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Abstract. We prove a central limit theorem for the transition operator of the

symmetric random walk on a covering graph with a covering transformation group of

polynomial growth. As the limit, the continuous semigroup of the sub-Laplacian on a

nilpotent Lie group is obtained.

1. Introduction.

Let X ¼ ðV ;EÞ be a locally finite connected graph, V being the set of vertices and

E being the set of oriented edges. For e A E, the origin and the terminus of e are

denoted by oðeÞ and tðeÞ, respectively, and the inverse edge is denoted by e. We shall

assume that X is a covering graph of a finite graph whose covering transformation

group G is a finitely generated group of polynomial growth. A symmetric random walk

on X with a weight m : V ! Rþ is given by a transition probability p : E ! Rþ

satisfying
P

e AEx
pðeÞ ¼ 1 and pðeÞmðoðeÞÞ ¼ pðeÞmðtðeÞÞ, where Ex ¼ fe A E j oðeÞ ¼ xg.

We assume m and p are G-invariant. The transition operator L associated with the

random walk is the operator acting on functions on V defined by

Lf ðxÞ ¼
X

e AEx

f ðtðeÞÞpðeÞ:

Suppose that X is realized in a continuous model M. Let CyðX Þ be the set of

functions on V vanishing at infinity and CyðMÞ the set of continuous functions on M

vanishing at infinity. The purpose of this article is to show that, the n-th iteration of L

on CyðXÞ approaches a continuous semigroup on CyðMÞ as n goes to infinity with a

suitable scale change on M. M. Kotani and T. Sunada considered the case of a crystal

lattice, which is an abelian covering of a finite graph ([6], [8]). A central limit theorem

for magnetic transition operators on a crystal lattice is obtained in [6]. As a special

case of [6], when a vector potential is zero, the following central limit theorem is

deduced.

Theorem (M. Kotani [6]). Let X be a crystal lattice with an abelian covering

transformation group G and F : X ! G nR a piecewise linear G-equivariant map. Put

X0 ¼ GnX and mðX0Þ ¼
P

x AX0
mðxÞ. Then for any f A CyðG nRÞ, as n " y, d # 0

and nd2 ! mðX0Þt, we have

kLnð f � ðdFÞÞ � ðe�tD f Þ � ðdFÞky ! 0;
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where D is the Laplacian for the Albanese metric on G nR. In particular, for a sequence

fxdgd>0 in X with limd#0 dFðxdÞ ¼ x,

limLnð f � ðdFÞÞðxdÞ ¼ e�tD f ðxÞ:

Let G be a finitely generated group of polynomial growth. G. Alexopoulos

obtained a local central limit theorem for the convolution powers on G ([1]). Limit

theorems for compositions of distribution on certain nilpotent Lie groups are obtained

by P. Crépel and A. Raugi [2], H. Hennion [4], G. Pap [11], [12], A. Raugi [14], V. N.

Tutubalin [17], A. D. Virtser [19]. We remark that a covering graph with a covering

transformation group of polynomial growth can be considered as a generalization of a

crystal lattice or the Cayley graph of a finitely generated group of polynomial growth.

Let X be a covering graph whose covering transformation group is G . By a theorem

of M. Gromov [3], G has a finitely generated torsion free nilpotent subgroup N of

finite index so that X is a covering of the finite quotient graph NnX with the covering

transformation group N. Therefore we may always assume that X is a covering graph

of a finite graph X0 ¼ ðV0;E0Þ whose covering transformation group G is a finitely

generated torsion free nilpotent group.

As the continuous model, we take the limit group ðGG ; �Þ of a connected, simply

connected nilpotent Lie group ðGG ; �Þ such that G is isomorphic to a lattice of ðGG ; �Þ.

We have the following diagram.

GG=½GG ;GG �  ��� H1ðX0;RÞ

 
��
!

dual

 
��
!

dual

HomðGG=½GG ;GG �;RÞ H��! H1ðX0;RÞ

where H1ðX0;RÞ is the first cohomology of X0. By identifying H1ðX0;RÞ with the

space of harmonic 1-forms on X0, we introduce an inner product on H1ðX0;RÞ. Let g

be the Lie algebra of GG and g
ð1Þ a subspace of g satisfying g ¼ g

ð1Þl ½g; g�. Since

g
ð1Þ

FGG=½GG ;GG �, we can induce the metric from H1ðX0;RÞ to g
ð1Þ by this diagram.

We call the induced metric the Albanese metric on g
ð1Þ. We define a sub-Laplacian W�

on GG by setting

W� ¼ �
Xd1

i¼1

X
ð1Þ
i� X

ð1Þ
i� ;

where fX
ð1Þ
1 ; . . . ;X

ð1Þ
d1
g is an orthonormal basis for the Albanese metric on g

ð1Þ and X
ð1Þ
i�

is the extension of X
ð1Þ
i A g to a left invariant vector field on the limit group ðGG ; �Þ of

ðG; �Þ.

A piecewise smooth G-equivariant map F : X ! GG is said to be a realization. By

using Trotter’s approximation theory [16] and Theorem 3, we have

Theorem 1 (The central limit theorem). Let X be a covering graph of a finite graph

X0 whose covering transformation group G is a finitely generated torsion free nilpotent

group and F : X ! GG a realization. Then for any f A CyðGGÞ, as n "y, d # 0 and

nd2 ! mðX0Þt, we have

kLnð f � ðtdFÞÞ � ðe
�tW� f Þ � ðtdFÞky ! 0;
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where td is the dilation on GG . In particular, for a sequence fxdgd>0 in X with

limd#0 tdFðxdÞ ¼ x,

limLnð f � ðtdFÞÞðxdÞ ¼ e�tW� f ðxÞ:

The proof of Theorem 1 is reduced to the case when the composite p �F :

X ! GG=½GG ;GG � is harmonic, where p is the canonical surjective homomorphism from

GG to the abelian group GG=½GG ;GG � (see the proof ).

