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A certain Galois action on nearly holomorphic modular forms with

respect to a unitary group in three variables

By Atsuo Yamauchi

(Received May 7, 2002)

Abstract. In this paper we will consider Fourier-Jacobi expansions of nearly holo-

morphic modular forms on SUð2; 1Þ, whose coe‰cients are nearly holomorphic theta

functions, and will construct a certain Galois action on them.

0. Introduction.

The classical Eisenstein series

EkðzÞ ¼
X

c;d AZ
ðc;dÞ0ð0;0Þ

ImðzÞsðczþ dÞ�kjczþ dj�2s

2

6

6

4

3

7

7

5

s¼0

is a holomorphic modular form if k is an even integer and kb 4. In the case k ¼ 2, it

is well known that

E2ðzÞ ¼ a � ImðzÞ�1 þ
X

y

m¼0

bm expð2p
ffiffiffiffiffiffiffi

�1
p

mzÞ

with a; bm A C , N A N , where ImðzÞ denotes the imaginary part of z. This is the

most famous example of a nearly holomorphic modular form. In general, a nearly

holomorphic modular form f in elliptic modular case can be expressed as

f ðzÞ ¼
X

p

j¼0

ðp ImðzÞÞ�j
X

y

m¼0

cð f ; j;mÞ expð2p
ffiffiffiffiffiffiffi

�1
p

mz=NÞ
( )

ð0:1Þ

with cð f ; j;mÞ A C , p A N and N A N . Then for any s A AutðC Þ (the group of all

automorphisms of the complex number field), it is proved in [12] that there exists

another holomorphic modular form f s such that

f sðzÞ ¼
X

p

j¼0

ðp ImðzÞÞ�j
X

y

m¼0

csð f ; j;mÞ expð2p
ffiffiffiffiffiffiffi

�1
p

mz=NÞ
( )

: ð0:2Þ

In that book, this Galois action of s A AutðC Þ was constructed in case of any symplectic

groups.
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In [9], Shimura defined and investigated nearly holomorphic modular forms with

respect to unitary and orthogonal groups precisely. On the other hand, the author

constructed a Galois action on modular forms for certain unitary groups in [13]. The

main theme of this paper is to construct an extension of that Galois action on nearly

holomorphic modular forms for three dimensional unitary groups.

To be more concrete, let F be a totally real algebraic number field of finite degree

and K be its CM-extension, i.e. totally imaginary quadratic extension. We denote by

a the set of all archimedean primes of F . Consider a non-degenerate skew-hermitian

matrix R of degree 3 with coe‰cients in K given by

R ¼

0

B

@

1

s

�1

1

C

A
;

where s A K� is pure imaginary at each v A a. Then
ffiffiffiffiffiffiffi

�1
p

R is a hermitian matrix of

signature ð1; 2Þ or ð2; 1Þ for any embedding of K into C . Define the algebraic group G

of unitary similitudes with respect to R by

GðQÞ ¼ g A GLð3;KÞ j tgrRg ¼ nðgÞR; nðgÞ A F�f g;

where r stands for the non-trivial element of GalðK=F Þ; r is the complex conjugation for

any embedding of K into C . We can define the symmetric domain D corresponding to

G as

D ¼ z ¼ z

w

� �

¼ zv

wv

� �

v A a

A ðC 2Þa
�

�

�

�

ffiffiffiffiffiffiffi

�1
p

ðsCvwvwv þ zv � zvÞ > 0

for each v A a

( )

;

where Cv is the embedding of K into C that lies above v such that ImðsCvÞ > 0. Take

CM-type C ¼ ðCvÞv A a and call it ‘‘the CM-type determined by s.’’ Put

r1; vðzÞ ¼ ðsCvwvwv þ zv � zvÞ�1;

r2; vðzÞ ¼ �sCvwvðsCvwvwv þ zv � zvÞ�1;

for each v A a. Then a nearly holomorphic modular form f on D is written as a

polynomial of 6
v A a

fr1; v; r2; vg with coe‰cients in holomorphic functions:

f ðzÞ ¼
X

j1; j2 A ðNUf0gÞa
j1þ j2ap

cð f ; j1; j2ÞðzÞ
Y

v A a

r1; vðzÞ j1; v
 !

Y

v A a

r2; vðzÞ j2; v
 !

;

with j1 ¼ ð j1; vÞv A a, j2 ¼ ð j2; vÞv A a, p ¼ ðpvÞv A a A ðN U f0gÞa and holomorphic functions

cð f ; j1; j2Þ. If f is C-valued, then f can be rewritten as

f ðzÞ ¼
X

j A ðNUf0gÞa
0a jap

X

0am AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; vðzÞÞ jv

( )

gð f ; j;mÞðwÞ

� exp 2p
ffiffiffiffiffiffiffi

�1
p X

v A a

mvzv

 !

: ð0:3Þ
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We call this expression the Fourier-Jacobi expansion of f . Each ‘‘coe‰cient’’ gð f ; j;mÞ
is a nearly holomorphic function (i.e. a polynomial of fwv j v A ag with coe‰cients in

holomorphic functions) on
Q

v A a C which satisfies the same property of classical theta

function. We will call such a function as ‘‘nearly holomorphic theta function’’. Then

gð f ; j;mÞ is a nearly holomorphic theta function with respect to LC , where L is a certain

Z-lattice in K . (We regard C as an embedding of K into
Q

v A a C by bC ¼ ðbCvÞv A a.)
Put

ðgð f ; j;mÞÞ�ðwÞ ¼ exp p

ffiffiffiffiffiffiffi

�1
p X

v A a

ðmsÞCvwvwv

 !

gð f ; j;mÞðwÞ:

Then for any s A AutðC Þ, there exists a theta function g
ðs;C ;aÞ
ð f ; j;mÞ with respect to the lattice

ðaLÞCs of
Q

v A a C which satisfies

ðgðs;C ;aÞ
ð f ; j;mÞÞ�ððauÞ

CsÞ ¼ fðgð f ; j;mÞÞ�ðuCÞgs

for any u A K , where Cs means the CM-type defined by Cs ¼ fCvs j v A ag and the

symbol a denotes an element of K�
A , the idele group of K , depending on s and C (cf.

(1.5)). This is a generalization of the theorem which is proven in the case of holo-

morphic theta functions (Theorem 3.1 of [13]).

The main theorem (Theorem 4.1) is as follows.

Let f be a nearly holomorphic modular form given by (0.3). Let s A AutðC Þ, C be

CM-type of K determined by s, and choose a A K�
A suitably (cf. (1.5)). Then there exists

b A F� and another nearly holomorphic modular form f ðs;C;aÞ with respect to another

group ~GG of unitary similitudes and symmetric domain ~DD corresponding to a skew-hermitian

form

0

B

@

1

bs

�1

1

C

A
(b A F� is determined by s;C and a) whose Fourier-Jacobi expan-

sion is

f ðs;C ;aÞð~zzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; vsð~zzÞÞ jv

( )

� g
ðs;C ;aÞ
ð f ; j;mÞð~wwÞ exp 2p

ffiffiffiffiffiffiffi

�1
p X

v A a

mv~zzv

 !

; ~zz ¼ ~zz

~ww

� �

¼ ~zzv

~wwv

� �

v A a

A
~DD

� �

:

We shall review the results of holomorphic cases constructed mainly in [13] in

section 1. In section 2, we examine the near holomorphy of modular forms explicitly

for three dimensional unitary groups. The Galois action to nearly holomorphic theta

functions will be constructed in section 3. Using these results, we can prove the main

theorem in section 4. And in section 5, the last section, we study an orthogonal pro-

jection map of nearly holomorphic modular forms to holomorphic ones which was

stated in [12], and prove that it is compatible with the Galois action in this paper.
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Notation. For a ring A, we denote by Am
n the set of all m� n-matrices with

entries in A, and denote An
1 simply by An. We express the identity matrix of degree

n as 1n. The transpose of a matrix X is denoted by tX . We denote as usual by

Z;N ;Q;R and C the ring of rational integers, the set of all positive rational integers,

the field of rational numbers, real numbers, and complex numbers, respectively. For

z A C we denote by ReðzÞ, ImðzÞ, and z the real part, the imaginary part, and the

complex conjugation of z, respectively. Moreover, when z ¼ xþ
ffiffiffiffiffiffiffi

�1
p

y with x; y A R,

we put q=qz ¼ ð1=2Þððq=qxÞ �
ffiffiffiffiffiffiffi

�1
p

ðq=qyÞÞ, q=qz ¼ ð1=2Þððq=qxÞ þ
ffiffiffiffiffiffiffi

�1
p

ðq=qyÞÞ as dif-

ferential operators on Cy-functions on C . If K is an algebraic number field, Kab

denotes the maximal abelian extension of K, and we denote by KA (resp. K�
A ) the adele

ring (resp. the idele group) of K . By class field theory, every element x of K�
A defines

an element of GalðKab=KÞ. We denote this by ½x;K �. We denote by OK and O
�
K the

ring of algebraic integers of K and its unit group. For each finite prime p of K , we

denote the p-completion of K and its maximal compact subring by Kp and Op. In the

same way, Qp and Zp denote the p-completion of Q and Z for each rational prime

number p. For an algebraic group G defined over a field k, we denote by GðKÞ the

group of K-rational elements of G if K is an extension field of k. We denote by

GA;Gy, and Gf the adelization of G, the archimedean component of GA, and the non-

archimedean component of GA. By a variety, we understand a Zariski open subset of

an absolutely irreducible projective variety.

1. Unitary groups in three variables and corresponding modular forms.

In this section we shall recall the results of [13]. In that paper we constructed

the Galois action on holomorphic modular forms with respect to a unitary group. We

restrict ourselves to the case of 3-dimensional unitary groups in this paper.

Let F be a totally real algebraic number field of finite degree and K be its CM-

extension (namely, a totally imaginary quadratic extension of F ). Such a field K is

called a CM-field. As is well known, the non-trivial element of GalðK=FÞ is the

complex conjugation for any embedding of K into C . We denote this by r. Let a

be the set of all archimedean primes of F , which can be identified with those of K .

We denote by jaj, the number of elements in a, which is equal to ½F : Q�. For each

v A a, there are two embeddings of K into C which lie above v. By a CM-type of K ,

we denote a set C ¼ ðCvÞv A a where each Cv is an embedding of K into C which lies

above v.

Define a non-degenerate skew-hermitian matrix R A K 3
3 by

R ¼

0

B

@

1

s

�1

1

C

A
; where s A K� and sr ¼ �s:

Determine the CM-type C ¼ ðCvÞv A a of K so that ImðsCvÞ > 0 for each v A a.

Let G ð1;1Þðs;CÞ be the group of unitary similitudes with respect to R, and we view

G ð1;1Þðs;CÞ as an algebraic group defined over Q. Then

Gð1;1Þðs;CÞðQÞ ¼ fg A GLð3;KÞ j tgrRg ¼ nðgÞR with nðgÞ A F�g:
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We have nðgÞg 0 (g 0 means totally positive from now on) for any g A G ð1;1Þðs;CÞðQÞ,
since the hermitian matrix �

ffiffiffiffiffiffiffi

�1
p

tgrCvRCvgCv must have the same signature as

�
ffiffiffiffiffiffiffi

�1
p

RCv , that is, ð2; 1Þ for each v A a. Note that for any g A G ð1;1Þðs;CÞðQÞ, it holds
detðgÞ detðgÞr ¼ nðgÞ3. Next, we define an algebraic subgroup G

ð1;1Þ
1 ðs;CÞ of G ð1;1Þðs;CÞ

as

G
ð1;1Þ
1 ðs;CÞðQÞ ¼ fg A G ð1;1Þðs;CÞðQÞ j nðgÞ ¼ detðgÞ ¼ 1g:

Then G
ð1;1Þ
1 ðs;CÞ has the strong approximation property. Hereafter we write

G ð1;1Þðs;CÞ (resp. G
ð1;1Þ
1 ðs;CÞ) as G (resp. G1) if there is no fear of confusion.

For v A a and b A F , we denote by bv the image of b by the embedding v : F ,! R.

