J. Math. Soc. Japan
Vol. 54, No. 4, 2002

On a p-local stable splitting of Stiefel manifolds
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Abstract. H. Miller introduced a filtration of Stiefel manifolds which splits stably
and proved that the starata of the filtration are vector bundles, so that Stiefel manifolds
are stably equivalent to a wedge of the corresponding Thom spaces. In this paper, we
shall give a finer p-local stable splitting of the Stiefel manifolds by using the Adams
operations.

1. Introduction.

Let U(n: m) be the Stiefel manifold of orthonormal n-frames in C*™™. A
common notation for the Stiefel manifold is V,,, ,, but we will use this notation
U(n:m). The reason we want to use this notation is that we regard this
U(n:m) < Hom(C",C"™) as the space of isometric linear maps from C” to
C"™.  Let f:C"— C"™ be an isometric linear map. Then there exists a
unique matrix A4 = (a;), 1<i<n+m, 1<j<n such that f(z) =4z for
ze C". By taking g = (a;), h = (ay), 1 <i, j<n, n+1<k<n+m associ-
ating to the matrix A, we can represent each element of U(n : m) as a pair (g,h)
where g € End(C"), he Hom(C",C™) satistying ¢g*g+h*h=1,. H. Miller
has introduced a filtration {(1,0)} = R%(C":C™) < R (C":C")c .- - c
R"(C":C™)=U(n:m) and shown that there is a stable splitting

—
[E—
~—

Uln: m) ~ kyl R(C": €™

where Ry (C":C™)=RK(C":C™) - R*1(C":C™) and Ri(C":C™)" =~
RF(C" . C™)/R*1(C" : C™) is the one-point compactification of Ri(C": C™).
Later M. Crabb gave a simpler constrution of the stable splitting.

In particular, by taking m = 0 in (1), we have the following stable splitting of
U(n)

U(n) ~ kvl Ri(C)* )
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On the other hand it is known [3| that for a prime p there is a p-local unstable
decomposition

Un) ~ Xi(n) x -+ x X,_1(n)

P
into a product of p—1 spaces, using the unstable Adams operations with
the X;(n)’s satisfying H*(X;(n); Z(,)) = Az, (Xi, Xitp-1,- -, Xiys(p-1)) Where s=
[(m—1i)/(p—1)]. Then we obtain a p-local stable splitting

U(n) f\/X,-](n)/\---/\Xis(n), l<i<--<ig<p-1L (3)

In [4], Nishida and Yang have shown first, that the stable splitting map of unitary
group U(n) is homologically diagonal and then, by mixing (2) and (3), obtained a
finer decomposition of U(n).

In this paper, we will generalize the above argument to the case of Stiefel
manifolds. Our main theorem is

THEOREM 3.5. Let n be a positive integer and let p be an odd prime. For
each pair (t,k) of integers such as 1 <t <p—1and 1 <k <n, M, denotes the
submodule of H.(U(n:m);Z/p) spanned by x; ---x;, such that iy +---+ix =
t mod p —1. Then there exists a finite spectrum Y, satisfying

H*(Yt,k;Z/P) =~ M,
as a module, and a stable p-equivalence
Un:m)—\/ Y.
where the wedge sum is taken over 1 <t<p-—1and 1 <k <n.

In §2, we will follow the same way to that of §2 in [4] and show that the
stable splitting map of the Stiefel manifold is homologically diagonal.

In §3, we will study how can the cohomology generators of the Stiefel
manifold be represented by the Adams operation. To be precise, let ¢ be
an integer such that (¢,m!)=1. Then we know that there exists a map
Y9 : BU(m) — BU(m) such that (y9)"(¢;) =¢q"c,, 1 <r <m. By applying the
loop functor, we obtain a map

QY U(m) — U(m).

Now we consider the fibration U(m) — U(n+m) — U(n:m), then from the
following diagram

Um) —— Um+m) —— Um:m) —— BU(m) —— BU(n+ m)

b e L

Um) —— Um+m) —— U(n:m) —— BU(m) —— BU(n+m)
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we can show that there exists a map U(n:m) — U(n:m) such that all square
diagrams are homotopy commutative. We denote this map by the same notation
Y and call it “Adams operation” too. Then we shall show that Y7 is co-
homologically diagonal, and obtain a finer stable splitting of Stiefel manifolds.

ACKNOWLEDGEMENT. | would like to express my sincere thanks to Professor
G. Nishida for his constant attention and valuable advice. I am also grateful to
Dr. M. Tanabe for several enlightening discussions and helpful advice.