Definition (M. Kotani and T. Sunada [7]). A piecewise linear map F : X ! GG=

½GG ;GG � is said to be harmonic if for each x A X ,

DFðxÞ ¼ mðxÞ�1
X

e AEx

mðeÞfFðtðeÞÞ � FðoðeÞÞg ¼ 0; ð1Þ

where mðeÞ ¼ mðoðeÞÞpðeÞ.

Since g
ð1Þ

FGG=½GG ;GG �, the composite p �Fh is harmonic if and only if

X

e AEx

mðeÞfexp�1
F

hðtðeÞÞj
gð1Þ

� exp�1
F

hðoðeÞÞj
gð1Þ

g ¼ 0

for each x A X .

According to the argument of harmonic maps from a graph to a Riemannian

manifold [7], we have the existence and uniqueness of F
h.

Theorem 2 (M. Kotani and T. Sunada [7]). There exists a realization F
h
: X ! GG

such that the composite p �Fh is harmonic. If p �Fh
1 and p �Fh

2 are harmonic,

p �Fh
1 � p �Fh

2 ¼ constant:

We prove that the sub-Laplacian W� can be written in terms of F
h.

Theorem 3. Let F
h
: X ! GG be a realization such that the composite p �Fh is

harmonic. Then we have

W� ¼ �
1

2

X

e AE0

mðeÞðexp�1
F

hðoðeÞÞ�1
F

hðtðeÞÞj
gð1Þ

Þ2� :
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2. Limit group.

We will introduce the notion of limit groups, which is given by a deformation of

the product on a nilpotent Lie group. We can find the definition of the limit group

in G. Alexopoulos [1] (see also A. D. Virtser [19], P. Crépel and A. Raugi [2], A. Raugi

[14]). We remark that the limit group is isomorphic to Gy defined by P. Pansu [10].

The invariance under the deformation of product (Lemma 2.3) and stratification (Lemma

2.1) play an important role in the proof of the central limit theorem.
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Let ðG; �Þ be a connected, simply connected nilpotent Lie group and g its Lie

algebra. We set n1 ¼ g and niþ1 ¼ ½g; ni� for ib 1. Since g is nilpotent, we have the

filtration: g ¼ n1 I n2 I � � �I nr 0 f0gI nrþ1 ¼ f0g. We consider subspaces g
ð1Þ; . . . ;

g
ðrÞ H g such that

nk ¼ g
ðkÞ

l nkþ1:

By this decomposition, each elements X A g can be represented uniquely as X ¼

X ð1Þ þ X ð2Þ þ � � � þ X ðkÞ þ � � � þ X ðrÞ for some X ðkÞ A g
ðkÞ. For e > 0, we define a linear

operator Te : g ! g by

TeðX
ð1Þ þ X ð2Þ þ � � � þ X ðkÞ þ � � � þ X ðrÞÞ ¼ eX ð1Þ þ e

2X ð2Þ þ � � � þ e
kX ðkÞ þ � � � þ e

rX ðrÞ:

We also define a Lie product ½ ; �� on g, by setting

½X ;Y �� ¼ lim
e!0

Te½Te�1X ;Te�1Y �:

For any X ðkÞ A g
ðkÞ, X ðlÞ A g

ðlÞ, we have

½X ðkÞ;X ðlÞ�� ¼ ½X ðkÞ;X ðlÞ�j
gðkþlÞ : ð2Þ

We denote the dilation te : G ! G by

teðxÞ ¼ expðTeðexp
�1 xÞÞ

for the exponential map exp : g ! G. On G, we define a product �, by setting

x � y ¼ lim
e!0

teðte�1x � te�1 yÞ:

Then ðG; �Þ is a nilpotent Lie group and its Lie algebra is isomorphic to ðg; ½ ; ��Þ. We

call ðG; �Þ the limit group of ðG; �Þ. The limit group ðG; �Þ has the following properties.

Lemma 2.1.

(a) For X ;Y A g, expX � expY ¼ expðX þ Y þ 1=2½X ;Y �� þ � � � ½ ; �� � � �Þ.

(b) The exponential map from ðg; ½ ; ��Þ to ðG; �Þ is equal to the original exponential

map.

(c) ðG; �Þ is a stratified Lie group. Namely, the Lie algebra ðg; ½ ; ��Þ of ðG; �Þ has

a direct sum decomposition 0 r

k¼1
g
ðkÞ which satisfies

(i) If k þ la r, ½gðkÞ; gðlÞ�� H g
ðkþlÞ.

If k þ l > r, ½gðkÞ; gðlÞ�� ¼ f0g.

(ii) g
ð1Þ generates g.

(d) tdðx � yÞ ¼ tdx � tdy.

Proof. (a) Let x ¼ expX and y ¼ expY . From the Campbell-Hausdor¤ formula,

x � y ¼ lim
e!0

exp

�

X þ Y þ
1

2
Te½Te�1X ;Te�1Y �

þ
1

12
Te½½Te�1X ;Te�1Y �;Te�1Y � �

1

12
Te½½Te�1X ;Te�1Y �;Te�1X � � � �

�

:

By the definition of Te, we have
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lim
e!0

Te½½Te�1X ;Te�1Y �;Te�1Y � ¼ lim
e; d!0

Te½Te�1ðTd½Td�1X ;Td�1Y �Þ;Te�1Y �:

So we conclude

x � y ¼ exp X þ Y þ
1

2
½X ;Y �� þ

1

12
½½X ;Y ��;Y �� þ � � �

� �

:

(b) Let fðtÞ ¼ exp tX for t A R and X A g. Since

fðt1Þ � fðt2Þ ¼ exp t1X � exp t2X

¼ exp t1X þ t2X þ
1

2
½t1X ; t2X �� þ � � �

� �

¼ expðt1 þ t2ÞX ¼ fðt1 þ t2Þ;

f is a one-parameter subgroup of ðG; �Þ. Hence the exponential map of ðG; �Þ is equal

to the original exponential map.

