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Abstract. Let Tð�Þ be a (not necessarily exponentially bounded, not necessarily

nondegenerate) a-times integrated C-semigroup and let �B be the generator of a ðC0Þ-

group Sð�Þ commuting with Tð�Þ and C. Under suitable conditions on Tð�Þ and Sð�Þ we

prove the existence of an a-times integrated C-semigroup Vð�Þ, which has generator Aþ B

provided that Tð�Þ is nondegenerate and has generator A. Explicit expressions of Vð�Þ
in terms of Tð�Þ and Sð�Þ are obtained. In particular, when B is bounded, Vð�Þ can be

constructed by means of a series in terms of Tð�Þ and powers of B.

0. Introduction.

This paper is concerned with the perturbation of a-times integrated C-semigroups

which may be degenerate and may be not exponentially bounded.

We first recall some related definitions. Let X be a complex Banach space and let

BðXÞ be the Banach algebra of all bounded (linear) operators on X . For r A ½�1;yÞ,

let jr : ½0;yÞ ! R be defined as j�1 :¼ the Dirac measure at 0; j0 1 1; jrðtÞ :¼

tr=Gðrþ 1Þ, t > 0, and jrð0Þ ¼ 0 for r > �1 with r0 0, where Gð�Þ is the Gamma

function.

For a > 0, a family of operators fTðtÞ; tb 0gHBðXÞ is called an a-times integrated

C-semigroup on X (cf. [9]–[14], [22]) if

(a) Tð�Þx : ½0;yÞ ! X is continuous for each x A X ;

(b) Tð0Þ ¼ 0, CTð�Þ ¼ Tð�ÞC, and

TðtÞTðsÞx ¼
1

GðaÞ

ð sþt

0

�

ð s

0

�

ð t

0

� �

ðtþ s� rÞa�1
TðrÞCxdr

for x A X and t; sb 0.

Tð�Þ is called a (0-times integrated) C-semigroup (cf. [2]–[4], [20], [21]) if Tð0Þ ¼ C

and TðtÞTðsÞ ¼ Tðtþ sÞC for all t; sb 0.

When C ¼ I , an a-times integrated C-semigroup reduces to an a-times integrated

semigroup (cf. [1], [3], [7], [15], [16]), and a C-semigroup becomes a classical ðC0Þ-

semigroup (cf. [5], [8]).

Tð�Þ is called exponentially bounded if there exist M > 0, wb 0 such that

kTðtÞkaMewt for all tb 0. If C ¼ I and each TðtÞ is a hermitian operator, then Tð�Þ

has to be exponentially bounded [11]. But, unlike ðC0Þ-semigroups, in general, an a-

times integrated C-semigroup may be not exponentially bounded (cf. [9]).
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For convenience, we use the notation ð jr � TÞðtÞ for the operator defined by

ð jr � TÞðtÞx :¼

ð t

0

jrðt� sÞTðsÞx ds for all x A X :

Tð�Þ is said to be nondegenerate if TðtÞx ¼ 0 for all t > 0 implies x ¼ 0. If Tð�Þ is

nondegenerate, then C is injective and one can define a subgenerator as a closed oper-

ator A1 which satisfies CDðA1ÞHDðA1Þ, CA1x ¼ A1Cx for x A DðA1Þ, Rðð1 � TÞðtÞÞH

DðA1Þ and

ð1 � TÞðtÞA1 HA1ð1 � TÞðtÞ ¼ TðtÞ � jaðtÞC; tb 0:

It is known (cf. [10], [12]) that A :¼ C�1A1C is also a subgenerator and it is an exten-

sion of all subgenerators, that is, A is the maximal subgenerator. We call this A the

generator of Tð�Þ. It follows that C�1AC ¼ A and we have

x A DðAÞ and Ax ¼ y , TðtÞx�
ta

Gðaþ 1Þ
Cx ¼

ð t

0

TðsÞy ds for all tb 0:

A is well-defined as a closed linear operator. In general A is not densely defined and

the resolvent set rðAÞ is not necessarily nonempty.

To our knowledge, all known perturbation theorems for integrated semigroups are

obtained under the assumption of exponential boundedness. For instance, Xiao and

Liang [23, Theorem 1.3.5] proved that if A is the generator of an exponentially bounded

a-times integrated semigroup Tð�Þ and B A BðX Þ commutes with A, then Aþ B is also

a generator of an a-times integrated semigroup. See also [17] and [18] for the case of

a A N. Perturbation theorems for nondegenerate C-semigroups can be found in [19].

Based on Propositions 1.1 and 1.2 to be given in Section 1, we attempt to prove in this

paper some perturbation theorems for a-times integrated C-semigroups without the

assumptions of exponential boundedness and nondegeneracy.

As a motivation we first consider a C-semigroup Tð�Þ and a ðC0Þ-group Sð�Þ (with

generator �B satisfying TðtÞSðsÞ ¼ SðsÞTðtÞ, tb 0, s A R. Clearly, the family fVðtÞ :¼

Sð�tÞTðtÞ; tb 0g is also a C-semigroup, and Vð�Þ is nondegenerate if and only if Tð�Þ

is. It is known [23, Theorem 1.3.6] that if Tð�Þ has generator A and if B A BðXÞ, then

Aþ B is the generator of Vð�Þ. When B is unbounded, Aþ B may be not closed, and

so not a generator (cf. [6, p. 39]). Is Aþ B closable? and, if yes, is Aþ B the generator

of Vð�Þ? The answers are a‰rmative; we shall see that Aþ B is the generator of

Vð�Þ. We further observe that Vð�Þ satisfies SðtÞVðsÞ ¼ VðsÞSðtÞ and 1 � ½Sð1 � VÞ� ¼

ð1SÞ � ð1 � TÞ, i.e.,
ð t

0

SðuÞð1 � VÞðuÞ du

¼

ð t

0

SðuÞ

ð u

0

Sð�sÞTðsÞ dsdu ¼

ð t

0

ð t

s

Sðu� sÞTðsÞ duds

¼

ð t

0

ð t�s

0

SðuÞTðsÞ duds ¼

ð t

0

SðuÞ

ð t�u

0

TðsÞ dsdu

¼

ð t

0

SðuÞð1 � TÞðt� uÞ du:
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As will be seen, actually this condition is also su‰cient for a function Vð�Þ to be a C-

semigroup.

In Section 2, these facts will be generalized to the case that Tð�Þ is an a-times

integrated C-semigroup. It is proved in Theorem 2.1 that if there is a strongly contin-

uous function V : ½0;yÞ ! BðX Þ such that Vð0Þ ¼ d0;aC, CVðtÞ ¼ VðtÞC, SðtÞVðsÞ ¼

VðsÞSðtÞ, and

ð ja � ½Sð1 � VÞ�ÞðtÞ ¼ ½ð jaSÞ � ð1 � TÞ�ðtÞ for all tb 0;(*)

then Vð�Þ is an a-times integrated C-semigroup. Moreover, if A is the generator of

Tð�Þ, then Aþ B is closable and Aþ B is the generator of Vð�Þ.

