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Abstract. This paper is concerned with the standard Lp estimate of solutions to the

resolvent problem for the Stokes operator on an infinite layer.

§1. Introduction.

Let WHRn ðnf 2Þ be an infinite layer, i.e.,

W ¼ fx ¼ ðx 0; xnÞ A Rn j x 0 ¼ ðx1; . . . ; xn�1Þ A Rn�1; 0 < xn < 1g:

This paper is concerned with the resolvent problem of the Stokes operator on W with

Dirichlet zero boundary condition:

ðl� DÞuþ ‘p ¼ f ; ‘ � u ¼ 0 in W;

ujxn¼0 ¼ ujxn¼1 ¼ 0;

�

ð1:1Þ

where u ¼ uðxÞ ¼ ðu1ðxÞ; . . . ; unðxÞÞ and p ¼ pðxÞ denote the unknown velocity vector

and pressure at x A W, respectively, and the resolvent parameter l is contained in the

sector Se which is defined as follows:

Se ¼ fz A Cnf0g j jarg zj < p� eg; 0 < e < p=2:

Here and hereafter, for the di¤erentiation, we use the following notation:

Dv ¼
X

n

k¼1

q
2v

qx2
k

; ‘ ¼ ðq1; . . . ; qnÞ; qj ¼ q=qxj; ‘
kv ¼ ðqa

xv j jaj ¼ kÞ;

Du ¼ ðDu1; . . . ;DunÞ; ‘ � u ¼
X

n

j¼1

qjuj ; ‘
ku ¼ ðqa

xuj j jaj ¼ k; j ¼ 1; . . . ; nÞ:

Let ŴW 1
p ðWÞ be a function space for the pressure, which is defined as follows:

ŴW 1
p ðWÞ ¼ fv A Lp; locðWÞ j‘v A LpðWÞn and

bfvjgHCy

ð0ÞðWÞ such that k‘ðvj � vÞkLpðWÞ ! 0 as j ! yg;

2000 Mathematics Subject Classification. 35Q30, 76D07.

Key Words and Phrases. Stokes equation, infinite layer, resolvent problem.
y Partly supported by Grant-in-Aid for Scientific Research (B)—12440055, Ministry of Education, Sciences,

Sports and Culture, Japan.



where

Cy

ð0ÞðWÞ ¼ fu A CyðWÞ j bR > 0 such that uðxÞ ¼ 0 for jx 0j > Rg:

The purpose of this paper is to prove the following theorem.

Theorem 1.1. Let 1 < p < y and 0 < e < p=2. For any l A Se and f ¼

ð f1; . . . ; fnÞ A LpðWÞn, there exists a unique u A W 2
p ðWÞn which together with some

p A ŴW 1
p ðWÞ solves (1.1); p is unique up to an additive constant. Moreover, for any l0 > 0

there exists a constant C ¼ Cl0;p; e depending only on l0, p and e such that there holds the

following estimate:

jlj kukLpðWÞ þ jlj1=2k‘ukLpðWÞ þ k‘2ukLpðWÞ þ k‘pkLpðWÞ eCk f kLpðWÞð1:2Þ

provided that l A Se and jljf l0.

So many results of the mathematical analysis for the incompressible viscous fluids

in the whole space and in the exterior domain have been obtained when the domain is

unbounded. The case where domains have noncompact boundaries have been studied

in recent years as well. However, the special attention has given to problems having

cylindrical and conical outlets to infinity. But, the infinite layer case has been less

studied. Nazarov and Pileckas [6] proved the weak solvability of the Stokes and

Navier-Stokes problems in the layer-like domain in weighted L2-framework. Moreover,

in [7] they obtained weighted a priori estimates and the asymptotic representation of

the solution to the Stokes problem. We are interested in the study of the same problem

as in [7] in the Lp-framework. Our approach is the following. Using the partial

Fourier transform with respect to x 0 ¼ ðx1; . . . ; xn�1Þ variable, we transform (1.1) to the

two point boundary value problem for a system of the ordinary di¤erential equations

with parameter ðx 0; lÞ where x 0
A Rn�1 is a dual variable of x 0. We solve this system

exactly and apply the Fourier multiplier theorem [4], [9], [10] and a lemma concerning

the estimate of the singular integral operator due to Agmon-Douglis-Nirenberg [2] to the

exact formula of solutions to obtain the estimates stated in Theorem 1.1. Our method

essentially follows Farwig and Sohr [3]. Since our domain is bounded in xn direction,

we can prove that l ¼ 0 is also in the resolvent set. This is one of the outstanding

features of our result. Our main result is the following theorem which was already

announced and proved roughly in Abe and Shibata [1].

Theorem 1.2. Let 1 < p < y and 0 < e < p=2. Then, there exists a s > 0 such

that for any l A Se U fz A C j jzj < sg and any f A LpðWÞn (1.1) admits a unique solution

u A W 2
p ðWÞn together with some p A ŴW 1

p ðWÞ, where p is unique up to an additive constant.

Moreover, there holds the following resolvent estimate:

jlj kukLpðWÞ þ jlj1=2k‘ukLpðWÞ þ kukW 2
p ðWÞ þ k‘pkLpðWÞ eCp; ek f kLpðWÞ:

Since our proof is rather long, we decided to divide the paper into two parts.

And, this paper is concerned with the case where l A Se. The forthcoming paper will

be devoted to the analysis when l ¼ 0.

Throughout the paper, to denote various constants we use the same letter C. By

CA;B;C;... we denote a constant depending on the quantities A;B;C; . . . :

T. Abe and Y. Shibata470



§2. Representation formula of solutions.

First of all, by using the solution in Rn we reduce (1.1) to the case where f ¼ 0 with

inhomogeneous boundary data. In order to do this, we have to define the extension of

f. Let jðxnÞ be a function in Cy such that jðxnÞ ¼ 1 for xn e 1=3 and jðxnÞ ¼ 0 for

xn f 2=3. For a function f ðxÞ defined on W, put

f ðxÞ ¼ jðxnÞ f ðxÞ þ ð1� jðxnÞÞ f ðxÞ ¼ f0ðxÞ þ f1ðxÞ:

Let us define the even and odd extensions of f0 and f1 as follows:

f e
0 ðxÞ ¼

jðxnÞ f ðx 0; xnÞ xn > 0;

jð�xnÞ f ðx 0;�xnÞ xn < 0;

�
ð2:1Þ

f e
1 ðxÞ ¼

ð1� jðxnÞÞ f ðx 0; xnÞ xn < 1;

ð1� jð2� xnÞÞ f ðx 0; 2� xnÞ xn > 1;

�

f o
0 ðxÞ ¼

jðxnÞ f ðx 0; xnÞ xn > 0;

�jð�xnÞ f ðx 0;�xnÞ xn < 0;

�

f o
1 ðxÞ ¼

ð1� jðxnÞÞ f ðx 0; xnÞ xn < 1;

�ð1� jð2� xnÞÞ f ðx 0; 2� xnÞ xn > 1:

�

And therefore, the even extension f e of f and odd extension f o of f are defined by the

formulae:

f e ¼ f e
0 þ f e

1 ; f o ¼ f o
0 þ f o

1 :ð2:2Þ

Now, let us put F ¼ ð f e
1 ; . . . ; f

e
n�1; f

o
n Þ for given f ¼ ð f1; . . . ; fnÞ in (1.1) and

consider the following Stokes resolvent problem in Rn:

ðl� DÞU þ ‘F ¼ F ; ‘ �U ¼ 0 in Rn:ð2:3Þ

Applying ‘� to (2.3), we have DF ¼ ‘ � F , and therefore U ¼ ðl� DÞ�1ðF � D�1‘‘ � FÞ.
Namely, we have the following formulae for U and F:

UjðxÞ ¼ F
�1
x

jxj2 bf e
jf
e
j ðxÞ �

Pn�1
k¼1 xjxk

bf e
kf
e
k ðxÞ � xjxn

bf o
nf
o
n ðxÞ

ðlþ jxj2Þjxj2

" #

ðxÞ;ð2:4Þ

UnðxÞ ¼ F
�1
x

jx 0j2 bf o
nf
o
n ðxÞ �

Pn�1
k¼1 xkxn

bf e
kf
e
k ðxÞ

ðlþ jxj2Þjxj2

" #

ðxÞ;ð2:5Þ

FðxÞ ¼ F
�1
x

Pn�1
k¼1 xk

bf e
kf
e
k ðxÞ þ xn

bf o
nf
o
n ðxÞ

ijxj2

" #

ðxÞ;ð2:6Þ

where j ¼ 1; . . . ; n� 1; i ¼
ffiffiffiffiffiffiffi
�1

p
; x 0 ¼ ðx1; . . . ; xn�1Þ; x ¼ ðx 0; xnÞ ¼ ðx1; . . . ; xnÞ; and v̂vðxÞ

and F
�1
x ½wðxÞ�ðxÞ mean the Fourier transform of v and the Fourier inverse transform of

w, respectively, namely

v̂vðxÞ ¼ Fx½v�ðxÞ ¼
ð

R n

e�ix�xvðxÞ dx; F
�1
x ½wðxÞ�ðxÞ ¼ 1

ð2pÞn
ð

Rn

e ix�xwðxÞ dx:

In order to obtain the Lp estimate for U and F, we begin with the following inequalities.
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Lemma 2.1. Let 0 < e < p=2. Then, for any l A Se, x A Rn and x 0
A Rn�1 we have

the following inequalities:

jlþ jxj2jf sin
e

2

� �

ðjlj þ jxj2Þ;ð2:7Þ

Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jx 0j2
q

f ce

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jlj þ jx 0j2
q

;ð2:8Þ

where we have chosen a branch in such a way that Re

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jxj2
q

> 0 and we have put

ce ¼ ðsin e=2Þ3=2.

To obtain the Lp estimate, the following Fourier multiplier theorem (cf. [9], [10]) is

the main tool in our argument.

Theorem 2.2. For every positive number n, put U ¼ Rnnfx A Rn j xj ¼ 0 for some

j ¼ 1; . . . ; ng. Then, for every p A ð1;yÞ, there exists a positive constant Cp such that,

for every PðxÞ A C nðUÞ satisfying the estimate

sup
x AU ;a A f0;1g n

xa q
aP

qxa ðxÞ

�

�

�

�

�

�

�

�

eA

the operator f ðxÞ 7! F
�1
x ½PðxÞ f̂f ðxÞ�ðxÞ is extended to a bounded linear operator on

LpðR
nÞ with the estimate

kF�1
x ½PðxÞ f̂f ðxÞ�kLpðR

nÞ eCpAk f kLpðR
nÞ:

By Lemma 2.1 and Theorem 2.2, we have the following lemma.

Lemma 2.3. Let 1 < p < y and 0 < e < p=2. Then, for U and F defined in (2.4)–

(2.6) we have U A W 2
p ðR

nÞn and F A ŴW 1
p ðR

nÞ ¼ fF A Lp; locðR
nÞ j‘F A LpðR

nÞng, and

moreover for any l A Se we have the estimate:

jlj kUkLpðR
nÞ þ jlj1=2k‘UkLpðR

nÞ þ k‘2UkLpðR
nÞ þ k‘FkLpðR

nÞ eCp; ek f kLpðWÞ:

Remark 2.4. (1) In order to obtain Lemma 2.3 only, it is not necessary to use the

special extension of f like (2.2). But, a property of Un stated in Lemma 4.2 below will

be necessary to prove our main result. The special extension of f in (2.2) guarantees

such property.

