 is as
in Hypothesis 1.1. Finally, given p as in Hypothesis 1.1, the function ® : D — 0X is
given by
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@)(:) = [ ule)ulz)(da).

Making use of the results of Section 3 we can now prove our main generation result
for the operator Ag ,, defined by

D(As,) = {u cONH Q) : ouc L“(Q),é'f{u + Bu = (u,u(~)>},
Aﬁ# = —du.

The following result contains Theorem 1.3 from the introduction as a special case.

THEOREM 5.1.  Assume Hypotheses 1.1 and 4.1. Then the operator Ag , generates
a holomorphic semigroup Tp ,, on L>(Q) which satisfies the strong Feller property. In
particular, it leaves the space C(Q) invariant. Its restriction to this space is a strongly
continuous and holomorphic semigroup whose generator is Ag’w the part of Ag ,, in C(Q).

Proor. Noting that the operator Ag, is exactly the perturbed operator Ag,
where A and ® are as defined above, the claim follows immediately from Theorem 3.2
and Corollary 3.10 once we verified that the maps A, B and ® satisfy Hypothesis 3.1.

(a) The operator B : D — 90X is surjective.

Pick w such that a+w is coercive and fix A > w. Given h € 90X = LP(99Q), it follows
from Proposition 4.6 that the unique solution u € H'(£2) of the problem

A+ v =0,
O7u+pBu =h

belongs to C(£2). Moreover, &u = —Au € C(Q2) C L>(Q). Thus, u € D and Bu = h,
proving that B is surjective.

(b) The boundary map & is compact.

Let (uy,)nen be a bounded sequence in C(€2), say [unllo@) < M for all n € N. Since
w(z) < 7 by Hypothesis 1.1(c), for every z € 9Q we find a Radon—Nikodym density
@, € LY(Q,7) of u(z) with respect to 7, i.e. we have

/ﬁ £(&) p(2)(d) = /ﬁ foudr

for all f € C(€). In particular, (Puy)(2) = (Un,P:) 1o (r),11(r)- Since the sequence u,, is
bounded in L*(7) and L!(7) is separable, it follows from the Banach—Alaoglu theorem

that we find a weak*-convergent subsequence, say u,, —* u for some u € L*°(7). In

particular,

(Pup, )(2) = / Up,, @ AT — / wp, dr
Q Q
for all z € 99, i.e. Du,, has a subsequence which converges pointwise. Note that we have

[(@un)(2)] < M||p(2)]-
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As a consequence of Hypothesis 1.1(b) the functions ®u,, have a p-integrable majorant
and it follows from the dominated convergence theorem that ®u, has a subsequence
which converges in LP(012).

(c) The operator Ay is exactly the part of —a7 in L>°(€). It follows from Theorem
4.10 that A generates an holomorphic semigroup on X = L>°(€2) which enjoys the strong
Feller property and whose domain is dense in C(9). O

We next prove some additional properties of the semigroup 733, making use of the
corollaries to Theorem 3.2.

PROPOSITION 5.2.  Assume Hypotheses 1.1 and 4.1 and let Tg ,, be the semigroup
generated by Ag,, according to Theorem 5.1.

(a) Tp,, is compact.

(b) If u(z) is a positive measure for almost every z € 02, then the semigroup Tg , is
positive.

Proor. (a) Follows immediately from Corollary 3.7, noting that the semigroup
generated by Ag is compact as a consequence of Theorem 4.10.

(b) By Theorem 4.10, the semigroup generated by Ag is positive. If p(z) is positive
for almost every z € 0f, then the map ® is positive. Note that for the solution map Sy
the function Syh is the unique solution of the boundary value problem

Au+ v =0,
07u+pBu = h.

Thus, by Proposition 4.8, Sy is positive for A > w. Altogether S\® is positive and it
follows from Corollary 3.8 that T}, is positive. O

Next we characterize when T ,, is Markovian.

PROPOSITION 5.3.  Assume in addition to Hypotheses 1.1 and 4.1 that u(z) is a
positive measure for almost every z € 02. The following are equivalent.