For any s A AutðC Þ and v A a, we denote by vs an element of a so that bvs ¼ ðbvÞs.
Given a set X , we denote by X a the set of all indexed elements ðxvÞv A a with xv A X .

For x ¼ ðxvÞv A a A X a and s A AutðC Þ, we denote by xs the element y ¼ ðyvÞv A a A X a

such that yvs ¼ xv.

We can view a CM-type C as an embedding of K into C a such that bC ¼ ðbCvÞv A a
for any b A K . Through C , we can view K as a dense subset of C a. When b A F , we

drop the symbol C (since bC does not depend on C) and regard b as the element ðbvÞv A a
in Ra. For x ¼ ðxvÞv A a A C a, we write eaðxÞ ¼ expð2p

ffiffiffiffiffiffiffi

�1
p

P

v A a xvÞ.
For each v A a, we can define the v-component Gv ¼ Gð1;1Þðs;CÞv of the algebraic

group G as follows.

Gv ¼ fg A GLð3;C Þ j tgRCvg ¼ nðgÞRCv with nðgÞ A R�g:

Note that for any g A Gv, nðgÞ > 0. We can define the corresponding symmetric domain

Dv ¼ Dð1;1Þðs;CÞv as

Dv ¼ z ¼ z

w

� �

A C 2
1

�

�

�

�

ffiffiffiffiffiffiffi

�1
p

ðsCvwwþ z� zÞ > 0

� �

:

Now we can define the action of Gv on Dv. For any z ¼ z

w

� �

A Dv and a ¼
a1 b1 c1

a2 b2 c2

a3 b3 c3

0

@

1

AA Gv, put

a
z

w

� �

¼ ða1zþ b1wþ c1Þða3zþ b3wþ c3Þ�1

ða2zþ b2wþ c2Þða3zþ b3wþ c3Þ�1

 !

:

Then the group Gv acts on Dv as a group of holomorphic automorphism by z ! aðzÞ.
The automorphic factors are

mvða; zÞ ¼ a3zþ b3wþ c3;

lvða; zÞ ¼ a3zþ c3 a3w� b3ðsCvÞ�1

�sCva2z� sCvc2 �sCva2wþ b2

 !

:

Then for a; b A Gv, we have
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mvðab; zÞ ¼ mvða; bðzÞÞmvðb; zÞ;

lvðab; zÞ ¼ lvða; bðzÞÞlvðb; zÞ;

dz

dw

� �

� a ¼ nðaÞmvða; zÞ�1tlvða; zÞ�1 dz

dw

� �

;

detðlvða; zÞÞ ¼ detðaÞ�1
nðaÞ2mvða; zÞ:

ð1:1Þ

Put

hvðzÞ ¼ hð1;1Þv ðs;CÞðzÞ ¼
ffiffiffiffiffiffiffi

�1
p

ðsCvwwþ z� zÞ;

xvðzÞ ¼ xð1;1Þv ðs;CÞðzÞ ¼
ffiffiffiffiffiffiffi

�1
p z� z w

�w ðsCvÞ�1

� �

:

ð1:2Þ

Then the following assertions hold.

nðaÞxvðzÞ ¼ tlvða; zÞxvðaðzÞÞlvða; zÞ;

nðaÞhvðzÞ ¼ mvða; zÞhvðaðzÞÞmvða; zÞ;

for a A Gv and z A Dv. Put

Gy ¼ Gð1;1Þðs;CÞ
y

¼
Y

v A a

G ð1;1Þðs;CÞv;

D ¼ Dð1;1Þðs;CÞ ¼
Y

v A a

Dð1;1Þðs;CÞv;

and Gy acts on D componentwise. We can define an embedding of GðQÞ ¼ Gð1;1Þ �
ðs;CÞðQÞ into Gy by a ! ðaCvÞv A a and also define an action of GðQÞ onto D, aðzÞ ¼
ðaCvðzvÞÞv A a where a A GðQÞ, z ¼ ðzvÞv A a A D. Set

mvða; zÞ ¼ mvðaCv
; zvÞ; lvða; zÞ ¼ lvðaCv

; zvÞ;

xvðzÞ ¼ xvðzvÞ; hvðzÞ ¼ hvðzvÞ:

Now let us consider a congruence subgroup of GðQÞ. For any integral ideal a of

K , set

Ga ¼ fg A G
ð1;1Þ
1 ðs;CÞðQÞVGLð3;OKÞ j g1 13 mod a33g;

where OK denotes the ring of integers of K . By a congruence subgroup of GðQÞ, we
understand a subgroup G of GðQÞ which contains Ga for some integral ideal a of K and

K�Ga is a subgroup of K�G of finite index.

Next let us define modular forms on D. Take a rational representation o of

GLð2;C Þa � ðC�Þa on Vo, where Vo is a finite dimensional vector space over C . Then

for any Vo-valued function f on D and any a A GðQÞ, we define another Vo-valued

function f joa on D by

ð f joaÞðzÞ ¼ oððlvða; zÞÞv A a; ðmvða; zÞÞv A aÞ
�1
f ðaðzÞÞ:
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Clearly f jo ðabÞ ¼ ð f joaÞ jo b for any a; b A GðQÞ. If f is holomorphic (or Cy) on D,

so is f joa.
For any congruence subgroup G of G ð1;1Þðs;CÞðQÞ, we denote by M

ð1;1Þ
o ðs;CÞðGÞ,

the set of all holomorphic Vo-valued functions f on Dð1;1Þðs;CÞ such that f jog ¼ f

for any g A G . We denote by M
ð1;1Þ
o ðs;CÞ, the union of M

ð1;1Þ
o ðs;CÞðGÞ for all con-

gruence subgroups G of Gð1;1Þðs;CÞðQÞ. We write simply M
ð1;1Þ
o ðs;CÞ;Mð1;1Þ

o ðs;CÞðGÞ
by Mo;MoðGÞ respectively if there is no fear of confusion.

Take k ¼ ðkvÞv A a A Z a and consider the rational representation ok of GLð2;C Þa �
ðC�Þa as

okða; bÞ ¼
Y

v A a

ðbvÞkv ;

where a ¼ ðavÞv A a A GLð2;C Þa and b ¼ ðbvÞv A a A ðC�Þa. In this case we write simply jok

and Mok
by jk and Mk. From now on till the end of this section we treat the case when

f A Mk with some k A Z a.

Hereafter we identify Z a with the free module
P

v A a Z � v by putting ðkvÞv A a ¼
P

v A a kvv. Also put 1 ¼ ð1Þv A a ¼
P

v A a v. We can define the action of s A AutðC Þ on

Z a by ð
P

v A a kvvÞs ¼
P

v A a kvðvsÞ. For any k A Z a, we denote by FðkÞ the algebraic

number field corresponding to fs A GalðQ=QÞ j ks ¼ kg. Then FðkÞ is contained in

the Galois closure of F over Q. For p ¼ ðpvÞv A a, q ¼ ðqvÞv A a A Z a, we write pa q if

pva qv for each v A a.

We can define a certain parabolic subgroup of G ¼ G ð1;1Þðs;CÞ and consider cor-

responding Fourier-Jacobi expansions of holomorphic modular forms. Set

N
ð1;1Þðs;CÞðQÞ ¼ hy;b ¼

1 syr bþ ð1=2Þsyyr

0 1 y

0 0 1

0

@

1

A

�

�

�

�

�

�

y A K

b A F

8

<

:

9

=

;

;

H
ð1;1Þðs;CÞðQÞ ¼ N

ð1;1Þðs;CÞðQÞ �
a

1

ðarÞ�1

0

@

1

A

�

�

�

�

�

�

a A K�

8

<

:

9

=

;

;

P
ð1;1Þðs;CÞðQÞ ¼ N

ð1;1Þðs;CÞðQÞ �
a

b

bbrðarÞ�1

0

@

1

A

�

�

�

�

�

�

b A K�

a A K�

8

<

:

9

=

;

:

Then P
ð1;1Þðs;CÞ is a parabolic subgroup of G and N

ð1;1Þðs;CÞ is its unipotent radical.

We write simply N
ð1;1Þðs;CÞ;Hð1;1Þðs;CÞ;Pð1;1Þðs;CÞ by N;H;P respectively if there is no

fear of confusion.

For any f A Mk, we can write f as

f ðzÞ ¼
X

m AF

gð f ;mÞðwÞ exp 2p
ffiffiffiffiffiffiffi

�1
p X

v A a

mvzv

 !

¼
X

m AF

gð f ;mÞðwÞeaðmzÞ z ¼ z

w

� �

¼ zv

wv

� �

v A a

A D

� �

; ð1:3Þ
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where gð f ;mÞ D 0 only if m belongs to a certain Z-lattice of F . Considering the action

of NðQÞ, the function gð f ;mÞ must be a certain theta function.

For a lattice L in C a and a hermitian form H on C a so that ImðHðl1; l2ÞÞ A Z for

any l1; l2 A L, we denote by TðC a;L;HÞ, the space of holomorphic functions g on C a

satisfying

gðuþ lÞ ¼ gðuÞ exp pH l; uþ 1

2
l

� �� �

for any l A L; u ¼ ðuvÞv A a A C a: ð1:4Þ

As is well known, TðC a;L;HÞ0 f0g only if H is semi-positive definite.

Then in (1.3), the function gð f ;mÞ belongs to TðC a;LC ;Hms;CÞ, where L is a certain

Z-lattice in K and

Ht;Cðu1; u2Þ ¼ �2
ffiffiffiffiffiffiffi

�1
p X

v A a

tCvu1; vu2; v;

for t A K� so that tr ¼ �t. Since Ht;C is semi-positive definite if and only if

ImðtCvÞb 0 for each v A a, the function gð f ;mÞ in (1.3) is non-zero only if m is totally

positive or 0. We rewrite (1.3) as

f ðzÞ ¼
X

0am AF

gð f ;mÞðwÞeaðmzÞ;

where 0am means m is totally positive or 0.

We denote by Tt;C the union of TðC a;LC ;Ht;CÞ for all Z-lattices L in K . The

Galois action on Tt;C was constructed in [13]. To explain that, we must review the

reflex of CM-type. For a CM-field K , its CM-type C , and any s A GalðQ=QÞ, we

can define another CM-type Cs ¼ fCvs j v A ag of K . Note that ðCsÞðvsÞ ¼ Cvs. We

denote by K �
C (or simply K � if there is no fear of confusion), the algebraic number

field corresponding to fs A GalðQ=QÞ jCs ¼ Cg which is a finite index subgroup of

GalðQ=QÞ. As is well known, K �
C is a CM-field contained in the Galois closure of

K . Viewing C as a union of ½F : Q� di¤erent GalðQ=KÞ-cosets in GalðQ=QÞ, we can

define a CM-type C � of K �
C as

GalðQ=K �
CÞC � ¼ ðGalðQ=KÞCÞ�1:

We call C � by ‘‘the reflex of C ’’ and the couple ðK �
C ;C

�Þ by ‘‘the reflex of ðK ;CÞ’’.
From the definition, we have ðK �

CÞ
s ¼ K �

Cs for any s A GalðQ=QÞ. By N 0
C , we denote

the group homomorphism x ! Q

c�
AC � xc�

from K��
C to K�. It is a morphism of

algebraic groups if we view K��
C and K� as algebraic groups defined over Q, and so it

can naturally be extended to the homomorphism of ðK �
CÞ

�
A to K�

A .

For any g A TðC a;L;HÞ, we define a function g� on C a (which may be non-

holomorphic) by

g�ðuÞ ¼ exp � p

2
Hðu; uÞ

� �

gðuÞ ðu A C aÞ:

Now for any Z-lattice L in K and g A TðC a;LC ;Ht;CÞ, consider the restriction of g� to

A. Yamauchi1002



KC . Take any Z-lattice L1 in K. Then there exists a certain sublattice L2 of L1 so

that

g�ðy
C þ xCÞ ¼ g�ðy

CÞ for any y A L1; x A L2:

(This does not mean g� is periodic on whole KC .) Hence we can define g�ðy
CÞ for

y A KA. (See, section 3 of [13].)