2. Property of stable splittings.

We define an increasing filtration of the Stiefel manifold U(n : m)

{(1,0)} = RY(C": C™) < RYC":C™)c---c R"(C":C™) = U(n:m)
by

RK(C": C™) ={(g,h) € U(n: m)|dime(Ker(g — 1)) <k}, 0<k<n

where 1 denotes the unit element of End(C"). The difference R*(C": C™)—
RF1(C": €™ = {(g,h) € U(n : m)|dim¢(Ker(g — 1))" =k} is written by
Ri(C": C™). The one-point compactification R;(C": C™)" is identified with
the quotient space R*(C":C™)/R*'(C":C™). The pointed natural projec-
tion map is denoted by =:RX(C":C™)" — RXK(C":C™)/R1(C":C™) =
Ri(C": C™)".

H. Miller 2| and M. Crabb have shown the following

THEOREM 2.1. There exists a stable splitting
Un:m)~\/ R(C":C™7"
k=1

We recall the construction of the splitting following [1]. Let End(C %) be the
space of all k x k matrices. We regard End(C¥) as a U(k)-space by the adjoint
action. Then we have following U(k)-invariant subspaces of End(C*):

1) A#(k): the space of Hermitian matrices,

2) u(k): the space of skew-Hermitian matrices,

3) U(k): the unitary group.

Also we regard Hom(C*, C*"™) as a U(k)-space by pre-composition. Then we
have U(k)-invariant subspace U(k : m), = {(g,h) € U(k : m)|g — 1 is invertible}.
Occasionally, we shall write Hom(Ck,Ck+m) by Mj k+m for the sake of con-
venience. Thus, Hom(C*, C¥™) = End(C*) ® Hom(C*,C™) = u(k) ® # (k) @
My . Let G, be the Grassman manifold of k-planes in C" and let U(k) —
Uk :n—k)— G, be the standard principal U(k)-bundle. We denote this
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bundle simply by {, . Let F be a manifold with a U(k)-action. We denote the
associate fibre bundle by (, x(F). The generalized Cayley transform

Vi u(k) © My — Uk : m),

defined by W(x,y)=(g,h) where c¢=x/2+y*y/4, g=(c+1)(c=1),
h=y(1—-g¢g)/2 is a U(k)-equivariant diffeomorphism. Consider the bundle
Cok(U(k :m)) — G i; the fibre over Ee G, is {(X,Y)|X eEnd(E),Y €
Hom(E,C™),X*X 4+ Y*Y = 1;} of a k-dimensional subspace E = C", and we
can regard an element of (, ,(U(k:m)) as a triple (E,X,Y) where E € G, ,
X eEnd(E), Y e Hom(E,C™). Now we have a surjective map p : {, x(U(k : m))
— RK(C" . C™) given by

p(E,X, Y) = (g,h),

where g=X@®1:EQE* - EQ@E+ and h=Y®0:EQE- - C™. 1t is
clear that the restriction of p gives a homeomorphism

GGk = m)y) = Ri(C" 2 C™)

The space Ry(C":C™) < R¥(C":C™) fibres over G, ., by mapping (g,h) e
Ri(C": C™) to (Ker(g—1))*. By using the generalized Cayley transform we
can identify the bundle Ri(C": C™) with , ;(u(k) x My ,»). Thus we have

PROPOSITION 2.2.  There is a natural diffeomorphism between Ri(C": C™)
and the total space of the vector bundle (, ,(u(k) X My ) over Gy.

Let Mon(C*,C**™) = Hom(C*, C**™) be the open subset of injective linear
maps. We note the decomposition Mon(C*, C**™) =~ U(k : m) x P(k) where
P(k) is the space of positive definite Hermitian matrices. The exponential map
exp: # (k) — P(k) is a diffeomorphism and hence we have a diffeomorphism

1 xexp: Uk :m) x #(k) — Mon(Ck, C**™)

which is clearly U(k)-equivariant. We now construct a stable map
¢: R (C": C™)" — RK(C": C™)" as follows. We have a diffeomorphism

an(U(k : Wl) X %(k)) : Cn,k(Mon(Ck7 Ck+m))

and an open embedding
Lne(Mon(C*, C™)) < §, ((Hom(C*, C™)) =, (u(k) @ A (k) ® My ).