When is there a Vð�Þ satisfying Vð0Þ ¼ d0;aC, CVðtÞ ¼ VðtÞC, SðtÞVðsÞ ¼ VðsÞSðtÞ,

and (*)? and how to construct it? Respective su‰cient conditions on Sð�Þ and on Tð�Þ

for the existence of Vð�Þ will be given in Section 3 and Section 4; in Section 3 we prove

that the generator �B of Sð�Þ being bounded is su‰cient, and in Section 4, a su‰cient

condition is given on Tð�Þ for the case that a ¼ 1. In both cases, explicit formulas

((3.13), (3.14), (4.1), (4.2)) for the expression of Vð�Þ in terms of Tð�Þ and Sð�Þ are

obtained. For use in Sections 2 and 3, we collect some characterization results and two

combinatorial lemmas in Section 1.

1. Preliminaries.

We prepare some propositions and lemmas in this section for use in the latter

sections. The following proposition gives a characterization of an a-times integrated C-

semigroup (see also [10, Proposition 2.3]).

Proposition 1.1. Tð�Þ is an a-times integrated C-semigroup if and only if Tð�Þ

commutes with C and satisfies Tð0Þ ¼ d0;aC and

½TðtÞ � jaðtÞC �ð1 � TÞðsÞ ¼ ð1 � TÞðtÞ½TðsÞ � jaðsÞC � for all s; tb 0:ð1:1Þ

Proof. Let UðtÞx :¼ ð1 � TÞðtÞ. Suppose Tð�Þ is an a-times integrated C-

semigroup on X . We can write the equation in (b) as

TðsÞTðtÞx ¼

ð s

0

½ ja�1ðrÞCTðsþ t� rÞ � ja�1ðsþ t� rÞCTðrÞ�x dr:

Integrating it with respect to t and using integration by parts, we obtain:

TðsÞUðtÞx ¼

ð s

0

½ ja�1ðrÞCUðsþ t� rÞ � jaðsþ t� rÞCTðrÞ�x drð1:2Þ

¼

ð sþt

t

�

ð s

0

� �

ja�1ðsþ t� rÞCUðrÞx dr� jaðtÞCUðsÞx

and (after interchanging s and t)
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TðtÞUðsÞx ¼

ð t

0

½ ja�1ðrÞCUðsþ t� rÞ � jaðsþ t� rÞCTðrÞ�x drð1:3Þ

¼

ð sþt

s

�

ð t

0

� �

ja�1ðsþ t� rÞCUðrÞx dr� jaðsÞCUðtÞx

for x A X and s; tb 0. Comparing (1.2) and (1.3), we obtain

TðsÞUðtÞxþ jaðtÞCUðsÞx ¼

ð sþt

0

�

ð t

0

�

ð s

0

� �

ja�1ðsþ t� rÞCUðrÞx dr

¼ TðtÞUðsÞxþ jaðsÞCUðtÞx:

Since UðtÞ commutes with C and TðsÞ, we obtain (1.1).

Conversely, we suppose that Tð�Þ satisfies (1.1). We show that Uð�Þ is an ðaþ 1Þ-

times integrated C-semigroup. Then Tð�Þ is an a-times integrated C-semigroup. First,

we replace s by sþ t� r and t by r in (1.1). Then we have for x A X

TðrÞUðsþ t� rÞx�UðrÞTðsþ t� rÞx ¼ jaðrÞCUðsþ t� rÞx�UðrÞ jaðsþ t� rÞCx:

By integrating the right-hand-side with respect to r from 0 to t, we obtain from

CTð�Þ ¼ Tð�ÞC that

ð t

0

jaðrÞCUðsþ t� rÞx dr�

ð t

0

UðrÞ jaðsþ t� rÞCx dr

¼

ð sþt

s

jaðsþ t� rÞCUðrÞx dr�

ð t

0

jaðsþ t� rÞCUðrÞx dr

¼

ð sþt

0

�

ð s

0

�

ð t

0

� �

jaðsþ t� rÞCUðrÞx dr:

On the other hand, from the left-hand-side we have

ð t

0

TðrÞUðsþ t� rÞx dr�

ð t

0

UðrÞTðsþ t� rÞx dr

¼ UðrÞUðsþ t� rÞxj t0 þ

ð t

0

UðrÞTðsþ t� rÞx dr�

ð t

0

UðrÞTðsþ t� rÞx dr

¼ UðtÞUðsÞ �Uð0ÞUðsþ tÞ ¼ UðtÞUðsÞ

for t; sb 0. Therefore Uð�Þ is an ðaþ 1Þ-times integrated C-semigroup. This com-

pletes the proof. r

We also need the following characterization theorem, which is proved in [12] for

a ¼ n A N and in [10] for general real ab 0.

Proposition 1.2. Tð�Þ is an a-times integrated C-semigroup with generator A if

and only if it commutes with C and A is a closed operator satisfying C�1AC ¼ A,

Rðð1 � TÞðtÞÞHDðAÞ and

ð1 � TÞðtÞAHAð1 � TÞðtÞ ¼ TðtÞ � jaðtÞC for all tb 0:ð1:4Þ
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We shall also need the following lemmas.

Lemma 1.3 (cf. [10, Lemma 2.1]). Let r; sb�1.

(a) If rþ s > �2, then jr � js ¼ jrþsþ1.

(b) Let f : ½0; b� ! X be Bochner integrable. If jr � f 1 0 on ½0; b�, then f ¼ 0

almost everywhere.

Lemma 1.4. Let A be a closed linear operator on X, let rb 0 and f ; g A Cð½0; a�;X Þ.

Then ð jr � f Þ½0; a�HDðAÞ and Að jr � f Þ1 ð jr � gÞ if and only if f ½0; a�HDðAÞ and

Af 1 g.

Proof. The su‰ciency follows from the closedness of A and the existence of jr � f

and jr � g. To show the converse, take an s > 0 such that n :¼ rþ sþ 1 is a positive

integer. Since A is closed, we have for every t A ½0; a�

ð jn � gÞðtÞ ¼ js � ð jr � gÞðtÞ ¼ js � ðAð jr � f ÞÞðtÞ

¼ Að js � ð jr � f ÞÞðtÞ ¼ Að jn � f ÞðtÞ:

Taking di¤erentiation nþ 1 times, we obtain, again by the closedness of A, that

f ½0; a�HDðAÞ and Af 1 g. r

As usual, we use the notations r
n

� �

¼ rðr� 1Þ � � � ðr� nþ 1Þ=n! and r
0

� �

¼ 1 for

any real number r. Let fa�1; a0; a1; . . .g be real numbers defined by a�1 :¼
�a

0

� �

¼ 1

and

an :¼ ð�1Þnþ1 nþ a

nþ 1

� �

¼
�a

nþ 1

� �

; n ¼ 0; 1; 2; . . . :

Lemma 1.5. Let fa�1; a0; a1; . . .g be as defined above. Then for n ¼ 0; 1; 2; . . .

X

nþ1

k¼0

an�k

nþ a

k

� �

¼ 0:ð1:5Þ

Proof. We have for n ¼ 0; 1; 2; . . .

X

nþ1

k¼0

an�k

nþ a

k

� �

¼
X

nþ1

k¼0

ð�1Þnþ1�k n� k þ a

nþ 1� k

� �

nþ a

k

� �

¼
X

nþ1

k¼0

ð�1Þnþ1�k ðn� k þ aÞðn� k � 1þ aÞ � � � ð1þ aÞa

ðnþ 1� kÞ!

�
ðnþ aÞðn� 1þ aÞ � � � ðn� k þ 1þ aÞ

k!

¼
ðnþ aÞðn� 1þ aÞ � � � a

ðnþ 1Þ!

X

nþ1

k¼0

ð�1Þnþ1�k ðnþ 1Þ!

ðnþ 1� kÞ!k!