(i) The semigroup T, is Markovian.

(ii) We have

d
ZDjbj =dp almost everywhere on Q and (5.1)
j=1
p(2)(Q) = B(2) + Y _ v;(2)b;(2) for almost all z € OQ. (5.2)
j=1

ProOOF. Since Tp, is positive, (i) is equivalent to 1 € ker Ag,. Observe that
-1l = Z?Zl D;b; — dp. Thus —&/1 = 0 if and only if (5.1) holds. In that case,
integration by parts yields for v € H(Q) that
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d
a[l,v] — [&/1,0] / b;D;v + dpvdx = Z bjvjvdo.

el

Thus 1 € D(Ag,,,) if and only if

Z [ e ) = [ (=5 + e, 1)ele) do

for all v € H'(Q2). This is equivalent to (5.2). O

If we merely have inequalities in (5.1) and (5.2), then the semigroup is sub-Markovian
as we show next. In the proof, we use the following monotonicity result.

PROPOSITION 5.4.  Assume Hypothesis 4.1 and let 51, fo € L (0) with B2 < 1.
Moreover, let functions iy, pa : 0Q — #(Q) be given such that 0 < py(2) < pa(z) for
almost all z € I and such that uy, po satisfy Hypothesis 1.1 with the same p. Then

0< Tﬁl,#l (t) < TﬁQ,NQ (t)
for allt > 0.

Proor. The semigroups 1g, ,, and T, ,, are obtained from the same maximal
operator A but using different boundary perturbations ®;: u — {(u;(-), v) and boundary
operators Bj: u +— 3;,‘2{11 + Bju. We clearly have Bou < Biju and 0 < &u < ®ou for
u > 0. Moreover, if we write Si = (B, |ker(>\,A))_1, then we have S}\ < Sf\ by Proposition
4.8. Thus Corollary 3.9 yields the claim. O

PROPOSITION 5.5.  Assume in addition to Hypotheses 1.1 and 4.1 that p(z) is
positive for almost all z € ON and that b; € WH>(Q) for j=1,...,d. If

d
ZDjbj < dp almost everywhere on Q and (5.3)

w(2)(Q) < B(z) + Ztr (2) for almost all z € O (5.4)

then the semigroup Tg ,, is sub-Markovian.

PROOF. Assume at first that ijl Djb; = dp. Let us define Bo(z) := pu(2)(Q) —

Z?:l trb;(2)v;(z). By Proposition 5.3 the semigroup Tj,,, is Markovian. As a conse-
quence of Proposition 5.4 we have 0 < T ,(t) < T, . (t) for all ¢ > 0 which clearly im-
plies that T , is sub-Markovian. That T} , is still sub-Markovian when 2?21 Dj;b; < dy
follows from a standard perturbation result:

Denote by flﬁ » the operator where dy is replaced by do == Zd D;b;. Then the
semigroup Tg u generated by Aﬂ u is sub-Markovian by what has been proved so far.

Note that Ag ,, + (do — do) = Ag ., so that Ag , is a bounded and positive perturbation
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of Ag,. Using a perturbation result for resolvent positive operators [6, Proposition
3.11.12] we find that R()\, Ag,) < R(\, Ag,,) for large enough X and the domination
of the semigroups follows from the Post-Widder inversion formula [6, Theorem 1.7.7].
Alternatively, the domination property can be inferred from the Dyson—Phillips formula
for the perturbed semigroup, see [26, Example 3.4] for a version which covers our setting.

O

As a further consequence of Proposition 5.4 we have
0 < Tp0(t) < Tp,u(t) (5.5)

for all t > 0 in the case where 1(z) is a positive measure for almost every z € 9. We note
that for 4 = 0 we have T (t) = Ts(t), where T is the semigroup on L>°((2), defined
in Section 4 for local Robin boundary conditions. It thus follows from Proposition 4.5
that condition (5.3) is necessary for T, to be sub-Markovian. It seems not so easy to
show that also condition (5.4) is necessary for this. Also concerning the positivity of
the semigroup T}, it seems unclear if the condition that p(z) is a positive measure for
almost every z € 0f is necessary. However, in Section 8 we will give a proof of necessity
in the special case where every measure u(z) is absolutely continuous with respect to the
Lebesgue measure.

