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On a p-local stable splitting of Stiefel manifolds
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Abstract. H. Miller introduced a filtration of Stiefel manifolds which splits stably

and proved that the starata of the filtration are vector bundles, so that Stiefel manifolds

are stably equivalent to a wedge of the corresponding Thom spaces. In this paper, we

shall give a finer p-local stable splitting of the Stiefel manifolds by using the Adams

operations.

1. Introduction.

Let Uðn : mÞ be the Stiefel manifold of orthonormal n-frames in C
nþm. A

common notation for the Stiefel manifold is Vnþm;n, but we will use this notation

Uðn : mÞ. The reason we want to use this notation is that we regard this

Uðn : mÞHHomðC n;C nþmÞ as the space of isometric linear maps from C
n to

C
nþm. Let f : C

n ! C
nþm be an isometric linear map. Then there exists a

unique matrix A ¼ ðaijÞ, 1a ia nþm, 1a ja n such that f ðzÞ ¼ Az for

z A C
n. By taking g ¼ ðaijÞ, h ¼ ðakjÞ, 1a i, ja n, nþ 1a ka nþm associ-

ating to the matrix A, we can represent each element of Uðn : mÞ as a pair ðg; hÞ

where g A EndðC nÞ, h A HomðC n;C mÞ satisfying g�gþ h�h ¼ 1n. H. Miller

[2] has introduced a filtration fð1; 0Þg ¼ R0ðC n
: C

mÞHR1ðC n
: C

mÞH � � �H
RnðC n

: C
mÞ ¼ Uðn : mÞ and shown that there is a stable splitting

Uðn : mÞF 4
n

k¼1

RkðC
n
: C

mÞþ ð1Þ

where RkðC
n
: C

mÞ ¼ RkðC n
: C

mÞ � Rk�1ðC n
: C

mÞ and RkðC
n
: C

mÞþ G
RkðC n

: C
mÞ=Rk�1ðC n

: C
mÞ is the one-point compactification of RkðC

n
: C

mÞ.

Later M. Crabb [1] gave a simpler constrution of the stable splitting.

In particular, by taking m ¼ 0 in (1), we have the following stable splitting of

UðnÞ

UðnÞF 4
n

k¼1

RkðC
nÞþ ð2Þ
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On the other hand it is known [3] that for a prime p there is a p-local unstable

decomposition

UðnÞ F
p
X1ðnÞ � � � � � Xp�1ðnÞ

into a product of p� 1 spaces, using the unstable Adams operations with

the XiðnÞ’s satisfying H �ðXiðnÞ;ZðpÞÞGLZð pÞ
ðxi; xiþp�1; . . . ; xiþsðp�1ÞÞ where s ¼

½ðn� iÞ=ðp� 1Þ�. Then we obtain a p-local stable splitting

UðnÞ F
p
4Xi1ðnÞ5� � �5XisðnÞ; 1a i1 < � � � < isa p� 1: ð3Þ

In [4], Nishida and Yang have shown first, that the stable splitting map of unitary

group UðnÞ is homologically diagonal and then, by mixing (2) and (3), obtained a

finer decomposition of UðnÞ.

In this paper, we will generalize the above argument to the case of Stiefel

manifolds. Our main theorem is

Theorem 3.5. Let n be a positive integer and let p be an odd prime. For

each pair ðt; kÞ of integers such as 1a ta p� 1 and 1a ka n, Mt;k denotes the

submodule of H�ðUðn : mÞ;Z=pÞ spanned by xi1 � � � xik such that i1 þ � � � þ ik 1

t mod p� 1. Then there exists a finite spectrum Yt;k satisfying

H�ðYt;k;Z=pÞGMt;k

as a module, and a stable p-equivalence

Uðn : mÞ ! 4Yt;k

where the wedge sum is taken over 1a ta p� 1 and 1a ka n.

In §2, we will follow the same way to that of §2 in [4] and show that the

stable splitting map of the Stiefel manifold is homologically diagonal.