¼
nþ a

nþ 1

� �

� ð1� 1Þnþ1 ¼ 0: r
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Lemma 1.6. For every n ¼ 0; 1; 2; . . . and real number x,

X

n

k¼0

x

k þ 1

� �

n

k

� �

¼
nþ x

nþ 1

� �

:ð1:6Þ

Proof. First, we suppose x ¼ m is a positive integer. Define a function

f ðtÞ :¼
X

y

n¼0

nþm

nþ 1

� �

jnðtÞ; tb 0:

Then we have for every tb 0

ð jm�1 � f ÞðtÞ ¼
X

y

n¼0

nþm

nþ 1

� �

jnþmðtÞ ¼
X

y

n¼0

1

ðnþ 1Þ!ðm� 1Þ!
tnþm

¼
X

y

n¼0

jnþ1ðtÞ jm�1ðtÞ ¼ ðe t � 1Þ jm�1ðtÞ:

Di¤erentiating the left hand side m times, we obtain

f ðtÞ ¼
X

m

k¼1

m

k

� �

d k

dtk
ðe t � 1Þ

� �

dm�k

dtm�k
jm�1ðtÞ

� �

¼
X

m

k¼1

m

k

� �

e tjk�1ðtÞ

¼
X

y

k¼1

m

k

� �

X

y

n¼0

jnðtÞ

" #

jk�1ðtÞ since
m

k

� �

¼ 0 for kbmþ 1

� �

¼
X

y

n¼0

X

y

k¼0

m

k þ 1

� �

nþ k

k

� �

jnþkðtÞ ¼
X

y

k¼0

X

y

n¼k

m

k þ 1

� �

n

k

� �

jnðtÞ

¼
X

y

n¼0

X

n

k¼0

m

k þ 1

� �

n

k

� �

jnðtÞ:

Comparing the last expression and the definition of f , we obtain from the uniqueness of

coe‰cients of a power series that
�

nþm
nþ1

�

¼
Pn

k¼0

�

m
kþ1

�

n
k

� �

for all n ¼ 0; 1; 2; . . . and

m ¼ 1; 2; . . . Therefore (1.6) holds for every n ¼ 0; 1; 2; . . . and for all positive integers

x. Since both
�

nþx
nþ1

�

and
Pn

k¼0

�

x
kþ1

�

n
k

� �

are polynomials with the same degree nþ 1, it

follows from the fundamental theorem of algebra that they are identical. This proves

(1.6). r

2. A general perturbation theorem.

The next theorem is the main result in this section.

Theorem 2.1. Let Tð�Þ be an a-times integrated C-semigroup on a Banach space

X and let Sð�Þ be a ðC0Þ-group with generator �B. Suppose SðtÞTðsÞ ¼ TðsÞSðtÞ and

SðtÞC ¼ CSðtÞ for all s; tb 0. There is at most one strongly continuous function

V : ½0;yÞ ! BðXÞ such that Vð0Þ ¼ d0;aC, CVðtÞ ¼ VðtÞC, SðtÞVðsÞ ¼ VðsÞSðtÞ, and
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ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞ du ¼

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ duð2:1Þ

for all s; tb 0. If Vð�Þ is such a function, then

(a) Vð�Þ is an a-times integrated C-semigroup.

(b) Tð�Þ is nondegenerate if and only if Vð�Þ is nondegenerate.

(c) If A is the generator of Tð�Þ, then Aþ B is closable and Aþ B is the generator

of Vð�Þ. If Aþ B is closed, then actually Aþ B is the generator. This is true

in particular when B A BðXÞ.

To prove this theorem, we need the following proposition.

Proposition 2.2. Let Tð�Þ and Sð�Þ be two commuting a-times and b-times inte-

grated C-semigroups on X with generators A and B, respectively. Then the following

hold.

(i) Aþ B is closable and satisfies:

ðAþ BÞHC�1ðAþ BÞC and Aþ BHC�1Aþ BC:

(ii) If either one of Tð�Þ and Sð�Þ is a ðC0Þ-semigroup, then

C�1Aþ BC ¼ Aþ B:

Proof. (i) First, we show that Aþ B is closable. Let fxng be a null sequence in

DðAþ BÞ such that ðAþ BÞxn converges to a vector y A X . We need to show y ¼ 0.

Observe that SðtÞTðsÞ ¼ TðsÞSðtÞ implies that SðtÞAx ¼ ASðtÞx for x A DðAÞ. Hence

we have

ð1 � TÞðtÞð1 � SÞðsÞy ¼ lim
n!y

ð1 � TÞðtÞð1 � SÞðsÞðAþ BÞxn

¼ lim
n!y

f½TðtÞ � jaðtÞC �ð1 � SÞðsÞxn þ ð1 � TÞðtÞ½SðsÞ � jbðtÞC �xng

¼ ½TðtÞ � jaðtÞC �ð1 � SÞðsÞ0þ ð1 � TÞðtÞ½SðsÞ � jbðsÞC �0 ¼ 0

and then TðtÞSðsÞy ¼ 0 for all s; t A ð0;yÞ, by di¤erentiation. Then the nondegeneracy

of Tð�Þ and Sð�Þ imply y ¼ 0. Therefore Aþ B is closable.

Let x A DðAþ BÞ ¼ DðAÞVDðBÞ. Since A and B are generators, by Proposition

1.2, we have C�1ACx ¼ Ax and C�1BCx ¼ Bx, so that Cx A DðAÞVDðBÞ ¼ DðAþ BÞ

and ACx ¼ CAx and BCx ¼ CBx. Hence ðAþ BÞCx ¼ ACxþ BCx ¼ CðAþ BÞx

and so x A DðC�1ðAþ BÞCÞ and ðAþ BÞx ¼ C�1ðAþ BÞCx. Hence ðAþ BÞH

C�1ðAþ BÞC. Next, we show Aþ BHC�1Aþ BC. If x A DðAþ BÞ, then there is

a sequence fxng in DðAþ BÞ such that ðxn; ðAþ BÞxnÞ ! ðx;Aþ BxÞ. As above, we

have ðAþ BÞCxn ¼ CðAþ BÞxn ! CAþ Bx. This with the fact that Cxn ! Cx implies

that Cx A DðAþ BÞ and Aþ BCx ¼ CAþ Bx, or Aþ Bx ¼ C�1Aþ BCx. Therefore

Aþ BHC�1Aþ BC.

(ii) Assume Sð�Þ is a ðC0Þ-semigroup. It remains to show the inclusion:

C�1Aþ BCHAþ B. Let x A DðC�1Aþ BCÞ and y :¼ C�1Aþ BCx. Then Cy ¼

Aþ BCx. So, there is a sequence fzng in DðAþ BÞ such that ðzn; ðAþ BÞznÞ !