(c) We will show that ðg; ½ ; ��Þ satisfies the properties of the stratified Lie group.

By (2), for k þ la r, we have

½gðkÞ; gðlÞ�� H g
ðkþlÞ

:

For mb 2, we assume that gð1Þ generates g
ðm�1Þ. From the definition of gðmÞ and ½ ; ��,

we have

g
ðmÞ ¼ ½gð1Þ; gðm�1Þ��:

By the induction, ðG; �Þ is a stratified Lie group.

(d) For a fixed d > 0, we have

tdðx � yÞ ¼ td lim
e!0

teðte�1x � te�1 yÞ

¼ lim
e!0

tdeðtðdeÞ�1tdx � tðdeÞ�1tdyÞ

¼ tdx � td y: r

By the definition of � and Lemma 2.1, we easily obtain

exp�1ðx � yÞj
gð1Þ

¼ exp�1ðx � yÞj
gð1Þ

;

exp�1ðx � yÞj
gð2Þ

¼ exp�1ðx � yÞj
gð2Þ

for any x; y A G. For kb 3, exp�1ðx � yÞj
gðkÞ

is not equal to exp�1ðx � yÞj
gðkÞ

in general.

These invariances for k ¼ 1; 2 are important for the central limit theorem.

We consider a basis fX
ðkÞ
1 ;X

ðkÞ
2 ; . . . ;X

ðkÞ
dk

g of g
ðkÞ for each ka r. We have two

identifications of G with R
n as di¤erential manifold given by

ðx
ðrÞ
dr
; x

ðrÞ
dr�1; . . . ; x

ð1Þ
1 Þ 7! exp x

ðrÞ
dr
X

ðrÞ
dr

� exp x
ðrÞ
dr�1X

ðrÞ
dr�1 � . . . � exp x

ð1Þ
1 X

ð1Þ
1
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and

ðx
ðrÞ
dr�
; x

ðrÞ
dr�1�; . . . ; x

ð1Þ
1� Þ 7! exp x

ðrÞ
dr�
X

ðrÞ
dr

� exp x
ðrÞ
dr�1�X

ðrÞ
dr�1 � � � � � exp x

ð1Þ
1� X

ð1Þ
1 :

We call them ð�Þ-coordinates and ð�Þ-coordinates of second kind respectively. For

x A G, we denote P
ðkÞ
i ðxÞ ¼ x

ðkÞ
i and P

ðkÞ
i� ðxÞ ¼ x

ðkÞ
i� . The following lemma gives a

comparison of the two coordinates.

Lemma 2.2. For x A G, we have

P
ð1Þ
i� ðxÞ ¼ P

ð1Þ
i ðxÞ; ð3Þ

P
ð2Þ
i� ðxÞ ¼ P

ð2Þ
i ðxÞ; ð4Þ

P
ðkÞ
i� ðxÞ ¼ P

ðkÞ
i ðxÞ þ

X

0<jK jak�1

CKP
KðxÞ ð5Þ

for some constants CK , where K denotes a multi-index ðði1; k1Þ; . . . ; ðin; knÞÞ and PKðxÞ ¼

P
ðk1Þ
i1

ðxÞP
ðk2Þ
i2

ðxÞ � � �P
ðknÞ
in

ðxÞ. We call jK j ¼
Pn

i¼1 kn the order of PKðxÞ.

Proof. (3) and (4) are obtained immediately by comparing ð�Þ-coordinates and ð�Þ-

coordinates of x A G. We will show (5) by induction for k of P
ðkÞ
i� ðxÞ. Indeed the

cases k ¼ 1 and k ¼ 2 are obvious. We assume that it is true in the case P
ðlÞ
i� ðxÞ for

la k � 1. Then the ði; kÞ-component of x is

exp�1 xj
X

ðkÞ
i

¼ P
ðkÞ
i� ðxÞ þ

X

jK j¼k

CKPr
ðkÞ
i ½X K ��PK

� ðxÞ

¼ P
ðkÞ
i ðxÞ þ

X

0<jK jak

CKPr
ðkÞ
i ½X K �PKðxÞ

for some constants CK , where ½X K � ¼ ½X
ðk1Þ
i1

; ½X
ðk2Þ
i2

; ½X
ðk3Þ
i3

; . . . ;X
ðknÞ
in

�� � � ��, ½X K �� ¼

½X
ðk1Þ
i1

; ½X
ðk2Þ
i2

; ½X
ðk3Þ
i3

; . . . ;X
ðknÞ
in

���� � � ��� and Pr
ðkÞ
i X ¼ X j

X
ðkÞ
i

. By the hypothesis of induc-

tion, the lower order terms do not a¤ect for this claim. Since CKPr
ðkÞ
i ½X K �� ¼

CKPr
ðkÞ
i ½X K � for jK j ¼ k by (2), the terms of order k are cancelled. Consequently,

P
ðkÞ
i� ðxÞ ¼ P

ðkÞ
i ðxÞ þ

X

0<jK jak�1

CKP
KðxÞ: r

As an invariance under the deformation of the product on G, we conclude

Lemma 2.3.