In §3, we will study how can the cohomology generators of the Stiefel

manifold be represented by the Adams operation. To be precise, let q be

an integer such that ðq;m!Þ ¼ 1. Then we know that there exists a map

cq : BUðmÞ ! BUðmÞ such that ðcqÞ�ðcrÞ ¼ qrcr, 1a ram. By applying the

loop functor, we obtain a map

Wcq : UðmÞ ! UðmÞ:

Now we consider the fibration UðmÞ ! UðnþmÞ ! Uðn : mÞ, then from the

following diagram

UðmÞ ���! UðnþmÞ ���! Uðn : mÞ ���! BUðmÞ ���! BUðnþmÞ
?
?
?
y
Wc q

?
?
?
y
Wc q

?
?
?
y
cq

?
?
?
y
c q

UðmÞ ���! UðnþmÞ ���! Uðn : mÞ ���! BUðmÞ ���! BUðnþmÞ
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we can show that there exists a map Uðn : mÞ ! Uðn : mÞ such that all square

diagrams are homotopy commutative. We denote this map by the same notation

cq and call it ‘‘Adams operation’’ too. Then we shall show that cq is co-

homologically diagonal, and obtain a finer stable splitting of Stiefel manifolds.

Acknowledgement. I would like to express my sincere thanks to Professor

G. Nishida for his constant attention and valuable advice. I am also grateful to

Dr. M. Tanabe for several enlightening discussions and helpful advice.

2. Property of stable splittings.

We define an increasing filtration of the Stiefel manifold Uðn : mÞ

fð1; 0Þg ¼ R0ðC n
: C

mÞHR1ðC n
: C

mÞH � � �HRnðC n
: C

mÞ ¼ Uðn : mÞ

by

RkðC n
: C

mÞ ¼ fðg; hÞ A Uðn : mÞ j dimCðKerðg� 1ÞÞ?a kg; 0a ka n

where 1 denotes the unit element of EndðC nÞ. The di¤erence RkðC n
: C

mÞ�

Rk�1ðC n
: C

mÞ ¼ fðg; hÞ A Uðn : mÞ j dimC ðKerðg� 1ÞÞ? ¼ kg is written by

RkðC
n
: C

mÞ. The one-point compactification RkðC
n
: C

mÞþ is identified with

the quotient space RkðC n
: C

mÞ=Rk�1ðC n
: C

mÞ. The pointed natural projec-

tion map is denoted by p : RkðC n
: C

mÞþ ! RkðC n
: C

mÞ=Rk�1ðC n
: C

mÞ ¼

RkðC
n
: C

mÞþ.

H. Miller [2] and M. Crabb [1] have shown the following

Theorem 2.1. There exists a stable splitting

Uðn : mÞF 4
n

k¼1

RkðC
n
: C

mÞþ

We recall the construction of the splitting following [1]. Let EndðC kÞ be the

space of all k � k matrices. We regard EndðC kÞ as a UðkÞ-space by the adjoint

action. Then we have following UðkÞ-invariant subspaces of EndðC kÞ:

1) HðkÞ: the space of Hermitian matrices,

2) uðkÞ: the space of skew-Hermitian matrices,

3) UðkÞ: the unitary group.

Also we regard HomðC k;C kþmÞ as a UðkÞ-space by pre-composition. Then we

have UðkÞ-invariant subspace Uðk : mÞ0 ¼ fðg; hÞ A Uðk : mÞ j g� 1 is invertibleg.

Occasionally, we shall write HomðC k;C kþmÞ by Mk;kþm for the sake of con-

venience. Thus, HomðC k;C kþmÞ ¼ EndðC kÞlHomðC k;C mÞ ¼ uðkÞlHðkÞl

Mk;m. Let Gn;k be the Grassman manifold of k-planes in C
n and let UðkÞ !

Uðk : n� kÞ ! Gn;k be the standard principal UðkÞ-bundle. We denote this

On a p-local stable splitting of Stiefel manifolds 913



bundle simply by zn;k. Let F be a manifold with a UðkÞ-action. We denote the

associate fibre bundle by zn;kðF Þ. The generalized Cayley transform

c : uðkÞlMk;m ! Uðk : mÞ0

defined by cðx; yÞ ¼ ðg; hÞ where c ¼ x=2þ y�y=4, g ¼ ðcþ 1Þ�1ðc� 1Þ,

h ¼ yð1� gÞ=2 is a UðkÞ-equivariant di¤eomorphism. Consider the bundle

zn;kðUðk : mÞÞ ! Gn;k; the fibre over E A Gn;k is fðX ;Y Þ jX A EndðEÞ;Y A

HomðE;C mÞ;X �X þ Y �Y ¼ 1kg of a k-dimensional subspace EJC
n, and we

can regard an element of zn;kðUðk : mÞÞ as a triple ðE;X ;Y Þ where E A Gn;k,

X A EndðEÞ, Y A HomðE;C mÞ. Now we have a surjective map p : zn;kðUðk : mÞÞ

! RkðC n
: C

mÞ given by

pðE;X ;YÞ ¼ ðg; hÞ;