For a CM-type C and any s A AutðC Þ, a certain idele class gCðsÞ A K�
A =K

�K�
y

is

defined in [2] (or essentially in [1]). Take an abelian variety ðA; iÞ of type ðK ;CÞ with a

Z-lattice L in K and a complex analytic isomorphism Y of C a=LC onto A. (See, [11].)

We denote by Ator the subgroup of all torsion elements of A, which coincides with the

image of K=L by Y �C . Next take ðA; iÞs. Then it is an abelian variety of type

ðK ;CsÞ and we have the following commutative diagram

K=L ����!
Y�C

Ator

�a

?
?
?
?
y

?
?
?
?
y
s

K=aL ����!
Ya�ðCsÞ

As
tor

with some a A K�
A and complex analytic isomorphism Ya of C a=ðaLÞCs onto As. The

coset aK�K�
y

is uniquely determined only by ðK;CÞ and s (not depending on A or L).

We denote this coset by gCðsÞ. For a A gCðsÞ, we have aar
A wðsÞF�F�

y
, where wðsÞ A

Q

p Z
�
p HQ�

A which satisfies ½wðsÞ�1;Q� ¼ sjQab
. We define iðs; aÞ A F� by wðsÞ=ðaarÞ A

iðs; aÞF�
y
. If s is trivial on K �

C , we have gCðsÞ ¼ N 0
CðbÞK

�K�
y

with b A ðK �
CÞ

�
A such

that ½b�1;K �
C � ¼ sjK �

Cab
; this fact is a main theorem of complex multiplication theory of

[11]. Note that gCðs1ÞgCs1ðs2Þ ¼ gCðs1s2Þ. In [13], we defined

CCðC Þ ¼ fðs;C ; aÞ j s A AutðC Þ; a A gCðsÞg: ð1:5Þ

We have shown the following theorems in [13]. (See, Theorems 3.1 and 6.1 of

[13].)

Theorem 1.1. For any g A TðC a;LC ;Ht;CÞ and ðs;C ; aÞ A CCðC Þ, there exists

gðs;C;aÞ
A TðC a; ðaLÞCs;Hiðs;aÞt;CsÞ which satisfies

ðgðs;C;aÞÞ�ððayÞ
CsÞ ¼ fg�ðy

CÞgs for any y A K :

Theorem 1.2. For k A Z a, take f A M
ð1;1Þ
k ðs;CÞ and let

f ðzÞ ¼
X

0am AF

gð f ;mÞðwÞeaðmzÞ z ¼
z

w

� �

A Dð1;1Þðs;CÞ

� �

;

be its Fourier-Jacobi expansion. For any ðs;C ; aÞ A CCðC Þ, there exists f ðs;C ;aÞ
A

M
ð1;1Þ
k s ðiðs; aÞs;CsÞ whose Fourier-Jacobi expansion is

f ðs;C;aÞð~zzÞ ¼
X

0am AF

g
ðs;C ;aÞ
ð f ;mÞ ð~wwÞeaðm~zzÞ;

where ~zz ¼
~zz

~ww

� �

A Dð1;1Þðiðs; aÞs;CsÞ.
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We also have to review modular forms with respect to symplectic groups.

Let F ; a be as above. Put GðlÞðQÞ ¼ GSpðl;FÞ, G
ðlÞ
1 ðQÞ ¼ Spðl;FÞ, that is,

GðlÞðQÞ ¼ g A GLð2l;FÞ j tg
0 1l

�1l 0

� �

g ¼ nðgÞ
0 1l

�1l 0

� �

with nðgÞ A F�

� �

;

G
ðlÞ
1 ðQÞ ¼ g A GLð2l;FÞ j tg

0 1l

�1l 0

� �

g ¼
0 1l

�1l 0

� �� �

:

We view GðlÞ;G
ðlÞ
1 as algebraic groups defined over Q. Then G

ðlÞ
1 has the strong

approximation property. As is well known, we have detðgÞ ¼ 1 for any g A G
ðlÞ
1 ðQÞ.

Set

G ðlÞðQÞþ ¼ fg A G ðlÞðQÞ j nðgÞg 0g;

where g0 means totally positive, and set

Ha
l ¼ fz ¼ ðzvÞv A a A ðC l

l Þ
a j tzv ¼ zv; ImðzvÞ > 0 for any v A ag;

where >0 means positive definite. In case F ¼ Q, Ha
l is the Siegel upper half space,

which is written as Hl .

Now GðlÞðQÞþ acts on Ha
l as aððzvÞv A aÞ ¼ ððavzv þ bvÞðcvzv þ dvÞ

�1Þv A a with a ¼

a b

c d

� �

A GðlÞðQÞþ and a; b; c; d A F l
l . The automorphic factor is defined by

j ðlÞv ða; ðzvÞv A aÞ ¼ cvzv þ dv

for each v A a. We define congruence subgroups of G ðlÞðQÞþ and modular forms on

Ha
l with respect to them as in [11]. For a congruence subgroup G ðlÞ and k A Z a,

we denote by M
ðlÞ
k ðG ðlÞÞ, the space of holomorphic modular forms on Ha

l of weight k

with respect to G ðlÞ, that is, the set of all holomorphic functions f on Ha
l which satisfy

f ðgðzÞÞ
Q

v A a detð jvðg; zÞÞ
�kv ¼ f ðzÞ for any g A G ðlÞ (and are holomorphic at any cusp

if F ¼ Q and l ¼ 1). The union of M
ðlÞ
k ðG ðlÞÞ for all congruence subgroups G ðlÞ is

denoted by M
ðlÞ
k . Set

A
ðlÞ
k ¼ 6

e AZ a

f f1 f
�1
2 j f1 A M

ðlÞ
kþe; 0D f2 A M

ðlÞ
e g:

As is well known, any f A M
ðlÞ
k has a Fourier expansion as

f ðzÞ ¼
X

r AL

creaðtrðrzÞÞ;

where L is a certain lattice in the space of symmetric matrices of degree l with

coe‰cients in F . (Note that cr 0 0 only if rv is semi-positive definite for each v A a.)

Then for any s A AutðC Þ, there exists f s
A M

ðlÞ
k s whose Fourier expansion is

f sðzÞ ¼
X

r AL

csr eaðtrðrzÞÞ: ð1:6Þ
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This fact is proved in [4] (cf. also in section 26 of [11]). We can also define f s in case

f ¼ f1=f2 A A
ðlÞ
k ð f1 A M

ðlÞ
kþe; 00 f2 A M

ðlÞ
e Þ by f s ¼ f s

1 =f
s
2 . (It is well defined.)

In [3], the canonical models for symplectic cases are constructed. Take G
ðlÞ
A ¼

GSpðl;FAÞ and set

G
ðlÞ
þ ¼ fx A G

ðlÞ
A j nðxÞ A F�F�

yþQ
�
A ; nðxÞv > 0 for each v A ag:

We denote by Z
ðlÞ the Z defined in [3], which is a certain family of subgroups X of G

ðlÞ
A

such that G
ðlÞ
X ¼ X VG ðlÞðQÞ is a congruence subgroup of GðlÞðQÞþ. For X A Z

ðlÞ, the

canonical model of G
ðlÞ
X nHa

l (which is written VX in [3]) is denoted by V
ðlÞ
X , and the

projection map of Ha
l to V

ðlÞ
X is written j

ðlÞ
X (which is jX in [3]). For X ;Y A Z

ðlÞ and

x A G
ðlÞ
þ so that XI xYx�1, we can take the morphism J

ðlÞ
XY ðxÞ (called JXY ðxÞ in [3]) of

V
ðlÞ
Y to ðV

ðlÞ
X ÞsðxÞ, where sðxÞ A AutðC Þ is determined by x, as in [3].

Take 00 f1; f2 A M
ðlÞ
k and f s

1 ; f
s
2 in the sense of (1.6). Then for any Y A Z

ðlÞ such

that ð f1=f2Þ � ðj
ðlÞ
Y Þ�1 is defined as a rational function on V

ðlÞ
Y , we have

ð f s
1 =f

s
2 Þ ¼ ½ð f1=f2Þ � ðj

ðlÞ
Y Þ�1�s � J

ðlÞ

Y ~YY

1l 0

0 wðsÞ1l

� �� �

� j
ðlÞ
~YY
; ð1:7Þ

where wðsÞ A
Q

p Z
�
p so that ½wðsÞ�1;Q� ¼ sjQab

and

~YY ¼
1l 0

0 wðsÞ1l

� ��1

Y
1l 0

0 wðsÞ1l

� �

:

For any CM-extension K of F and its CM-type C , put

W ðlÞðCÞ ¼ fz A Ha
l j z ¼ tC for some t A K l

l g:

Then j
ðlÞ
X ðzÞ is K �

Cab-rational for any z A W ðlÞðCÞ and X A Z
ðlÞ. For any z ¼ tC A

W ðlÞðCÞ, we define the group injection FðlÞ
z : K�

A ! G
ðlÞ
A as

FðlÞ
z ðaÞ ¼

ðat� artrÞðt� trÞ�1 �ða� arÞtrðt� trÞ�1
t

ða� arÞðt� trÞ�1 ðt� trÞ�1ðart� atrÞ

 !

;

namely the hða; . . . ; a
zfflfflfflffl}|fflfflfflffl{
l times

Þ in section 24.10 of [11] with h corresponding to z. Then

it satisfies FðlÞ
z ðaÞ

t

1l

� �

¼
a � t

a � 1l

� �

and nðFðlÞ
z ðaÞÞ ¼ aar. If a A K�, then FðlÞ

z ðaÞ A

G ðlÞðQÞþ and FðlÞ
z ðaÞðzÞ ¼ z. We have the relation between canonical models and CM-

points as follows (Proposition 3.2 of [13]).

Proposition 1.3. Take any z ¼ tC A W ðlÞðCÞ (t A K l
l ;

tt ¼ t) and s A AutðC Þ.

For any X A Z
ðlÞ, put

~XX ¼
1l 0

0 wðsÞ1l

� ��1

X
1l 0

0 wðsÞ1l

� �

A Z
ðlÞ

and
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J
ðlÞ
~XXX

1l 0

0 wðsÞ1l

� ��1
 !

ðj
ðlÞ
X ðzÞÞ

" #s

¼ j
ðlÞ
~XX
ð~zzÞ:

Then we have ~zz A W ðlÞðCsÞ and

j
ðlÞ
~XX
ð~zzÞ ¼ j

ðlÞ
~XX
ððða1tþ a2Þða3tþ a4Þ

�1ÞCsÞ;

where
a1 a2

a3 a4

� �

A GðlÞðQÞ ða1; a2; a3; a4 A F l
l Þ such that

a1 a2

a3 a4

� �

A
1l 0

0 wðsÞ1l

� ��1

ðX VG
ðlÞ
1AÞG

ðlÞ
y
FðlÞ
z ðaÞVGðlÞðQÞ;

with a A gCðsÞ.

To use Shimura’s many results in the symplectic cases, we must define some

embeddings of algebraic groups and corresponding symmetric domains.

For z ¼ ðzvÞv A a A Ha
1, define an embedding into Dð1;1Þðs;CÞ by

e
ð1;1Þ
0 ðs;CÞðzÞ ¼

z

0

� �

¼
zv

0

� �

v A a

:

This is compatible with the injection I
ð1;1Þ
0 ðs;CÞ of G

ð1Þ
1 ðQÞ ¼ SLð2;FÞ into G

ð1;1Þ
1 �

ðs;CÞðQÞ defined by

I
ð1;1Þ
0 ðs;CÞ

a b

c d

� �� �

¼

0

B

@

a 0 b

0 1 0

c 0 d

1

C

A
; where a; b; c; d A F :

As I
ð1;1Þ
0 ðs;CÞ can be viewed as a homomorphism of algebraic groups, we can extend

I
ð1;1Þ
0 ðs;CÞ to the map G

ð1Þ
1A ,! G

ð1;1Þ
1 ðs;CÞA. We denote I

ð1;1Þ
0 ðs;CÞ; e

ð1;1Þ
0 ðs;CÞ by I0; e0

if there is no fear of confusion. We have

I0ðaÞðe0ðzÞÞ ¼ e0ðaðzÞÞ;

mvðI0ðaÞ; e0ðzÞÞ ¼ j ð1Þv ða; zÞ for any a A G
ð1Þ
1 ðQÞ; z A Ha

1:

Hence we can consider the pull-back of modular forms on D.