(2) As is well-known (cf. Farwig-Sohr [3], Galdi [4]), for any F A ŴW 1
p ðR

nÞ, there

exists a sequence fFjgHCy

0 ðRnÞ such that k‘ðF�FjÞkLpðR
nÞ ! 0 as j ! y, where

Cy

0 ðRnÞ means the set of all functions in CyðRnÞ with compact support. Therefore, the

restriction of F to W belongs to ŴW 1
p ðWÞ.

If we put u ¼ U þ v and p ¼ FþC , then the problem (1.1) is reduced to the

following problem for v and C :

ðl� DÞvþ ‘C ¼ 0; ‘ � v ¼ 0 in W; vjxn¼0 ¼ �U jxn¼0; vjxn¼1 ¼ �U jxn¼1:ð2:9Þ

We shall introduce the equivalent problem to (2.9). Applying ‘� to (2.9) implies that

DC ¼ 0 in W:ð2:10Þ
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Applying D to the n-th component of the first equation of (2.9) and using (2.10), we

have ðl� DÞDvn ¼ 0 in W. Since ‘ � v ¼ 0 in W, by the boundary condition of (2.9) we

have

qnvnjxn¼a ¼ �
X

n�1

j¼1

qjvj

�

�

�

�

xn¼a

¼
X

n�1

j¼1

qjUjðx
0
; aÞ

for a ¼ 0; 1. Therefore, we have the following equation for vn:

ðl� DÞDvn ¼ 0 in W; vnjxn¼a ¼ �Unðx
0
; aÞ; qnvnjxn¼a ¼

X

n�1

j¼1

qjUjðx
0
; aÞð2:11Þ

for a ¼ 0 and 1. And then, (2.10) and the n-th component of the first equation of (2.9)

imply the equation for C as follows:

DC ¼ 0 in W; qnC jxn¼a ¼ �ðl� DÞvnjxn¼að2:12Þ

for a ¼ 0 and 1. Finally, the equation for v1; . . . ; vn�1 are the following:

ðl� DÞvj ¼ �qjC in W; vjjxn¼a ¼ �Ujjxn¼að2:13Þ

for a ¼ 0 and 1.

First, we shall solve (2.11). In what follows, we shall write the partial Fourier

transform with respect to x 0 ¼ ðx1; . . . ; xn�1Þ A R
n�1 and its inverse transform as follows:

v̂vðx 0
; xnÞ ¼

ð

R
n�1

e�ix 0�x 0

vðx 0
; xnÞ dx

0
;

F
�1
x 0 ½wðx 0

; xnÞ�ðx
0Þ ¼

1

ð2pÞn�1

ð

R
n�1

e ix
0�x 0

wðx 0
; xnÞ dx

0
:

For the notational simplicity, we write A ¼ jx 0j and B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jx 0j2
q

, below. Applying

the partial Fourier transform to (2.11), we have

ðq2n � A2Þðq2n � B2Þv̂vnðl; x
0
; xnÞ ¼ 0 for 0 < xn < 1;ð2:14Þ

v̂vnjxn¼a ¼ �ÛUnðx
0
; aÞ; qnv̂vnjxn¼a ¼ ix 0 � ÛU 0ðx 0

; aÞ

for a ¼ 0 and 1, where ÛU 0 ¼ ðÛU1; . . . ; ÛUn�1Þ. Since the fundamental solutions to (2.14)

are e�Að1�xnÞ, e�Axn , e�Bð1�xnÞ and e�Bxn , we look for the solution to (2.14) in the form

v̂vn ¼ a1e
�Að1�xnÞ þ a2e

�Axn þ a3e
�Bð1�xnÞ þ a4e

�Bxn . By the boundary condition, ða1; a2;

a3; a4Þ satisfies the following simultaneous linear equation:

L

a1

a2

a3

a4

0

B

B

B

@

1

C

C

C

A

¼

g0

g1

h0

h1

0

B

B

B

@

1

C

C

C

A

; where L ¼

e�A 1 e�B 1

1 e�A 1 e�B

Ae�A �A Be�B �B

A �Ae�A B �Be�B

2

6

6

6

4

3

7

7

7

5

ð2:15Þ

and

ga ¼ �ÛUnðx
0
; aÞ; ha ¼ ix 0 � ÛU 0ðx 0

; aÞð2:16Þ

for a ¼ 0 and 1. Concerning the Lopatinski determinant detL, we have the following

lemma.
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Lemma 2.5. If l A Cnð�y; 0� and x 0
0 0, then detL0 0.

Proof. If detL ¼ 0, then there exists a ða; b; c; dÞ0 ð0; 0; 0; 0Þ such that vðxnÞ ¼

ae�Að1�xnÞ þ be�Axn þ ce�Bð1�xnÞ þ de�Bxn satisfies the homogeneous equation:

ðq2n � A2Þðq2n � B2ÞvðxnÞ ¼ 0 0 < xn < 1;

vð0Þ ¼ vð1Þ ¼ qnvð0Þ ¼ qnvð1Þ ¼ 0:

Multiplying the equation by vðxnÞ, integrating the resultant formula over ð0; 1Þ and using

the boundary condition, by integration by parts we have

ðlþ jx 0j2Þjx 0j2
ð1

0

jvðxnÞj
2
dxn þ ðlþ 2jx 0j2Þ

ð1

0

jqnvðxnÞj
2
dxn þ

ð1

0

jq2nvðxnÞj
2
dxn ¼ 0:

When Im l0 0, taking the imaginary part implies that vðxnÞ ¼ 0. When Im l ¼ 0

and Re l > 0, taking the real part implies that vðxnÞ ¼ 0. This is contradictory to

ða; b; c; dÞ0 ð0; 0; 0; 0Þ, which completes the proof of the lemma. r

In view of Lemma 2.5, if l A Cnð�y; 0� and x 0
0 0, then the solution v̂vn to (2.14)

and the solution vn to (2.11) are represented as

v̂vnðl; x
0
; xnÞ ¼

X

2

j¼1

X

2

k¼1

�

Lj;ke
�AtkðxnÞ

detL
þ
Lj;kþ2e

�BtkðxnÞ

detL

� �

gj�1ð2:17Þ

þ
Ljþ2;ke

�AtkðxnÞ

detL
þ
Ljþ2;kþ2e

�BtkðxnÞ

detL

� �

hj�1

�

;

vnðxÞ ¼ F
�1
x 0 ½v̂vnðl; x

0
; xnÞ�ðx

0Þ;

where Lj;k denotes the ð j; kÞ cofactor of L. Here and hereafter, for the notational

simplicity, we put

t1ðxnÞ ¼ 1� xn; t2ðxnÞ ¼ xn:

The detL and Lj;k are given by the following formulae:

detL ¼ �ð1� e�2AÞð1� e�2BÞðA2 þ B2Þð2:18Þ

þ 2ABð1þ e�2AÞð1þ e�2BÞ � 8ABe�AB�B
;

L1;1 ¼ L2;2 ¼ ðAB� B2Þe�Ae�2B � 2ABe�B þ ðABþ B2Þe�A
;

L1;2 ¼ L2;1 ¼ AB� B2 � 2ABe�Ae�B þ ðABþ B2Þe�2B
;

L1;3 ¼ L2;4 ¼ �ðA2 � ABÞe�2Ae�B � 2ABe�A þ ðA2 þ ABÞe�B
;

L1;4 ¼ L2;3 ¼ �ðA2 � ABÞ � 2ABe�Ae�B þ ðA2 þ ABÞe�2A
;

L3;1 ¼ �L4;2 ¼ �ðA� BÞe�Ae�2B � 2Be�B þ ðAþ BÞe�A
;

L3;2 ¼ �L4;1 ¼ ðA� BÞ þ 2Be�Ae�B � ðAþ BÞe�2B
;

L3;3 ¼ �L4;4 ¼ ðA� BÞe�2Ae�B � 2Ae�A þ ðAþ BÞe�B
;

L3;4 ¼ �L4;3 ¼ �ðA� BÞ þ 2Ae�Ae�B � ðAþ BÞe�2A
:
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Now, we shall consider (2.12). Taking the partial Fourier transform of (2.12), we

have

ðq2n � A2ÞĈC ¼ 0 for 0 < xn < 1; qnĈC jxn¼a ¼ ðq2n � B2Þv̂vnjxn¼að2:19Þ

for a ¼ 0 and 1. Since

ðq2n � B2Þv̂vnjxn¼0 ¼ �le�AK1 � lK2; ðq2n � B2Þv̂vnjxn¼1 ¼ �lK1 � le�AK2

as follows from (2.17) where Kj ¼ ðdetLÞ�1fL1; jg0 þ L2; jg1 þ L3; jh0 þ L4; jh1g for

j ¼ 1; 2, putting ĈCðl; x 0; xnÞ ¼ ae�Að1�xnÞ þ be�Axn and inserting this formula into the

boundary condition, we have

ĈCðl; x 0; xnÞ ¼
X2

j¼1

X2

k¼1

ð�1Þke�AtkðxnÞ
l

A

Lj;k

detL
gj�1 þ

Ljþ2;k

detL
hj�1

� �
:ð2:20Þ

Finally, we shall solve (2.13). Put

Fj ¼
�qjC ; 0e xn e 1;

0; xn B ½0; 1�;

�
; VjðxÞ ¼ F

�1
x

bFjFjðxÞ

lþ jxj2

" #

ðxÞ:ð2:21Þ

If we put vjðxÞ ¼ VjðxÞ þ wjðxÞ, then (2.13) is reduced to the equation:

ðl� DÞwj ¼ 0 in W; wjjxn¼a ¼ �ðUj þ VjÞjxn¼að2:22Þ

for a ¼ 0 and 1. Applying the partial Fourier transform and putting ŵwjðl; x
0; xnÞ ¼

a1e
�Bð1�xnÞ þ a2e

�Bxn , we have

ŵwjðl; x
0; xnÞ ¼

e�Bð1þxnÞ � e�Bð1�xnÞ

1� e�2B
ðÛUjðx

0; 1Þ þ V̂Vjðx
0; 1ÞÞ

þ
e�Bð2�xnÞ � e�Bxn

1� e�2B
ðÛUjðx

0; 0Þ þ V̂Vjðx
0; 0ÞÞ:

And therefore, we have

vjðxÞ ¼ VjðxÞ þF
�1
x 0 ½ŵwjðl; x

0; xnÞ�ðx
0Þ;ð2:23Þ

for j ¼ 1; . . . ; n� 1.