P
ð1Þ
i� ðx � yÞ ¼ P

ð1Þ
i ðx � yÞ; ð6Þ

P
ð2Þ
i� ðx � yÞ ¼ P

ð2Þ
i ðx � yÞ; ð7Þ

P
ðkÞ
i� ðx � yÞ ¼ P

ðkÞ
i ðx � yÞ þ

X

jK1jþjK2jak�1;
jK2j>0

CK1K2
PK1
� ðxÞPK2ðx � yÞ: ð8Þ
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Proof. From (2), Lemma 2.2 and the Campbell-Hausdor¤ formula, (6) and (7)

are obtained easily. We will show (8) inductively. By the definition of �, Lemma 2.2

and the hypothesis of induction, the di¤erence of P
ðkÞ
i� ðx � yÞ and P

ðkÞ
i ðx � yÞ is the terms

whose order is less than k. Namely,

P
ðkÞ
i� ðx � yÞ ¼ P

ðkÞ
i ðx � yÞ þ

X

0<jK1jþjK2jak�1

CK1K2
PK1ðxÞPK2ðyÞ: ð9Þ

We can replace PK2ðyÞ with

PK2ðx � yÞ �
X

0<jK3jþjK4jajK2j

CK3K4
PK3ðxÞPK4ðx � yÞ þ

X

0<jK jajK2j

CKP
KðxÞ

by using

P
ðkÞ
i ðyÞ ¼ P

ðkÞ
i ðx � yÞ � P

ðkÞ
i ðxÞ �

X

0<jK1jþjK2jak

CK1K2
PK1ðxÞPK2ðyÞ:

Hence we refine (9) to

P
ðkÞ
i� ðx � yÞ ¼ P

ðkÞ
i ðx � yÞ þ

X

jK1jþjK2jak�1;
jK2j>0

CK1K2
PK1ðxÞPK2ðx � yÞ þ

X

0<jKjak�1

CKP
KðxÞ:

But
P

0<jK jak�1 CKP
KðxÞ vanish because if y ¼ x�1, then x � y ¼ x � y ¼ e. Moreover

PK1ðxÞ can be replaced with PK1
� ðxÞ because of Lemma 2.2. So we conclude

P
ðkÞ
i� ðx � yÞ ¼ P

ðkÞ
i ðx � yÞ þ

X

jK1jþjK2jak�1;
jK2j>0

CK1K2
PK1
� ðxÞPK2ðx � yÞ: r

Example 2.4. For k ¼ 3, we have

P
ð3Þ
i� ðxÞ ¼ P

ð3Þ
i ðxÞ �

1

2

X

i1>i2

Pr
ð3Þ
i ½X

ð1Þ
i1

;X
ð1Þ
i2

�P
ð1Þ
i1

ðxÞP
ð1Þ
i2

ðxÞ;

P
ð3Þ
i� ðx � yÞ ¼ P

ð3Þ
i ðx � yÞ �

1

2

X

i1>i2

Pr
ð3Þ
i ½X

ð1Þ
i1

;X
ð1Þ
i2

�fP
ð1Þ
i1�

ðxÞP
ð1Þ
i2

ðx � yÞ

� P
ð1Þ
i1

ðx � yÞP
ð1Þ
i2�

ðxÞ þ P
ð1Þ
i1

ðx � yÞP
ð1Þ
i2

ðx � yÞg:

3. The central limit theorem.

We shall prove a convergence of the transition operator by using the approximation

theory of H. F. Trotter [16]. Let GG be the nilpotent Lie group such that G is

isomorphic to a lattice of GG . There exists uniquely such a connected and simply

connected nilpotent Lie group up to isomorphism by A. I. Malćev [9] and G is a

cocompact lattice (cf. M. S. Raghunathan [13]).
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Let g be the Lie algebra of GG and denote g
ð1Þ; . . . ; gðrÞ, subspaces of g as in

Section 1. We define a map Pd : CyðGGÞ ! CyðXÞ by Pd f ðxÞ ¼ f ðtdFðxÞÞ, where

td : GG ! GG is a dilation. We remark that ðCyðGGÞ; k � kyÞ and ðCyðX Þ; k � k
y
Þ are

Banach spaces, where k � k
y

is the sup. norm. Take a basis fX
ðkÞ
1 ; . . . ;X

ðkÞ
dk

g of gðkÞ for

each ka r and we identify X
ðkÞ
i with the left invariant vector field on GG . We denote

by d the Carnot-Carathéodory distance. More precisely, let C be the set of all abso-

lutely continuous paths c : ½0; 1� ! GG , satisfying _ccðtÞ ¼
P

iad1
aiðtÞX

ð1Þ
i ðcðtÞÞ, for almost

every t A ½0; 1�. Put

jcj ¼

ð1

0

X

iad1

a2i ðtÞ

 !1=2

dt;

and for x; y A GG ,

dðx; yÞ ¼ inffjcj j c A C; cð0Þ ¼ x; cð1Þ ¼ yg:

Then d is a left invariant distance, which induces the topology of GG (see [18]).

Lemma 3.1. fðCyðXÞ;PdÞgd>0 is a sequence of Banach spaces approximating to

CyðGGÞ. Namely, for any f A CyðGGÞ, we have

kPd f kya k f k
y
; ð10Þ

kPd f ky ! k f k
y

as d ! 0: ð11Þ

Proof. (10) is trivial. We consider (11). Fix a A GG which satisfies j f ðaÞj ¼

k f k
y
. Then

kPd f k ¼ sup
x AX

j f ðtdFðxÞÞ � f ðaÞ þ f ðaÞj

b j f ðaÞj � inf
x AX

j f ðaÞ � f ðtdFðxÞÞj:

On the other hand, since G HGG is a cocompact lattice and F is G-equivariant, we

have

inf
x AX

dða; tdFðxÞÞ ¼ d inf
x AX

dðt
d
�1a;FðxÞÞ < dM

for M ¼ supg AF ;x AFX
dðg;FðxÞÞ < y, where F HGG and FX HX are these fundamen-

tal domains. Since f is continuous at a, for any e > 0, there exists d
0 > 0 such that

if dða; yÞ < d
0, then j f ðaÞ � f ðyÞj < e. For d ¼ d

0=M, there exists x 0 A X such that

dða; tdðx
0ÞÞ < d

0. Hence for any e > 0, there exists d > 0 such that

inf
x AX

j f ðaÞ � f ðtdFðxÞÞja j f ðaÞ � f ðtdFðx 0ÞÞj < e:

Consequently we have kPd f ky ! k f k
y

as d ! 0. r

According to the theorem of H. F. Trotter ([16], Theorem 5.3), to deduce the

assertion of Theorem 1, it su‰ces to show the following lemma which gives the con-

vergence of the sequence of the infinitesimal generators.
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Lemma 3.2. Let F
h
: X ! GG be a realization such that the composite p �Fh is

harmonic. Then for any f A Cy

0 ðGGÞ and N " y, d # 0 with N 2d ! 0, we have

mðX0Þ

Nd
2

ðI � LNÞPh
d
f � Ph

d
W� f

�

�

�

�

�

�

�

�

y

! 0;

where Ph
d
f ðxÞ ¼ f ðtdF

hðxÞÞ.