ðCx;CyÞ strongly as n ! y. Therefore we have for every s; t A ½0;yÞ
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ð1 � TÞðsÞð1 � SÞðtÞCy ¼ lim
n!y

ð1 � TÞðsÞð1 � SÞðtÞðAþ BÞzn

¼ lim
n!y

½ð1 � SÞðtÞ½TðsÞ � jaðsÞC �zn þ ð1 � TÞðsÞðSðtÞ � IÞzn�

¼ ð1 � SÞðtÞ½TðsÞ � jaðsÞC �Cxþ ð1 � TÞðsÞðSðtÞ � IÞCx:

Since Tð�Þ, Sð�Þ, and C commute, it follows from the injectivity of C that

ð1 � TÞðsÞ½ð1 � SÞðtÞy� ðSðtÞ � IÞx� ¼ ½TðsÞ � jaðsÞC �ð1 � SÞðtÞx

for every s; t A ½0;yÞ. By the definition of generator, this implies that ð1 � SÞðtÞx A

DðAÞ and

Að1 � SÞðtÞx ¼ ð1 � SÞðtÞy� ðSðtÞ � IÞx ¼ ð1 � SÞðtÞy� Bð1 � SÞðtÞx

for all tb 0. Hence we have for every tb 0

ð1 � SÞðtÞy ¼ ðAþ BÞð1 � SÞðtÞx ¼ Aþ Bð1 � SÞðtÞx:

By di¤erentiation, we have SðtÞx A DðAþ BÞ and SðtÞy ¼ Aþ BSðtÞx. Since Sð0Þ ¼ I ,

this implies that x A DðAþ BÞ and y ¼ Aþ Bx. Therefore C�1Aþ BCHAþ B. This

completes the proof. r

Proof of Theorem 2.1. Suppose V1ð�Þ and V2ð�Þ are two functions with the

desired properties. Then it follows from (2.1) that the function Vð�Þ :¼ V1ð�Þ � V2ð�Þ

satisfies
Ð t

0 j
a
ðt� uÞSðuÞð1 � VÞðuÞ du ¼ 0 for all tb 0. By Lemma 1.3, we have

SðtÞð1 � VÞðtÞ ¼ 0 for all tb 0. Since SðtÞ is injective, we must have Vð�Þ1 0.

(a) Di¤erentiating (2.1) we obtain

ð t

0

ja�1ðt� uÞSðuÞð1 � VÞðuÞ du ¼

ð t

0

jaðuÞSðuÞTðt� uÞ duð2:2Þ

for all tb 0. Since 1 � V commutes with Sð�Þ, it commutes with the generator �B, i.e.,

ð1 � VÞðuÞx A DðBÞ and Bð1 � VÞðuÞx ¼ ð1 � VÞðuÞBx for x A DðBÞ. Thus

S 0ðuÞð1 � VÞðuÞx ¼ �BSðuÞð1 � VÞðuÞx ¼ �SðuÞBð1 � VÞðuÞx

¼ �SðuÞð1 � VÞðuÞBx

for all ub 0. Using integration by parts, the closedness of B, and (2.1), we obtain for

x A DðBÞ

ð t

0

ja�1ðt� uÞSðuÞð1 � VÞðuÞx du

¼ �

ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞBx duþ

ð t

0

jaðt� uÞSðuÞVðuÞx du

¼ �

ð t

0

jaðt� uÞBSðuÞð1 � VÞðuÞx duþ

ð t

0

jaðt� uÞSðuÞVðuÞx du

¼ �B

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞx duþ

ð t

0

jaðt� uÞSðuÞVðuÞx du:
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Combining this and (2.2), and by the closedness of B again, we obtain that

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ duBð2:3Þ

HB

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ du

¼ �

ð t

0

jaðuÞSðuÞTðt� uÞ duþ

ð t

0

jaðt� uÞSðuÞVðuÞ du

for every tb 0. Since ð jaSÞ � jaðtÞC ¼ ja � ð jaSÞðtÞC for all tb 0 and Tð�Þ is an a-times

integrated C-semigroup, using (2.1), (2.3), the commutativity of Sð�Þ and Tð�Þ, and (1.1),

we have for all s; tb 0

ð t

0

ð s

0

jaðt� uÞSðuÞ jaðs� vÞSðvÞfð1 � VÞðuÞ½VðvÞ � jaðvÞC �

� ½VðuÞ � jaðuÞC �ð1 � VÞðvÞg dvdu

¼

ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞ du �

ð s

0

jaðs� vÞSðvÞ½VðvÞ � jaðvÞC � dv

�

ð t

0

jaðt� uÞSðuÞ½VðuÞ � jaðuÞC � du �

ð s

0

jaðs� vÞSðvÞð1 � VÞðvÞ dv

¼

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ du �

�
ð s

0

jaðvÞSðvÞTðs� vÞ dv

þ B

ð s

0

jaðvÞSðvÞð1 � TÞðs� vÞ dv�

ð s

0

jaðvÞSðvÞ jaðs� vÞC dv

�

�

�
ð t

0

jaðuÞSðuÞTðt� uÞ duþ B

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ du

�

ð t

0

jaðuÞSðuÞ jaðt� uÞC du

�

�

ð s

0

jaðvÞSðvÞð1 � TÞðs� vÞ dv

¼

ð t

0

ð s

0

jaðuÞSðuÞ jaðvÞSðvÞfð1 � TÞðt� uÞ½Tðs� vÞ � jaðs� vÞC �

� ½Tðt� uÞ � jaðt� uÞC �ð1 � TÞðs� vÞg dvdu

þ

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ duB� B

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ du

� �

�

ð s

0

jaðvÞSðvÞð1 � TÞðs� vÞ dv

¼

ð t

0

ð s

0

jaðuÞSðuÞ jaðvÞSðvÞ0 dvduþ 0 ¼ 0:

Therefore, by Lemma 1.3 and the invertibility of SðuÞ we have
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ð1 � VÞðuÞ½VðvÞ � jaðvÞC � ¼ ½VðuÞ � jaðuÞC �ð1 � VÞðvÞ for all u; vb 0:

Since Vð�Þ is assumed to satisfy Vð0Þ ¼ d0;aC and VðtÞC ¼ CVðtÞ for all tb 0, it

follows from Proposition 1.1 that Vð�Þ is an a-times integrated C-semigroup.

(b) If Tð�Þ is nondegenerate and VðtÞx ¼ 0 for t > 0 and some x A X , then

(2.1) implies ð1 � ðð jaSÞ � TÞÞðtÞx ¼ ð jaSÞ � ðð1 � TÞÞðtÞx ¼ 0, so that, by Lemma 1.3(b),

SðtÞ
Ð t

0 jaðt� sÞðSð�sÞTðsÞÞx ds ¼ ðð jaSÞ � TÞðtÞx ¼ 0 for all t > 0. Since SðtÞ is in-

jective,
Ð t

0ð jaðt� sÞðSð�sÞTðsÞÞx ds ¼ 0 and hence Sð�tÞTðtÞx ¼ 0 for all t > 0. Then

the injectivity of Sð�tÞ and the nondegeneracy of Tð�Þ imply x ¼ 0. Conversely, if Vð�Þ

is nondegenerate and TðtÞx ¼ 0 for all tb 0 and some x A X , then (2.1) implies

SðtÞð1 � VÞðtÞx ¼ 0 for all tb 0, by Lemma 1.3. Therefore the injectivity of SðtÞ for all

tb 0 together with the nondegeneracy of Vð�Þ implies x ¼ 0.