Note that {, ((U(k:m)x #(k)) is identified with the fibre product
Cok(U(k = m)) X Cok(H(k)) of the spaces over Gk, and similarly for
n, k

Cox(u(k) @ A (k) @ My, ). Since (, (A (k)) is a real vector bundle over a
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compact space G, there is an embedding (, x(#'(k)) = Gy X R" into the
product bundle for some integer N. Let y be the orthogonal complement
of {, x(#(k)) so that {, ;(#(k)) ®y= G,r x RY. Then applying X to the

n, k

above diffeomorphism and the embedding, we have an open embedding
Lik(Uk :m)) x RN < ¢, (u(k) x My ,) x RN and applying the Pontrjagin-
Thom construction we obtain a stable map s:(, x(u(k) x My )" —
Lui(U(k:m))". By a usual argument it is easy to see that the homotopy
class of the stable map s does not depend on a choice of an embedding
Luk(H (k) = Gup x RY. Now we define the stable map ¢ as the following
composition

+

¢ R(C": €™ = G (k) X M)t 5 Gk (Uksm)) ™ 5 RE(C™: ™)™
The next theorem is due to M. Crabb

THEOREM 2.3. moc is homotopic to the identity.

We denote the inclusion maps R¥(C" : C™) — R*1(C": C™) by j'. Then
we have a stable map ;' o¢: Ry(C": C™)" — U(n:m)" and by taking a wedge
sum we have

\/ Re(C": €™ =\ Uln: m)* — Uln: m)*
k=0

which is clearly a homotopy equivalence. Since Ry(C": C™)" ~ S° we finally
obtain a stable homotopy equivalence

\/ R(C": C™)" — U(n:m).
k=1
Now we recall basic facts about the homology of R¥(C": C™), see, e.g.,
[5] Cosider a map p: Z(CP"™™ 1) — U(n+m) defined by
p(iaz):(éi,j—I_(z_l)ZiZj)a ISZ,]SI’Z—FWZ

for 2e€S', z=1[z1;...;z2p4m] and z= (z1,...,Z4pm) € S?2"1 = C™" and let
qg:Un+m)— Umn+m)/U(m)=U(n:m) be the standard projection. Now
let us consider the composition X(CP™ 1) LU (n+m) LU (n+m)/U(m) =
U(n:m). By (cf. §3) we have

H(Un:-m),Z)=Z{x;---x,|m+1<i<---<ig<m-+n}

where x; = (qop),(a(si-1)) and s;_1 is a generator of Hy o(CP" ™™ 1, Z). Let
j:RMC"™™) — Um+m) and j' : RK(C":C™) — U(n:m) be the inclusion
maps. Consider the following commutative diagram
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RF(C™™)  —— U(n+m)

Pl

R¥(C":C™) —— U(n:m)
]/

Then from [Proposition 2.4 [4], we have

PROPOSITION 2.4.  The homomorphism
il H(RN(C":C™):Z) - H(U(n:m); Z)
is injective and Im j! is spanned by x; ---x;, m+1<i <--- <ig<m+n, s <k.

We identify H,(R¥(C": C™);Z) with its image in H,(U(n:m);Z). Now
consider the following commutative diagram of the cofibrations

kal(CIH—rn) Rk(Cn+n1) Rk(Cn+rn)+

| | |

Rk—l(cn : Cm) - Rk(Cn . Cm) L Rk(Cn . Cm)+

Then from [Proposition 2.3 [4], we easily obtain the following

PROPOSITION 2.5. The homomorphism
. : H (RK(C": C™): Z) — H.(R(C" : C™)", Z)

is surjective and Kern, is spanned by Xxj ---x;, m+1<i <---<iyz<m+n,
s<k-1.

We write 7, (x;, - x;, ) € H,(R(C" : C™)"; Z) by the same symbol x;, - - - x;,.
Let A%(Xpi1s. s Xmin) = Z{x;, ---x;} be the module generated by x; ---x;,

m+1<i<---<ipr<m+nThen we have an isomorphism
I:I*(Rk(C” . C""Z) = Aé(xmﬂ, ooy Xt

as an abelian group.
Now let 4 e R¥(C"™™) and Be R!(C":C"), then it is clear that the
composition AB e R*!(C": C™). Thus we obtain a pairing

ﬂ . Rk(Cn—Hn) % Rl(Cn : Cm) - Rk+l(Cn : Cm).

Note that g(R*'(C"™) x RI(C": C™)) c RF=1(C": C™) and ji(R*(C"™) x
RIZN(C™: C™)) « RMIZ1(C™ . C™).  Therefore, by identifying R (C"™™)" with
R¥(C™™)/R*=1(C"™™) and R/(C": C™)" with R/(C":C™)/R'=1(C":C™), we
have an induced pairing



On a p-local stable splitting of Stiefel manifolds 917
i R (C™™T AR(C": C™ T — Ryyy(C": C™)™.
Now we have
ProPOSITION 2.6. The diagram