Proof. By the definition of the transition operator, we have

mðX0Þ

Nd
2

ðI � LNÞPh
d
f ðxÞ ¼

mðX0Þ

Nd
2

X

c ACx;N

pðcÞf f ðFh
d
ðxÞÞ � f ðFh

d
ðtðcÞÞÞg;

where Cx;N is a set of paths ðe1; . . . ; eNÞ with oðe1Þ ¼ x, pðcÞ ¼ pðe1Þpðe2Þ � � � pðeNÞ and

F
h
d
¼ tdF

h. By the same arguments as G. Alexopoulos [1] and M. Kotani [6], we apply

the Taylor formula for the ð�Þ-coordinates of second kind to f 0ðgÞ ¼ f ðFh
d
ðxÞ � gÞ with

g ¼ F
h
d
ðxÞ�1 �Fh

d
ðtðcÞÞ. Then we have

mðX0Þ

Nd
2

ðI � LNÞPh
d
f ðxÞ

¼
mðX0Þ

Nd
2

X

c ACx;N

pðcÞ

8

<

:

�
X

ði;kÞ

X
ðkÞ
i� f ðFh

d
ðxÞÞP

ðkÞ
i� ðFh

d
ðxÞ�1 �Fh

d
ðtðcÞÞÞ

�
1

2

X

ði1;k1Þbði2;k2Þ

X
ðk1Þ
i1�

X
ðk2Þ
i2�

þ
X

ði2;k2Þ>ði1;k1Þ

X
ðk2Þ
i2�

X
ðk1Þ
i1�

0

@

1

A f ðFh
d
ðxÞÞ

� P
ðk1Þ
i1�

ðFh
d
ðxÞ�1 �Fh

d
ðtðcÞÞÞP

ðk2Þ
i2�

ðFh
d
ðxÞ�1 �Fh

d
ðtðcÞÞÞ

�
1

6

X

ði1;k1Þ; ði2;k2Þ; ði3;k3Þ

q
3f 0

qx
ðk1Þ
i1�

qx
ðk2Þ
i2�

qx
ðk3Þ
i3�

ðyÞP
ðk1Þ
i1�

ðFh
d
ðxÞ�1 �Fh

d
ðtðcÞÞÞ

� P
ðk2Þ
i2�

ðFh
d
ðxÞ�1 �Fh

d
ðtðcÞÞÞP

ðk3Þ
i3�

ðFh
d
ðxÞ�1 �Fh

d
ðtðcÞÞÞ

9

=

;

ð12Þ

for some y A GG satisfying jP
ðkÞ
i� ðyÞja jP

ðkÞ
i� ðFh

d
ðxÞ�1 �Fh

d
ðtðcÞÞÞj, where ði1; k1Þ > ði2; k2Þ

means k1 > k2 or k1 ¼ k2, i1 > i2. Since ðGG ; �Þ is a stratified Lie group,

P
ðkÞ
i� ðFh

d
ðxÞ�1 �Fh

d
ðtðcÞÞÞ ¼ d

kP
ðkÞ
i� ðFhðxÞ�1 �FhðtðcÞÞÞ:

We denote by OrddðkÞ the terms of (12) whose order of d is k. Then (12) is rewritten as

mðX0Þ

Nd
2

ðI � LNÞPh
d
f ðxÞ ¼ Orddð�1Þ þOrddð0Þ þ

X

kb1

OrddðkÞ: ð13Þ

We will consider three terms in (13) separately.

Estimate of Orddð�1Þ. From Lemma 2.2, 2.3 and the harmonicity of p �Fh, we

have inductively
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X

c ACx;N

pðcÞP
ð1Þ
i� ðFhðxÞ�1 �FhðtðcÞÞÞ

¼
X

c 0 ACx;N�1

pðc 0Þ
X

e AEtðc 0Þ

pðeÞfexp�1 FhðxÞ�1 �Fhðtðc 0ÞÞj
X

ð1Þ
i

þ exp�1 FhðoðeÞÞ�1 �FhðtðeÞÞj
X

ð1Þ
i

g

¼
X

c 0 ACx;N�1

pðc 0ÞP
ð1Þ
i ðFhðxÞ�1 �Fhðtðc 0ÞÞÞ

¼ 0:

This shows that Orddð�1Þ vanishes.

Estimate of Orddð0Þ. Let us first observe the coe‰cient of X
ð2Þ
i� f ðFh

d ðxÞÞ. Then

we have

mðX0Þ

N

X

c ACx;N

pðcÞ

(

P
ð2Þ
i� ðFhðxÞ�1 �FhðtðcÞÞÞ �

1

2

X

i2>i1

Pr
ð2Þ
i ½X

ð1Þ
i1

;X
ð1Þ
i2

��

� P
ð1Þ
i1�

ðFhðxÞ�1 �FhðtðcÞÞÞP
ð1Þ
i2�

ðFhðxÞ�1 �FhðtðcÞÞÞ

)