(c) The closability of Aþ B follows from Proposition 2.2(i). Since ð1 � TÞðtÞAH

Að1 � TÞðtÞ ¼ TðtÞ � jaðtÞC for tb 0, and since A is closed and SðtÞAy ¼ ASðtÞy for

y A DðAÞ we have Rð
Ð t

0 jaðuÞSðuÞð1 � TÞðt� uÞx duÞHDðAÞ and
ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ duA

HA

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ du ¼

ð t

0

jaðuÞSðuÞAð1 � TÞðt� uÞ du

¼

ð t

0

jaðuÞSðuÞ½Tðt� uÞ � jaðt� uÞC � du

¼
d

dt

ð t

0

jaðuÞSðuÞð1 � TÞðt� uÞ du�

ð t

0

jaðt� uÞSðuÞ jaðuÞC du

¼
d

dt

ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞ du�

ð t

0

jaðt� uÞSðuÞ jaðuÞC du

¼

ð t

0

ja�1ðt� uÞSðuÞð1 � VÞðuÞ du�

ð t

0

jaðt� uÞSðuÞ jaðuÞC du

for all tb 0. This and (2.1) imply that
ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞAdu

HA

ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞ du

¼

ð t

0

ja�1ðt� uÞSðuÞð1 � VÞðuÞ du�

ð t

0

jaðt� uÞSðuÞ jaðuÞC du:

Then by Lemma 1.4 we have
ð t

0

SðuÞð1 � VÞðuÞAduHA

ð t

0

SðuÞð1 � VÞðuÞ duð2:4Þ

¼ SðtÞð1 � VÞðtÞ �

ð t

0

SðuÞ jaðuÞC du:
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On the other hand, we obtain from (2.1), (2.2) and (2.3) that

ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞBdu

HB

ð t

0

jaðt� uÞSðuÞð1 � VÞðuÞ du

¼

ð t

0

jaðt� uÞSðuÞVðuÞ du�

ð t

0

ja�1ðt� uÞSðuÞð1 � VÞðuÞ du:

Since B is closed, application of Lemma 1.4 yields

ð t

0

SðuÞð1 � VÞðuÞBduHB

ð t

0

SðuÞð1 � VÞðuÞ duð2:5Þ

¼

ð t

0

SðuÞVðuÞ du� SðtÞð1 � VÞðtÞ:

Hence, from (2.4) and (2.5) we have for every tb 0

ð t

0

SðuÞð1 � VÞðuÞðAþ BÞ duH ðAþ BÞ

ð t

0

SðuÞð1 � VÞðuÞ duð2:6Þ

¼

ð t

0

SðuÞ½VðuÞ � jaðuÞC � du:

Since Aþ B is closable, by Lemma 1.4, we have RðSðtÞð1 � VÞðtÞÞHDðAþ BÞ and

SðtÞð1 � VÞðtÞAþ BHAþ BSðtÞð1 � VÞðtÞ ¼ SðtÞ½VðtÞ � jaðtÞC �:ð2:7Þ

Since SðtÞ is injective, ð1 � VÞðtÞAþ BHVðtÞ � jaðtÞC. On the other hand, since Sð�Þ

commutes with Vð�Þ, we have Rðð1 � VÞðtÞSðtÞÞHDðAþ BÞ and Aþ Bð1 � VÞðtÞSðtÞ ¼

½VðtÞ � jaðtÞC �SðtÞ. Then, by the surjectivity of SðtÞ, we obtain that Rðð1 � VÞðtÞÞH

DðAþ BÞ and

Aþ Bð1 � VÞðtÞ ¼ ½VðtÞ � jaðtÞC �:

Hence Aþ B is a subgenerator of Vð�Þ. By Proposition 2.2(ii), we have C�1Aþ BC ¼

Aþ B. It follows from Proposition 1.2 that Aþ B is the generator of Vð�Þ. If B A

BðXÞ, it is clear that Aþ B is closed and hence Aþ B is the generator of Vð�Þ.

This is also the result of Section 3. r

3. Perturbation by bounded operators.

In order to construct the desired Vð�Þ for the case that B A BðX Þ, we first define the

bounded operators Qm;n, m ¼ 0; 1; 2; . . . , n ¼ �1; 0; 1; . . . ; on X by

Qm;nðtÞ :¼ jmðtÞð jn � TÞðtÞ; tb 0; m; nb 0;ð3:1Þ

Qm;�1ðtÞ :¼ jmðtÞTðtÞ; tb 0; mb 0:ð3:2Þ

Define the strongly continuous families Gnð�Þ by
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GnðtÞ :¼
X

nþ1

k¼0

an�kQk;n�kðtÞ; tb 0; n ¼ �1; 0; 1; 2; . . . :ð3:3Þ

We first prove two lemmas about the operators Qm;n and Gn.

Lemma 3.1. (i) For tb 0 and n ¼ �1; 0; 1; . . . ; we have

ð1 �Q0;nÞðtÞ ¼ Q0;nþ1ðtÞð3:4Þ

and for mb 1

ð1 �Qm;nÞðtÞ ¼ Qm;nþ1ðtÞ � ð1 �Qm�1;nþ1ÞðtÞ:ð3:5Þ

(ii) If A is the generator of Tð�Þ, then for tb 0 and n ¼ �1; 0; 1; . . . ; we have

Að1 �Q0;nÞðtÞ ¼ Q0;nðtÞ � jnþaþ1ðtÞCð3:6Þ

and

Að1 �Qm;nÞðtÞ ¼ Qm;nðtÞ � ð1 �Qm�1;nÞðtÞð3:7Þ

�
mþ nþ a

m

� �

jmþnþ1þaðtÞC:

Proof. (i) If m ¼ 0, then we have for n ¼ �1; 0; 1; . . . and tb 0

ð1 �Q0;nÞðtÞ ¼ ð1 � ð jn � TÞÞðtÞ ¼ ðð1 � jnÞ � TÞðtÞ ¼ ð jnþ1 � TÞðtÞ:

If mb 1, integrating (3.1) and using integration by parts, we have for n ¼ �1; 0; 1; . . .

and tb 0

ð1 �Qm;nÞðtÞ ¼

ð t

0

jmðsÞð jn � TÞðsÞ ds

¼ jmðtÞð jnþ1 � TÞðtÞ �

ð t

0

jm�1ðsÞð jnþ1 � TÞðsÞ ds

¼ Qm;nþ1ðtÞ � ð1 �Qm�1;nþ1ÞðtÞ:

(ii) Integrating (1.4) n-times, we obtain from the closedness of A that

Að jn � TÞðtÞ ¼ ð jn�1 � TÞðtÞ � jnþaðtÞC; tb 0:ð3:8Þ

By (3.8) and (3.1), we have

Að1 �Q0;nÞðtÞ ¼ ð jn � Að1 � TÞÞðtÞ ¼ ð jn � ðT � jaÞCÞðtÞ

¼ ð jn � TÞðtÞ � jnþ1þaðtÞC ¼ Q0;nðtÞ � jnþ1þaðtÞC;

AQm;nþ1ðtÞ ¼ jmðtÞð jn � ½T � jaC �ÞðtÞð3:9Þ

¼ Qm;nðtÞ � jmðtÞð jn � jaCÞðtÞ

¼ Qm;nðtÞ �
mþ nþ 1þ a

m

� �

jmþnþ1þaðtÞC
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and

Að1 �Qm�1;nþ1ÞðtÞð3:10Þ

¼

ð t

0

jm�1ðsÞAð jnþ1 � TÞðsÞ ds

¼

ð t

0

jm�1ðsÞð jn � ½T � jaC �ÞðsÞ ds

¼

ð t

0

½Qm�1;nðsÞ � jm�1ðsÞ jnþ1þaðsÞC � ds

¼ ð1 �Qm�1;nÞðtÞ �

ð t

0

mþ nþ a

m� 1

� �

jmþnþaðsÞC ds

¼ ð1 �Qm�1;nÞðtÞ �
mþ nþ a

m� 1

� �

jmþnþ1þaðtÞC:

Since rþ1
m

� �

¼ r
m�1

� �

þ r
m

� �

for all r A R and m A N , (3.7) follows from (3.5), (3.9) and

(3.10). r

Lemma 3.2. For tb 0,

(a) Að1 � G�1ÞðtÞ ¼ G�1ðtÞ � jaðtÞC and

(b) Að1 � GnÞðtÞ ¼ GnðtÞ � ð1 � Gn�1ÞðtÞ for n ¼ 0; 1; 2; . . . :

Proof. Since G�1ðtÞ ¼ a�1Q0;�1ðtÞ ¼ TðtÞ, (a) is (1.4). We show (b). Using

Lemma 3.1 and (1.5), we have for every tb 0 and n ¼ 0; 1; 2; . . .