where g ¼ X l 1 : ElE? ! ElE? and h ¼ Y l 0 : ElE? ! C
m. It is

clear that the restriction of p gives a homeomorphism

zn;kðUðk : mÞ0Þ !
G

RkðC
n
: C

mÞ

The space RkðC
n
: C

mÞJRkðC n
: C

mÞ fibres over Gn;k, by mapping ðg; hÞ A

RkðC
n
: C

mÞ to ðKerðg� 1ÞÞ?. By using the generalized Cayley transform we

can identify the bundle RkðC
n
: C

mÞ with zn;kðuðkÞ �Mk;mÞ. Thus we have

Proposition 2.2. There is a natural di¤eomorphism between RkðC
n
: C

mÞ

and the total space of the vector bundle zn;kðuðkÞ �Mk;mÞ over Gn;k.

Let MonðC k;C kþmÞHHomðC k;C kþmÞ be the open subset of injective linear

maps. We note the decomposition MonðC k;C kþmÞGUðk : mÞ � PðkÞ where

PðkÞ is the space of positive definite Hermitian matrices. The exponential map

exp : HðkÞ ! PðkÞ is a di¤eomorphism and hence we have a di¤eomorphism

1� exp : Uðk : mÞ �HðkÞ ! MonðC k;C kþmÞ

which is clearly UðkÞ-equivariant. We now construct a stable map

v : RkðC
n
: C

mÞþ ! RkðC n
: C

mÞþ as follows. We have a di¤eomorphism

zn;kðUðk : mÞ �HðkÞÞ !
G

zn;kðMonðC k;C kþmÞÞ

and an open embedding

zn;kðMonðC k;C kþmÞÞH zn;kðHomðC k;C kþmÞÞG zn;kðuðkÞlHðkÞlMk;mÞ.

Note that zn;kðUðk : mÞ �HðkÞÞ is identified with the fibre product

zn;kðUðk : mÞÞ �
Gn; k

zn;kðHðkÞÞ of the spaces over Gn;k, and similarly for

zn;kðuðkÞlHðkÞlMk;mÞ. Since zn;kðHðkÞÞ is a real vector bundle over a
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compact space Gn;k, there is an embedding zn;kðHðkÞÞHGn;k � R
N into the

product bundle for some integer N. Let g be the orthogonal complement

of zn;kðHðkÞÞ so that zn;kðHðkÞÞl g ¼ Gn;k � R
N . Then applying �

Gn; k

g to the

above di¤eomorphism and the embedding, we have an open embedding

zn;kðUðk : mÞÞ � R
N H zn;kðuðkÞ �Mk;mÞ � R

N and applying the Pontrjagin-

Thom construction we obtain a stable map s : zn;kðuðkÞ �Mk;mÞ
þ !

zn;kðUðk : mÞÞþ. By a usual argument it is easy to see that the homotopy

class of the stable map s does not depend on a choice of an embedding

zn;kðHðkÞÞHGn;k � R
N . Now we define the stable map v as the following

composition

v : RkðC
n
: C

mÞþ G zn;kðuðkÞ �Mk;mÞ
þ !

s
zn;kðUðk;mÞÞþ !

pþ

RkðC n
: C

mÞþ:

The next theorem is due to M. Crabb [1]

Theorem 2.3. p � v is homotopic to the identity.