6. Asymptotic behavior.

Throughout this section we assume Hypotheses 1.1 and 4.1 so that T3 , is a semi-
group on L*(9). It is our aim to describe its asymptotic behavior as ¢ — oco. Since
Tp,,()L>(Q) C C(Q) for all t > 0 it suffices to study Tﬁc:u, the restriction to C(9),
which is a strongly continuous semigroup. We also assume throughout that p(z) > 0 for
almost all z € 99 so that the semigroup is positive.

For the definition of spectral bound and irreducibility we refer to Appendix A. The
asymptotic behavior of T[g ., is determined by the spectral bound S(Ag’ #) of its generator
(see Appendix A). We first show that the spectrum is not empty.

PROPOSITION 6.1.  Assume that u(z) > 0 for almost all z € Q). Then s(AgM) >
—00. Moreover, s(Agyﬂ) is an eigenvalue of Agyﬂ with positive eigenfunction.

Proor. We first show that S(Ag’o) < s(Agu). As a consequence of Proposi-
tion 5.4 we have 0 < T§(t) < T§,(t). Taking Laplace transforms, it follows that
0< R(A,Agﬁo) < R(A’Ag,u) for all large enough A. By [6, Theorem 5.3.1] for a posi-
tive semigroup the abscissa of the Laplace transform coincides with the spectral bound.
Thus, if we assume that S(Agwo) > s(Agyﬂ) we have 0 < R()\,Agyo) < R()\,Ag’u)
for all A > s(Ag,o). By [6, Proposition 3.11.2] we have S(Ag,o) € O'(Ago) and
hence SUP> (A€ ) IR(A, AG o)l = oo. Consequently, also HR(/\,AgM)H is unbounded
as A S(Ago). It thus follows that S(Ago) € U(Ag,“), a contradiction to our assumption
S(Ago) > S(Ag”u).

The operator Ag,o is the part of —7} in C(9Q), defined before Theorem 4.10. It
follows from Proposition A.4 that the semigroup generated by —42752 is irreducible. Since
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the resolvent of that operator is compact, it follows from de Pagter’s Theorem (see
(16, Theorem 3] or [7, C-IIT Theorem 3.7.(c)]) that s(—/f) > —oo. But we have
S(Ag’o) = s(—szf;) since the resolvents are compact and consistent, see [2, Proposition
2.6]. 0

Note that the semigroup Tg . 1s compact and hence immediately norm continu-
ous whence spectral bound and growth bound coincide. Thus, if s(4g,) < 0, then
|\Tgu(t)|| < Me™¢ for all £ > 0 and suitable constants M > 0,& > 0, i.e. the semigroup
is exponentially stable. If, on the other hand, s(Ag,u) > 0 then there exists ¢ > 0, M >0
such that HT/gu(t)H > Me®! for all t > 0. Finally, if s(Ag,,) = 0, then the semigroup
converges if it is bounded. This is not easy to decide, though. However, we have a precise
criterion for the semigroup to be sub-Markovian. In that case, we obtain the following
result from Theorem A.1.

PROPOSITION 6.2.  Assume that p(z) > 0 and
B d
w(=)(Q) < B(z) + Y trbus(2) (6.1)
j=1
for almost every z € 0 and
d

> Dby < do (6.2)
j=1

almost everywhere. Then there exist a positive projection P € £ (C(Q)) with finite rank
and M >0, € > 0 such that

T 5(t) — Plgc@y < Me™™
for all t > 0.