Lemma 1.4. For any f A Mk, we have f � e0 A M
ð1Þ
k ðk A ZaÞ.

Next we will define the embedding of D ¼ Dð1;1Þðs;CÞ into Ha
3. Take d A K� such

that dr ¼ �d. Put

e
ð1;1Þ
d ðs;CÞðzÞ ¼

zv � ð1=2ÞsCvw2
v wv �ð1=2ÞdCvsCvw2

v

wv ð�s�1ÞCv dCvwv

�ð1=2ÞdCvsCvw2
v dCvwv �ðd2Þvzv � ððd2Þv=2Þs

Cvw2
v

0

B

@

1

C

A

v A a

;

where z ¼
zv

wv

� �

v A a

A Dð1;1Þðs;CÞ:
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This is compatible with the injection Id ¼ I
ð1;1Þ
d ðs;CÞ of GðQÞ ¼ G ð1;1Þðs;CÞðQÞ into

G ð3ÞðQÞ ¼ GSpð3;F Þ defined by

I
ð1;1Þ
d ðs;CÞðaÞ ¼ Cðs; dÞ

ar 0

0 a

� �

Cðs; dÞ�1;

where Cðs; dÞ ¼

1 0 0 1 0 0

0 1 0 0 1 0

d 0 0 �d 0 0

0 0 1 0 0 1

0 �s 0 0 s 0

0 0 �d�1 0 0 d�1

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

:

Then we have

IdðaÞðedðzÞÞ ¼ edðaðzÞÞ;

nðIdðaÞÞ ¼ nðaÞ; detðIdðaÞÞ ¼ detðaÞ detðaÞr:

Put, for each v A a

WvðzÞ ¼

1 0 ð1=2ÞdCv

0 1 ð1=2ÞdCvsCvwv

ð�d�1ÞCv 0 ð1=2Þ

0

B

@

1

C

A
for z ¼

zv

wv

� �

v A a

A D:

Then we have

j ð3Þv ðIdðaÞ; edðzÞÞ ¼ WvðaðzÞÞ
lvða; zÞ 0

0 mvða; zÞ

� �

WvðzÞ
�1 ð1:8Þ

where a A GðQÞ, z A D. From (1.1) and (1.8), we obtain

detð j ð3Þv ðIdðaÞ; edðzÞÞÞ ¼ detðmvða; zÞÞ
2

for each v A a if a A G1ðQÞ (since detðWvðzÞÞ ¼ 1 for any z A D). Therefore for any

f A M
ð3Þ
k , we have f � e

ð1;1Þ
d ðs;CÞ A M

ð1;1Þ
2k ðs;CÞ ðk A Z aÞ.

The last embedding is that of Spðl;F Þ into Spðljaj;QÞ, stated in section 1 of [8].

Write a as fv1; v2; . . . ; vjajg and take a basis fb1; . . . ; bjajg of F over Q. Put

B ¼

ðb1Þv1 � � � ðbjajÞv1
� � � � � � � � �

ðb1Þvjaj � � � ðbjajÞvjaj

0

B

@

1

C

A
; BðlÞ ¼

ðb1Þv11l � � � ðbjajÞv11l

� � � � � � � � �

ðb1Þvjaj1l � � � ðbjajÞvjaj1l

0

B

@

1

C

A
:

Let fb 0
1; . . . ; b

0
jajg be the dual basis of fb1; . . . ; bjajg with respect to TrF=Q, that is,

ðtBÞ�1 ¼

ðb 0
1Þv1 � � � ðb 0

jajÞv1
� � � � � � � � �

ðb 0
1Þvjaj � � � ðb 0

jajÞvjaj

0

B

@

1

C

A
:

We define the embedding I
ðlÞ
B of Spðl;F Þ into Spðljaj;QÞ as
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I
ðlÞ
B

a b

c d

� �� �

¼

tBðlÞ 0

0 ðBðlÞÞ�1

� �

av1 bv1

.

.

.

.

.

.

avjaj bvjaj
cv1 dv1

.

.

.

.

.

.

cvjaj dvjaj

0

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

A

ðtBðlÞÞ�1 0

0 BðlÞ

 !

;

where a; b; c; d A F l
l . As is well known, Spðljaj;QÞ acts on

Hljaj ¼ fZ A C
ljaj
ljaj j

tZ ¼ Z; ImðZÞ > 0g

as

a b

c d

� �

ðZÞ ¼ ðaZ þ bÞðcZ þ dÞ�1 ða; b; c; d A Q
ljaj
ljaj Þ:

The corresponding embedding e
ðlÞ
B of Ha

l into Hljaj is defined by

e
ðlÞ
B ððzvÞv A aÞ ¼

tBðlÞ

zv1

.

.

.

zvjaj

0

B

B

@

1

C

C

A

BðlÞ
:

This embedding is compatible with I
ðlÞ
B . For any a A Spðl;F Þ, put

aa ba

ca da

� �

¼ I
ðlÞ
B ðaÞ

with aa; ba; ca; da A Q
ljaj
ljaj . Then we have

cae
ðlÞ
B ðzÞ þ da ¼ ðBðlÞÞ�1

j
ðlÞ
v1 ða; zÞ

.

.

.

j
ðlÞ
vjajða; zÞ

0

B

B

@

1

C

C

A

BðlÞ ð1:9Þ

for any z A Ha
l . Hence we can consider the pull-back of modular forms again in this

case. For any holomorphic modular form f on Hljaj of weight k, we have f � e
ðlÞ
B A

M
ðlÞ
k1 ðk A ZÞ.

2. Nearly holomorphic modular forms.

We are going to define nearly holomorphic modular forms, which are basically

same as those in [9] or [12].

For any rational representation ðo;VoÞ of GLð2;C Þa � ðC�Þa and each v A a, define

new representations on tv and on pv on HomðC 2
1 ;VoÞ as

½ðon tvÞða; bÞh�ðuÞ ¼ oða; bÞhðtavubvÞ;

½ðon pvÞða; bÞh�ðuÞ ¼ oða; bÞhða�1
v ub�1

v Þ;

where a ¼ ðavÞv A a A GLð2;C Þa and b ¼ ðbvÞv A a A ðC�Þa.

We also define HomðC 2
1 ;VoÞ-valued functions on Dð1;1Þðs;CÞ. For any f A

CyðDð1;1Þðs;CÞ;VoÞ, we take
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ðDv f ÞðuÞ ¼
qf

qzv
;

qf

qwv

� �

� u;

ðDv f ÞðuÞ ¼
qf

qzv
;

qf

qwv

� �

� u ðu A C 2
1Þ;

for each v A a. Further put

ðDo; v f ÞðuÞ ¼ oðx; hÞ�1
Dv½oðx; hÞ f �ðuÞ;

ðEv f ÞðuÞ ¼ ðDv f ÞðxvuhvÞ

with h ¼ ðhvÞv A a, x ¼ ðxvÞv A a. Here hv and xv are as in (1.2), and xv denotes the

complex conjugation of xv. By a formal computation, we have

Do; vð f joaÞ ¼ ðDo; v f Þ jontv
a;

Evð f joaÞ ¼ ðEv f Þ jonpv
a;

for a A GðQÞ such that nðaÞ ¼ 1. We have Evð fgÞ ¼ f � ðEvgÞ for any C-valued holo-

morphic function f . Especially Ev f ¼ 0 if f is holomorphic.

For a representation ðo;VoÞ of GLð2;C Þa � ðC�Þa, we define a contraction

Yo : HomðC 2
1 ;HomðC 2

1 ;VoÞÞ ! Vo

as follows. Write an element h A HomðC 2
1 ;HomðC 2

1 ;VoÞÞ as hðu1; u2Þ with u1; u2 A C 2
1 .

Then we put

Yo � h ¼ h
1

0

� �

;

1

0

� �� �

þ h
0

1

� �

;

0

1

� �� �

:

We can easily verify that

Yo � ðon tv n pvÞða; bÞ ¼ Yo � ðon pv n tvÞða; bÞ ¼ oða; bÞYo; ð2:1Þ

for any ða; bÞ A GLð2;C Þa � ðC�Þa and each v A a.

For each v A a, put

r1; vðzÞ ¼ r
ð1;1Þ
1; v ðs;CÞðzÞ ¼

ffiffiffiffiffiffiffi

�1
p

hð1;1Þv ðs;CÞðzÞ�1
;

r2; vðzÞ ¼ r
ð1;1Þ
2; v ðs;CÞðzÞ ¼ �

ffiffiffiffiffiffiffi

�1
p

sCvwvh
ð1;1Þ
v ðs;CÞðzÞ�1

:

Then by a calculation, we can get

q

qzv
r1; v ¼ r21; v

q

qwv

r1; v ¼ r1; vr2; v;

q

qzv
r2; v ¼ r1; vr2; v

q

qwv

r2; v ¼ r22; v;

ðEvr1; vÞðuÞ ¼ ð1; 0ÞðuÞ;

ðEvr2; vÞðuÞ ¼ ð0; 1ÞðuÞ ðu A C 2
1Þ:
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Obviously, we have

Evr1; v 0 ¼ 0;

Evr2; v 0 ¼ 0;

q

qzv
r1; v 0 ¼

q

qwv

r1; v 0 ¼
q

qzv
r2; v 0 ¼

q

qwv

r2; v 0 ¼ 0;

if v0 v 0.

From now on we use the notion of nearly holomorphic functions stated in section 2

of [9]. Consider 6
v A a

fr1; v; r2; vg, which is a set of Cy-functions on Dð1;1Þðs;CÞ. We

have det
ðq=qzvÞr1; v ðq=qwvÞr1; v

ðq=qzvÞr2; v ðq=qwvÞr2; v

� �

0 0. Hence we can define 6
v A a

fq=qr1; v; q=qr2; vg

as (2.1) of [9]. For a polynomial PððxvÞv A a; ðyvÞv A aÞ of 2jaj-variables with coe‰cients in

holomorphic functions on Dð1;1Þðs;CÞ and f ¼ Pððr1; vÞv A a; ðr2; vÞv A aÞ, we have

q

qr1; v
f ¼

q

qxv
P

� �

ððr1; v 0Þv 0 A a; ðr2; v 0Þv 0 A aÞ;

q

qr2; v
f ¼

q

qyv
P

� �

ððr1; v 0Þv 0 A a; ðr2; v 0Þv 0 A aÞ:

Note that they are mutually commutative, that is, ðq=qri; v1Þðq=qrj; v2Þ ¼ ðq=qrj; v2Þðq=qri; v1Þ

for any i; j A f1; 2g and v1; v2 A a.

Then for any f A CyðDð1;1Þðs;CÞ;VoÞ, we have

ðEv f ÞðuÞ ¼
qf

qr1; v
;
qf

qr2; v

� �

ðuÞ ðu A C 2
1Þ: ð2:2Þ

This implies Ev1Ev2 ¼ Ev2Ev1 for any v1; v2 A a.

Now we can define nearly holomorphic modular forms on Dð1;1Þðs;CÞ. For any

congruence subgroup G of GðQÞ, any p ¼ ðpvÞv A a A ðN U f0gÞa, and any rational repre-

sentation ðo;VoÞ of GLð2;C Þa � ðC�Þa, put

N
p

o ðGÞ ¼ N
p; ð1;1Þ

o ðs;CÞðGÞ

¼ f A CyðDð1;1Þðs;CÞ;VoÞ

�

�

�

�

f jog ¼ f for any g A G ;

E pvþ1
v f ¼ 0 for each v A a:

( )

:

We denote by N
p; ð1;1Þ

o ðs;CÞ (or N
p

o if there is no fear of confusion) the union of

N
p; ð1;1Þ

o ðs;CÞðGÞ for all congruence subgroups G of G ð1;1Þðs;CÞðQÞ.