We denote the inclusion maps RkðC n
: C

mÞ ! Rkþ1ðC n
: C

mÞ by j 0. Then

we have a stable map j 0 � v : RkðC
n
: C

mÞþ ! Uðn : mÞþ and by taking a wedge

sum we have

4
n

k¼0

RkðC
n
: C

mÞþ ! 4Uðn : mÞþ ! Uðn : mÞþ

which is clearly a homotopy equivalence. Since R0ðC
n
: C

mÞþ FS0, we finally

obtain a stable homotopy equivalence

4
n

k¼1

RkðC
n
: C

mÞþ ! Uðn : mÞ:

Now we recall basic facts about the homology of RkðC n
: C

mÞ, see, e.g.,

[5]. Cosider a map r : SðCPnþm�1
þ Þ ! UðnþmÞ defined by

rðl; zÞ ¼ ðdi; j þ ðl� 1ÞzizjÞ; 1a i; ja nþm

for l A S1, z ¼ ½z1; . . . ; znþm� and z ¼ ðz1; . . . ; znþmÞ A S2nþ2m�1 HC
nþm and let

q : UðnþmÞ ! UðnþmÞ=UðmÞ ¼ Uðn : mÞ be the standard projection. Now

let us consider the composition SðCPnþm�1
þ Þ !

r
UðnþmÞ !

q
UðnþmÞ=UðmÞ ¼

Uðn : mÞ. By Lemma 3.2 (cf. §3) we have

H�ðUðn : mÞ;ZÞGZfxi1 � � � xis jmþ 1a i1 < � � � < isamþ ng

where xi ¼ ðq � rÞ�ðsðsi�1ÞÞ and si�1 is a generator of H2i�2ðCPnþm�1
;ZÞ. Let

j : RkðC nþmÞ ! UðnþmÞ and j 0 : RkðC n
: C

mÞ ! Uðn : mÞ be the inclusion

maps. Consider the following commutative diagram
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RkðC nþmÞ ���!
j

UðnþmÞ
?
?
?
y
q

?
?
?
y
q

RkðC n
: C

mÞ ���!
j 0

Uðn : mÞ

Then from Proposition 2.4 [4], we have

Proposition 2.4. The homomorphism

j 0� : H�ðR
kðC n : C mÞ;ZÞ ! H�ðUðn : mÞ;ZÞ

is injective and Im j 0� is spanned by xi1 � � � xis , mþ 1a i1 < � � � < isamþ n, sa k.

We identify H�ðR
kðC n : C mÞ;ZÞ with its image in H�ðUðn : mÞ;ZÞ. Now

consider the following commutative diagram of the cofibrations

Rk�1ðC nþmÞ ���! RkðC nþmÞ ���! RkðC
nþmÞþ

?
?
?
y
q

?
?
?
y
q

?
?
?
y
q

Rk�1ðC n
: C

mÞ ���! RkðC n
: C

mÞ ���!
p

RkðC
n
: C

mÞþ

Then from Proposition 2.5 [4], we easily obtain the following

Proposition 2.5. The homomorphism

p� : H�ðR
kðC n

: C
mÞ;ZÞ ! ~HH�ðRkðC

n
: C

mÞþ;ZÞ

is surjective and Ker p� is spanned by xi1 � � � xis , mþ 1a i1 < � � � < isamþ n,

sa k � 1.

We write p�ðxi1 � � � xik Þ A
~HH�ðRkðC

n : C mÞþ;ZÞ by the same symbol xi1 � � � xik .

Let Dk
Z
ðxmþ1; . . . ; xmþnÞ ¼ Zfxi1 � � � xikg be the module generated by xi1 � � � xik ,

mþ 1a i1 < � � � < ikamþ n. Then we have an isomorphism

~HH�ðRkðC
n : C mÞþ;ZÞGDk

Z
ðxmþ1; . . . ; xmþnÞ

as an abelian group.

Now let A A RkðC nþmÞ and B A R lðC n : C mÞ, then it is clear that the

composition AB A RkþlðC n : C mÞ. Thus we obtain a pairing

~mm : RkðC nþmÞ � R lðC n : C mÞ ! RkþlðC n : C mÞ:

Note that ~mmðRk�1ðC nþmÞ � R lðC n : C mÞÞHRkþl�1ðC n : C mÞ and ~mmðRkðC nþmÞ�

R l�1ðC n : C mÞÞHRkþl�1ðC n : C mÞ. Therefore, by identifying RkðC
nþmÞþ with

RkðC nþmÞ=Rk�1ðC nþmÞ and RlðC
n : C mÞþ with R lðC n : C mÞ=R l�1ðC n : C mÞ, we

have an induced pairing
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~mm : RkðC
nþmÞþ5RlðC

n
: C

mÞþ ! RkþlðC
n
: C

mÞþ:

Now we have

Proposition 2.6. The diagram

RkðC
nþmÞþ5RlðC

n
: C

mÞþ ���!
~mm

RkþlðC
n
: C

mÞþ
?
?
?
y
s5v

?
?
?
y
v

RkðC nþmÞþ5R lðC n
: C

mÞþ ���!
~mm

RkþlðC n
: C

mÞþ

is homotopy commutative where s is the stable splitting map of UðnþmÞ.

Proof. First note that the natural diagram

GLðk;CÞ �MonðC l
;C

lþmÞ ���! EndðC kÞ � ðEndðC lÞlMl;mÞ
?
?
?
y

?
?
?
y

MonðC kþl
;C

kþlþmÞ ���! EndðC kþlÞlMkþl;m

is a pull-back diagram, where all maps are inclusion maps. The horizontal maps

are open embeddings and the vertical maps are proper. The upper horizontal

and lower horizontal maps are UðkÞ �UðlÞ and Uðk þ lÞ equivariant and vertical

maps are equivariant with respect to the UðkÞ �UðlÞ-action on EndðC kþlÞ

induced by the inclusion UðkÞ �UðlÞHUðk þ lÞ. Therefore we have an in-

duced commutative diagram

zn;kðGLðk;CÞÞ� zn; lðMonðC l
;C

lþmÞÞ ���! zn;kðEndðC
kÞÞ � zn; lðEndðC

lÞlMl;mÞ
?
?
?
y

?
?
?
y

z2n;kþlðMonðC kþl
;C

kþlþmÞÞ ���! z2n;kþlðEndðC
kþlÞlMkþl;mÞ

We can directly check that the diagram is pull-back. We can identify

zn;kðGLðk;CÞÞ with zn;kðUðkÞ �HðkÞÞ and zn;kðMonðC l
;C

lþmÞÞ with

zn;kðUðl : mÞ �HðlÞÞ similarly for z2n;kþlðMonðC kþl
;C

kþlþmÞÞ. Let gkþl be a

vector bundle over G2n;kþl such that z2n;kþlðHðk þ lÞÞl gkþl GG2n;kþl � R
N .

Let f : Gn;k � Gn; l ! G2n;kþl be the natural map. Note that Hðk þ lÞGHðkÞl

HðlÞlC
kl as UðkÞ �UðlÞ-module where C

kl is a trivial UðkÞ �UðlÞ-module.

Hence f �ðz2n;kþlðHðk þ lÞÞÞG zn;kðHðkÞÞ � zn; lðHðlÞÞl ð2klÞe, where ð2klÞe is

the trivial real bundle of dimension 2kl. Therefore zn;kðHðkÞÞ � zn; lðHðlÞÞl

f �gkþl l ð2klÞe is isomorphic to a trivial bundle. Hence we have a pull-back

diagram
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zn;kðUðkÞÞ � zn; lðUðl : mÞÞ � R
N
H zn;kðuðkÞÞ � zn; lðuðlÞ �Ml;mÞ � R

N

?
?
?
y

?
?
?
y

z2n;kþlðUðk þ l : mÞÞ � R
N

H z2n;kþlðuðk þ lÞ �Mkþl;mÞ � R
N

of open embeddings and proper maps. Thus we obtain a homotopy commu-

tative diagram of the Pontrjagin-Thom construction. The rest of the proof is

similar to Lemma 2.6 [4]. r

Theorem 2.7. The homomorphism

v� : ~HH�ðRlðC
n : C mÞþ;ZÞ ! H�ðR

lðC n : C mÞ;ZÞ

is given by

v�ðxj1 � � � xjl Þ ¼ xj1 � � � xjl .

Proof. We prove the theorem by induction on l. It is clear for l ¼ 1.