In the situation of Proposition 6.2, if S(AC ) = 0, there exists a function 0 < u = Pu,
i.e. a positive function in the kernel of AC . If the semigroup is Markovian, then 1
is such a function. It is interesting to know when it is the only one (up to a scalar
multiple). If TE ., is irreducible, then this is the case. Unfortunately, it is not easy to
prove irreducibility on C(Q2). However, it follows from the domination property (5.5)
that TBC: L 1S irreducible whenever TBC:O is so. As for the latter semigroup, a particular
case will be settled in Theorem 7.3. We also remark that in [11] it is shown that T 66:0
is irreducible whenever 2 is connected, b; = 0 and a;; = aj; for i, = 1,...,d, see [11,
Section 2] and in particular Corollary 2.5 of that reference.

THEOREM 6.3.  Assume that u(z) > 0 and

d
0< u(2)@) = B(=) + Y trbyw(2)



Diffusion with nonlocal Robin boundary conditions 1547

for almost all z € 9N and 2?21 D;b; = do. Ajsume further that ngo 1s irreducible.
Then there exist a strictly positive measure p on §2 and constants €, M > 0 such that for

P e Z(C(Q)), given by
Pf= /jdp- 1
Q
for all f € C(Q), we have
175, () = Pllgiomy < Me™

for allt > 0.

Proor. By Proposition 5.2 the semigroup TE ., s Markovian and hence 1 is a
fixed vector of the semigroup. As a consequence of (5.5), TE ., 1s irreducible. Now the
claim follows from Theorem A.2. O

We next prove exponential stability in the sub-Markovian case.

THEOREM 6.4.  Assume that p(z) > 0 for almost all z € 9Q and that (6.1) and
(6.2) hold. Moreover, assume that TBC:O is irreducible. If in (6.1) or (6.2) the inequality
is strict on some set of positive measure, then there exist £, M > 0 such that

1T, (D)l 2@y < Me™*
for allt > 0.

ProOOF. Let us put
d
B(z) = pl(2)(Q) = Y trb(2)v;(2)
j=1

and do(z) = Z?Zl(Djbj)(Jj). Replace dy with dy and 8 with 3 and denote by Tﬁ,u
the corresponding semigroup on C(2). We denote the generator of TBCH by ABQ“. Then
0< Tﬁczu(t) < Tﬁgu(t) for all t > 0 by Proposition 5.4 and a perturbation argument, cf.

the proof of Proposition 5.5. By Proposition 5.3 the semigroup TB u is Markovian so that
its generator has spectral bound 0. However, the generators of these two semigroups are
different. To see this, let us first assume that # B in L>(01). Note that the conormal

derivative 97 = 8;2{ does not depend on the zero order term dy resp. dy. We find

(1,1(2)) = 071 + A1 # 971 + B1.

Thus 1 ¢ D(Agﬂ) but 1 € D(flgu) If, on the other hand, 8 = § in L>°(A52), then we
have dy # do in L>(€). Note that Ag ,1 = do — do. If dy — do € C(9Q), it follows that
1e D(Ag,u) but Agu]l # A(Bju]l. If dg — do ¢ C(2), then 1 ¢ D(Ag,;J In any case we
have flgu #+ A[(i - Thus the claim follows from Theorem A.3. g
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Next we show a blow-up result in the case where we perturb a Markovian semigroup
Ts,0 by a positive u. Recall from Proposition 4.5 that Tz is Markovian if and only if
the identities (4.4) and (4.5) hold.

THEOREM 6.5.  Assume the identities (4.4) and (4.5) and that Q is connected. If
w(z) >0 for almost all z € QN but not identically 0 almost everywhere, then there exist
w, M > 0 such that

175, (Ol 2 c@y) = Me**
for all t > 0.