R (C"™™™* A RJ(C": C™)" —— Rey(C": C™)*

o
JO’/\Q lg
Rk(Cn+m)-|— A Rl(Cn : Cm)+ - Rk+l(Cn . Cm)-i—
o

is homotopy commutative where o is the stable splitting map of U(n+ m).
Proor. First note that the natural diagram

GL(k,C) x Mon(C',C"*"™) —— End(C*) x (End(C') @ M)

| J

Mon(Ck—H, Ck+l+m) - End(ck-l—l) @ Mk+[,m

is a pull-back diagram, where all maps are inclusion maps. The horizontal maps
are open embeddings and the vertical maps are proper. The upper horizontal
and lower horizontal maps are U(k) x U(l) and U(k + [) equivariant and vertical
maps are equivariant with respect to the U(k) x U(I)-action on End(C*)
induced by the inclusion U(k) x U(l) = U(k+1). Therefore we have an in-
duced commutative diagram

Cn,k(GL(ka C)) X le(MOIl(Cl, Cl+m)) — an(End(Ck)) X é’n,l(End(Cl) @ MLm)

| l

Conkpr(Mon(CHH € Fm)) — Con ke 1(End(C*™) @ My m)

We can directly check that the diagram is pull-back. We can identify
Luk(GL(k,C))  with  {,  (U(k) x #(k)) and {,x(Mon(C',C"™))  with
Lux(U(L:m) x #(1)) similarly for {y, z/(Mon(C*, C*H™)). Let y,,, be a
vector bundle over Gy, s such that (o, g i(H#(k+1) @ sy = Gonirs X RY.
Let /' : G,k X Gp 1 — Gop k+1 be the natural map. Note that #'(k +1) = #(k) @
H() @ CM as U(k) x U(l)-module where C* is a trivial U(k) x U(I)-module.
Hence /*(Con et (A (k+ 1)) = G (H(K)) x G (H(1) ® (2k1)e, where (2KI)e s
the trivial real bundle of dimension 2k/. Therefore (, x(#'(k)) x {, (A (])) ®
S V11 @ (2kl)e is isomorphic to a trivial bundle. Hence we have a pull-back
diagram
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Lui(U(K)) x G (U1 m)) x RY < &, 4 (u(k)) x & g (u(l) x My ) x RN
Gnpst(Uk+1:m)) x RN = G p(ulk + 1) X Mipym) X RY

of open embeddings and proper maps. Thus we obtain a homotopy commu-
tative diagram of the Pontrjagin-Thom construction. The rest of the proof is
similar to Lemma 2.6 [4]. O

THEOREM 2.7. The homomorphism
¢ H(R)(C":C™":Z) — H.(R'(C": C™); Z)
is given by
C*(le .. .le) =X} X,

ProoF. We prove the theorem by induction on [ It is clear for /=1.
Suppose that it is true up to /. By |Proposition 2.6 we have the following
commutative diagram

H,(R,(C""™" Z)® H.(R)(C": C"™*:Z) —— H,(Ry(C": C™", Z)

i,
la* ®c. lc*

H*(Rk(C”“”);Z) ®H*(RZ(C” :C")Z) —— H*(Rk”(C” :C") Z)
i,

It is clear that

N Xjy o Xy Xj Xy mA+1 <y, iy #jp Va,b

i, (xi, i ® Xy i) { 0; otherwise

We take k=1 Then  x;---xx,, = &0 ®x;---x,). Then
Ci(xj, -+ x;xj,,) = Xj, - x;,xj,, by the assumption of induction. O

3. Adams operation and p-local stable splittings.

First of all, we recall the cohomology of U(n:m). Let y; €
H* Y (U(n+m); Z) be a class transgressive to ¢; € H*(BU(n+m); Z). Then it
is well known that y; is primitive and we have

H*(U(n—l—m),Z) = AZ(ylw--ayn+m)-

Now consider the standard projection p: U(n+m)— U(n:m). Then
the homomorphism p*: H*(U(n:m);Z) — H*(U(n+m);Z) is injective and
Imp* 1s spanned by y; ---y;, m+1<i<---<ig<m+n. If we identify
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H*(U(n:m);Z) with its image in H*(U(n+m);Z), then we may write
H*(U(n : m),Z) = AZ(ym—H: cee yn—l—m)'

Let ¢ be an integer such that (¢,m!) = 1. Then we know that there exists a
map ¢ : BU(m) — BU(m) such that (y9)"(¢,) =¢"¢,, 1 <r <m. By applying
the loop functor, we obtain a map

Qy: U(m) — U(m).