Að1 � GnÞðtÞ ¼
X

nþ1

k¼0

an�kAð1 �Qk;n�kÞðtÞ

¼ anAð1 �Q0;nÞðtÞ þ
X

nþ1

k¼1

an�kAð1 �Qk;n�kÞðtÞ

¼ an½Q0;nðtÞ � jnþ1þaðtÞC �

þ
X

nþ1

k¼1

an�k Qk;n�kðtÞ � ð1 �Qk�1;n�kÞðtÞ �
nþ a

k

� �

jnþ1þaðtÞC

� �

¼
X

nþ1

k¼0

an�kQk;n�kðtÞ � 1 �
X

n

k¼0

an�1�kQk;n�1�k

 !

ðtÞ

� an þ
X

nþ1

k¼1

an�k

nþ a

k

� �

 !

jnþ1þaðtÞC

¼ GnðtÞ � ð1 � Gn�1ÞðtÞ:

This completes the proof. r

Proposition 3.3. For a given B A BðX Þ, let VnðtÞ :¼
Pn

k¼�1 B
kþ1GkðtÞ for tb 0
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and n ¼ 0; 1; 2; . . . . Then fVnð�Þg converges in operator norm to a strongly continuous

function Vð�Þ, uniformly for t in compact subsets of ½0;yÞ.

Proof. Let l :¼ ½a�, the largest integer less than or equal to a, and let bt :¼

sup
0asat

kTðsÞk for tb 0. Then

janj ¼
nþ a

nþ 1

� ��

�

�

�

�

�

�

�

a
nþ lþ 1

nþ 1

� �

¼
nþ lþ 1

l

� �

a ðnþ 1þ lÞl:

Thus we have janja ðnþ 1þ lÞl. Then for tb 0 and every n ¼ 0; 1; 2; . . .

kGnðtÞka
X

nþ1

k¼0

kan�kQk;n�kðtÞkð3:11Þ

a

X

nþ1

k¼0

ðn� k þ 1þ lÞljkðtÞkð jn�k � TÞðtÞk

a

X

nþ1

k¼0

ðn� k þ 1þ lÞljkðtÞ jn�kþ1ðtÞbt

a
btðnþ 1þ lÞl

ðnþ 1Þ!

X

nþ1

k¼0

nþ 1

k

� �

tnþ1

¼ bt
ð2tÞnþ1ðnþ 1þ lÞl

ðnþ 1Þ!
:

Therefore we have for all 0a sa t

X

y

n¼�1

kBnþ1GnðsÞka
X

y

n¼�1

X

nþ1

k¼0

kBnþ1k kan�kQk;n�kðtÞkð3:12Þ

a

X

y

n¼�1

ð2tÞnþ1ðnþ 1þ lÞl

ðnþ 1Þ!
kBknþ1

bt < y:

It follows from the M-test that VðtÞ :¼
P

y

n¼�1 B
nþ1GnðtÞ converges absolutely and

uniformly on compact subsets of ½0;yÞ. Hence Vð�Þ is strongly continuous on ½0;yÞ.

r

Theorem 3.4. (i) The function Vð�Þ in Proposition 3.3 has the following two

expressions:

VðtÞ ¼
X

y

n¼�1

Bnþ1GnðtÞ ¼ e tB
X

y

n¼0

an�1B
nð jn�1 � TÞðtÞð3:13Þ

¼ e tB
X

y

n¼0

�a

n

� �

Bnð jn�1 � TÞðtÞ

¼ e tB
X

y

n¼0

n� 1þ a

n

� �

ð�BÞnð jn�1 � TÞðtÞ;
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VðtÞ ¼
X

y

n¼0

a

n

� �

ð�BÞnð jn�1 � e
�BTÞðtÞ;ð3:14Þ

the series being absolutely convergent in operator norm and uniformly for t in any compact

subset of ½0;yÞ.

(ii) Vð�Þ satisfies the equations:

ð1 � VÞðtÞ ¼ e tB
X

y

n¼0

nþ a

n

� �

ð�BÞnð jn � TÞðtÞ;ð3:15Þ

ð t

0

jaðt� sÞe�sBð1 � VÞðsÞ ds ¼

ð t

0

jaðsÞe
�sBð1 � TÞðt� sÞ dsð3:16Þ

for all tb 0.

Proof. (i) Since e tB ¼
P

y

k¼0 B
kjkðtÞ for tb 0, it follows from (3.5) and (3.12) that

VðtÞ ¼
X

y

n¼�1

Bnþ1GnðtÞ ¼
X

y

n¼0

BnGn�1ðtÞ

¼
X

y

n¼0

X

n

k¼0

an�1�kB
nQk;n�1�kðtÞ

¼
X

y

k¼0

X

y

n¼k

an�1�kB
nQk;n�1�kðtÞ

¼
X

y

k¼0

X

y

n¼0

an�1B
nþkQk;n�1ðtÞ

¼
X

y

n¼0

an�1B
n
X

y

k¼0

BkjkðtÞ

" #

ð jn�1 � TÞðtÞ

¼ e tB
X

y

n¼0

an�1B
nð jn�1 � TÞðtÞ

for every tb 0. This proves (3.13). Moreover, the series converges in operator norm

and absolutely and uniformly on any compact subset of ½0;yÞ.

Since �a

n

� �

¼ n�1þa

n

� �

ð�1Þn for all nb 0, we obtain from (3.13) and Lemma 1.6 that

for every tb 0

VðtÞ ¼ e tB
X

y

n¼0

�a

n

� �

Bnð jn�1 � TÞðtÞ

¼ e tB
X

y

n¼0

n� 1þ a

n

� �

ð�BÞnð jn�1 � TÞðtÞ

¼ e tB
X

y

n¼1

X

n�1

k¼0

a

k þ 1

� �

n� 1

k

� �

ð�BÞnð jn�1 � TÞðtÞ þ TðtÞ

" #
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¼ e tB
X

y

n¼0

X

n

k¼0

a

k þ 1

� �

n

k

� �

ð�BÞnþ1ð jn � TÞðtÞ þ TðtÞ

" #

¼ e tB
X

y

k¼0

X

y

n¼k

a

k þ 1

� �

n

k

� �

ð�BÞnþ1ð jn � TÞðtÞ þ TðtÞ

" #

¼ e tB
X

y

k¼0

X

y

n¼0

a

k þ 1

� �

nþ k

k

� �

ð�BÞnþkþ1ð jnþk � TÞðtÞ þ TðtÞ

" #

¼ e tB
X

y

k¼0

X

y

n¼0

a

k þ 1

� �

ð�BÞnþkþ1ðð jn jkÞ � TÞðtÞ þ TðtÞ

" #

¼ e tB
X

y

k¼0

a

k þ 1

� �

ð�BÞkþ1
X

y

n¼0

ð�BÞnjn

" #

jk

 !