Proor. The semigroup TBC:O is Markovian (by Proposition 4.5) and has an exten-
sion to L?(£2) which is irreducible (as a consequence of Proposition A.4). From Proposi-
tion A.5, it follows that Tgo is irreducible. By Proposition 5.4 we have T,@?o (t) < Tﬁcju(t)
for all t > 0. Since 9,1 + 81 = 0 < u(2)(N2) for z in a set of positive measure, one has
1¢ D(Ag’ ,.). Thus the two semigroups are different and it follows from Theorem A.3
that 0 = S(Ag,o) < S(Ag,“) =: w. Thus there exists u € C(Q) such that v > 1 with
Ag”u = wu. But this implies Tﬁc,u(t)u = ¢!y which, in turn, yields the claim. O

REMARK 6.6. In particular, it follows from Theorem 6.5 that the only realization
of our operator with non-local Neumann boundary conditions (i.e. where 8 = 0) which
generates a sub-Markovian semigroup is that with classical (local) Neumann boundary
conditions (i.e. 5 =0 and p = 0).

7. Absolutely continuous measures p(z).

In this section we consider the case where the measures p(z) are absolutely contin-
uous with respect to the Lebesgue measure on 2. More precisely, we assume that we are
given a function h € L?(9 x Q) such that

u(z)(A):/Ah(z,x) dz.

In this situation we can use form methods to show that the semigroup 7} ,, defined on
L>°(€), has an extension to L?*(2). This allows us to establish irreducibility of T, BC L Via
Propositions A.4 and A.5 in the Markovian case, provided €2 is connected. On the other
hand, we can use form methods to show that our assumptions to infer positivity resp.
sub-Markovianity are close to optimal.

We consider the form agp, : HY(Q) x H'(Q) — R, given by

ag.plu,v] == aglu,v] — /aQ /Q h(z, z)u(x) dzv(z) do(z).

Then the form ag is elliptic and continuous. Denote by szg ,, the associated operator
on L%(2). Then —,52%[32’,I generates a holomorphic, strongly continuous semigroup T§7 5, On
L2(2). Tt is easy to see that if in addition
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/m (/Q bz o)z do, (7.1)

for some p > d—1 with p > 2, then the measures u(z) = h(z, z)dzx satisty Hypothesis 1.1
whence we obtain a semigroup T, on L () with generator Ag ,. Using the definition
of the co-normal derivative one sees that the part of —,52%527 , in L°(Q) is precisely the
operator Ag . It follows that T[%h leaves the space L>°(Q)) invariant and the restriction
of that semigroup to L>°(f2) is Tg,,.

ProOPOSITION 7.1.  With the notation above, we have:
(a) The semigroup Tﬁ%h is positive if and only if h > 0 almost everywhere.

(b) Assume that bj € Wh>(Q) for j = 1,...,d. Then T3, is sub-Markovian if and
only if (5.3) holds, h > 0 almost everywhere and 0 < [, h(z,z)dz < B(z) +
ijl trb;(2)v;(z) for almost every z € 9.

PROOF. (a) By the first Beurling—Deny criterion [29, Corollary 2.6] Tg, . 1s positive
if and only if ag ,[u™,u™] < 0 for all w € H'(2). If h > 0 almost everywhere this is
clearly fulfilled.

Conversely assume that 773 ,(t) > 0 for all ¢ > 0. Then

/ / h(z,z)u® (z)dzu (2)do(z) = —ag p[ut,u”] >0
o0 JQ

for all u € H*(2). Now let functions 0 < v € 2(Q) and 0 < p € C(99) be given. We
find a sequence w,, € Z(R%) with 0 < w,, < ||¢|« such that suppw, Nsuppv = @) and
wp(2) = (z) for all z € 9N. Inserting u = v — w,, in the above inequality and using
dominated convergence, we obtain that

/aQ /Q h(z,z)v(z)dx ¢(z) do(z) > 0.

As 0 < p € C(09Q) was arbitrary, we conclude that

/ h(z,x)v(z)dz > 0
Q

for almost all z € 9. As 0 < v € () was arbitrary, it follows that for almost all
z € 02 we have h(z,z) = 0 for almost all x € Q. Now Fubini’s theorem implies that
h > 0 with respect to the product measure, proving the necessity of the condition.

(b) The sufficiency of the inequality above was already established in Proposition
5.5, so we only need to prove its necessity. If the semigroup is sub-Markovian, it is
positive and thus h > 0 almost everywhere by (a).