Now we consider the fibration U(m) — U(n+m) — U(n:m), then from the
following diagram

Um) —— Um+m) —— Um:m) —— BU(m) —— BU(n+ m)
O b
Um) —— Um+m) —— U(n:m) —— BU(m) —— BU(n+m)

we can show that there exists a map U(n:m) — U(n:m) such that all square
diagrams are homotopy commutative. We denote this map by the same notation

v

About the generators y,,.1,..., Vimin, We have
PrOPOSITION 3.1.  The homomorphism
W H'(U(n:m); Z) — H*(U(n:m); Z)
is given by
W) () ="y

Proor. Since (2y?) =q"y,, the proposition follows from the above dia-
gram. ]

Recall that the homology of U(n:m). Consider the standard projection
p:Um+m)— U :m). Lets;,_; bea generator of Hy ,(CP"!:Z) and let
o denote the homology suspension. Then we have

H.(Un+m);Z) = Az(x1,.. ., Xnim)
where x; = p,(a(si—1)) € Hy_1(U(n+m); Z). (See [4].)

LemMma 320 {p.(x;---x,)|m+1<i <---<ig<m+mn} is a basis of
H.(U@n:m);Z).

Proor. For simplicity, we write x; =x;---x;, and y; =y ---y;, for
multi-indices [ = (i1,...,i) and J = (ji,...,/;). It is shown in [4] that x;
in H,(Un+m);Z) is a dual to y; in H*(U(n+m);Z). Then we see that
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p(xj---x;)) in H(Um:m); Z) form+1<i <---<ig<m-+nisdual to y; in
H*(U(n:m); Z). ]

We write p.(x; ---x;) by the same symbol x;---x;,. Now let p be an
odd prime and n 4+ m be a positive integer. Then we can choose a prime / such
that (/,(n+m)!) =1 and / generates the multiplicative group Z,. In the ring
{U(n:m),U(n:m)} of homotopy classes of stable self maps, we can define, for
each 1 (1<t<p-—1), a stable map ¢,: U(n:m) — U(n:m) by

$=][w'-1id), m+1<i<m+n and i#tmodp-1
where the product is taken by means of composition.
ProrosiTioN 3.3. (¢,), : H(Um:m);Z) — H,(U(n:m);Z) is given by

axj ---xi; i +---+ig=t modp—1

(80,05 1) = |

0; otherwise

where a is a certain integer (0 mod p.

Proof. Consider (y')*: H*(U(n:m); Z) — H*(U(n: m); Z). Since in
general, in the ring {Z,Z} of stable self maps of a spectrum Z, (f +¢)"(z) =
f (2)+g*(2), we see (' —I'id)*(yi, ---yi) = (" —11)(y;, ---p;). Then
clearly (4,)"(yi, -+~ yi) = [T(I"F s — ) (p;, ---y;). Since [¥—1=0 modp if
and only if kK =0 mod p — 1, we see that (¢,)" satisfies the required property for
the cohomology basis. Then the proposition follows from the duality. O

Let ¢1,¢2,... be all primes except p and put dp =¢q;---qr. Consider a
sequence

U(n:m)i>U(n:m)LU(n;m)ﬂU(n:m)ﬂ...

where d; means the di-times of the identity. We denote by Y, the telescope
of the sequence. Note that the map d;: U(n:m)— U(n:m) is homolog-
ically diagonal. Let g, : U(n: m) — Y, be the natural inclusion. Then we have
(), (x5, +-x;) =0 for iy +---+ig#¢t modp—1 and writing (g,),(x; ---x;)
also by x;, ---x; for iy +---+i;=¢t modp—1. Then we have

THEOREM 3.4. The map

p—1
Vi Umim) =\ Y,
=1
is a p-local equivalence.

Thus by mixing the above stable splitting and Miller’s stable splitting, we
have
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THEOREM 3.5. Let n be a positive integer and let p be an odd prime. For
each pair (t,k) of integers such as 1 <t<p—1and 1 <k <n, M, denotes the
submodule of H.(U(n:m);Z/p) spanned by x; ---x; such that iy +---+ix =
t mod p —1. Then there exists a finite spectrum Y, satisfying

H.(Y,;Z/p) = M, i
as a module, and a stable p-equivalence
Un:m)—\/ Y
where the wedge sum is taken over 1 <t<p—1and 1 <k <n.

PrOOF. For 1 <k<mand 1 <t<p-—1, let ¢, and f; be the idempotents
of the ring {U(n : m), U(n : m)} coming from Miller’s splitting and the one given
by the Adams operation, respectively. Then we easily see that (ex),(f;), =
(f1),(ex), for all #,k. Let Y, be the telescope of the map f; oer. Then Clearly
H (Y, ;Z)=Z{y; -y |ii+---ixr =t modp—1}. The latter half follows
easily from what we have shown. O
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