� T

 !

ðtÞ þ TðtÞ

" #

¼ e tB
X

y

k¼1

a

k

� �

ð�BÞk
ð t

0

jk�1ðt� sÞe�ðt�sÞBTðsÞ dsþ TðtÞ

" #

¼
X

y

k¼0

a

k

� �

ð�BÞk
ð t

0

jk�1ðt� sÞesBTðsÞ ds:

This completes the proof of (3.14).

(ii) To see (3.15), by (1.5) and (3.5) we have for every tb 0

ð1 �Qm;nÞðtÞ ¼
X

m

k¼0

ð�1ÞkQm�k;nþ1þkðtÞ for all m ¼ 0; 1; 2; . . . ; n ¼ �1; 0; 1; . . . :

Since
Pk

n¼0
n�1þa

n

� �

¼ kþa

k

� �

for k ¼ 0; 1; 2; . . . ; it follows from the above proof of (3.13)

that

ð1 � VÞðtÞ ¼
X

y

k¼0

X

y

n¼0

n� 1þ a

n

� �

ð�1ÞBnþkð1 �Qk;n�1ÞðtÞ

¼
X

y

k¼0

X

y

n¼0

X

k

i¼0

n� 1þ a

n

� �

ð�1ÞnBnþkð�1Þ iQk�i;nþiðtÞ

¼
X

y

n¼0

X

y

i¼0

X

y

k¼i

n� 1þ a

n

� �

ð�1Þnþi
BnþkQk�i;nþiðtÞ

¼
X

y

n¼0

X

y

i¼0

X

y

k¼0

n� 1þ a

n

� �

ð�1Þnþi
BnþkþiQk;nþiðtÞ

¼ e tB
X

y

n¼0

X

y

i¼0

n� 1þ a

n

� �

ð�1Þnþi
Bnþið jnþi � TÞðtÞ
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¼ e tB
X

y

k¼0

X

k

n¼0

n� 1þ a

n

� �

 !

ð�1ÞkBkð jk � TÞðtÞ

¼ e tB
X

y

k¼0

k þ a

k

� �

ð�1ÞkBkð jk � TÞðtÞ:

To prove (3.16), put WðtÞ :¼ e�tBð1 � VÞðtÞ for tb 0. Then we have for every

tb 0

WðtÞ ¼
X

y

k¼0

k þ a

k

� �

ð�1ÞkBkð jk � TÞðtÞ:

Since

ja�1 �
X

y

k¼0

k þ a

k

� �

ð�1ÞkBkjk

 !

ðtÞ ¼
X

y

k¼0

k þ a

k

� �

ð�1ÞkBkjkþaðtÞ

¼
X

y

k¼0

ð�BÞkjkðtÞ jaðtÞ ¼ jaðtÞe
�tB

;

we have

ð t

0

jaðt� sÞe�sBð1 � VÞðsÞ ds ¼ ð ja �WÞðtÞ ¼

ð t

0

jaðsÞe
�sBð1 � TÞðt� sÞ ds:

The proof is complete. r

Finally, by applying Theorems 1.3 and 3.4, we obtain the following bounded per-

turbation theorem.

Theorem 3.5. Let Tð�Þ be an a-times integrated C-semigroup on X and let B A BðX Þ

be commuting with Tð�Þ and C. Then the function Vð�Þ, given by (3.13) and (3.14), is an

a-times integrated C-semigroup. Moreover, if Tð�Þ is nondegenerate and has generator A,

then Vð�Þ is nondegenerate and has generator Aþ B.

Proof. Clearly, Vð0Þ ¼ d0;aC. The assumption that B commutes with C and Tð�Þ

implies that CVðtÞ ¼ VðtÞC and SðtÞVðsÞ ¼ VðsÞSðtÞ for s; tb 0. Hence the theorem

follows from Theorem 3.4(ii) and Theorem 2.1.

Next, we give a direct proof for the case that Tð�Þ is nondegenerate. By Lemma

3.2 and Proposition 3.3, we obtain from the closedness of A that

ðAþ BÞð1 � VÞðtÞ

¼ e tB

(

X

y

n¼1

nþ a

n

� �

½ð�BÞnAð jn � TÞðtÞ � ð�BÞnþ1ð jn � TÞðtÞ�

þ ðAþ BÞð1 � TÞðtÞ

)
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¼ e tB

(

X

y

n¼1

nþ 1þ a

nþ 1

� �

�
nþ a

n

� �� �

ð�BÞnþ1ð jn � TÞðtÞ

þ
1þ a

1

� �

ð�BÞð1 � TÞðtÞ �
X

y

n¼1

nþ a

n

� �

ð�BÞnjn�1 � jaðtÞC

þ ðAþ BÞð1 � TÞðtÞ

)

¼ e tB

(

X

y

n¼0

nþ a

nþ 1

� �

ð�BÞnþ1ð jn � TÞðtÞ þ TðtÞ

" #

�
X

y

n¼0

nþ a

n

� �

ð�BÞnð jn�1 � jaCÞðtÞ

)

¼ e tB
X

y

n¼0

an�1B
nð jn�1 � TÞðtÞ � e tB

X

y

n¼0

nþ a

n

� �

ð�BÞnjnþaðtÞC

¼ VðtÞ � jaðtÞC

for tb 0. Note that BC ¼ CB and BTð�Þ ¼ Tð�ÞB imply that Aþ B commutes with

VðtÞ and C. Therefore Aþ B is a subgenerator of Vð�Þ. Then the same argument

in the proof of (c) of Theorem 2.1 shows that Aþ B is actually the generator of

Vð�Þ. r

Remarks. (i) Theorem 3.5 generalizes and extends a result in [23, Theorem 1.3.5],

therein Xiao and Liang proved that formula (3.14) defines an a-times integrated

semigroup with generator Aþ B if A generates an exponentially bounded a-times

integrated semigroup Tð�Þ and B A BðXÞ commutes with A.

(ii) If Tð�Þ is an n-times integrated C-semigroup, then the expression (3.14) of Vð�Þ

reduces to the finite series:

VðtÞ ¼
X

n

k¼0

n

k

� �

ð�BÞkð jk�1 � e
�BTÞðtÞ; tb 0:

In particular, if n ¼ 0 and C ¼ I , then we have VðtÞ ¼ e tBTðtÞ ¼ e tðAþBÞ as the per-

turbation ðC0Þ-semigroup. This also follows from the classical bounded perturbation

theorem for ðC0Þ-semigroups (cf. [5, Theorem III.1.3]).

4. Perturbation of nondegenerate once integrated C-semigroups.

The next theorem presents su‰cient conditions on a once integrated C-semigroup

Tð�Þ so that a once integrated C-semigroup Vð�Þ as described in Theorem 2.1 exists.

Theorem 4.1. Let Tð�Þ be a once integrated C-semigroup on X and let Sð�Þ be

a ðC0Þ-group on X with generator �B such that SðtÞTðsÞ ¼ TðsÞSðtÞ and SðtÞC ¼ CSðtÞ

for all s; tb 0. Suppose there is a nonempty bounded subset E of X � such that the

following conditions hold:
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(i) kxka sup
x � AE

jhx; x�ij for all x A X ;

(ii) For every x� A E and x AX , hTð�Þx; x�i is continuously di¤erentiable on ð0;yÞ;

(iii) Fðt; x; x�Þ :¼ ðd=dtÞhTðtÞx; x�i, t > 0, is linear on x and for every t > 0 there

is a number Mt > 0 such that sup
0<sat

jFðs; x; x�ÞjaMtkxk � kx
�k for all t > 0,

x A X , and x� A E.