By the Beurling-Deny—Ouhabaz criterion [29, Corollary 2.8], for u € H!(2) we have

0< a@h[u A1, (U, — 1)+]
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=— ;/Q(Djbj)(u —1)tde +/Qd0(u —1)*tda
vi(u—1)" Z)— U 2)h(z,z)dz ) (u — 1) (2) do(2).
+L¥(§;@j< D745 - [ (A D@ ) - 1) () do(:)

Now let v € H() such that v > 0. Inserting u = v + 1 in the above inequality, the
desired inequalities follow from Lemma 4.4. a

REMARK 7.2. We have already noted after Proposition 5.5 that Condition (5.3) is
necessary for 1, to be sub-Markovian.

We now consider the case where the semigroup is Markovian. Then we can prove
irreducibility via Proposition A.4 and deduce convergence of the semigroup to an equi-
librium.

THEOREM 7.3.  Assume that € is connected, and that h > 0 almost everywhere
satisfies Equation (7.1). Moreover, assume that Zj=1 Djb; = dy almost everywhere on
Q and

d

ij(z)yj(z)Jrﬂ(z):/Qh(z,:c)dx

almost everywhere on 02. Then the semigroup TBC:u on C(Q) is irreducible and Markov-
ian. Consequently, there exist 0 < ¢ € L*(Q) such that [, p(z)dz = 1 and constants
e, M > 0 such that

IT5,(8) = 0 © 1| oy < Me™

for allt > 0.

8. Measures satisfying Hypothesis 1.1.

In this brief section we give some examples of maps p for which Hypothesis 1.1 is
satisfied.

EXAMPLE 8.1. Assume that for every Borel set A C Q the complex-valued map
z — (z)(A) is continuous. Then p satisfies conditions (a), (b) and (¢) in Hypothesis 1.1.

ProOOF. It is obvious that (a) holds. As for (b), we note that by continuity and
compactness of 9Q we have sup,cpq [11(2)(A)| < oo for every A € B(Q). Now [12,
Corollary 4.6.4] yields sup,cq ||1(2)|| < oo. To prove (c), pick a dense sequence z, in
092. We set

1
= 3 stz

neN

where |u(z)| denotes the total variation of p(z). Then 7 is a finite positive measure and
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we have pi(z,) < 7 for every n € N. Let A € B(Q) with 7(A) = 0 be given. Consider
the function ¢(z) := p(z)(A). By the above ¢(z,) = 0 for all n € N. Moreover, ¢ is

continuous by assumption. Thus ¢ = 0, proving that in fact u(z) < 7 for all z € 9Q. O
Similarly, we can consider maps g which only take countably many values.

EXAMPLE 8.2.  Assume that u(z) =3 ., 1a,(2)u; where (Ay,)jcs C #(0€2) and
(t4j)nes C A () and J is a finite or countably infinite index set. Then u satisfies

Hypothesis 1.1 provided ), . ; 0(An)|pn|(2)P < 0o where p is as in Hypothesis 1.1(b).

Proor. Part (a) is obvious and (b) was assumed. Part (c) is fulfilled with 7 =
2nes 27" tnl- O

Appendix A. Irreducible semigroups.

In this appendix we collect some known facts on positive, irreducible semigroups.
In some cases we present some variations or adapt results to our special situation.

Let E be a real Banach lattice. In our context E will be C(Q) or L4(€). Let T
be a strongly continuous semigroup on E which is positive, i.e. for f € E; we have
T(t)f € E; for all t > 0. We denote the generator of T by A. The spectral bound of A
is defined by

s(A) := sup{Re X : X € 0(Ac)}

where o(Ac) is the spectrum of the generator Ac of the complexification of 7. In
what follows, we will not distinguish between an operator and its complexification. In
particular, when we talk about the spectrum, resolvent, etc. of an operator, we always
mean the spectrum/resolvent, etc. of its complexification.