Finally, we shall show the uniqueness of solutions to (1.1), assuming that the exis-

tence of solution to (1.1) holds. Let u A W 2
p ðWÞn and p A ŴW 1

p ðWÞ satisfy the homo-

geneous equation:

ðl� DÞuþ ‘p ¼ 0; ‘ � u ¼ 0 in W; ujxn¼0 ¼ ujxn¼1 ¼ 0:ð2:24Þ

Let f ¼ ð f1; . . . ; fnÞ A Cy
0 ðWÞn and let ðv; qÞ A W 2

p 0 ðWÞn � ŴW 1
p 0 ðWÞ be a solution to the

equation:

ðl� DÞvþ ‘q ¼ f ; ‘ � v ¼ 0 in W; vjxn¼0 ¼ vjxn¼1 ¼ 0;ð2:25Þ

where p 0 ¼ p=ðp� 1Þ. Since p A ŴW 1
p ðWÞ, there exists a sequence fyjgHCy

ð0ÞðWÞ such

that lim j!yk‘ðyj � pÞkLpðWÞ ¼ 0. Since ‘ � v ¼ 0 in W and vjxn¼0 ¼ vjxn¼1 ¼ 0, we have

ð‘p; vÞ ¼ lim
j!y

ð‘yj; vÞ ¼ lim
j!y

ðyj;‘ � vÞ ¼ 0
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where we have put

ðv;wÞ ¼

ð

W

vðxÞwðxÞ dx; ðv;wÞ ¼
X

n

j¼1

ðvj;wjÞ

for scalar functions v, w and vector valued functions v ¼ ðv1; . . . ; vnÞ and w ¼

ðw1; . . . ;wnÞ. Since q A ŴW 1
p 0 ðWÞ, ‘ � u ¼ 0 in W and ujxn¼0 ¼ ujxn¼1 ¼ 0, in the same

manner we have ðu;‘qÞ ¼ 0. Therefore, by (2.24) and (2.25) we have

0 ¼ ððl� DÞuþ ‘p; vÞ ¼ ðu; ðl� DÞvÞ ¼ ðu; ðl� DÞvþ ‘qÞ ¼ ðu; f Þ:

The arbitrariness of choice of f implies that u ¼ 0, which combined with (2.24) implies

also that ‘p ¼ 0. Therefore, p is a constant. This completes the proof of the

uniqueness of the solution to (1.1).

§3. Analysis of v̂vnðl; x
0; xnÞ.

In this section, we shall estimate the coe‰cients of gj and hj of v̂vn defined by (2.17)

studying the three cases.

3.1 Case 1.

We shall consider the case where l A Se and x 0
A Rn�1 satisfy the condition: jljf a

and jx 0je ga; e. Here, a is an arbitrary positive number and ga; e is a su‰ciently small

positive number depending only on a and e, which will be given in Lemma 3.1 below.

If we put

l1ðA;BÞ ¼
1� e�2A

A
ð1� e�2BÞðA2 þ B2Þð3:1Þ

� 2Bð1þ e�2AÞð1þ e�2BÞ þ 8Be�Ae�B;

by (2.18) we have

detL ¼ �Al1ðA;BÞ:ð3:2Þ

Here and hereafter, we put A ¼ jx 0j and B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ jx 0j2
q

like in §2.

Lemma 3.1. Let 0 < e < p=2 and a > 0. Then, there exist constants ga; e, 0 <

ga; e e 1, and ca; e > 0 depending only on a and e such that there holds the estimate:

jl1ðA;BÞjf ca; eð1þ jBj2Þ

provided that l A Se and x 0
A Rn�1 satisfy the condition: jljf a and jx 0je ga; e.

Proof. First, we shall show that there exist constants Aa; e > 0 and da; e > 0 such

that

jl1ðA;BÞjfAa; ejBj
2ð3:3Þ

provided that 0eAe 1, l A Se and jlj1=2 f da; e. In fact, since

1� e�2A

A
¼ 2

ð 1

0

e�2Ay dyf 2e�2
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when 0 < Ae 1, we have

jl1ðA;BÞjf jBj2f2e�2ð1� e�2ReBÞð1� jA=Bj2Þð3:4Þ

� 2jBj�1ð1þ e�2AÞð1þ e�2ReBÞ � 8jBj�1
e�Ae�ReBg:

By (2.8), we have jBjfReBf cejlj1=2 f ceda; e when jlj1=2 f da; e, and therefore

ð1� e�2ReBÞð1� jA=Bj2Þf ð1� e�2ce
ffiffi

a
p
Þð1� ðceda; eÞ�1Þ;ð3:5Þ

2jBj�1ð1þ e�2AÞð1þ e�2ReBÞ þ 8jBj�1
e�Ae�ReB

e 16ðceda; eÞ�1:

Put Aa; e ¼ e�2ð1� e�2ce
ffiffi

a
p
Þ=2 and choose da; e > 0 so large that ðceda; eÞ�1 < 1=2 and

16ðceda; eÞ�1
eAa; e, and then (3.4) and (3.5) imply (3.3).

Next, we consider the case where l A Se and ae jlje d 2
a; e. When ae jlje d 2

a; e

and 0eAe 1, we have jBje
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jlj þ jx 0j2
q

e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d 2
a; e

q

. When jljf a and l A Se, we

have ReBf cejlj1=2 f ce
ffiffiffi

a
p

. From these observations, if we put

K ¼ fz A C j jzje
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ d 2
a; e

q

;Re zf ce
ffiffiffi

a
p

g;

then B A K when ae jlje d 2
a; e, l A Se and 0eAe 1. Therefore, to complete the

proof, it is su‰cient to prove that there exist constants ga; e, 0 < ga; e e 1, and Ca; e > 0

such that

jl1ðA;BÞjfCa; e when 0eAe ga; e; B A K :ð3:6Þ

Since K is compact and l1ðA;BÞ is a continuous function of ðA;BÞ, to prove (3.6) it is

su‰cient to prove that

l1ð0;BÞ0 0 when ReB > 0:ð3:7Þ

As an auxiliary problem, we consider the following ordinary di¤erential equation:

d

dt

� �2
d

dt

� �2

� B2

 !

uðtÞ ¼ 0 0 < t < 1;ð3:8Þ

uð0Þ ¼ g0; uð1Þ ¼ g1; u 0ð0Þ ¼ h0; u 0ð1Þ ¼ h1

which is the equation corresponding to (2.14) with A ¼ 0. If we put uðtÞ ¼ a1 þ a2tþ
a3e

�Bt þ a4e
�Bð1�tÞ, from the boundary condition we see that ða1; a2; a3; a4Þ satisfies the

following simultaneous linear equation:

M

a1

a2

a3

a4

0

B

B

B

@

1

C

C

C

A

¼

g0

g1

h0

h1

0

B

B

B

@

1

C

C

C

A

; where M ¼

1 0 1 e�B

1 1 e�B 1

0 1 �B Be�B

0 1 �Be�B B

2

6

6

6

4

3

7

7

7

5

:

Since detM ¼ �l1ð0;BÞ=2, if l1ð0;BÞ ¼ 0 for some B with ReB > 0, then there exists

a ða1; a2; a3; a4Þ0 ð0; 0; 0; 0Þ such that uðtÞ ¼ a1 þ a2tþ a3e
�Bt þ a4e

�Bð1�tÞ satisfies (3.8)

Stokes equation on an infinite layer 477



with g0 ¼ g1 ¼ h0 ¼ h1 ¼ 0. Multiplying (3.8) by uðtÞ and integrating the resultant

formula over ð0; 1Þ, by integration by parts we have

0 ¼

ð1

0

d 2u

dt2
ðtÞ

����
����
2

dtþ B2

ð1

0

du

dt
ðtÞ

����
����
2

dt:

Taking the imaginary part implies that

2ðReBÞðImBÞ

ð1

0

du

dt
ðtÞ

����
����
2

dt ¼ 0;

and therefore u ¼ 0 when ImB0 0 and ReB0 0. When ImB ¼ 0 and ReB0 0, we

have also u ¼ 0. This is contradictory to ða1; a2; a3; a4Þ0 ð0; 0; 0; 0Þ, which completes

the proof. r

In Case 1, we transform (2.17) into the following formula:

v̂vnðl; x
0
; xnÞ ¼

X2

j¼1

(
Lj;1 þ Lj;2

detL
e�At1ðxnÞ þ

Lj;2A

detL
DðA; xnÞð3:9Þ

þ
X2

m¼1

Lj;mþ2

detL
e�BtmðxnÞ

)
ÛUnð� ; j � 1Þ

þ
X2

j¼1

(
Ljþ2;1 þ Ljþ2;2

detL
e�At1ðxnÞ þ

Ljþ2;2A

detL
DðA; xnÞ

þ
X2

m¼1

Ljþ2;mþ2

detL
e�BtmðxnÞ

)
ix 0 � cU 0U 0ð� ; j � 1Þ;

where we have put

DðA; xnÞ ¼
e�Axn � e�Að1�xnÞ

A
¼ ð1� 2xnÞ

ð1

0

e�Aðð1�xnÞþyð2xn�1ÞÞ dy:ð3:10Þ

To represent the coe‰cients in (3.9), we also put

dkðAÞ ¼
1� e�kA

A
¼ k

ð1

0

e�ykA dy:ð3:11Þ

Then, we have the following formulae concerning the coe‰cients in (3.9):

L1;1 þ L1;2

detL
¼

L2;1 þ L2;2

detL
¼

B2ðd1ðAÞð1� e�2BÞ � B�1ð1þ e�AÞð1� e�BÞ2Þ

l1ðA;BÞ
;ð3:12Þ

L3;1 þ L3;2

detL
¼ �

L4;1 þ L4;2

detL
¼

Bðd1ðAÞð1þ e�BÞ2 � B�1ð1þ e�AÞð1� e�2BÞÞ

l1ðA;BÞ
;

L1;2A

detL
¼

B2ðð1� B�1AÞ þ 2B�1Ae�Ae�B � ð1þ B�1AÞe�2BÞ

l1ðA;BÞ
;

L2;2A

detL
¼

B2ðð1� B�1AÞe�Ae�2B þ 2B�1Ae�B � ð1þ B�1AÞe�AÞ

l1ðA;BÞ
;
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L3;2A

detL
¼ Bð1� B�1A� 2e�Ae�B þ ð1þ B�1AÞe�2BÞ

l1ðA;BÞ
;

L4;2A

detL
¼ Bðð1� B�1AÞe�Ae�2B � 2e�B þ ð1þ B�1AÞe�AÞ

l1ðA;BÞ
;

L1;3

detL
¼ L2;4

detL
¼ Bð�ð1� B�1AÞe�2Ae�B þ 2e�A � ð1þ B�1AÞe�BÞ

l1ðA;BÞ
;

L1;4

detL
¼ L2;3

detL
¼ Bð�ð1� B�1AÞ þ 2e�Ae�B � ð1þ B�1AÞe�2AÞ

l1ðA;BÞ
;

L3;3

detL
¼ � L4;4

detL
¼ Bð�d2ðAÞe�B � B�1e�2Ae�B þ 2B�1e�A � B�1e�BÞ

l1ðA;BÞ
;

L3;4

detL
¼ � L4;3

detL
¼ Bð�d2ðAÞ þ B�1 � 2B�1e�Ae�B þ B�1e�2AÞ

l1ðA;BÞ
:

In order to estimate the coe‰cients of v̂vn, we shall use the following lemma.