Then for every tb 0 the linear operator VðtÞ : DðBÞ ! X defined by

VðtÞx :¼ TðtÞSðtÞx�

ð t

0

TðuÞSðuÞBx du for x A DðBÞð4:1Þ

can be extended to the whole space X and the extended operator function, still denoted

by Vð�Þ, is a once integrated C-semigroup. Moreover, if Tð�Þ is nondegenerate and has

generator A, then Vð�Þ is nondegenerate and has generator Aþ B.

Proof. It is clear that Vð�Þx is strongly continuous for every x A DðBÞ. Let

x� A E and x A DðBÞ. Since

d

du
hTðuÞSðuÞx; x�i ¼ lim

h!0
h�1hTðuþ hÞðSðuþ hÞ � SðuÞÞx; x�i

þ lim
h!0

h�1hðTðuþ hÞ � TðuÞÞSðuÞx; x�i

¼ hTðuÞSðuÞBx; x�iþ Fðu; SðuÞx; x�Þ;

we have for every tb 0

hVðtÞx; x�i ¼ hTðtÞSðtÞx; x�i�

ð t

0

hTðuÞSðuÞBx; x�i du

¼ hTðtÞSðtÞx; x�i� hTðuÞSðuÞx; x�ij t0 þ

ð t

0

F ðu; SðuÞx; x�Þ du

¼

ð t

0

Fðu; SðuÞx; x�Þ du:

Thus we obtain from conditions (i) and (iii) that

kVðtÞxka sup
x� AE

jhVðtÞx; x�ij

¼ sup
x � AE

ð t

0

F ðu; SðuÞx; x�Þ du

�

�

�

�

�

�

�

�

a tMt sup
�taua0

kSðuÞk � kxk � sup
x � AE

kx�k:

Since E is bounded, this implies that Vð�ÞjDðBÞ is uniformly bounded on compact subset

of ½0;yÞ. Since DðBÞ is dense in X , each VðtÞ can be extended to a bounded linear

operator on X . We still denote it as Vð�Þ. Since Vð�ÞjDðBÞ is strongly continuous on

½0;yÞ, its extension Vð�Þ is also strongly continuous on ½0;yÞ.

By the definition of Vð�Þ, it is easy to see that Vð�Þ commutes with Sð�Þ, Tð�Þ, and

C. On the other hand, we have for every x A DðBÞ

Perturbation of non-exponentially-bounded a-times integrated C-semigroups 1133



SðtÞð1 � VÞðtÞx ¼ SðtÞ

ð t

0

SðuÞTðuÞx du� SðtÞ

ð t

0

j1ðt� uÞSðuÞTðuÞBx du

¼ ðS � TÞðtÞx� ½ð j1SÞ � T �ðtÞBx:

Since 1 � ð j1SÞðtÞBx ¼ �uSðuÞxj t0 þ
Ð t

0 SðuÞx du ¼ �j1ðtÞSðtÞxþ ð1 � SÞðtÞx, we have for

every x A DðBÞ

½ j1 � ðSð1 � VÞÞ�ðtÞx ¼ j1 � S � TðtÞx� j1 � T � ð j1SÞðtÞBx

¼ j1 � S � TðtÞx� 1 � T � ½�j1S þ 1 � S �ðtÞx

¼ ð j1SÞ � ð1 � TÞðtÞx:

It follows from the denseness of DðBÞ that ½ j1 � ðSð1 � VÞÞ�ðtÞ ¼ ð j1SÞ � ð1 � TÞðtÞ for

all tb 0. That is, (2.1) holds for a ¼ 1. Hence the conclusion follows from Theorem

2.1. r

Example 1. Let X :¼ Cð½0;yÞ;Y Þ with Y a Banach space, and let T0ð�Þ be

the translation semigroup on X . Define ½TðtÞx�ðsÞ :¼
Ð t

0½T0ðuÞx�ðsÞ du for s; tb 0 and

x A X . It is known that Tð�Þ is a nondegenerate once integrated semigroup. So, it has

the generator A. Let us take E :¼ fds A X �
; dsx ¼ xðsÞ for x A X ; sb 0g. It is clear

that E satisfies the three conditions of Theorem 4.1. Suppose Sð�Þ is a ðC0Þ-group on

X with generator �B and suppose Sð�Þ commutes with Tð�Þ. Then Theorem 4.1 asserts

that Aþ B is the generator of a once integrated semigroup Vð�Þ, which is the extension

of the operator defined by (4.1).

Lemma 4.2. For the once integrated semigroup Tð�Þ in Example 1, the function Vð�Þ

determined by (4.1) has the expression:

½VðtÞx�ðsÞ ¼

ð t

0

½T0ðuÞSðuÞx�ðsÞ duð4:2Þ

¼

ð t

0

½SðuÞx�ðsþ uÞ du; s; tb 0; x A X :

Proof. Indeed, denoting by Vð�Þ the function defined by the last integral and using

integration by parts, we have for x�
:¼ ds A E and x A DðBÞ

hVðtÞx; x�i ¼

ð t

0

hT0ðrÞ½xþ ð1 � SÞðrÞBx�; x�i dr

¼ hTðtÞx; x�iþ hTðrÞð1 � SðrÞBx; x�ij t0 �

ð t

0

hTðrÞSðrÞBx; x�i dr

¼ hTðtÞx; x�iþ hTðtÞð1 � SÞðtÞBx; x�i� h½1 � ðTSÞ�ðtÞBx; x�i

¼ hTðtÞSðtÞx� ½1 � ðTSÞ�ðtÞBx; x�i:

Therefore we get (4.1) for all x A DðBÞ and tb 0. r
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Example 2. Let Tð�Þ be a once integrated C-semigroup on X . Suppose TðtÞx :¼Ð t

0 T0ðuÞx du, x A X , tb 0 for some operator function T0ð�Þ which is locally bounded and

strongly continuous on ð0;yÞ. Then the conditions (i)–(iii) of Theorem 4.1 are satisfied

when E is the closed unit ball of X �. So, if Sð�Þ is a ðC0Þ-group on X with generator

�B, and if Sð�Þ commutes with Tð�Þ and C, then it follows from Theorem 4.1 that the

function Vð�Þ given by (4.1) is a once integrated C-semigroup, which has generator

Aþ B if Tð�Þ has generator A. A similar calculation as in Lemma 4.2 yields the

expression: VðtÞ ¼
Ð t

0 T0ðuÞSðuÞ du, tb 0.

In particular, if Tð�Þ is a hermitian once integrated C-semigroup on X with

generator A. (For instance, X ¼ CðWÞ and TðtÞ ¼
Ð t

0 qe
sp ds for tb 0, where W is a

compact Hausdor¤ space, q A X is real-valued, and p a real-valued measurable function

defined on W such that Tð�Þ is strongly continuous.) Then Tð�Þ is norm infinitely

di¤erentiable on ð0;yÞ and there is an operator-value function T0 : ½0;yÞ ! BðXÞ such

that T0ð0Þ ¼ C, T0ð�Þ is locally bounded on ½0;yÞ, and TðtÞx ¼
Ð t

0 T0ðuÞx du for all

tb 0 and x A X (see [11, Theorem 2.3(d)] and [13]). Hence hermitian once integrated

C-semigroups are particular case of this example.
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