From (2.2) and Lemma 2.1 of [9], any element f of N
p

o ðGÞ can be written as

f ðzÞ ¼
X

j1; j2 A ðNUf0gÞa

j1þ j2ap

cð f ; j1; j2ÞðzÞ
Y

v A a

r1; vðzÞ
j1; v

 !

Y

v A a

r2; vðzÞ
j2; v

 !

ð2:3Þ

where cð f ; j1; j2Þ are Vo-valued holomorphic functions on D and j1 ¼ ð j1; vÞv A a, j2 ¼

ð j2; vÞv A a. We can easily verify the following lemma from (2.2).
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Lemma 2.1. For f A N
p

o
, assume ð

Q

v A a E
qv
v Þ f ¼ 0 with some q ¼ ðqvÞv A a A

ðN U f0gÞa. Then cð f ; j1; j2Þ 1 0 for any j1; j2 A ðN U f0gÞa such that qa j1 þ j2.

From now on till the end of this section, we restrict ourselves in the case

when o ¼ ok ðokða; bÞ ¼
Q

v A a b
kv
v Þ with some k ¼ ðkvÞv A a A Z a and Vo ¼ C . We

write simply N
p

ok
;Dok ; v and Yok

by N
p

k ;Dk; v and Yk. We can identify HomðC 2
1 ;C Þ

with C 1
2 . For any q ¼ ðqvÞv A a A ðN U f0gÞa and C-valued function f , the function

ð
Q

v A a E
qv
v Þ f can be viewed as a 1

v A a
ðC 1

2Þ
nqv -valued function. But (2.2) implies that

ð
Q

v A a E
qv
v Þ f is 1

v A a
Symqv

ðC 1
2Þ-valued, where Symqv

ðC 1
2Þ denotes the qv-th symmetric

tensor product of C 1
2 . This is because ðq=qr1; vÞðq=qr2; vÞ ¼ ðq=qr2; vÞðq=qr1; vÞ.

For f A N
p

k ðGÞ, let us consider its Fourier-Jacobi expansion. As r1; v; r2; v

are invariant under the action of h ¼
1 0 u

0 1 0

0 0 1

0

@

1

AA NðQÞVG , holomorphic functions

cð f ; j1; j2Þ are also. Hence we can express cð f ; j1; j2Þ as

cð f ; j1; j2ÞðzÞ ¼
Y

v A a

ðp
ffiffiffiffiffiffiffi

�1
p

Þ�j1; v� j2; v

( )

X

m AF

gð f ; j1; j2;mÞðwÞeaðmzÞ;

with C-valued holomorphic functions gð f ; j1; j2;mÞ. Of course gð f ; j1; j2;mÞ is non-zero only

if m belongs to a certain Z-lattice of F . Since r2; vðzÞ ¼ �sCvwvr1; vðzÞ, we can rewrite

(2.3) as

f ðzÞ ¼
X

j A ðNUf0gÞa
0a jap

X

m AF

X

j1 A ðNUf0gÞa
0a j1a j

Y

v A a

ð�sCvwvÞ jv� j1; v

( )

gð f ; j1; j� j1;mÞðwÞ

2

6

6

4

3

7

7

5

�
Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; vðzÞÞ jv

( )

eaðmzÞ:

Further, rewriting the inside of the big square bracket by gð f ; j;mÞðwÞ, we can get

f ðzÞ ¼
X

j A ðNUf0gÞa
0a jap

X

m AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; vðzÞÞ jv

( )

gð f ; j;mÞðwÞeaðmzÞ: ð2:4Þ

We call this expression ‘‘the Fourier-Jacobi expansion’’ of f . Hereafter we will fre-

quently use this type of expansion since it is more convenient to describe the Galois

action on f than the usual form of (2.3).

Now we must define nearly holomorphic theta functions, which are essentially same

as those defined in [10]. For j A ðN U f0gÞa, we denote by T jðC a;L;HÞ, the space of

functions g on C a which satisfy (1.4) and ðq=quvÞ jvþ1
g ¼ 0 for each v A a. Note that

g A T jðC a;L;HÞ can be expressed as a polynomial of fuv j v A ag with holomorphic

functions as coe‰cients, and the ‘‘degree’’ of uv is not higher than jv for each v A a. We

also express as T
j
t;C the union of T jðC a;LC ;Ht;CÞ for all Z-lattices L in K .

Then in the same way as the Fourier-Jacobi expansions of holomorphic modular
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forms, each function gð f ; j;mÞ belongs to T
j
ms;C . From Lemma 3.2 below, we can rewrite

(2.4) as

f ðzÞ ¼
X

j A ðNUf0gÞa
0a jap

X

0am AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; vðzÞÞ jv

( )

gð f ; j;mÞðwÞeaðmzÞ; ð2:5Þ

where 0am means that m is totally positive or 0.

Next let us review nearly holomorphic Hilbert modular forms. For f A CyðHa
1;C Þ

and k ¼ ðkvÞv A a A Z a, put

Ev f ¼ �ImðzvÞ2
q

qzv
f ;

Dk; v f ¼ qf

qzv
þ kv

2
ffiffiffiffiffiffiffi

�1
p

ImðzvÞ
f :

ð2:6Þ

Then we have

ðEv f Þ jk�2v a ¼ Evð f jkaÞ;

ðDk; v f Þ jkþ2v a ¼ Dk; vð f jkaÞ;

for a A SLð2;FÞ. Note that Ev1Ev2 ¼ Ev2Ev1 for any v1; v2 A a. For any p ¼ ðpvÞv A a A
ðN U f0gÞa, any k A Z a, and any congruence subgroup G ð1Þ of Gð1ÞðQÞþ, we denote by

N
p; ð1Þ

k ðG ð1ÞÞ the space of all f A CyðHa
1;C Þ which satisfy f jkg ¼ f for any g A G ð1Þ and

E pvþ1
v f ¼ 0 for each v A a. We write N

p; ð1Þ
k the union of N

p; ð1Þ
k ðG ð1ÞÞ for all con-

gruence subgroups G ð1Þ of Gð1ÞðQÞþ.
Any f A N

p; ð1Þ
k has a Fourier expansion as

f ðzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ðp ImðzvÞÞ�jv

( )

cð f ; j;mÞeaðmzÞ; ð2:7Þ

where cð f ; j;mÞ A C . These facts are stated in section 14 of [12]. For any v0 A a, the

Fourier expansion of Ev0 f is as

ðEv0 f ÞðzÞ ¼
X

j AZ a

0a jap

X

0am AF

ffiffiffiffiffiffiffi

�1
p

2
jv0 Imðzv0Þ

Y

v A a

ðp ImðzvÞÞ�jv

( )

cð f ; j;mÞeaðmzÞ:

We can also define a Galois action on nearly holomorphic Hilbert modular forms

as the following lemma.

Lemma 2.2. Let f A N
p; ð1Þ

k whose Fourier expansion is as (2.7). For any s A

AutðC Þ, there exists f s
A N

ps; ð1Þ
k s whose Fourier expansion is

f sðzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ðp ImðzvsÞÞ�jv

( )

csð f ; j;mÞeaðmzÞ:
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This lemma is also proved in section 14 of [12].

Let us consider the relation between this Galois action and the values of nearly

holomorphic Hilbert modular forms at so-called CM-points. For a CM-extension K

of F , take t A K and a CM-type C ¼ ðCvÞv A a of K so that ImðtCvÞ > 0 for each v A a.

Then z0 ¼ tC ¼ ðtCvÞv A a A W ð1ÞðCÞ.

Theorem 2.3. Let f A N
p; ð1Þ

k ðG ð1ÞÞ and g A M
ð1Þ
k ðG ð1ÞÞ with some congruence sub-

group G ð1Þ of Gð1ÞðQÞþ. Take X A Z
ð1Þ so that O

�
F G

ð1Þ
IG

ð1Þ
X . For any z0 A W ð1ÞðCÞ

and any s A AutðC Þ, take ez0z0 A W ð1ÞðCsÞ as

J
ð1Þ
~XXX

1 0

0 wðsÞ

� ��1
 !

ðjð1ÞX ðz0ÞÞ
" #s

¼ j
ð1Þ
~XX
ð ez0z0Þ;

where

~XX ¼ 1 0

0 wðsÞ

� ��1

X
1 0

0 wðsÞ

� �
:

Assume that gðz0Þ0 0. Then we have

½gðz0Þ�1
f ðz0Þ�s ¼ gsð ez0z0Þ�1

f sð ez0z0Þ:(*)

Proof. In case when s A AutðC=K �
CÞ, this theorem is proved in [12] (or essentially

in [4]). For an arbitrary s A AutðC Þ, we can prove it in the same way combining

Proposition 1.3. We have only to prove this theorem for a su‰ciently small X since the

left hand side of (*) is invariant when we substitute z0 by gðz0Þ with g A G ð1Þ.
For an arbitrary b A K� such that bbr ¼ 1 and b2 0 1, put b ¼ Fð1Þ

z0
ðbÞ. Then

b A SLð2;F Þ and bðz0Þ ¼ z0. For l ¼ ðlvÞv A a A Na, take f0 A M
ð1Þ
l so that f0ðz0Þ0 0.

Set h ¼ ð f0jl bÞ=f0 A A
ð1Þ
0 . For Dl; v in (2.6), consider

ðDl; v f0ÞðzÞ ¼
qf0

qzv
ðzÞ þ lv

2
ffiffiffiffiffiffiffi
�1

p
ImðzvÞ

f0ðzÞ:

Then we have

ðDl; v f0Þ jlþ2v b ¼ Dl; vð f0jl bÞ

¼ Dl; vðhf0Þ

¼ hðDl; v f0Þ þ f0ðD0; vhÞ:

Considering the value at z0, we have

ðDl; v f0Þðz0Þ � ððbCvÞ�2 � 1Þ
Y

v 0 A a

ðbCv 0 Þ�lv 0 ¼ f0ðz0ÞðD0; vhÞðz0Þ; ð2:8Þ

since j
ð1Þ
v 0 ðb; z0Þ ¼ bCv 0 and hðz0Þ ¼

Q
v 0 A aðbCv 0 Þ�lv 0 for each v 0 A a. Note that D0; vh A

A
ð1Þ
2v and ððp

ffiffiffiffiffiffiffi
�1

p
Þ�1

D0; vhÞs ¼ ððp
ffiffiffiffiffiffiffi
�1

p
Þ�1

D0; vsh
sÞ. Clearly we can get Dl; v f0 A N

v; ð1Þ
lþ2v

and

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1

Dl s; vs f
s
0 ¼ ððp

ffiffiffiffiffiffiffi
�1

p
Þ�1

Dl; v f0Þs:
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Take Y A Z
ð1Þ (su‰ciently small) so that f0, f0jl b A M

ð1Þ
l ðG ð1Þ

Y VSLð2;FÞÞ and take

ez0z0 A W ð1ÞðCsÞ so that

J
ð1Þ
~YYY

1 0

0 wðsÞ

� ��1
 !

ðjð1ÞY ðz0ÞÞ
" #s

¼ j
ð1Þ
~YY
ð ez0z0Þ;

where ~YY ¼ 1 0

0 wðsÞ

� ��1

Y
1 0

0 wðsÞ

� �
. Put ~bb ¼ F

ð1Þ
~z0z0
ðbÞ. Then we have

~bb ¼ F
ð1Þ
~z0z0
ðbÞ A 1 0

0 wðsÞ

� ��1

ðY VG
ð1Þ
1A ÞbðY VG

ð1Þ
1A Þ

1 0

0 wðsÞ

� �
:

This implies f s
0 jl s ~bb ¼ ð f0jl bÞ

s from Theorem 1.5 of [8]. In the same way as (2.8), we

can get

ðDl s; vs f
s
0 Þð ez0z0Þ � ððbCvsÞ�2 � 1Þ

Y

v 0 A a

ðbCv 0sÞ�lv 0 ¼ f s
0 ð ez0z0ÞðD0; vh

sÞð ez0z0Þ:

Combining (1.7) and Proposition 1.3, we can show that ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1

Dl; v f0 satisfies

the property of this theorem. By the next lemma, we can write f as a polynomial of

fðp
ffiffiffiffiffiffiffi
�1

p
Þ�1

Dl; v f0 j v A ag with meromorphic modular forms as coe‰cients. Hence the

proof of our theorem is completed (admitting Lemma 2.4). r

Lemma 2.4. Take any l A N
a and k A Z

a. For any 0D f0 A M
ð1Þ
l and f A N

p; ð1Þ
k ,

we can express f as

f ðzÞ ¼ f0ðzÞ�N
X

j A ðNUf0gÞa
0a jap

gjðzÞ
Y

v A a

fðp
ffiffiffiffiffiffiffi
�1

p
Þ�1ðDl; v f0ÞðzÞg jv

; ð2:9Þ

with N A N and gj A M
ð1Þ
k�2jþNl�ðT

v A a
jvÞl .