Lemma 3.2. Let 0 < e < p=2, x 0
A R

n�1 and l A Se. Then, for any multi-index a 0 ¼
ða1; . . . ; an�1Þ we have the following estimates:

jqa 0

x 0AkjeCa 0;kjx 0jk�ja 0j
Ek A R;

jqa 0

x 0BkjeCa 0; e;kðjlj þ jx 0j2Þk=2jx 0j�ja 0j
Ek A R;

jqa 0

x 0 e�mAjeCa 0;mjx 0j�ja 0j
e�ðm=2Þjx 0j

Em > 0;

jqa 0

x 0 emAjeCa 0;mjx 0j�ja 0j
e2mjx 0j

Em > 0;

jqa 0

x 0 e�mBjeCa 0;mjx 0j�ja 0j
e�ðm=2Þce

ffiffiffiffiffiffiffiffiffiffiffiffiffi

jljþjx 0j2
p

Em > 0;

where ce is the same constant as in Lemma 2.1. Here and hereafter; CA;B;C;... means the

constant depending only on the subscripts A;B;C; . . . ; and

qa 0

x 0 vðx 0Þ ¼ qja
0jv

qxa1
1 � � � qxan�1

n�1

; ja 0j ¼ a1 þ � � � þ an�1; a 0 ¼ ða1; . . . ; an�1Þ:

To prove Lemma 3.2, we use the following known formula for the derivatives of the

composite function, which are easily proved by induction:

qa 0

x 0wðjðx 0ÞÞ ¼
X

ja 0j

n¼1

d nwðzÞ
dzn

�

�

�

�

z¼jðx 0Þ

X

a 0
1
þ���þa 0

n¼a 0

ja 0
i
jf1

q
a 0
1

x 0 jðx 0Þ � � � qa 0
n

x 0 jðx 0Þ

2

6

6

6

4

3

7

7

7

5

:ð3:13Þ

If we combine (3.13) with Lemma 2.1 to treat B and the fact that there holds the

relation: jqa 0

x 0 jx 0j2je 2jx 0j2�ja 0j for any multi-index a 0, we can show Lemma 3.2. The
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argument is rather standard, so that we may omit the proof (cf. Simader [8, Appendix

1]). By Lemma 3.1, Lemma 3.2 and Leibniz’s rule, we have

jqa 0

x 0 ½Bkl1ðA;BÞ�1�jeCa; ejljð1=2Þðk�2Þjx 0j�ja 0j;ð3:14Þ

jqa 0

x 0 dkðAÞjeCa 0 jx 0j�ja 0j
k ¼ 1; 2;

jqa 0

x 0 qk
nDðA; xnÞjeCa 0 jx 0j�ja 0j

Ekf 0; Exn A ½0; 1�;

for any a 0 when l A Se, jljf a and jx 0je ga; e ðe1Þ, where we have used the fact that

cejlj1=2 e jBje
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jlj
p

e
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a�1
p

jlj1=2 to get the first relation. Therefore, applying

(3.14), Lemma 3.1 and Leibniz’s rule to the formulas in (3.12), we have the following

lemma.

Lemma 3.3. Let 0 < e < p=2. Let a be any positive number and ga; e be a number

given in Lemma 3.1. Then, when l A Se, jljf a and jx 0je ga; e there hold the following

estimates for any multi-indices a 0, b 0, integer kf 0, j ¼ 1; 2, m ¼ 1; 2; 3; 4 and xn A ½0; 1�:

qa 0

x 0 ðx 0Þb
0
qk
n

Lj;1 þ Lj;2

detL
e�Að1�xnÞ

� �� ��

�

�

�

�

�

�

�

eCa 0;b 0; ejx 0j�ja 0j
;

qa 0

x 0 ðx 0Þb
0
qk
n

Ljþ2;1 þ Ljþ2;2

detL
e�Að1�xnÞ

� �� ��

�

�

�

�

�

�

�

eCa 0;b 0; ejlj�1=2jx 0j�ja 0j
;

qa 0

x 0 ðx 0Þb
0
qk
n

Lj;2A

detL
DðA; xnÞ

� �� ��

�

�

�

�

�

�

�

eCa 0;b 0; ejx 0j�ja 0j
;

qa 0

x 0 ðx 0Þb
0
qk
n

Ljþ2;2A

detL
DðA; xnÞ

� �� ��

�

�

�

�

�

�

�

eCa 0;b 0; ejlj�1=2jx 0j�ja 0j
;

qa 0

x 0 ðx 0Þb
0
qk
n

Lm; jþ2

detL
e�BtjðxnÞ

� �� ��

�

�

�

�

�

�

�

eCa 0;b 0; e;kjljk=2�1=2jx 0j�ja 0j:

3.2 Case 2.

We shall consider the case where l A Se and x 0
A R

n�1 satisfy the condition:

jx 0jf g and jx 0j2 e bg;ejlj. Here, g is an arbitrary positive number and bg; e is a positive

constant depending on g and e, which will be chosen so small that there hold the

inequalities (3.17) and (3.18), below.

Put

l2ðA;BÞ ¼ ð1� e�2AÞð1� e�2BÞð1þ ðAB�1Þ2Þð3:15Þ

� 2AB�1ð1þ e�2AÞð1þ e�2BÞ þ 8AB�1e�Ae�B;

and then recalling (2.18) we have

detL ¼ �B2l2ðA;BÞ:ð3:16Þ

In view of (2.8), noting that Af g and ReBf ce

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jlj þ jx 0j2
q

f ceg, we have

jl2ðA;BÞjf ð1� e�2gÞð1� e�2cegÞð1� jAB�1j2Þ � 16jAB�1j;
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because ReB > 0. When jx 0j2 e bg; ejlj, we have

jAB�1je jx 0j

ce

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jlj þ jx 0j2

q e c�1
e

ffiffiffiffiffiffiffi
bg; e

q
:

If we choose bg;e > 0 so small that there hold the inequalities:

c�1
e

ffiffiffiffiffiffiffi
bg; e

q
e 1=

ffiffiffi
2

p
;ð3:17Þ

16c�1
e

ffiffiffiffiffiffiffi
bg; e

q
e

1

4
ð1� e�2gÞð1� e�2cegÞ;ð3:18Þ

then we have

jl2ðA;BÞjf
1

4
ð1� e�2gÞð1� e�2cegÞ:ð3:19Þ

In this case, by (2.16) and (2.17) we represent v̂vnðl; x 0; xnÞ as follows:

v̂vnðl; x 0; xnÞ ¼
X2

m¼1

X2

j¼1

Lj;m

detL
e�AtmðxnÞ þ Lj;mþ2

detL
e�BtmðxnÞ

� �
ÛUnð� ; j � 1Þð3:20Þ

þ
X2

m¼1

X2

j¼1

Ljþ2;m

detL
e�AtmðxnÞ þ Ljþ2;mþ2

detL
e�BtmðxnÞ

� �
ix 0 � cU 0U 0ð� ; j � 1Þ:

Then, by (2.18) and (3.16), each coe‰cient in (3.20) is represented as follows:

L1;1

detL
¼ L2;2

detL
¼ ð1� AB�1Þe�Ae�2B þ 2AB�1e�B � ð1þ AB�1Þe�A

l2ðA;BÞ
;ð3:21Þ

L1;2

detL
¼ L2;1

detL
¼ ð1� AB�1Þ þ 2AB�1e�Ae�B � ð1þ AB�1Þe�2B

l2ðA;BÞ
;

L1;3

detL
¼ L2;4

detL
¼ ððAB�1Þ2 � AB�1Þe�2Ae�B þ 2AB�1e�A � ððAB�1Þ2 þ AB�1Þe�B

l2ðA;BÞ
;

L1;4

detL
¼ L2;3

detL
¼ ððAB�1Þ2 � AB�1Þ þ 2AB�1e�Ae�B � ððAB�1Þ2 þ AB�1Þe�2A

l2ðA;BÞ
;

L3;1

detL
¼ � L4;2

detL
¼ �ð1� AB�1Þe�Ae�2B þ 2e�B � ð1þ AB�1Þe�A

Bl2ðA;BÞ
;

L3;2

detL
¼ � L4;1

detL
¼ 1� AB�1 � 2e�Ae�B þ ð1þ AB�1Þe�2B

Bl2ðA;BÞ
;

L3;3

detL
¼ � L4;4

detL
¼ ð1� AB�1Þe�2Ae�B þ 2AB�1e�A � ð1þ AB�1Þe�B

Bl2ðA;BÞ
;

L3;4

detL
¼ � L4;3

detL
¼ �ð1� AB�1Þ � 2AB�1e�Ae�B þ ð1þ AB�1Þe�2A

Bl2ðA;BÞ
:
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By Lemma 3.2 and Leibniz’s formula, we have

jqa 0

x 0AB�1jeCa 0; eðjlj þ jx 0j2Þ�1=2jx 0j1�ja 0j;ð3:22Þ

and therefore by Lemma 3.2, Leibniz’s formula, (3.13) and (3.19), we have

jqa 0

x 0 ðl2ðA;BÞB
kÞ�1jeCa 0; e;kðjlj þ jx 0j2Þ�k=2jx 0j�ja 0j;ð3:23Þ

when jx 0jf g, l A Se and jx 0j2 e bg;ejlj. Applying Lemma 3.2, (3.22), (3.23) and

Leibniz’s formula to (3.21), we have the following lemma.

Lemma 3.4. Let 0 < e < p=2. Let g be any positive number and bg;e be a constant

for which (3.17) and (3.18) hold. Then, when jx 0jf g, l A Se and jx 0j2 e bg; ejlj we have

the following estimates for any multi-index a 0:

qa 0

x 0

Lj;k

detL

�

�

�

�

�

�

�

�

eCa 0; e; gjx
0j�ja 0j; j ¼ 1; 2; k ¼ 1; 2; 3; 4;

qa 0

x 0

Ljþ2;k

detL

�

�

�

�

�

�

�

�

eCa 0; e; gjlj
�1=2jx 0j�ja 0j; j ¼ 1; 2; k ¼ 1; 2; 3; 4:

3.3. Case 3.

We shall consider the case where l A Se and x 0
A R

n�1 satisfy the condition:

bjlje jx 0j2 and jx 0jfRb; e. Here, b is an arbitrary positive number and Rb; e > 0 is a

positive constant depending on b and e, which will be chosen so large that there holds

(3.29) below.

Since

detL ¼ �ðA� BÞ2 þ ðA� BÞ2ðe�2A þ e�2BÞð3:24Þ

� ðA� BÞ2e�2Ae�2B þ 4ABðe�A � e�BÞ2;

if we put

e�Ay � e�By

A� B
¼ �dðA;B; yÞ; dðA;B; yÞ ¼ y

ð 1

0

e�ðyAþð1�yÞBÞy dy;ð3:25Þ

l3ðA;BÞ ¼ 1� ðe�2A þ e�2BÞ þ e�2Ae�2B � 4ABdðA;B; 1Þ2;ð3:26Þ

we have

detL ¼ �ðA� BÞ2l3ðA;BÞ:ð3:27Þ

Note that ReðyAþ ð1� yÞBÞf ceA for 0e ye 1, which follows from (2.8). By (2.8)

and Lemma 3.2 we have

jdðA;B; yÞje e�ceAy; je�2Bje e�2ceA:ð3:28Þ

When bjlje jx 0j2, by (3.28) we have

j4ABdðA;B; 1Þ2je 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ b�1

q

A2e�2ceA e 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ b�1

q

ðceÞ
�2
e�ceA;

T. Abe and Y. Shibata482



and therefore when bjlje jx 0j2 and jx 0jfR by (3.28) we have

jl3ðA;BÞjf 1� ðe�2R þ e�2ceR þ e�2ð1þceÞR þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b�1

q
ðceÞ

�2
e�ceRÞ:

If we choose R ¼ Rb; e so large that

e�2R þ e�2ceR þ e�2ð1þceÞR þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ b�1

q
ðceÞ

�2
e�ceR e 1=2;

we have

jl3ðA;BÞjf 1=2 when bjlje jx 0j2; jx 0jfRb; e:ð3:29Þ

In Case 3, we transform (2.17) into the following formula:

v̂vnðl; x
0; xnÞ ¼

X2

j¼1

X2

m¼1

(
Lj;m þ Lj;mþ2

detL
e�AtmðxnÞð3:30Þ

þ
Lj;mþ2ðA� BÞ

A detL
AdðA;B; tmðxnÞÞ

)
ÛUnð� ; j � 1Þ

þ
X2

j¼1

X2

m¼1

(
Ljþ2;m þ Ljþ2;mþ2

detL
e�AtmðxnÞ

þ
Ljþ2;mþ2ðA� BÞ

A detL
AdðA;B; tmðxnÞÞ

)
ix 0 � cU 0U 0ð� ; j � 1Þ:

By (2.18) and (3.27), each coe‰cient in (3.30) is represented as follows:

L1;1 þ L1;3

detL
¼

L2;2 þ L2;4

detL
¼

�ðAþ Be�Ae�BÞdðA;B; 1Þ þ e�2Ae�B � e�A

l3ðA;BÞ
;ð3:31Þ

L1;2 þ L1;4

detL
¼

L2;1 þ L2;3

detL
¼

1� ðe�A � BdðA;B; 1ÞÞ2 � ABdðA;B; 1Þ2

l3ðA;BÞ
;

L3;1 þ L3;3

detL
¼ �

L4;2 þ L4;4

detL
¼

�ð1� e�Ae�BÞdðA;B; 1Þ

l3ðA;BÞ
;

L3;2 þ L3;4

detL
¼ �

L4;1 þ L4;3

detL
¼

ðAþ BÞdðA;B; 1Þ2

l3ðA;BÞ
;

L1;3ðA� BÞ

A detL
¼

L2;4ðA� BÞ

A detL
¼

�e�Bð1� e�2AÞ � 2BdðA;B; 1Þ

l3ðA;BÞ
;

L1;4ðA� BÞ

A detL
¼

L2;3ðA� BÞ

A detL
¼

1� e�2A þ 2Be�AdðA;B; 1Þ

l3ðA;BÞ
;

L3;3ðA� BÞ

A detL
¼ �

L4;4ðA� BÞ

A detL
¼

e�Bð1� e�2AÞ � 2AdðA;B; 1Þ

Al3ðA;BÞ
;

L3;4ðA� BÞ

A detL
¼ �

L4;3ðA� BÞ

A detL
¼

ð1� e�2AÞ � 2Ae�AdðA;B; 1Þ

Al3ðA;BÞ
:

To estimate these coe‰cients, we use the following lemma.
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Lemma 3.5. Let 0 < e < p=2. Let b be any positive number and Rb; e a positive

constant depending on b and e, for which (3.29) holds. If l A Se and x 0
A R

n�1 satisfying

the condition: bjlje jx 0j2 and jx 0jfRb; e, then, for any multi-index a 0 and yf 0 there

hold the following estimates:

jqa 0

x 0 ðq j
yA

kBmdðA;B; yÞÞjeCa 0; e;b;kjx
0j jþkþm�1�ja 0j

e�ð1=4Þcejx
0jy;

where kf 1, mf 0, j ¼ 0; 1; 2, and

jqa 0

x 0 l3ðA;BÞ
�1jeCa 0; e;bjx

0j�ja 0j:

Proof. Since ReðyAþ ð1� yÞBÞf ceA as follows from (2.8), by Lemma 3.2 and

Leibniz’s rule we have

jqa 0

x 0 dðA;B; yÞjeCa 0; ejx
0j�ja 0j

ye�ðce=2Þjx
0jy:

Then, by Lemma 3.2 and Leibniz’s rule we have

jqa 0

x 0AkBmdðA;B; yÞjeCa 0; ejx
0jkþm�ja 0j

ye�ðce=2Þjx
0jyð3:32Þ

e ð4=ceÞCa 0; ejx
0jkþm�1�ja 0j

e�ð1=4Þcejx
0jy;

which shows the first relation for j ¼ 0, because jBje

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ b�1
q

A. Since

qydðA;B; yÞ ¼ �AdðA;B; yÞ þ e�By; q2ydðA;B; yÞ ¼ A2dðA;B; yÞ � ðAþ BÞe�By

by Lemma 3.2, (3.32) and Leibniz’s formula, we have the first relation for j ¼ 1 and

2. By Lemma 3.2, (3.13) and (3.29), we have the second relation, which completes the

proof of the lemma. r

Applying Lemmas 3.2 and 3.5 to (3.31), we have the following lemma concerning

the estimate for the coe‰cient in (3.31).

Lemma 3.6. Let 0 < e < p=2. Let b and Rb; e be the same as in Lemma 3.5.

If l A Se and x 0
A R

n�1 satisfy the condition: bjlje jx 0j2 and jx 0jfRb; e, then for any

multi-index a 0, and integer mf 0 there hold the following estimates:

qa 0

x 0 qm
n

Lj; l þ Lj; lþ2

detL
e�AtlðxnÞ

� ��

�

�

�

�

�

�

�

eCa 0; e;b;mjx
0jm�ja 0j

e�ð1=2Þjx 0jtlðxnÞ;

qa 0

x 0 qm
n

ðLjþ2; l þ Ljþ2; lþ2Þixk
detL

e�AtlðxnÞ

� ��

�

�

�

�

�

�

�

eCa 0; e;b;mjx
0jm�ja 0j

e�ð1=2Þjx 0jtlðxnÞ;

qa 0

x 0 qm
n

Lj; lþ2ðA� BÞ

A detL
AdðA;B; tlðxnÞÞ

� ��

�

�

�

�

�

�

�

eCa 0; e;b;mjx
0jm�ja 0j

e�ð1=4Þcejx
0jtlðxnÞ;

qa 0

x 0 qm
n

Ljþ2; lþ2ðA� BÞixk
A detL

AdðA;B; tlðxnÞÞ

� ��

�

�

�

�

�

�

�

eCa 0; e;b;mjx
0jm�ja 0j

e�ð1=4Þcejx
0jtlðxnÞ;

where j ¼ 1; 2, l ¼ 1; 2, k ¼ 1; . . . ; n� 1 and tlðxnÞf 0.
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§4. Estimates for vn.

In this section, we shall derive an estimate for vn defined in (2.17). For the sake of

notational brevity, we put

Il;pðv;DÞ ¼ jlj kvkLpðDÞ þ jlj1=2k‘vkLpðDÞ þ k‘2vkLpðDÞ:

The following theorem is a main result of this section.

Theorem 4.1. Let 1 < p < y, 0 < e < p=2 and l0 > 0. Let vn be a function

defined in (2.17). Then, there exists a constant C depending only on p, e and l0 such that

there holds an estimate:

Il;pðvn;WÞeCl0;p; ek f kLpðWÞ provided that l A Se and jljf l0:

According to the classification in §3, we divide vn into four parts. Let l0 be a

given positive number. In Case 1, we take a ¼ l0 and put g1 ¼ gl0; e. Next, in Case 2,

we take g ¼ gl0; e=2 and put g2 ¼ bg; e with g ¼ gl0; e=2. Finally, in Case 3, we take

b ¼ g2=2 and put R ¼ Rb; e with b ¼ g2=2. In this situation, we have the estimates of

coe‰cients of vn stated in Lemma 3.3 when l A Se, jljf l0 and jx 0je g1, those stated in

Lemma 3.4 when l A Se, jljf l0, jx 0j2 e g2jlj and jx 0jf g1=2, and those stated in

Lemma 3.6 when l A Se, jx 0j2 f ðg2=2Þjlj and jx 0jfR. Let jðx 0Þ be a function in

Cy

0 ðRn�1Þ such that jðx 0Þ ¼ 1 for jx 0je 1=2 and jðx 0Þ ¼ 0 for jx 0jf 3=4. Put

j1ðl; x
0Þ ¼ jðx 0=g1Þ; j2ðl; x

0Þ ¼ ð1� jðx 0=g1ÞÞjðx
0=ðg2jljÞ

1=2Þ;

j3ðl; x
0Þ ¼ ð1� jðx 0=g1ÞÞð1� jðx 0=ðg2jljÞ

1=2ÞÞjðx 0=RÞ;

j4ðl; x
0Þ ¼ ð1� jðx 0=g1ÞÞð1� jðx 0=ðg2jljÞ

1=2ÞÞð1� jðx 0=RÞÞ;

Vjðl; x
0; xnÞ ¼ jjðl; x

0Þv̂vnðl; x
0; xnÞ; j ¼ 1; 2; 3; 4:

Since
P4

j¼1 jjðl; x
0Þ ¼ 1, we have

vnðxÞ ¼
X

4

j¼1

WjðxÞ; WjðxÞ ¼ F
�1
x 0 ½Vjðl; x

0; xnÞ�ðx
0Þ:

We shall prove that each of WjðxÞ satisfies the estimate:

Il;pðWj;WÞeCl0;p; ek f kLpðWÞ provided that l A Se and jljf l0:ð4:1Þ

We start with the estimate for W1. Since supp j1ðl; x
0ÞH fx 0

A Rn�1 j jx 0je 3g1=4g,

applying Lemma 3.3 and Theorem 2.2 to (3.9), we have

jlj kqb 0

x 0W1ð� ; xnÞkLpðR
n�1Þð4:2Þ

e
X

1

a¼0

Cl0; e;p;b
0 jlj kUnð� ; aÞkLpðR

n�1Þ þ
X

n�1

k¼1

jlj1=2kUkð� ; aÞkLpðR
n�1Þ

( )

;
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jlj1=2kqnq
b 0

x 0W1ð� ; xnÞkLpðR
n�1Þ þ kq2nq

b 0

x 0W1ð� ; xnÞkLpðR
n�1Þð4:3Þ

e
X

n

k¼1

X

1

a¼0

Cl0; e;p;b
0 jlj1=2kUkð� ; aÞkLpðR

n�1Þ

for any multi-index b 0 when l A Se and jljf l0. Inserting the estimates obtained in

Lemma 4.2 below into (4.2) and (4.3), we see that W1 satisfies (4.1).

Lemma 4.2. Let 1 < p < y, 0 < e < p=2 and l0 > 0. Let UjðxÞ be the functions

defined in (2.4) and (2.5). Then, we have the following estimates:

X

1

a¼0

X

n

k¼1

jljm=2kUkð� ; aÞkLpðR
n�1Þ eCl0;p; ek f kLpðWÞ; m ¼ 0; 1;

X

1

a¼0

jlj kF�1
x 0 ½AmÛUnðx

0; aÞ�kLpðR
n�1Þ eCp; e;m;l0

k f kLpðWÞ; m ¼ �1; 0; 1; . . . ;

provided that l A Se and jljf l0.

Proof. By the usual trace theorem, we have

X

1

a¼0

X

n

k¼1

jlj1=2kUkð� ; aÞkLpðR
n�1Þ eCjlj1=2kUkW 1

p ðR nÞ;

which combined with Lemma 2.3 implies the first relation, because jljf l0.