By [7, C-IIT Theorem 1.1], s(A) € o(A) whenever o(A) # () . If A has compact
resolvent, then o(A) consists of isolated points which are all eigenvalues.

THEOREM A.l. Assume that T(t) is compact for all t > 0, that s(A) = 0 and that
T is bounded. Then there exist a positive projection P # 0 of finite rank, ¢ > 0 and
M > 0 such that

IT(t) = Pllg(m) < Me™™
for allt > 0.

PROOF.  Since T'(t) is compact for all t > 0, T is immediately norm continuous and
it follows from [7, C-III Corollary 2.13] that there is some § > 0 such that Re A < —2§ < 0
for all A € o(A) \ {0}. Denote by P the spectral projection with respect to 0, i.e.

1
P =

= R(\, A)dA.
21 IA|=8 ( )
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As T'(t) is compact for all ¢t > 0, so is the resolvent and thus also P, whence it has finite
rank. The restriction of T to the range of P is a bounded semigroup on a finite dimen-
sional vector space whose generator has spectrum {0}. It follows that the generator of
the restriction is diagonalizable and is thus the zero operator. Consequently, T'(t)P = P
for all t > 0. The space F' = (I — P)FE is invariant under the semigroup and the generator
Ap of the restriction has its spectrum in a strict left half plane. Since the semigroup is
immediately norm continuous there exist € > 0, M > 0 such that ||T'(t)|p|| ¢ r) < Me™<
and hence [|T(t) — P||¢g) < Me™<" for all t > 0. O

Theorem A.1 implies in particular that there exists u > 0, i.e. u > 0 and u # 0, such
that T'(t)u = w for all ¢ > 0. Thus the Krein-Rutman Theorem which asserts that the
largest eigenvalue (i.e. s(A4)) has a positive eigenfunction is incorporated in Theorem A.1.

We next want to investigate when P has rank one and the positive eigenfunction is
strictly positive. This will be done via the notion of irreducibility. A subspace J of E is
called an ideal if

(i) w € J implies |u| € J and

(ii) if uw € J, then 0 < v < u implies v € J.
A positive, strongly continuous semigroup 7" on FE is called irreducible if the only invariant
closed ideals are J = {0} and J = E.

If E = C(Q) then J C E is a closed ideal if and only if there exists a closed subset
K of Q such that

J={feC@): flx =0}
If E=1L1L90) (1 < ¢ < o) then J C E is a closed ideal if and only if there exists a
measurable subset K of Q) such that
J={feLiQ): flk =0 ae.}.
We say that u € E is a quasi interior point and write u > 0 if the principal ideal
E,:={v € E:3c¢>0such that [v| < cu}

is dense in F.

If E=C(Q2) then u > 0 if and only if there is § > 0 such that u(z) > & > 0 for all
x € Q. In this case u is actually an inner point of the positive cone. If E = LP(f2) then
u > 0 if and only if u(z) > 0 for almost every z.

We call ¢ € E' a strictly positive functional if (o, f) = 0 implies f = 0 for all
fekEy.

If E = C(Q), then ¢ is strictly positive if and only if there exists a strictly positive
Borel measure v, i.e. v(O) > 0 for all non-empty open sets O C , such that

(o f) = /ﬁ f() d(z).
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If £ = L9Q) for ¢ € LY (Q) ~ (L9(Q)) to be strictly positive is equivalent to that
p(x) > 0 almost everywhere, i.e. ¢ > 0.

The importance of these concepts in the study of asymptotic behavior stems from
the fact that positive fixed points of positive, irreducible semigroups are strictly positive.
More precisely, if T is a positive, irreducible, strongly continuous semigroup and u > 0 is
such that T'(t)u = u for all ¢ > 0, then v > 0 and if 0 < ¢ € E’ is such that T(¢)'¢ = ¢
for all t > 0 then ¢ is strictly positive. Moreover, because of irreducibility, s(A) cannot be
a pole of order larger than 1, see [7, C-III Proposition 3.5]. This implies that T'(t)P = P
for all £ > 0 in the proof of Theorem A.1 even though the semigroup is not assumed to
be bounded. We thus obtain the following result on asymptotic stability.