¼
mðX0Þ

N

X

c ACx;N

pðcÞ exp�1 FhðxÞ�1 �FhðtðcÞÞj
X

ð2Þ
i

¼
mðX0Þ

N

X

N�1

k¼0

X

c ACx; k

pðcÞ
X

e AEtðcÞ

pðeÞ exp�1 FhðoðeÞÞ�1 �FhðtðeÞÞj
X

ð2Þ
i

¼
mðX0Þ

N

X

N�1

k¼0

X

c ACx; k

pðcÞF ðtðcÞÞ; ð14Þ

where FðxÞ ¼
P

e AEx
pðeÞ exp�1 FhðoðeÞÞ�1 �FhðtðeÞÞj

X
ð2Þ
i

. Since FðgxÞ ¼ FðxÞ, there

exists a function f0 : X0 ! R such that f0ðkðxÞÞ ¼ FðxÞ, where k : X ! X0 is the cov-

ering map. Let L0 be the transition operator on CðX0Þ. By the ergodicity (cf. [6]), we

have

mðX0Þ

N

X

N�1

k¼0

X

c ACx; k

pðcÞF ðtðcÞÞ ¼
mðX0Þ

N

X

N�1

k¼0

Lk
0 f0ðkðxÞÞ

¼
X

x0 AX0

f0ðx0Þmðx0Þ þO
1

N

� �

¼
X

e AE0

mðeÞ exp�1 FhðoðeÞÞ�1 �FhðtðeÞÞj
X

ð2Þ
i

þO
1

N

� �

:

However,
P

e AE0
mðeÞ exp�1 FhðoðeÞÞ�1 �FhðtðeÞÞj

X
ð2Þ
i

¼ 0. Hence (14) goes to 0.
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By the harmonicity and ergodicity, the coe‰cient of X
ð1Þ
i1�

X
ð1Þ
i2�

f ðFh
d
ðxÞÞ is given by

�
mðX0Þ

N

X

i1; i2ad1

1

2
X

ð1Þ
i1�

X
ð1Þ
i2�

f ðFh
d
ðxÞÞ

�
X

c ACx;N

pðcÞP
ð1Þ
i1�

ðFhðxÞ�1 �FhðtðcÞÞÞP
ð1Þ
i2�

ðFhðxÞ�1 �FhðtðcÞÞÞ

¼ �
X

i1; i2ad1

1

2

X

e AE0

mðeÞP
ð1Þ
i1

ðFhðoðeÞÞ�1 �FhðtðeÞÞÞP
ð1Þ
i2

ðFhðoðeÞÞ�1 �FhðtðeÞÞÞ

� X
ð1Þ
i1�

X
ð1Þ
i2�

f ðFh
d
ðxÞÞ þO

1

N

� �

:

From Theorem 3, Orddð0Þ converges to Ph
d
W� f ðxÞ.

Estimate of
P

kb1 OrddðkÞ. We observe the coe‰cient of X
ðkÞ
i� f ðFh

d
ðxÞÞ. By

Lemma 2.3 and

jP
ðkÞ
i ðFhðxÞ�1 �FhðtðcÞÞÞjaCN k;

for a continuous function M
ðkÞ
i on GG , we have

mðX0Þd
k�2

N

X

c ACx;N

pðcÞP
ðkÞ
i� ðFhðxÞ�1 �FhðtðcÞÞÞ

¼
mðX0Þd

k�2

N

X

c ACx;N

pðcÞ

8

>

>

<

>

>

:

P
ðkÞ
i ðFhðxÞ�1 �FhðtðcÞÞÞ

þ
X

jK1jþjK2jak�1;
jK2j>0

CK1K2
PK1
� ðFhðxÞ�1ÞPK2ðFhðxÞ�1 �FhðtðcÞÞÞ

9

>

>

=

>

>

;

aM
ðkÞ
i ðFh

d
ðxÞÞ d

k�2N k�1 þ
X

jK1jþjK2jak�1;
jK2jb2

d
k�2�jK1jN jK2j�1

0

B

B

@

1

C

C

A

ð15Þ

because

X

c ACx;N

pðcÞPK2ðFhðxÞ�1 �FhðtðcÞÞÞ ¼ 0

when jK2j ¼ 1. By the assumptions of N and d, (15) converges to 0.

By the same argument as above, the coe‰cient of X
ðk1Þ
i1�

X
ðk2Þ
i2�

f ðFh
d
ðxÞÞ for k1 þ k2b3

converges to 0.

Finally we consider the coe‰cient of ðq3 f 0=ðqx
ðk1Þ
i1�

qx
ðk2Þ
i2�

qx
ðk3Þ
i3�

ÞÞðyÞ. Since f A

Cy

0 ðGGÞ and
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supp
q
3 f 0

qx
ðk1Þ
i1�

qx
ðk2Þ
i2�

qx
ðk3Þ
i3�

H supp f 0 ¼ F
h
d
ðxÞ�1 � supp f ;

it su‰ces to show that, for a continuous function M
ðkÞ
i on GG ,

jP
ðkÞ
i� ðFh

d
ðxÞ�1 �Fh

d
ðtðcÞÞÞjaM

ðkÞ
i ðFh

d
ðxÞ � yÞdN

if dN < 1. For k ¼ 1 and 2, this is true. Assume it holds for less than k. Then

P
ðkÞ
i� ðFh

d
ðxÞ�1 �Fh

d
ðtðcÞÞÞ ¼ d

kP
ðkÞ
i� ðFhðxÞ�1 �FhðtðcÞÞÞ

¼ d
k

0

B

B

@

P
ðkÞ
i ðFhðxÞ�1 �FhðtðcÞÞÞ

þ
X

jK1jþjK2jak�1;
jK2j>0

CK1K2
PK1
� ðFhðxÞ�1ÞPK2ðFhðxÞ�1 �FhðtðcÞÞÞ

1

C

C

A

:

Since

P
ðk1Þ
i1�

ðFh
d
ðxÞ�1Þ ¼ P

ðk1Þ
i1�

ðy � ðFh
d
ðxÞ � yÞ�1Þ

¼ P
ðk1Þ
i1�

ðyÞ þ P
ðk1Þ
i1�

ððFh
d
ðxÞ � yÞ�1Þ

þ
X

jL1jþjL2j¼k1;
jL1j;jL2j>0

CL1L2
PL1
� ðyÞPL2

� ððFh
d
ðxÞ � yÞ�1Þ;

we have inductively jP
ðk1Þ
i1�

ðFh
d
ðxÞ�1ÞjaMðFh

d
ðxÞ � yÞ for k1a k � 1. So we conclude

jP
ðkÞ
i� ðFh

d
ðxÞ�1 �Fh

d
ðtðcÞÞÞj

aC d
kN k þ

X

jK1jþjK2jak�1;
jK2j>0

MðFh
d
ðxÞ � yÞdk�jK1jN jK2j

0

B

B

@

1

C

C

A

aM
ðkÞ
i ðFh

d
ðxÞ � yÞdN:

From these estimates, it follows that
P

kb1 OrddðkÞ converges to 0. Hence the proof of

the lemma is completed. r

We remark that W� has the following property.

Lemma 3.3 (D. W. Robinson [15], p. 304). For l > 0, the range of W� þ l in

CyðGGÞ is dense.

By the same argument as M. Kotani [6], we conclude
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Theorem 1 (The central limit theorem). Let F : X ! GG be a realization. For any

f A CyðGGÞ, as n " y, d # 0 and nd2 ! mðX0Þt, we have

kLnPd f � Pde
�tW� f k

y
! 0: ð16Þ

For any x A GG , choose fxdgHX such that FdðxdÞ ! x as d # 0. Then

LnPd f ðxdÞ ! e�tW� f ðxÞ: ð17Þ

Proof. Let Fh be a realization such that the composite p �Fh is harmonic.

Then

kLnPd f � Pde
�tW� f k

y
a kLnðPd f � Ph

d f Þky ð18Þ

þ kLnPh
d f � Ph

d e
�tW� f k

y
ð19Þ

þ kPh
d e

�tW� f � Pde
�tW� f k

y
: ð20Þ

Since f and e�tW� f are uniformly continuous and

dðtdFðxÞ; tdF
hðxÞÞ ¼ ddðFðxÞ;FhðxÞÞa dM

for M ¼ supx AX dðFðxÞ;FhðxÞÞ < y, (18) and (20) converges to 0 as d ! 0.

Take N " y and d # 0 such that N 2d ! 0. Then Lemma 3.2, 3.3 and Trotter

([16], Theorem 5.3) imply for any f A CyðGGÞ,

kðLNÞkNPh
d f � Ph

d e
�tW� f k

y
! 0 ð21Þ

as kNNd2 ! mðX0Þt. Now we will prove that (19) converges to 0. Let NðnÞ be

the integer with n1=5aNðnÞa n1=5 þ 1 and kN and rN are the quotient and remainder

of n=N respectively. n " y and d # 0 imply N ! y, N 2da ðn1=5 þ 1Þ2d ! 0 and

kNNd2 ¼ nd2 � rNd
2. We also see kNNd2 ! mðX0Þt, since rN < N and rNd

2
aNd2a

ðn1=5 þ 1Þd2 ! 0. Then we have

kLnPh
d f � Ph

d e
�tW� f k

y
¼ kLkNNþrNPh

d f � Ph
d e

�tW� f k
y

a kLkNNðL rN � IÞPh
d f ky þ kLNkNPh

d f � Ph
d e

�tW� f k
y
:

From the property of N, d and kN , (21) holds. Since r2Nda ðn1=5 þ 1Þ2d ! 0 and by

Lemma 3.2,

mðX0Þ

rNd
2
ðI� L rN ÞPh

d j� Ph
d W�j

�

�

�

�

�

�

�

�

y

! 0

for any j A Cy
0 ðGGÞ. This implies kLkNNðLrN � IÞPh

d f ky ! 0. Hence we conclude

(16).

Finally (17) is given by

jLnPd f ðxdÞ � e�tW� f ðxÞj

a kLnPd f � Pde
�tW� f k

y
þ je�tW� f ðFdðxdÞÞ � e�tW� f ðxÞj ! 0: r
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4. Existence and uniqueness of a realization such that the composite with p is

harmonic.

Let p : GG ! GG=½GG ;GG � be the canonical surjective homomorphism. It is known

that pðGÞHGG=½GG ;GG � is also lattice (A. I. Mal’cev [9], M. S. Raghunathan [13]).

We apply the arguments of harmonic map from X0 to the torus T ¼ pðGÞnðGG=½GG ;GG �Þ.

For a flat metric on the torus T, we consider an energy functional E of the piecewise

smooth map F : X0 ! T defined by

EðF Þ ¼
1

2

X

e AE0

mðeÞ

ð1

0

dFe

dt
ðtÞ

����
����
2

dt;

where Fe : ½0; 1� ! T is the restriction of F to e A E0 such that Feð0Þ ¼ oðeÞ, Feð1Þ ¼ tðeÞ.

Then we have the following result (cf. [7]):

Theorem (M. Kotani and T. Sunada). A piecewise smooth map F : X0 ! T is a

critical map if and only if Fe is a geodesic for every e A E0 and at each x A V0,

X

e AEx

mðeÞ
dFe

dt
ð0Þ ¼ 0:

Then the critical map does not depend on the choice of a flat metric on T. We

remark that the composite p �F : X ! GG=½GG ;GG � is harmonic if and only if the map

ðp �FÞ0 : X0 ! T , whose lift is equal to p �F is a critical map. From these results, we

have

Theorem 2 (M. Kotani and T. Sunada [7]).

(a) Each homotopy class of piecewise smooth maps of X0 into T contains at least

one harmonic map.

(b) If two harmonic maps Fi : X0 ! T , ði ¼ 1; 2Þ are homotopic, then there exists

a A T such that F1 � F2 ¼ a.