To prove the second relation, we use the formula (2.5) and our special extension of

f. By the definition of f e
j and f o

j , we have

ÛUnðx
0; 0Þ ¼

A2

2p

ð

y

�y

1

ðlþ jxj2Þjxj2

(

ð2=3

0

ðe�iynxn � e iynxnÞjðynÞ f̂fnðx
0; ynÞ dyn

þ

ð1

1=3

ðe�iynxn � e�ið2�ynÞxnÞð1� jðynÞÞ f̂fnðx
0; ynÞ dyn

)

dxn

�
X

n�1

k¼1

xk

2p

ð

y

�y

xn

ðlþ jxj2Þjxj2

(

ð2=3

0

ðe�iynxn þ eiynxnÞjðynÞ f̂fkðx
0; ynÞ dyn

þ

ð1

1=3

ðe�iynxn þ e�ið2�ynÞxnÞð1� jðynÞÞ f̂fkðx
0; ynÞ dyn

)

dxn:

By the residue theorem, we have

1

2p

ð

y

�y

e iaxn

ðlþ jxj2Þjxj2
dxn ¼

1

2l

e�jajA

A
�
e�jajB

B

� �

;

1

2p

ð

y

�y

e iaxnxn

ðlþ jxj2Þjxj2
dxn ¼

i

2l

a

jaj
ðe�jajA � e�jajBÞ
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for a A Rnf0g, which inserted into the representation formula of ÛUnðx
0; 0Þ implies that

ÛUnðx
0; 0Þ ¼

A2

2l

ð1

1=3

(

e�ynA

A
�
e�ynB

B

� �

ð4:4Þ

�
e�ð2�ynÞA

A
�
e�ð2�ynÞB

B

� �

)

ð1� jðynÞÞ f̂fnðx
0; ynÞ dyn

þ
X

n�1

k¼1

ixk

2l

ð1

1=3

fðe�ynA � e�ynBÞ

þ ðe�ð2�ynÞA � e�ð2�ynÞBÞgð1� jðynÞÞ f̂fkðx
0; ynÞ dyn:

Employing the same argument, we have also

ÛUnðx
0; 1Þ ¼

A2

2l

ð2=3

0

(

e�ð1�ynÞA

A
�
e�ð1�ynÞB

B

� �

ð4:5Þ

�
e�ð1þynÞA

A
�
e�ð1þynÞB

B

� �

)

jðynÞ f̂fnðx
0; ynÞ dyn

�
X

n�1

k¼1

ixk

2l

ð2=3

0

fðe�ð1�ynÞA � e�ð1�ynÞBÞ

þ ðe�ð1þynÞA � e�ð1þynÞBÞgjðynÞ f̂fkðx
0; ynÞ dyn:

By Lemma 3.2 we have

jqa 0

x 0 ðAke�tAÞjeCa 0;kjx
0jk�ja 0j

e�ðt=2ÞA eCa 0;kjx
0j�ja 0j;

jqa 0

x 0 ðAkB�1e�tBÞjeCa 0;k;l0 jx
0jk�ja 0j

e�ðt=2ÞceA eCa 0;k;l0
jx 0j�ja 0j;

when tf 1=3. If 1=3e yn e 1, then yn f 1=3 and 2� yn f 1 in (4.4). And also, if

0e yn e 2=3, then 1� yn f 1=3 and 1þ yn f 1 in (4.5). Therefore, applying Theorem

2.2 to (4.4) and (4.5) with respect to x 0 variables, we have

kF�1
x 0 ½lAkÛUnðx

0; aÞ�kLpðR
n�1Þ eC

ð1

0

k f ð� ; xnÞkLpðR
n�1Þ dxn eCk f kLpðWÞ;

for any integer kf�1 and a ¼ 0; 1, which completes the proof of the lemma. r

Now, we shall estimate W2. We divide W2 into the following four parts:

W2 ¼ W1g þW2g þW1h þW2h

where

W1gðxÞ ¼
X

2

m¼1

X

2

j¼1

F
�1
x 0 j2ðl; x

0Þ
Lj;m

detL
e�AtmðxnÞÛUnðx

0; j � 1Þ

� �

ðx 0Þ;

W2gðxÞ ¼
X

2

m¼1

X

2

j¼1

F
�1
x 0 j2ðl; x

0Þ
Lj;mþ2

detL
e�BtmðxnÞÛUnðx

0; j � 1Þ

� �

ðx 0Þ;
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W1hðxÞ ¼
X2

m¼1

X2

j¼1

F
�1
x 0 j2ðl; x

0Þ
Ljþ2;m

detL
e�AtmðxnÞix 0 � cU 0U 0ðx 0; j � 1Þ

� �
ðx 0Þ;

W2hðxÞ ¼
X2

m¼1

X2

j¼1

F
�1
x 0 j2ðl; x

0Þ
Ljþ2;mþ2

detL
e�BtmðxnÞix 0 � cU 0U 0ðx 0; j � 1Þ

� �
ðx 0Þ;

(cf. (3.20) and (2.16)). Since supp j2ðl; x
0ÞH fx 0

A Rn�1 j g1=2e jx 0je 3ðg2jljÞ
1=2=4g, by

Lemma 3.2, Lemma 3.4 and Leibniz’s rule, we have

qa 0

x 0 j2ðl; x
0Þ

Lj;k

detL
e�yA

� �����
����eCa 0;l0; ejx

0j�ja 0j;ð4:6Þ

when yf 0, l A Se, jljf l0 and x 0
A Rn�1. By (4.6), Theorem 2.2 and Lemma 4.2, we

have

jlj kW1gð� ; xnÞkLpðR
n�1Þ eCp;l0; ejlj

X1

j¼0

kUnð� ; jÞkLpðR
n�1Þ eCp;l0; ek f kLpðWÞ:ð4:7Þ

In order to continue the estimate, we shall use the following lemma.

Lemma 4.3. Let 1 < p < y, 0 < e < p=2 and l0 > 0. Put R1 ¼ ð�y; 1�, R2 ¼

½0;yÞ and Rn
m ¼ Rn�1 � Rm, m ¼ 1; 2.

(1) Let D be a set in C and Fðl; x 0; xnÞ be a function defined on

D� ðRn�1nf0gÞ � R2. Assume that Fðl; x 0; xnÞ belongs to CyððRn�1nf0gÞ � R2Þ for

each l A D and satisfies the estimate:

jqa 0

x 0 qk
nFðl; x 0; xnÞjeMjx 0jk�ja 0j

e�djx 0jxn ;ð4:8Þ

for any multi-index a 0 with ja 0je n� 1, x 0
A Rn�1nf0g, l A D, k ¼ 0; 1; 2 and xn A R2 with

some positive constants M and d. Given gðxÞ A W 2
p ðR

nÞ and a A R, we put

V m
a ðxÞ ¼ F

�1
x 0 ½Fðl; x 0; tmðxnÞÞĝgðx

0; aÞ�ðx 0Þ; m ¼ 1; 2:

Then, there hold the following estimates:

kV m
a ð� ; xnÞkLpðR

n�1Þ eCpMkgð� ; aÞkLpðR
n�1Þ; xn A Rm;ð4:9Þ

k‘kV m
a kLpðR

n
mÞ
eCpMk‘kgkLpðR

nÞ; k ¼ 1; 2:ð4:10Þ

(2) Let Fðl; x 0Þ be a function defined on Se � ðRn�1nf0gÞ. Assume that Fðl; x 0Þ

belongs to CyðRn�1nf0gÞ for each l A Se and satisfies the estimate:

jqa 0

x 0Fðl; x 0ÞjeMjx 0j�ja 0j; ja 0je n� 1ð4:11Þ

for some positive constant M. Given gðxÞ A W 2
p ðR

nÞ, we put

W m
a ðxÞ ¼ F

�1
x 0 ½Fðl; x 0Þe�BtmðxnÞĝgðx 0; aÞ�ðx 0Þ:

Then, we have the following estimates:

Il;pðW
m
a ;Rn

mÞeCp;l0; eMIl;pðg;R
nÞ:ð4:12Þ
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Remark 4.4. Let Cðl; x 0Þ be a function defined on D� ðRn�1nf0gÞ which belongs

to CyðRn�1nf0gÞ and satisfies the estimate: jqa 0

x 0Cðl; x 0ÞjeM for any a 0 with ja 0je

n� 1 and l A D. By Lemma 3.2 and Leibniz’s rule, we see that Cðl; x 0Þe�Axn satisfies

(4.8).

Proof. (1) By Theorem 2.2 we have (4.9) immediately. In order to prove (4.10),

we consider the function

gdðxÞ ¼ F
�1
x 0 ½e�ðd=2ÞAxn ĝgðx 0; aÞ�ðx 0Þ ¼ 2

ð

R
n�1

qE

qxn
ðx 0 � y 0; ðd=2ÞxnÞgðy

0; aÞ dy 0

where E is a fundamental solution of �D of the form: EðxÞ ¼ cnjxj
�ðn�2Þ when nf 3

and EðxÞ ¼ c2 logjxj when n ¼ 2 with some constant cn depending on n. By a theorem

due to Agmon-Douglis-Nirenberg [2, Theorem 3.3] (cf. also Galdi [4, Theorem 9.6]), we

have

k‘kgdkLpðR
n
þÞ
eCp; dk‘

kgð� ; aþ �ÞkLpðR
n
þÞ
eCp; dk‘

kgkLpðR
nÞ; k ¼ 1; 2:ð4:13Þ

Put jD 0jkhðx 0Þ ¼ F
�1
x 0 ½jx 0jkĥhðx 0Þ�ðx 0Þ. Noting that jx 0j ¼ �

Pn�1
j¼1 ðixjjx

0j�1Þixj , by The-

orem 2.2 we have

k jD 0jkhkLpðR
n�1Þ eCk;p

X

jb 0j¼k

kqb 0

x 0 hkLpðR
n�1Þ:ð4:14Þ

By (4.13) and (4.14) we have

kqb 0

x 0 jD
0jkgdkLpðR

n
þÞ
eCp; d;kk‘

kþjb 0jgkLpðR
nÞ:ð4:15Þ

To prove (4.10), we write

qk
nV

2
a ðxÞ ¼ F

�1
x 0 ½qk

nFðl; x 0; xnÞjx
0j�k

eðd=2ÞAxn
d

jD 0jkgdðx
0; xnÞ�ðx

0Þ:

By (4.8), Lemma 3.2 and Leibniz’s rule, we have

jqa 0

x 0 ½qk
nFðl; x 0; xnÞjx

0j�k
eðd=2ÞAxn �jeCdMjx 0j�ja 0j

for any multi-index a 0 with ja 0je n� 1 and xn A R2, and therefore by Theorem 2.2 we

have

kqb 0

x 0 q
k
nV

2
a ð� ; xnÞkLpðR

n�1Þ eCdMkqb 0

x 0 jD
0jkgdð� ; xnÞkLpðR

n�1Þ;

which combined with (4.15) implies (4.10) for R
n
2 . If we use the change of variable:

xn ¼ 1� yn we have also (4.10) for R
n
1 .