Suppose that it is true up to l. By Proposition 2.6 we have the following

commutative diagram

~HH�ðRkðC
nþmÞþ;ZÞn ~HH�ðRlðC

n
: C

mÞþ;ZÞ ���!
~mm�

~HH�ðRkþlðC
n
: C

mÞþ;ZÞ
?
?
?
y
s�nv�

?
?
?
y
v�

H�ðR
kðC nþmÞ;ZÞnH�ðR

lðC n
: C

mÞ;ZÞ ���!
~mm�

H�ðR
kþlðC n

: C
mÞ;ZÞ

It is clear that

~mm�ðxi1 � � � xik n xj1 � � � xjl Þ ¼
xi1 � � � xikxj1 � � � xjl ; mþ 1a ia; ia 0 jb Ea; b

0; otherwise

�

We take k ¼ 1. Then xj1 � � � xjlxjlþ1
¼ ~mm�ðxj1 n xjl � � � xjlþ1

Þ. Then

v�ðxj1 � � � xjlxjlþ1
Þ ¼ xj1 � � � xjlxjlþ1

by the assumption of induction. r

3. Adams operation and p-local stable splittings.

First of all, we recall the cohomology of Uðn : mÞ. Let yi A

H 2i�1ðUðnþmÞ;ZÞ be a class transgressive to ci A H 2iðBUðnþmÞ;ZÞ. Then it

is well known that yi is primitive and we have

H �ðUðnþmÞ;ZÞ ¼ LZðy1; . . . ; ynþmÞ:

Now consider the standard projection p : UðnþmÞ ! Uðn : mÞ. Then

the homomorphism p� : H �ðUðn : mÞ;ZÞ ! H �ðUðnþmÞ;ZÞ is injective and

Im p� is spanned by yi1 � � � yis , mþ 1a i1 < � � � < isamþ n. If we identify
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H �ðUðn : mÞ;ZÞ with its image in H �ðUðnþmÞ;ZÞ, then we may write

H �ðUðn : mÞ;ZÞ ¼ LZðymþ1; . . . ; ynþmÞ.

Let q be an integer such that ðq;m!Þ ¼ 1. Then we know that there exists a

map cq : BUðmÞ ! BUðmÞ such that ðcqÞ�ðcrÞ ¼ qrcr, 1a ram. By applying

the loop functor, we obtain a map

Wcq : UðmÞ ! UðmÞ:

Now we consider the fibration UðmÞ ! UðnþmÞ ! Uðn : mÞ, then from the

following diagram

UðmÞ ���! UðnþmÞ ���! Uðn : mÞ ���! BUðmÞ ���! BUðnþmÞ
?
?
?
y
Wc q

?
?
?
y
Wc q

?
?
?
y
cq

?
?
?
y
c q

UðmÞ ���! UðnþmÞ ���! Uðn : mÞ ���! BUðmÞ ���! BUðnþmÞ

we can show that there exists a map Uðn : mÞ ! Uðn : mÞ such that all square

diagrams are homotopy commutative. We denote this map by the same notation

cq.

About the generators ymþ1; . . . ; ymþn, we have

Proposition 3.1. The homomorphism

ðcqÞ� : H �ðUðn : mÞ;ZÞ ! H �ðUðn : mÞ;ZÞ

is given by

ðcqÞ�ðyrÞ ¼ q ryr:

Proof. Since ðWcqÞ ¼ q ryr, the proposition follows from the above dia-

gram. r

Recall that the homology of Uðn : mÞ. Consider the standard projection

p : UðnþmÞ ! Uðn : mÞ. Let si�1 be a generator of H2i�2ðCPnþm�1;ZÞ and let

s denote the homology suspension. Then we have

H�ðUðnþmÞ;ZÞ ¼ LZðx1; . . . ; xnþmÞ

where xi ¼ r�ðsðsi�1ÞÞ A H2i�1ðUðnþmÞ;ZÞ. (See [4].)

Lemma 3.2. fp�ðxi1 � � � xisÞ jmþ 1a i1 < � � � < isamþ ng is a basis of

H�ðUðn : mÞ;ZÞ.