(c) There exists a realization Fh
: X ! GG such that the composite p �Fh is har-

monic. If p �Fh
1 and p �Fh

2 are harmonic, then

p �Fh
1 � p �Fh

2 ¼ constant:

Proof. We will show (c) by using (a), (b). Let C be a homotopy class of X0 into

T such that for any F A C, F� : p1ðX0Þ ! p1ðTÞ ¼ pðGÞ satisfies

F�ð½c�Þ ¼ pðscÞ:

Here sc A G satisfies scoð~ccÞ ¼ tð~ccÞ, where ~cc is a lift of c to X. From (i), there exists a

harmonic map F h in C. By the definition of C, fF hF h : X ! GG=½GG ;GG �, the lift of F h

is p-equivariant. Namely, fF hF hðgxÞ ¼ fF hF hðxÞ þ pðgÞ for any x A X and g A G .

We define FhðxÞ such that p �FhðxÞ ¼ fF hF hðxÞ for a vertex x in a fundamental

domain DHX . Next we define FhðgxÞ ¼ gFhðxÞ for all g A G. Iterating these pro-

cesses for all vertices in D, we can realize all vertices of X to GG . Finally for any e A E,
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we define a smooth map Fh
e : ½0; 1� ! GG which satisfies p �Fh

e ðtÞ ¼
fF h
eF
h
e ðtÞ ðt A ½0; 1�Þ

with Fh
e ð0Þ ¼ FhðoðeÞÞ, Fh

e ð1Þ ¼ FhðtðeÞÞ and Fh
ge ¼ gFh

e . Consequently, Fh is a real-

ization such that the composite p �Fh is harmonic.

From the result of (b), if p �Fh
1 , p �Fh

2 are both harmonic, then

p �Fh
1 � p �Fh

2 ¼ constant: r

5. Sub-Laplacian for the Albanese metric.

First we consider the following diagram.

GG=½GG ;GG � F pðGÞnR  ��� H1ðX0;RÞ

 
��!dual

 
��!dual

 
��!dual

HomðGG=½GG ;GG �;RÞ F HomðpðGÞ;RÞ H��! H1ðX0;RÞ

where GG=½GG ;GG � is identified with g
ð1Þ by a homomorphism exp�1j

gð1Þ
: GG ! g

ð1Þ.

We identify H1ðX0;RÞ with the set of harmonic 1-forms on X0 by the discrete analogue

of Hodge-Kodaira’s theorem. Namely,

H1ðX0;RÞF o : E0 ! R joðeÞ ¼ �oðeÞ;
X

e AEx

oðeÞ ¼ 0

( )
:

We have an inner product on the set of harmonic 1-forms given by

5o; h6 ¼
1

2

X

e AE0

mðeÞoðeÞhðeÞ

for any harmonic 1-forms o; h. By the identification, we define an inner product on

H1ðX0;RÞ.

The surjective homomorphism r : H1ðX0;ZÞ ! pðGÞ is given by rð½c�Þ ¼ pðscÞ,

where sc A G satisfies scoð~ccÞ ¼ tð~ccÞ. Since pðGÞ is a lattice in the abelian group

GG=½GG ;GG �, we have GG=½GG ;GG �F pðGÞnR. Hence the surjective homomorphism

r : H1ðX0;RÞ ! GG=½GG ;GG � is defined. We induce the metric from H1ðX0;RÞ to

HomðGG=½GG ;GG �;RÞ by tr : HomðGG=½GG ;GG �;RÞ ,! H1ðX0;RÞ, the transpose of r.

The dual metric on GG=½GG ;GG � is said to be the Albanese metric.

We define the Albanese map Alb : X ! GG=½GG ;GG � by

AlbðxÞo ¼

ð x

x0

~oo ðo A HomðGG=½GG ;GG �;RÞÞ

for a base point x0 A V , where ~oo is the lift of o to X . For an orthonormal

basis fo1; . . . ;od1g on HomðGG=½GG ;GG �;RÞ and the dual basis fX
ð1Þ
1 ; . . . ;X

ð1Þ
d1
g on

GG=½GG ;GG �, we have

AlbðxÞ ¼

ð x

x0

~oo1; . . . ;

ð x

x0

~ood1

� �
¼

X

iad1

ð x

x0

~ooiX
ð1Þ
i :

Because
Ð
c
~oo ¼ 0 for any closed path c in X and o A HomðGG=½GG ;GG �;RÞ, Alb is well-

defined. For any x A X , g A G , and o A HomðGG=½GG ;GG �;RÞ, Alb satisfies
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AlbðgxÞo ¼

ð x

x0

~ooþ

ð gx

x

~oo ¼ AlbðxÞoþ

ð
½cg�

o;

where cg is a loop in X0 satisfying tð~ccgÞ ¼ goð~ccgÞ. Since o A HomðGG=½GG ;GG �;RÞ, we

have
Ð
½cg�

o ¼ pðgÞo. Thus Alb is a p-equivariant map. Moreover, Alb is harmonic.

Hence we conclude

Theorem 3. Let Fh
: X ! GG be a realization such that the composite p �Fh is

harmonic. Then

W� ¼ �
1

2

X
e AE0

mðeÞðexp�1 FhðoðeÞÞ�1
FhðtðeÞÞj

gð1Þ
Þ2� :

Proof. From Theorem 2 and the identification of GG=½GG ;GG � with g
ð1Þ, there

exists X ð1Þ A g
ð1Þ such that Alb ¼ exp�1 Fhj

gð1Þ
þ X ð1Þ. Hence we have

W� ¼ �
X
i; jad1

1

2

X
e AE0

mðeÞoiðeÞojðeÞX
ð1Þ
i� X

ð1Þ
j�

¼ �
1

2

X
e AE0

mðeÞðAlbðtðeÞÞ �AlbðoðeÞÞÞ2�

¼ �
1

2

X
e AE0

mðeÞðexp�1 FhðoðeÞÞ�1
FhðtðeÞÞj

gð1Þ
Þ2� : r
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