Proof. Put

f ðzÞ ¼
X

0a jap

Y

v A a

ðp ImðzvÞÞ� jv

( )
hð f ; jÞðzÞ;

with holomorphic functions hð f ; jÞ on Ha

1. Take a finite subset Pf of ðN U f0gÞa as

Pf ¼ j A ðN U f0gÞa
����
There exists j 0 A ðN U f0gÞa
such that ja j 0 and hð f ; j 0Þ D 0

� �
:

Choose q ¼ ðqvÞv A a A Pf so that
P

v A a qv is maximum. Then we have

fQv A aðð�p
ffiffiffiffiffiffiffi
�1

p
ÞEvÞqvg f ¼ ðQv A að2�qvqv!ÞÞhð f ;qÞ and hence hð f ;qÞ A M

ð1Þ
k�2q. Define f̂f A

M
ð1Þ
kþðT

v A a
qvÞl as

f̂f ðzÞ ¼ f0ðzÞðTv A a
qvÞf ðzÞ � hð f ;qÞðzÞ

Y

v A a

2
ffiffiffiffiffiffiffi
�1

p

plv
ðDl; v f0ÞðzÞ

( )qv

:

Take P
f̂f
in the same way as Pf . Then q B P

f̂f
and P

f̂f
HPf . Hence we can prove this

lemma inductively. r
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3. Galois action on nearly holomorphic theta functions.

In the previous section, we defined a space of nearly holomorphic theta functions.

In this section we will construct a certain Galois action on Tp
t;C which is an extension of

Theorem 1.1 constructed in [13].

For g A T
p
t;C , in the same way as holomorphic theta functions, we define

g�ðuÞ ¼ exp � p

2
Ht;Cðu; uÞ

� �

gðuÞ ðu A C aÞ:

We can also define g�ðyCÞ for y A KA in the same way as the holomorphic case. Then

the action of N
ð1;1Þðs;CÞðQÞ on T

p
t;C can be defined as

ðgjhy;bÞðuÞ ¼ gðuþ yCÞ exp �pHt;C yC ; uþ 1

2
yC

� �

þ 2p
ffiffiffiffiffiffiffi

�1
p X

v A a

ðs�1tÞvbv
 !

for any g A T
p
t;C and hy;b ¼

1 syr bþ ð1=2Þsyyr

0 1 y

0 0 1

0

@

1

AA N
ð1;1Þðs;CÞðQÞ. Then gjhy;b A

T
p
t;C . Note that ðgjhy;0Þð0Þ ¼ g�ðyCÞ for y A K and

T
pðC a;LC ;Ht;CÞ ¼ fg A T

p
t;C j gjhy;0 ¼ g for any y A Lg: ð3:1Þ

To know the space of nearly holomorphic theta functions, we must define a

di¤erential operator kv on T
p
t;C as

ðkvgÞðuÞ ¼
qg

quv
ðuÞ þ 2p

ffiffiffiffiffiffiffi

�1
p

tCvuvgðuÞ

for each v A a. Then we have kvg A T
pþv
t;C and by a computation,

ðkvgÞ jh ¼ kvðgjhÞ ð3:2Þ

for any g A T
p
t;C and any h A NðQÞ. We can easily verify kv1kv2 ¼ kv2kv1 for any

v1; v2 A a. We have the following lemma.

Lemma 3.1. For p A ðN U f0gÞa, we have

T
pðC a;LC ;Ht;CÞ ¼

X

l AZ a

0alap

Y

v A a

k lv
v

 !

TðC a;LC ;Ht;CÞ:

Proof. From (3.1) and (3.2), we can easily show

kvðT jðC a;LC ;Ht;CÞÞHT
jþvðC a;LC ;Ht;CÞ:

For any g A T
pðC a;LC ;Ht;CÞ, put

gðuÞ ¼
X

j AZ a

0a jap

gjðuÞ
Y

v A a

ð2p
ffiffiffiffiffiffiffi

�1
p

tCvuvÞ jv ; ð3:3Þ
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with holomorphic functions gj. Take the finite subset P of ðN U f0gÞa as

P ¼ j A ðN U f0gÞa
�

�

�

�

There exists l A ðN U f0gÞa
such that lb j and gl D 0:

� �

:

Choose j0 A P so that
P

v A a j0; v is maximum. (In general, it is not uniquely

determined.) Then, by computing precisely, we get gj0 A TðC a
;LC ;Ht;CÞ. Note that

gj0 D 0. This implies Ht;C is semi-positive definite, that is, ImðtCvÞb 0 for any v A a.

Put

ĝgðuÞ ¼ gðuÞ �
Y

v A a

k
j0; v
v

 !

gj0

( )

ðuÞ;

and set

ĝgðuÞ ¼
X

j AZ a

0a jap

ĝgjðuÞ
Y

v A a

ð2p
ffiffiffiffiffiffiffi

�1
p

tCvuvÞ jv :

In the same way, take

P̂P ¼ j A ðN U f0gÞa
�

�

�

�

There exists l A ðN U f0gÞa
such that lb j and ĝgl D 0:

� �

:

Then we have

P̂PHP� j0f g:

Hence we can prove this lemma by an induction. r

In this proof we showed the following lemma.

Lemma 3.2. The space T
p
t;C 0 f0g only if ImðtCvÞ > 0 for each v A a or t ¼ 0.

The purpose of this section is the following theorem.

Theorem 3.3. For g A T
pðC a

;LC ;Ht;CÞ and ðs;C ; aÞ A CCðC Þ, there exists

gðs;C;aÞ A TpsðC a
; ðaLÞCs

;Hiðs;aÞt;CsÞ such that

ðgðs;C;aÞÞ�ððayÞ
CsÞ ¼ fg�ðyCÞgs

for each y A K .

To prove this, we have only to prove the following lemma.

Lemma 3.4. Take any g A TðC a
;LC ;Ht;CÞ, ðs;C ; aÞ A CCðC Þ and p ¼ ðpvÞv A a A

ðN U f0gÞa. Then there exists a non-zero constant c which satisfies

Y

v A a

k
pv
v

 !

g

 !

�
ðyCÞ

( )s

¼ c
Y

v A a

ðkvsÞpv
 !

gðs;C;aÞ
 !

�
ððayÞCsÞ; ð3:4Þ

for any y A K .
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Combining this lemma and Lemma 3.1, we can easily get Theorem 3.3.

Before the proof, we must review basic facts about theta functions. For l A N , let

Hl be the Siegel upper half space of degree l. Put

yðlÞðu;Z; p1; p2Þ ¼
X

x AZ l

expðp
ffiffiffiffiffiffiffi

�1
p

ðtðxþ p1ÞZðxþ p1Þ þ 2tðxþ p1Þðuþ p2ÞÞÞ;

jðlÞðu;Z; p1; p2Þ ¼ expðp
ffiffiffiffiffiffiffi

�1
p

tuðZ � ZÞ�1
uÞyðlÞðu;Z; p1; p2Þ;

with u A C l , Z A Hl and p1; p2 A Q l . As stated in [5], take ðo1 o2Þ A C l
2l such that

Z ¼ o�1
2 o1 A Hl ðo1;o2 A GLðl;C ÞÞ and set

jðlÞðu; ðo1 o2Þ; p1; p2; p 0
1Þ ¼ yðlÞð0;Z; p 0

1; 0Þ
�1
jðlÞðo�1

2 u;Z; p1; p2Þ

where p 0
1 A Q l so that yðlÞð0;Z; p 0

1; 0Þ0 0 (it is possible from [5]). Next we consider

theta functions on ðC lÞa. Take B and BðlÞ as in section 1 and put

y
ðlÞ
F ;Bðu; z; p1; p2Þ ¼ yðljajÞ tBðlÞ

uv1

.

.

.

uvjaj

0

B

B

@

1

C

C

A

; e
ðlÞ
B ðzÞ; p1; p2

0

B

B

@

1

C

C

A

;

j
ðlÞ
F ;Bðu; z; p1; p2Þ ¼ jðljajÞ tBðlÞ

uv1

.

.

.

uvjaj

0

B

B

@

1

C

C

A

; e
ðlÞ
B ðzÞ; p1; p2

0

B

B

@

1

C

C

A

;

for u A ðC lÞa, z A Ha
l and p1; p2 A Q ljaj. Take ðo1 o2Þ A ðC l

2lÞ
a such that o�1

2 o1 A Ha
l

ðo1;o2 A GLðl;C ÞaÞ and set

j
ðlÞ
F ;Bðu; ðo1 o2Þ; p1; p2; p 0

1Þ ¼ y
ðlÞ
F ;Bð0; z; p 0

1; 0Þ
�1
j
ðlÞ
F ;Bðo�1

2 u; z; p1; p2Þ

for u A ðC lÞa, z ¼ o�1
2 o1 A Ha

l and p1; p2; p
0
1 A Q ljaj so that y

ðlÞ
F ;Bð0; z; p 0

1; 0Þ0 0. For

fixed p1; p2; p
0
1 (by the same reason as in [5]), there exists a congruence subgroup G ðlÞ

of G ðlÞðQÞþ which satisfies

j
ðlÞ
F ;Bðu; ðo1 o2Þtg; p1; p2; p 0

1Þ ¼ j
ðlÞ
F ;Bðu; ðo1 o2Þ; p1; p2; p 0

1Þ

for any g A G ðlÞ and ðo1 o2Þ.

Proof of Lemma 3.4.

This lemma can be proved by combining Theorem 2.3 and the proof of the main

theorem of [5] (or Theorem 1.1 proved in [13]).

As stated in [13], the space TðC a
;LC

;Ht;CÞ is span by functions

gðuÞ ¼ j
ð1Þ
F ;Bðu; ðtC1 ; tC2 Þ; j; 0; j 0Þ

¼ y
ð1Þ
F ;Bð0; ðt1t�1

2 ÞC ; j 0; 0Þ�1
j
ð1Þ
F ;Bððt�1

2 ÞCu; ðt1t�1
2 ÞC ; j; 0Þ ð3:5Þ

with some t1; t2 A K�, j; j 0 A Q jaj and z0 ¼ ðt1t�1
2 ÞC A Ha

1. Fix this g. Then from the

proof of Theorem 3.1 of [13], we have
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gðs;C;aÞðuÞ ¼ j
ð1Þ
F ;Bðu; ða1t1 þ a2t2; a3t1 þ a4t2ÞCs

; j; 0; j 0Þ: ð3:6Þ

Here

a ¼ a1 a2

a3 a4

� �

A GLð2;F ÞV ð ~XX VSLð2;FAÞÞ
1 0

0 wðsÞ

� ��1

GLð2;FyÞFð1Þ
z0
ðaÞ

with (su‰ciently small) ~XX A Z
ð1Þ so that j

ð1Þ
F ;Bðu; ðo1 o2Þtg; j; 0; j 0Þ ¼ j

ð1Þ
F ;Bðu; ðo1 o2Þ;

j; 0; j 0Þ for any ðo1 o2Þ and any g A G
ð1Þ
~XX

VSLð2;FÞ. Note that the right hand side of

(3.6) is independent of the choice of a. Put

ez0z0 ¼ ½ða1t1 þ a2t2Þða3t1 þ a4t2Þ�1�Cs;

X ¼ 1 0

0 wðsÞ

� �
~XX

1 0

0 wðsÞ

� ��1

A Z
ð1Þ:

Then

J
ð1Þ
~XXX

1 0

0 wðsÞ

� ��1
 !