Proof. For simplicity, we write xI ¼ xi1 � � � xis and yJ ¼ yj1 � � � yil for

multi-indices I ¼ ði1; . . . ; isÞ and J ¼ ð j1; . . . ; jlÞ. It is shown in [4] that xI
in H�ðUðnþmÞ;ZÞ is a dual to yJ in H �ðUðnþmÞ;ZÞ. Then we see that
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p�ðxi1 � � � xisÞ in H�ðUðn : mÞ;ZÞ for mþ 1a i1 < � � � < isamþ n is dual to yJ in

H �ðUðn : mÞ;ZÞ. r

We write p�ðxi1 � � � xisÞ by the same symbol xi1 � � � xis . Now let p be an

odd prime and nþm be a positive integer. Then we can choose a prime l such

that ðl; ðnþmÞ!Þ ¼ 1 and l generates the multiplicative group Z
�
p . In the ring

fUðn : mÞ;Uðn : mÞg of homotopy classes of stable self maps, we can define, for

each t ð1a ta p� 1Þ, a stable map ft : Uðn : mÞ ! Uðn : mÞ by

ft ¼
Y

ðc l � l i idÞ; mþ 1a iamþ n and i2 t mod p� 1

where the product is taken by means of composition.

Proposition 3.3. ðftÞ� : H�ðUðn : mÞ;ZÞ ! H�ðUðn : mÞ;ZÞ is given by

ðftÞ�ðxi1 � � � xisÞ ¼
axi1 � � � xis ; i1 þ � � � þ is 1 t mod p� 1

0; otherwise

�

where a is a certain integer2 0 mod p.

Proof. Consider ðc lÞ� : H �ðUðn : mÞ;ZÞ ! H �ðUðn : mÞ;ZÞ. Since in

general, in the ring fZ;Zg of stable self maps of a spectrum Z, ð f þ gÞ�ðzÞ ¼

f �ðzÞ þ g�ðzÞ, we see ðc l � l i idÞ�ðyi1 � � � yisÞ ¼ ðl i1þ���þis � l iÞðyi1 � � � yisÞ. Then

clearly ðftÞ
�ðyi1 � � � yisÞ ¼

Q

ðl i1þ���þis � l iÞðyi1 � � � yisÞ. Since l k � 11 0 mod p if

and only if k1 0 mod p� 1, we see that ðftÞ
�
satisfies the required property for

the cohomology basis. Then the proposition follows from the duality. r

Let q1; q2; . . . be all primes except p and put dk ¼ q1 � � � qk. Consider a

sequence

Uðn : mÞ �!
d1

Uðn : mÞ �!
ft

Uðn : mÞ �!
d2

Uðn : mÞ �!
ft

� � �

where dk means the dk-times of the identity. We denote by Yt the telescope

of the sequence. Note that the map dk : Uðn : mÞ ! Uðn : mÞ is homolog-

ically diagonal. Let mt : Uðn : mÞ ! Yt be the natural inclusion. Then we have

ðmtÞ�ðxi1 � � � xisÞ ¼ 0 for i1 þ � � � þ is 2 t mod p� 1 and writing ðmtÞ�ðxi1 � � � xisÞ

also by xi1 � � � xis for i1 þ � � � þ is 1 t mod p� 1. Then we have

Theorem 3.4. The map

4 mt : Uðn : mÞ ! 4
p�1

t¼1

Yt

is a p-local equivalence.

Thus by mixing the above stable splitting and Miller’s stable splitting, we

have
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Theorem 3.5. Let n be a positive integer and let p be an odd prime. For

each pair ðt; kÞ of integers such as 1a ta p� 1 and 1a ka n, Mt;k denotes the

submodule of H�ðUðn : mÞ;Z=pÞ spanned by xi1 � � � xik such that i1 þ � � � þ ik 1

t mod p� 1. Then there exists a finite spectrum Yt;k satisfying

H�ðYt;k;Z=pÞGMt;k

as a module, and a stable p-equivalence

Uðn : mÞ ! 4Yt;k

where the wedge sum is taken over 1a ta p� 1 and 1a ka n.

Proof. For 1a ka n and 1a ta p� 1, let ek and ft be the idempotents

of the ring fUðn : mÞ;Uðn : mÞg coming from Miller’s splitting and the one given

by the Adams operation, respectively. Then we easily see that ðekÞ�ð ftÞ� ¼

ð ftÞ�ðekÞ� for all t; k. Let Yt;k be the telescope of the map ft � ek. Then Clearly

H�ðYt;k;ZÞGZfyi1 � � � yik j i1 þ � � � ik 1 t mod p� 1g. The latter half follows

easily from what we have shown. r
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