Now, we shall show (4.12). By Lemma 3.2, we have

jqa 0

x 0 ½Fðl; x 0Þe�Bxn �jeCa 0; eMe�ðce=2Þjlj
1=2

xn jx 0j�ja 0j

for any a 0 with ja 0je n� 1. By Theorem 2.2, we have

jlj kW 2
a ð� ; xnÞkLpðR

n�1Þ eCp; eMe�ðce=2Þjlj
1=2

xnkgð� ; aÞkLpðR
n�1Þ
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for xn f 0. Integrating the p-th power of the both sides over the interval ½0;yÞ, we
obtain

jljpkW 2
a k

p

LpðRn
þÞ
e ðCp; eMÞp2c�1

e jljp�1=2kgð� ; aÞkp

LpðR n�1Þ:

On the other hand,

kgð� ; aÞkp

LpðR n�1Þ ¼ �
ð
y

a

q

qxn

ð

R n�1
jgðxÞjp dx 0

� �
dxn e pkgkp�1

LpðR nÞkqngkLpðR nÞ:

Combining these inequalities implies that

jlj kW 2
a kLpðWÞ eCp; eMfjlj kgkLpðR nÞ þ jlj1=2k‘gkLpðRnÞg:ð4:16Þ

To estimate the derivative of W 2
a , let us write

qk
nW

2
a ðxÞ ¼ jljk=2F�1

x 0 ½Fðl; x 0Þð�BÞkðjljk=2 þ jx 0jkÞ�1
e�Bxn ĝgðx 0; aÞ�ðx 0Þ

þF
�1
x 0 ½Fðl; x 0Þð�BÞkðjljk=2 þ jx 0jkÞ�1

e�BxnedAxn
djD 0jkgdðx 0; xnÞ�ðx 0Þ

where d ¼ ce=4. Since

jqa 0

x 0 ½Fðl; x 0Þð�BÞkðjljk=2 þ jx 0jkÞ�1�jeCa 0; eMjx 0j�ja 0j;

jqa 0

x 0 ½Fðl; x 0Þð�BÞkðjljk=2 þ jx 0jkÞ�1
e�BxnedAxn �jeCa 0; eMjx 0j�ja 0j;

for any a 0 with ja 0je n� 1 as follows from Lemma 3.2 and (4.11), by Theorem 2.2,

(4.10), (4.15) and (4.16) we have (4.12) for m ¼ 2. Using the change of variable:

xn ¼ 1� yn, (4.12) with m ¼ 1 follows from (4.12) with m ¼ 2. This completes the

proof of the lemma. r

By Lemma 3.4, (4.10), (4.12) and Lemma 2.3, we have

jlj kW2gkLpðWÞ þ
X2

j¼1

fjlj1=2k‘WjgkLpðWÞ þ k‘2WjgkLpðWÞgð4:17Þ

eCl0;p; eIl;pðUn;R
nÞeCp;l0; ek f kLpðWÞ:

Since

qa 0

x 0 j2ðl; x 0Þ
ffiffiffi
l

p Ljþ2;k

detL

� �����
����eCa 0;l0; ejx 0j�ja 0j

as follows from Lemma 3.4, by (4.9), (4.10) and Lemma 2.3 we have

jlj kW1hkLpðWÞ eCp;l0; ejlj1=2
Xn�1

j¼1

k‘UjkLpðR nÞ eCp;l0; ek f kLpðWÞ;ð4:18Þ

jlj1=2k‘W1hkLpðWÞ eCp;l0; e

Xn�1

j¼1

k‘2UjkLpðR nÞ eCp;l0; ek f kLpðWÞ:
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Since

qa 0

x 0 j2ðl; x
0Þxk

Ljþ2;k

detL

� �����
����eCa 0;l0; ejx

0j�ja 0j

as follows from Lemma 3.4, by (4.10), (4.12) and Lemma 2.3, we have

k‘2W1hkLpðWÞ þ Il;pðW2h;WÞð4:19Þ

eCp;l0; e

Xn�1

j¼1

Il;pðUj;R
nÞeCp;l0; ek f kLpðWÞ:

Combining (4.7), (4.17), (4.18) and (4.19), we see that W2 satisfies (4.1).

Next, we shall estimate W3. Since supp j3ðl; x
0ÞH fx 0 A Rn�1 j g1=2e jx 0je

3R=4gV fx 0 A Rn�1 j jx 0=ðg2jljÞ
1=2jf 1=2g, if ðg2jljÞ

1=2 > 3R=2, then supp j3ðl; x
0Þ ¼ q.

Namely, if jlj > ð3R=2g
1=2
2 Þ2, then W3 ¼ 0. Therefore, it su‰ces to estimate W3 under

the assumption: l0 e jlje ð3R=2g
1=2
2 Þ2. But, by Lemma 2.5 we know that Lj;k=detL

are Cy functions, and then by Theorem 2.2, Lemma 2.3 and Lemma 4.2, we see

immediately that W3 satisfies (4.1).

Finally, we shall estimate W4. Since jlje ð2=g2Þjx
0j2 on supp j4ðl; x

0Þ, we have

Il;pðW4;WÞeCl0;p; ek‘
2W4kLpðWÞ. On the other hand, in view of Lemma 3.6, applying

(4.10) to (3.30) and using Lemma 2.3, we have k‘2W4kLpðWÞ eCl0;p; ek‘
2UkLpðR

nÞ.

Combining these two estimates we see that W4 satisfies (4.1) which completes the proof

of Theorem 4.1.

§5. Estimates for the pressure term.

In this section, we shall prove the following theorem.

Theorem 5.1. Let 1 < p < y, 0 < e < p=2 and l0 > 0. Then, there exists a

C A ŴW 1
p ðWÞ such that C solves (2.12) and satisfies the estimate:

k‘CkLpðWÞ eCp;l0; ek f kLpðWÞ

provided that l A Se and jljf l0.

Let jjðl; x
0Þ, j ¼ 1; 2; 3; 4, be the same functions as in §4 and let ĈCðl; x 0; xnÞ be a

function defined in (2.20). Put

X lðl; x
0; xnÞ ¼ jlðl; x

0ÞĈCðl; x 0; xnÞ ¼
X2

j¼1

X ljðl; x
0; xnÞ;ð5:1Þ

where

X l1ðl; x
0; xnÞ ¼

X2

j¼1

X2

m¼1

jlðl; x
0Þð�1Þm

Lj;m

detL
e�AtmðxnÞ

l

A
ÛUnðx

0; j � 1Þ;

X l2ðl; x
0; xnÞ ¼

X2

j¼1

X2

m¼1

jlðl; x
0Þð�1Þm

Ljþ2;m

detL
e�AtmðxnÞ

l

A
ix 0 � cU 0U 0ðx 0; j � 1Þ:
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Since X j A S
0ðRn�1Þ, j ¼ 2; 3; 4, we can define the partial Fourier inverse transform

F
�1
x 0 ½X jðl; x 0

; xnÞ�ðx 0Þ. But, X1 has singularity at x 0 ¼ 0, and when n ¼ 2, X1 in fact is

not locally integrable, and therefore we can not define F
�1
x 0 ½X1ðl; x 0

; xnÞ�ðx 0Þ. There-

fore, we start with the following lemma which will be proved in the appendix below.

Lemma 5.2. Let Aðx 0
; xnÞ be a function in CyððRn�1nf0gÞ � ½0; 1�Þ which satisfies

the condition:

jqa 0

x 0 qm
n Aðx 0

; xnÞjeCa 0 jx 0jm�1�ja 0j

for any multi-index a 0, integer mf 0 and xn A ½0; 1�. Moreover, we assume that

Aðx 0
; xnÞ ¼ 0 when jx 0jf g0 with some g0 > 0. Given f ðx 0Þ A LpðRn�1Þ, we put

vjðxÞ ¼ F
�1
x 0 ½ixjAðx 0

; xnÞ f̂f ðx 0Þ�ðx 0Þ; j ¼ 1; . . . ; n� 1;

vnðxÞ ¼ F
�1
x 0 ½qnAðx 0

; xnÞ f̂f ðx 0Þ�ðx 0Þ:

Then, there exists a u A ŴW 1
p ðWÞ such that qku ¼ vk, k ¼ 1; . . . ; n and

kqkukLpðWÞ eCpk f kLpðR n�1Þ:

Remark 5.3. Since

jqa 0

x 0 ðixjAðx 0
; xnÞÞjeCa 0 jx 0j�ja 0j

; jqa 0

x 0 ðqnAðx 0
; xnÞÞjeCa 0 jx 0j�ja 0j

;

by Theorem 2.2 vjðxÞ and vnðxÞ are well-defined as functions in LpðRn�1Þ with respect to

x 0
A R

n�1 for any xn A ½0; 1� and

kvjkLpðWÞ eCpk f kLpðR n�1Þ; j ¼ 1; . . . ; n:

Therefore, the point of the lemma is to show the existence of u A ŴW 1
p ðWÞ.

Now, we shall apply Lemma 5.2 to X1ðl; x 0
; xnÞ. In view of Lemma 3.1, (3.2) and

(2.18), applying Lemma 3.2 we see that

qa 0

x 0 j1ðl; x 0Þ Lj;m

detL
e�Axn

� ��

�

�

�

�

�

�

�

eCa 0; ejx 0j�1�ja 0j
;

qa 0

x 0 j1ðl; x 0Þ
ffiffiffi

l
p

ixk

A

Ljþ2;m

detL
e�Axn

" #�

�

�

�

�

�

�

�

�

�

eCa 0; ejx 0j�1�ja 0j
;

for m ¼ 1; 2 and xn f 0 provided that jljf l0 and l A Se. By Lemma 5.2, we know

that there exists a C1ðxÞ A ŴW 1
p ðWÞ such that

qjC1ðxÞ ¼ F
�1
x 0 ½ixjX1ðl; x 0

; xnÞ�ðx 0Þ; j ¼ 1; . . . ; n� 1;ð5:2Þ

qnC1ðxÞ ¼ F
�1
x 0 ½qnX1ðl; x 0

; xnÞ�ðx 0Þ;

k‘C1kLpðWÞ eCp

X

2

j¼1

(

kF�1
x 0 ½lA�1ÛUnðx 0

; j � 1Þ�kLpðR n�1Þð5:3Þ

þ
X

n�1

k¼1

kF�1
x 0 ½

ffiffiffi

l
p

ÛUkðx 0
; j � 1Þ�kLpðR n�1Þ

)

:
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Combining (5.3) and Lemma 4.2 implies that

k‘C1kLpðWÞ eCp;l0; ek f kLpðWÞ:ð5:4Þ

For j ¼ 2; 3; 4, we put CjðxÞ ¼ F
�1
x 0 ½X jðl; x 0; xnÞ�ðx 0Þ. We shall estimate CjðxÞ,

j ¼ 2; 3; 4. First, we shall consider C2ðxÞ. Put C2jðxÞ ¼ F
�1
x 0 ½X2jðl; x 0; xnÞ�ðx 0Þ. Note

that

qnC21ðxÞ ¼ �
X

2

j¼1

X

2

m¼1

F
�1
x 0 j2ðl; x 0Þ Lj;m

detL
e�AtmðxnÞlÛUnð� ; j � 1Þ

� �

ðx 0Þ;

q
b 0

x 0C21ðxÞ ¼
X

2

j¼1

X

2

m¼1

F
�1
x 0 j2ðl; x 0Þð�1Þm ðix 0Þb

0

A

Lj;m

detL
e�AtmðxnÞlÛUnð� ; j � 1Þ

" #

ðx 0Þ:

Since

qa 0

x 0 j2ðl; x 0Þ Lj;k

detL

� ��

�

�

�

�

�

�

�

eCa 0; ejx 0j�ja 0j;

qa 0

x 0 j2ðl; x 0Þ ðix
0Þb

0

A

Lj;k

detL

" #�

�

�

�

�

�

�

�

�

�

eCa 0; ejx 0j�ja 0j; jb 0j ¼ 1;

as follows from Lemma 3.4, by Theorem 2.2 we have

kC21ð� ; xnÞkLpðRn�1Þ þ k‘C21ð� ; xnÞkLpðR n�1Þð5:5Þ

eCl0;p; e

X

1

a¼0

fjlj kF�1
x 0 ½A�1ÛUnð� ; aÞ�kLpðR n�1Þ þ jlj kF�1

x 0 ½ÛUnð� ; aÞ�kLpðRn�1Þg:

By Lemma 3.4, we have

qa 0

x 0 qm
n j2ðl; x 0Þ ixk

ffiffiffi

l
p

A

Ljþ2; l

detL
e�Axn

" #�

�

�

�

�

�

�

�

�

�

eCa 0; ejx 0jm�ja 0j

for m ¼ 0; 1; 2, j ¼ 1; 2, l ¼ 1; 2 and xn f 0. Applying (4.9) and (4.10) to C22, we have

kC22ð� ; xnÞkLpðR n�1Þ þ k‘C22kLpðWÞð5:6Þ

eCl0;p; e

X

1

a¼0

X

n�1

k¼1

jlj1=2kUkð� ; aÞkLpðR n�1Þ þ
X

n�1

k¼1

jlj1=2k‘UkkLpðR nÞ

( )

:

Combining Lemma 2.3, Lemma 4.2, (5.5) and (5.6) implies that C2 A W 1
p ðWÞ and

kC2kW 1
p ðWÞ eCl0;p; ek f kLpðWÞ:ð5:7Þ

As was stated in §4, j3ðl; x 0Þ ¼ 0 when jlj > ð3R=2g1=22 Þ2 and x 0
A Rn�1. There-

fore, in view of Lemma 2.5, we see immediately that C3 A W 1
p ðWÞ and

kC3kW 1
p ðWÞ eCp;l0; ek f kLpðWÞ:ð5:8Þ
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Finally, we shall estimate C4. To do this, we rewrite X4j as follows:

X41ðl; x
0; xnÞ ¼

X

2

j¼1

X

2

m¼1

j4ðl; x
0Þð�1Þm

l

A2

Lj;m

detL
e�AtmðxnÞAÛUnðx

0; j � 1Þ;

X42ðl; x
0; xnÞ ¼

X

2

j¼1

X

n�1

k¼1

X

2

m¼1

j4ðl; x
0Þð�1Þm

ixkl

A2

Ljþ2;m

detL
e�AtmðxnÞAÛUkðx

0; j � 1Þ:

Note that l=ðA� BÞ ¼ �ðAþ BÞ. By (3.27) and (2.18), we have

l

A

L1;1

detL
¼

l

A

L2;2

detL
¼

ðAþ BÞBðe�Ae�2B � 2AdðA;B; 1Þ � e�AÞ

Al3ðA;BÞ
;ð5:9Þ

l

A

L1;2

detL
¼

l

A

L2;1

detL
¼

ðAþ BÞBð1þ 2AdðA;B; 1Þe�B � e�2BÞ

Al3ðA;BÞ
;

l

A

L3;1

detL
¼ �

l

A

L4;2

detL
¼

�ðAþ BÞðe�Ae�2B þ 2BdðA;B; 1Þ � e�AÞ

Al3ðA;BÞ
;

l

A

L3;2

detL
¼ �

l

A

L4;1

detL
¼

ðAþ BÞð1� 2BdðA;B; 1Þe�B � e�2BÞ

Al3ðA;BÞ
:

Applying Lemma 3.5, (3.32) and Lemma 3.2 to (5.9), we have

qa 0

x 0 qm
n j4ðl; x

0Þ
l

A2

Lj; l

detL
e�Axn

� ��

�

�

�

�

�

�

�

eCa 0; ejx
0jm�ja 0j;

qa 0

x 0 qm
n j4ðl; x

0Þ
ixkl

A2

Ljþ2; l

detL
e�Axn

� ��

�

�

�

�

�

�

�

eCa 0; ejx
0jm�ja 0j;

for j; l ¼ 1; 2, m ¼ 0; 1; 2 and xn f 0. Therefore, applying (4.9) and (4.10) to C4, we

have

kC4ð� ; xnÞkLpðR
n�1Þ eCl0;p; e

X

n

k¼1

kF�1
x 0 ½AÛUkð� ; aÞ�kLpðR

n�1Þ;ð5:10Þ

k‘C4kLpðWÞ eCl0;p; e

X

n

k¼1

k‘F�1
x 0 ½AÛUk�kLpðWÞ:

Since

kF�1½AÛUkð� ; xnÞ�kLpðR
n�1Þ eC

X

n�1

j¼1

kqjUkð� ; xnÞkLpðR
n�1Þ

as follows from (4.15), by (5.10), the trace theorem and Lemma 2.3 we see that

C4 A W 1
p ðWÞ and

kC4kW 1
p ðWÞ eCl0;p; ekUkW 2

p ðR nÞ eCl0;p; ek f kLpðWÞ:ð5:11Þ

Since W 1
p ðWÞH ŴW 1

p ðWÞ, if we put C ¼ C1 þC2 þC3 þC4, then by (5.4), (5.7), (5.8)

and (5.11) we see that C has the required properties in Theorem 5.1.
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§6. Estimates for vj, j ¼ 1; . . . ; n� 1.

In this section, we shall prove the following theorem.

Theorem 6.1. Let 1 < p < y, 0 < e < p=2 and l0 > 0. Let vjðxÞ, j ¼ 1; . . . ;

n� 1, be the functions defined in (2.23). Then, there holds the following estimate:

jlj kvjkLpðWÞ þ jlj1=2k‘vjkLpðWÞ þ k‘2vjkLpðWÞ eCp;l0; ek f kLpðWÞ

provided that l A Se and jljf l0.

For the notational simplicity, we also use the notation Il;pðv;DÞ in this section,

which was defined in §4. Let Vj, j ¼ 1; . . . ; n� 1, be the functions defined in

(2.21). By Theorem 2.2 and Theorem 5.1, we have

Il;pðVj;R
nÞeCp; ekFjkLpðR

nÞ ¼ Cp; ekqC=qxjkLpðWÞ eCp;l0; ek f kLpðWÞ:ð6:1Þ

Let ŵwj, j ¼ 1; . . . ; n� 1, be the functions defined in (2.22). Since l A Se and jljf l0,

we have

j1� e�2Bjf 1� e�2ReB f 1� e�2ceðl0Þ
1=2

as follows from (2.8), and therefore by Lemma 3.2

qa 0

x 0

e�B

1� e�2B

� ��

�

�

�

�

�

�

�

eCa 0;l0; ejx
0j�ja 0j:ð6:2Þ

Applying (4.12) to (2.22), we have

Il;pðwj;WÞeCl0;p; eðIl;pðUj ;R
nÞ þ Il;pðVj;R

nÞÞ;

which combined with Lemma 2.3 and (6.1) implies that

Il;pðwj;WÞeCp;l0; ek f kLpðWÞ:ð6:3Þ

If we put vj ¼ Vj þ wj, then by (6.1) and (6.3) we have Theorem 6.1.

Appendix. A Proof of Lemma 5.2.

The essential part of our proof of Lemma 5.2 is the following.

Lemma Ap.1. Let Aðx 0; xnÞ and vjðxÞ, j ¼ 1; . . . ; n be the same functions as in

Lemma 5.2. Then, there exists a sequence fukgHCy

ð0ÞðWÞ such that

lim
k!y

quk

qxj
� vj

	

	

	

	

	

	

	

	

LpðWÞ

¼ 0; j ¼ 1; . . . ; n:

Proof. An idea of our proof is based on the argument in a proof of Lemma 2.4 of

Kozono and Yamazaki [5]. Let w be a function in Cy

0 ðRn�1Þ such that 0e we 1 and

wðx 0Þ ¼ 1 for jx 0je 1 and wðx 0Þ ¼ 0 for jx 0jf 2. Put

wkðxÞ ¼ F
�1
x 0 ½ð1� wð2kx 0ÞÞAðx 0; xnÞwðx

0=g0Þ f̂f ðx
0Þ�ðx 0Þ:

Stokes equation on an infinite layer 495



Since ð1� wð2kx 0ÞÞAðx 0; xnÞwðx
0=g0Þ f̂f ðx

0Þ has a compact support, wk A CyðRn�1 � ½0; 1�Þ.

Put f0ðx
0Þ ¼ wðx 0Þ � wð2x 0Þ and g0jðx

0Þ ¼ F
�1
x 0 ½f0ðx

0Þxjjx
0j�2�ðx 0Þ. Since

ð1� wð2kx 0ÞÞAðx 0; xnÞwðx
0=g0Þ f̂f ðx

0Þ

¼ �
X

k

h¼�kþ1

X

n�1

j¼1

½f0ð2
�hx 0Þixj jx

0j�2�ixjAðx
0; xnÞ f̂f ðx

0Þ

when k is large enough, we have

kwkkLpðWÞ eC02
k where C0 ¼

X

n�1

j¼1

kg0jkL1ðR
n�1ÞkvjkLpðWÞ:ðAp:1Þ

If we put Bjðx
0; xnÞ ¼ ixjAðx

0; xnÞ, j ¼ 1; . . . ; n� 1, and Bnðx
0; xnÞ ¼ qnAðx

0; xnÞ, we have

qwk

qxj
� vj ¼ �F

�1
x 0 ½wð2kx 0ÞBjðx

0; xnÞwðx
0=g0Þ f̂f ðx

0Þ�

¼ �F
�1
x 0 ½wð2kx 0ÞBjðx

0; xnÞ� �F
�1
x 0 ½wðx 0=g0Þ f̂f ðx

0Þ�;

where � means the convolution with respect to the variable x 0. By Theorem 2.2,

kF�1
x 0 ½wð2kx 0ÞBjðx

0; xnÞ�kLpðR
n�1Þ eCkF�1

x 0 ½wð2kx 0Þ�kLpðR
n�1Þ for any xn A ½0; 1�. There-

fore, noting that kF�1
x 0 ½wð2kx 0Þ�kLpðR

n�1Þ e 2�ðn�1Þk=p 0
kF�1

x 0 ½w�kLpðR
n�1Þ with 1=pþ 1=p 0 ¼

1, by Young’s inequality we have

qwk

qxj
� vj

	

	

	

	

	

	

	

	

LpðR
n�1Þ

eC2�ðn�1Þk=p 0

kF�1
x 0 ½w�kLpðR

n�1ÞkF
�1
x 0 ½wðx 0=g0Þ�kL1ðR

nÞk f kLpðR
n�1Þ;

which implies that

lim
k!y

qwk

qxj
� vj

	

	

	

	

	

	

	

	

LpðWÞ

¼ 0; j ¼ 1; . . . ; n� 1:ðAp:2Þ

Put ukðxÞ ¼ wð2�2kx 0ÞwkðxÞ, and then uk A Cy

ð0ÞðWÞ. Observe that

quk

qxj
ðxÞ � vjðxÞ ¼ wð2�2kx 0Þ

qwk

qxj
� vj

� �

þ 2�2k qw

qxj
ð2�2kx 0ÞwkðxÞ � ½1� wð2�2kx 0Þ�vjðxÞ

for j ¼ 1; . . . ; n� 1. By (Ap.1) and (Ap.2), we see easily that

lim
k!y

quk

qxj
� vj

	

	

	

	

	

	

	

	

LpðWÞ

¼ 0; j ¼ 1; . . . ; n� 1:

Since

quk

qxn
� vn ¼ wð2�2kx 0Þ

qwk

qxn
� vn

� �

� ½1� wð2�2kx 0Þ�vn;

T. Abe and Y. Shibata496



by the fact that vn A LpðWÞ and (Ap.2), we have also

lim
k!y

quk

qxn
� vn

	

	

	

	

	

	

	

	

LpðWÞ

¼ 0;

which completes the proof of the lemma. r

Let fukg be a sequence constructed in Lemma Ap.1. Employing the same argu-

ment as in the proof of Lemma 5.1 in Galdi [4, II], by using Poincaré’s inequality we

can find a u A Lp; locðWÞ such that

lim
k!y

quk

qxj
�

qu

qxj

	

	

	

	

	

	

	

	

LpðWÞ

¼ 0

for j ¼ 1; 2; . . . ; n. This completes the proof of Lemma 5.2.
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