ðjð1ÞX ðz0ÞÞ
" #s

¼ j
ð1Þ
~XX
ð ez0z0Þ

can be verified by Proposition 1.3. Take any h A A
ð1Þ
p ðG ð1Þ

X Þ so that h and 1=h are

holomorphic at z0. (If it is impossible, take ~XX , and hence X ; ez0z0 again.) By Theorem

1.5 of [8], we get hs A A
ð1Þ
ps ðG ð1Þ

~XX
Þ and both of hs and 1=hs are holomorphic at ez0z0.

Hereafter let us prove

hðz0Þ�1
Y

v A a

ððp
ffiffiffiffiffiffiffi
�1

p
Þ�1

tCv

2 kvÞpv
 !

g

( )

�
ðyCÞ

" #s

¼ hsð ez0z0Þ�1
Y

v A a

ððp
ffiffiffiffiffiffiffi
�1

p
Þ�1ða3t1 þ a4t2ÞCvskvsÞpv

 !
gðs;C ;aÞ

( )

�
ððayÞCsÞ; ð3:7Þ

for any y A K .

We can rewrite

Y

v A a

ððp
ffiffiffiffiffiffiffi
�1

p
Þ�1

kvÞpv
 !

g

( )

�
ðyCÞ ¼

Y

v A a

ððp
ffiffiffiffiffiffiffi
�1

p
Þ�1

kvÞpv
( )

ðgjhy;0Þ
" #

ð0Þ: ð3:8Þ

And by a calculation, we can get

ðgjhy;0ÞðuÞ ¼ expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;yq2;yÞjð1ÞF ;Bðu; ðtC1 tC2 Þ; j þ q1;y; q2;y; j

0Þ; ð3:9Þ

where

y ¼ ðt1 t2Þ
b1 � � � bjaj 0

0 b 0
1 � � � b 0

jaj

 !
q1;y

q2;y

� �
with q1;y; q2;y A Q jaj:
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Hence (3.8) is equal to

expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;yq2;yÞ

Y

v A a

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1 q

quv

� �� �pv
( )

� jð1ÞF ;BððtC2 Þ�1
u; z0; j þ q1;y; q2;yÞju¼0y

ð1Þ
F ;Bð0; z0; j 0; 0Þ

�1: ð3:10Þ

As is well known, y
ð1Þ
F ;Bð0; z; j 0; 0Þ is a so-called modular form of half integral weight.

We can rewrite (3.10) as

expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;yq2;yÞ

Y

v A a

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1 q

quv

� �� �pv
( )

� jð1ÞF ;BððtC2 Þ�1
u; z0; j þ q1;y; q2;yÞju¼0y

ð1Þ
F ;Bð0; z0; j 0; 0Þ=y

ð1Þ
F ;Bð0; z0; j 0; 0Þ

2: ð3:11Þ

Put

fyðzÞ ¼ expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;yq2;yÞ

Y

v A a

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1

tCv

2

q

quv

� �� �pv
( )

� jð1ÞF ;BððtC2 Þ�1
u; z; j þ q1;y; q2;yÞju¼0y

ð1Þ
F ;Bð0; z; j 0; 0Þ: ð3:12Þ

Then fy A N
p; ð1Þ
pþ1

can be verified and clearly y
ð1Þ
F ;Bð0; z; j 0; 0Þ

2
A M

ð1Þ
1

. The left hand side

of (3.7) is equal to ½ fyðz0Þ=yð1ÞF ;Bð0; z0; j 0; 0Þ
2
hðz0Þ�s. Note that y

ð1Þ
F ;Bð0; z; j 0; 0Þ

2 has a

Fourier expansion with Q-coe‰cients, hence it is stable under the action of s A AutðC Þ
in the sense of (1.6).

In the same way, the right hand side of (3.7) can also be expressed as a value

of nearly holomorphic modular form at a CM-point. Take ~qq2;y A Q jaj so that ~qq2;y 1

wðsÞlq2;y modðZ lÞjaj and tq1;yð~qq2;y � wðsÞlq2;yÞ A 2ðZ lÞjaj for each finite prime l, where

wðsÞl denotes the l-component of wðsÞ. Next take ~YY A Z
ð1Þ such that ~YY H

~XX and

j
ð1Þ
F ;Bðu; ðo1 o2Þ tg; j þ q1;y; ~qq2;y; j

0Þ ¼ j
ð1Þ
F ;Bðu; ðo1 o2Þ; j þ q1;y; ~qq2;y; j

0Þ

for any g A G
ð1Þ
~YY

VSLð2;F Þ and ðo1 o2Þ. Since gðs;C ;aÞ is independent of the choice of

a, we can take a 0 instead of a so that

a 0 ¼ a 0
1 a 0

2

a 0
3 a 0

4

� �

A GLð2;FÞV ð ~YY VSLð2;FAÞÞ
1 0

0 wðsÞ

� ��1

GLð2;FyÞFð1Þ
z0
ðaÞ;

and take

ez0z00 ¼ ½ða 0
1t1 þ a 0

2t2Þða 0
3t1 þ a 0

4t2Þ
�1�Cs:

Note that aða 0Þ�1
A SLð2;F ÞVG

ð1Þ
~XX

and aða 0Þ�1ð ez0z00Þ ¼ ez0z0. Then we have
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Y

v A a

ððp
ffiffiffiffiffiffiffi
�1

p
Þ�1

kvsÞpv
 !

gðs;C ;aÞ
( )

�
ððayÞCsÞ

¼ expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;y~qq2;yÞ

Y

v A a

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1 q

quvs

� �� �pv( )

� jð1ÞF ;Bðða 0
3t

Cs
1 þ a 0

4t
Cs
2 Þ�1

u; ez0z00; j þ q1;y; ~qq2;yÞju¼0

� y
ð1Þ
F ;Bð0; ez0z00; j 0; 0Þ

�1: ð3:13Þ

Since j
ð1Þ
vs ðaða 0Þ�1; ez0z00Þ ¼ ða3t1 þ a4t2ÞCvsfða 0

3t1 þ a 0
4t2Þ

Cvsg�1, we can rewrite the right

hand side of (3.7) as

hsð ez0z00Þ�1 expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;y~qq2;yÞ

Y

v A a

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1ða 0

3t1 þ a 0
4t2Þ

Cvs q

quvs

� �� �pv( )

� jð1ÞF ;Bðða 0
3t

Cs
1 þ a 0

4t
Cs
2 Þ�1

u; ez0z00; j þ q1;y; ~qq2;yÞju¼0y
ð1Þ
F ;Bð0; ez0z00; j 0; 0Þ

�1:

Put

~ffyðzÞ ¼ expð�p
ffiffiffiffiffiffiffi
�1

p
tq1;y~qq2;yÞ

Y

v A a

ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1ða 0

3t1 þ a 0
4t2Þ

Cvs q

quvs

� �� �pv( )

� jð1ÞF ;Bðða 0
3t

Cs
1 þ a 0

4t
Cs
2 Þ�1

u; z; j þ q1;y; ~qq2;yÞju¼0y
ð1Þ
F ;Bð0; z; j 0; 0Þ:

Then ~ffy A N
ps; ð1Þ
psþ1

, and by a computation, we obtain ~ffy ¼ f s
y . We can prove

(3.7) by using Theorem 2.3 since the right hand side of (3.7) is equal to ~fyfyð ez0z00Þ=
y
ð1Þ
F ;Bð0; ez0z00; j 0; 0Þ

2
hsð ez0z00Þ. r

In the rest of this section, we will make important examples of nearly holomorphic

modular forms which satisfy Theorem 4.1 (the main theorem of this paper) and will be

used in order to prove that theorem. To construct nearly holomorphic modular forms,

we use the embeddings defined in section 1.

As stated in [6], we can define a C
3jaj
3jaj -valued holomorphic function T on H3jaj by

TðZÞ ¼ yð3jajÞð0;Z; q
ð0Þ
1 ; 0Þ

2p
ffiffiffiffiffiffiffi
�1

p

q

qu1
yð3jajÞðu;Z; q

ð1Þ
1 ; 0Þ � � � q

qu1
yð3jajÞðu;Z; q

ð3jajÞ
1 ; 0Þ

� � � � � � � � �
q

qu3jaj
yð3jajÞðu;Z; q

ð1Þ
1 ; 0Þ � � � q

qu3jaj
yð3jajÞðu;Z; q

ð3jajÞ
1 ; 0Þ

0
BBBB@

1
CCCCA

����������
u¼0

ð3:14Þ

where u ¼
u1

..

.

u3jaj

0
B@

1
CAA C 3jaj and q

ð0Þ
1 ; . . . ; q

ð3jajÞ
1 A Q3jaj. For each Z A H3jaj, we can take

suitable q
ð0Þ
1 ; . . . ; q

ð3jajÞ
1 A Q3jaj such that detðTðZÞÞ0 0. As stated in [6], T is vector-

valued modular form which satisfies
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TðgðZÞÞ ¼ detðg3Z þ g4Þ � ðg3Z þ g4ÞTðZÞ

for g ¼
g1 g2
g3 g4

� �

contained in a certain congruence subgroup of Spð3jaj;QÞ (g1; g2; g3;

g4 A Q
3jaj
3jaj ). Note that detðTðZÞÞ is a holomorphic modular form of weight 3jaj þ 1.

Using this T and the embedding e
ð3Þ
B (defined in section 1), we can define a C

3jaj
3jaj -valued

holomorphic function D on Ha
3 by

DðzÞ ¼ Bð3ÞTðe
ð3Þ
B ðzÞÞ ðz A Ha

3Þ:

By (1.9), there exists a congruence subgroup G ð3Þ of Gð3ÞðQÞþ such that

DðgðzÞÞ ¼
Y

v A a

detð j ð3Þv ðg; zÞÞ

 !

0

B

B

@

j
ð3Þ
v1 ðg; zÞ

. .
.

j
ð3Þ
vjaj ðg; zÞ

1

C

C

A

DðzÞ;

for any g A G ð3Þ. Next define a C
3jaj
3jaj -valued holomorphic function D̂D on Dð1;1Þðs;CÞ by

D̂DðzÞ ¼ y
ð1Þ
F ;Bð0; ð�s�1ÞC ; q 0

1; 0Þ
�2

0

B

B

@

Wv1ðzÞ
�1

. .
.

WvjajðzÞ
�1

1

C

C

A

DðedðzÞÞ

where q 0
1 A Q jaj so that y

ð1Þ
F ;Bð0; ð�s�1ÞC ; q 0

1; 0Þ0 0. Then by (1.8), there exists a con-

gruence subgroup G of GðQÞ ¼ Gð1;1Þðs;CÞðQÞ such that

D̂DðaðzÞÞ ¼
Y

v A a

mvða; zÞ
2

 !

lv1ða; zÞ

mv1ða; zÞ

. .
.

lvjajða; zÞ

mvjajða; zÞ

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

D̂DðzÞ

for any a A G. Note that detðD̂DðzÞÞ is non-zero constant times detðTðeB � edðzÞÞ and

hence contained in M
ð1;1Þ
ð6jajþ2Þ�1ðs;CÞ. Put

LðzÞ ¼ detðD̂DðzÞÞ tD̂DðzÞ�1
:

Then L is holomorphic on the whole D and satisfies

LðaðzÞÞ ¼
Y

v A a

mvða; zÞ
6jaj

 !

tlv1ða; zÞ
�1

mv1ða; zÞ
�1

. .
.

tlvjajða; zÞ
�1

mvjajða; zÞ
�1

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

LðzÞ

for a contained in a certain congruence subgroup of Gð1;1Þðs;CÞðQÞ.