THEOREM A.2. Let T be a positive, irreducible strongly continuous semigroup on
E with generator A. Assume that T(t) is compact for t > 0 and s(A) = 0. Then there
exist 0 < u € ker A, a strictly positive p € ker A’, ¢ > 0, M > 0 such that {p,u) =1 and

IT(t) — ¢ ® ull 2y < M~
for all t > 0 where we have written ¢ ® u for the projection defined by

(p@u)(f) = (¢, flu,

for all f € E. In particular

im T(t)f = (g, fu,

t—o0

i.e. the orbits of the semigroup converge to an equilibrium.

Theorems A.1 and A.2 lie at the heart of the Perron—Frobenius theory. We refer to
[7] for more information.
We shall have occasion to use the strict monotonicity of the spectral bound.

THEOREM A.3. Let S and T be strongly continuous semigroups on E with gener-
ators B and A respectively. Assume that

(i) 0 < S(t) <T(t) for allt > 0
(ii) A has compact resolvent, and
(iii) T is irreducible.

If A +# B, then s(B) < s(A).

ProOOF. This is a version of [5, Theorem 1.3], see also [4, Theorem 10.2.10] in
connection with [4, Theorems 10.6.3 and 10.6.1]. O

Next we describe ways to prove irreducibility. On L?(Q) this is very easy if the
semigroup is associated with a form by virtue of the Beurling—Deny—Ouhabaz criterion
for the invariance of closed convex sets. In particular the following holds true (see [31,
Theorem 2.10]).
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PROPOSITION A.4. Let V.C HY(Q) be a closed subspace containing H} (), where
Q C R is a connected, open set. Let a:V x V — R be a continuous and elliptic form
such that the associated semigroup T is positive. Then T is irreducible.

On C(9Q) irreducibility is a stronger notion than on L?(Q2). However, the following
result shows how irreducibility on C(£2) can be deduced from irreducibility on L?(€2).

PROPOSITION A.5. Let Q C R? be open and bounded and T be a positive, irre-
ducible, strongly continuous semigroup on L?(Q)) whose generator A has compact resol-
vent. Assume that T leaves C(S2) invariant and that the restriction TS of T to C(Q) is
strongly continuous and suppose that its generator A has compact resolvent. Assume
that s(A) = 0. Then TC is irreducible if and only if there exists u € ker AN C(Q) such
that u(x) > 6 > 0 for all x € Q.

PROOF. Assume that there exists 0 < u € C(Q) Nker A. Since T is irreducible 0
is a pole of order 1 and the residuum P is of the form

sz(/wadx)m

for some 0 < ¢ € L?(Q), see [7, C-III Proposition 3.5]. Since C(Q) is dense in L*(Q),
it follows that the coefficients in the Laurent series expansion in C(£2) around 0 (see [7,
A-III, Equation (3.1)]) are the restriction of those in L?(2). Thus 0 is also a pole of
order 1 of the resolvent of A“. The residuum

1
PC = — R(\, A%)dA
211 [A|=¢

is the same, i.e. P¢ = Plo@)- Now let J = {f € C(Q) : flxk = 0} be an invariant
ideal. Then for z € K, f € J, f > 0 we have (T'(t)f)(z) = 0 for all ¢ > 0 and hence

(R(X, A€)f)(2) = 0 for all A > 0, since we suppose that s(A) = 0 and know that s(A) is
the abscissis of the Laplace transform of the semigroup [6, Theorem 5.3.1]. Thus

[ farpla)de - u(z) = EmORO,A%) 1)) =0
Q

Since ¢ > 0 in L2(2) this implies f = 0. Consequently J = {0}. This proves the
sufficiency.

To show the necessity, recall that 0 is also a pole of R(\, A%). It follows that
5(A%) = 0. By Theorem A.2, there exists 0 < u € ker(A®) C ker(A). O
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