Galois action on nearly holomorphic modular forms 1021



For each v ¼ vk A a ð1a ka jajÞ, take Q A Q
3jaj
2 and put

c1; vðzÞ c3; vðzÞ
c2; vðzÞ c4; vðzÞ

� �

¼ ð023k�3 12 023jaj�3kþ1ÞLðzÞQ ð3:15Þ

where 0m
n denotes the m� n matrix whose entries are all 0. Then

c1; v

c2; v

� �

;

c3; v

c4; v

� �

A

Mo with oða; bÞ ¼ ð
Q

v 0 A a b
6jaj
v 0 Þ ta�1

v . At each z0 A Dð1;1Þðs;CÞ, we can take T so that

detðLðz0ÞÞ0 0. For such L, we can choose Q such that det
c1; vðz0Þ c3; vðz0Þ
c2; vðz0Þ c4; vðz0Þ

� �

0 0.

Note that o is equivalent to o6jaj�1þv n pv. For some h A M
ð1Þ
1

so that hðð�s�1ÞCÞ0 0,

we can take f1; v; f2; v A N
v
6jaj�1þvðs;CÞ as

f1; v ¼ ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
hðð�s�1ÞCÞ�1

Y6jaj�1þv �Do; v

c1; v

c2; v

� �

;

f2; v ¼ ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
hðð�s�1ÞCÞ�1

Y6jaj�1þv �Do; v

c3; v

c4; v

� �

:

By a computation, we have

f1; v ¼ ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
hðð�s�1ÞCÞ�1 qc1; v

qzv
þ
qc2; v

qwv

� ð6jaj � 2Þðr1; vc1; v þ r2; vc2; vÞ
� �

;

f2; v ¼ ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
hðð�s�1ÞCÞ�1 qc3; v

qzv
þ
qc4; v

qwv

� ð6jaj � 2Þðr1; vc3; v þ r2; vc4; vÞ
� �

:

This implies

Evf1; v ¼ �ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
hðð�s�1ÞCÞ�1ðð6jaj � 2Þc1; v; ð6jaj � 2Þc2; vÞ;

Evf2; v ¼ �ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
hðð�s�1ÞCÞ�1ðð6jaj � 2Þc3; v; ð6jaj � 2Þc4; vÞ;

and so det
Evf1; v
Evf2; v

� �

0 0 at z0 if we take L and Q so that det
c1; vðz0Þ c3; vðz0Þ
c2; vðz0Þ c4; vðz0Þ

� �

0 0.

We take f1; v; f2; v so that det
Evf1; v
Evf2; v

� �

D 0.

Lemma 3.5. Take f1; v; f2; v as above. Let their Fourier-Jacobi expansions be

fi; vðzÞ ¼
X

0am AF

gðfi; v;0;mÞðwÞ þ ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r
ð1;1Þ
1; v ðs;CÞðzÞgðfi; v; v;mÞðwÞ

	 


eaðmzÞ;

i ¼ 1; 2; z ¼ z

w

� �

A Dð1;1Þðs;CÞ
� �

;

with gðfi; v;0;mÞ A Tms;C and gðfi; v; v;mÞ A Tv
ms;C . For any ðs;C ; aÞ A CCðC Þ, there exist

f
ðs;C;aÞ
1; v ; f

ðs;C;aÞ
2; v A N

vs; ð1;1Þ
6jaj�1þvs

ðiðs; aÞs;CsÞ whose Fourier-Jacobi expansions are
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f
ðs;C ;aÞ
i; v ð~zzÞ ¼

X

0am AF

g
ðs;C;aÞ
ðfi; v;0;mÞð~wwÞ þ ðp

ffiffiffiffiffiffiffi

�1
p

Þ�1
r
ð1;1Þ
1; vs ðiðs; aÞs;CsÞð~zzÞgðs;C ;aÞ

ðfi; v; v;mÞð~wwÞ
	 


eaðm~zzÞ;

where i ¼ 1; 2 and ~zz ¼ ~zz

~ww

� �

A Dð1;1Þðiðs; aÞs;CsÞ.

Proof. For ðs;C ; aÞ A CCðC Þ, take a ¼ a1 a2

a3 a4

� �

A Gð1ÞðQÞ ¼ GLð2;F Þ so that

a A ð ~XX VG
ð1Þ
1A Þ

1 0

0 wðsÞ

� ��1

Gð1Þ
y
F

ð1Þ
ð�s�1ÞC ðaÞ

 !

VGð1ÞðQÞ;

where ~XX A Z
ð1Þ satisfies the following conditions (1) and (2).

(1) For any g ¼ g1 g2
g3 g4

� �

A G
ð1Þ
~XX

VG
ð1Þ
1 ðQÞ, put

ĝg ¼

1

g1 g2
1

1

g3 g4
1

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

A G
ð3Þ
1 ðQÞ:

Then

Y

v A a

detð j ð3Þv ðĝg; zÞÞ
 !�1 j

ð3Þ
v1 ðĝg; zÞ

. .
.

j
ð3Þ
vjaj ðĝg; zÞ

0

B

B

@

1

C

C

A

�1

DðĝgðzÞÞ ¼ DðzÞ;

for z A Ha
3.

(2) y
ð1Þ
F ;Bð0; z; q 0

1; 0Þ
2, hs A M

ð1Þ
1

ðG ð1Þ
~XX

VG
ð1Þ
1 ðQÞÞ.

Note that nðaÞ ¼ iðs; aÞ�1. For such a, take a 0 A G
ð3Þ
1 ðQÞ by

a 0 ¼

1

iðs; aÞa1 a2

1

1

iðs; aÞa3 a4

1

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

;

and consider the C
3jaj
3jaj -valued function

~̂
DD̂DD on Dð1;1Þðiðs; aÞs;CsÞ by

~̂
DD̂DDð~zzÞ ¼ y

ð1Þ
F ;Bð0; ½ða1ð�s�1Þ þ a2Þða3ð�s�1Þ þ a4Þ�1�Cs

; q 0
1; 0Þ

�2

�
Wv1ð~zzÞ�1

j
ð3Þ
v1 ða 0

; edð~zzÞÞ�1

. .
.

Wvjajð~zzÞ
�1
j
ð3Þ
vjaj ða 0

; edð~zzÞÞ�1

0

B

B

@

1

C

C

A

� Dða 0ðedð~zzÞÞÞ;
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where ~zz ¼ ~zz

~ww

� �
¼ ezvzv

ewvwv

� �

v A a

A Dð1;1Þðiðs; aÞs;CsÞ. In the same way as above, put

~LLð~zzÞ ¼ detð ~̂DD̂DDð~zzÞÞ t ~̂DD̂DDð~zzÞ�1
;

and

~cc1; vð~zzÞ ~cc3; vð~zzÞ
~cc2; vð~zzÞ ~cc4; vð~zzÞ

 !
¼ ð023k�3 12 023jaj�3kþ1Þ ~LLð~zzÞQ;

where v ¼ vk and Q is same as that which was used in the construction of f1; v and

f2; v. For each v A a, put

~ff1; v ¼ ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1

hsð½ða1ð�s�1Þ þ a2Þða3ð�s�1Þ þ a4Þ�1�CsÞ�1

�
Y

v 0 A a

ða3ð�s�1Þ þ a4ÞðCsÞv 0
( )

�
q ~cc1; v

qezvzv
þ

~cc2; v

q ewvwv

� ð6jaj � 2Þðr1; v ~cc1; v þ r2; v ~cc2; vÞ
( )

;

~ff2; v ¼ ðp
ffiffiffiffiffiffiffi
�1

p
Þ�1

hsð½ða1ð�s�1Þ þ a2Þða3ð�s�1Þ þ a4Þ�1�CsÞ�1

�
Y

v 0 A a

ða3ð�s�1Þ þ a4ÞðCsÞv 0
( )

�
q ~cc3; v

qezvzv
þ

~cc4; v

q ewvwv

� ð6jaj � 2Þðr1; v ~cc3; v þ r2; v ~cc4; vÞ
( )

:

Then ~ff1; vs and ~ff2; vs satisfy the properties of f
ðs;C ;aÞ
1; v and f

ðs;C;aÞ
2; v . r

The non-zero holomorphic function det
Evf1; v
Evf2; v

� �
is contained in M12jaj�1�v. We

can prove the following lemma by looking at the constructions of 6
v A a

ff1; v; f2; vg and

6
v A a

ffðs;C;aÞ
1; v ; f

ðs;C;aÞ
2; v g carefully.

Lemma 3.6. There exists a non-zero constant c A C
� so that

det
Evf1; v
Evf2; v

� �� �ðs;C ;aÞ
¼ c � det

Evsf
ðs;C ;aÞ
1; v

Evsf
ðs;C ;aÞ
2; v

 !
:

4. Galois action on modular forms.

In this section we will construct a certain Galois action on the space of nearly

holomorphic modular forms. The purpose of this section is to prove the following

theorem.
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Theorem 4.1. Let f A N
p; ð1;1Þ

k ðs;CÞ and let

f ðzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r
ð1;1Þ
1; v ðs;CÞðzÞÞ jv

( )

gð f ; j;mÞðwÞeaðmzÞ;

gð f ; j;mÞ A T
j
ms;C ; z ¼ z

w

� �

A Dð1;1Þðs;CÞ
� �

;

be its Fourier-Jacobi expansion. Then for any ðs;C ; aÞ A CCðC Þ, there exists f ðs;C ;aÞ
A

N
ps; ð1;1Þ
k s ðiðs; aÞs;CsÞ whose Fourier-Jacobi expansion is

f ðs;C ;aÞð~zzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r
ð1;1Þ
1; vs ðiðs; aÞs;CsÞð~zzÞÞ jv

( )

� g
ðs;C ;aÞ
ð f ; j;mÞð~wwÞeaðm~zzÞ; ~zz ¼ ~zz

~ww

� �

A Dð1;1Þðiðs; aÞs;CsÞ
� �

:

To prove this theorem, we have to show the following lemma.

Lemma 4.2. Take any f A N
p; ð1;1Þ

k ðs;CÞ. Let 6
v A a

ff1; v; f2; vg be as in section 3.

Then there exists l ¼ ðlvÞv A a A N
a and j ¼

Q

v A a det
Evf1; v
Evf2; v

� �lv

A M
ð1;1Þ
�lþ12jajðT

v A a
lvÞ�1ðs;CÞ so

that

f ðzÞ ¼ jðzÞ�1
X

j AZ a

0a jap

X

q AZ a

0aqa j

hq; jðzÞ
Y

v A a

ðf1; vðzÞqvf2; vðzÞ jv�qvÞ; ð4:1Þ

with some hq; j A M
ð1;1Þ
f6jajðT

v A a
2lv� jvÞg�1�j�lþk

ðs;CÞ.

Proof. As stated in section 2, f can be written as

f ðzÞ ¼
X

j1; j2 A ðNUf0gÞa
j1þ j2ap

cð f ; j1; j2ÞðzÞ
Y

v A a

r1; vðzÞ j1; v
 !

Y

v A a

r2; vðzÞ j2; v
 !

ð4:2Þ

with C-valued holomorphic functions cð f ; j1; j2Þ on D. Put

Pf ¼ j A ðN U f0gÞa
�

�

�

�

There exist l1; l2 A ðN U f0gÞa
such that ja l1 þ l2 and cð f ; l1; l2Þ D 0:

� �

:

Then Pf is a finite set contained in
Q

v A af0; 1; . . . ; pvg. Take j0 ¼ ð j0; vÞv A a A Pf so that
P

v A a j0; v is maximum. (Of course, it is not uniquely determined in general.) Take the

set

Qj0 ¼
Y

v A a

ðfqv
1; vf

j0; v�qv
2; v Þ j q ¼ ðqvÞv A a A Z

a
; 0a qa j0

( )

HN
j0

6jajðT
v A a

j0; vÞ�1þ j0
:
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Then Qj0 contains
Q

v A að j0; v þ 1Þ elements. Consider the rational represen-

tation ðo;VoÞ of GLð2;C Þa � ðC�Þa so that ð
Q

v A a E
j0; v
v ÞQj0 HMo. The space Vo

is 2Tv A a
j0; v -dimensional, but, as stated in section 2, the elements contained in

ð
Q

v A a E
j0; v
v ÞQj0 are 1

v A a
Symj0; v

ðC 1
2Þ (which is

Q

v A að j0; v þ 1Þ-dimensional)-valued

functions on D. Hence we can define the ‘‘determinant’’ of ð
Q

v A a E
j0; v
v ÞQj0 if we fix a

basis of 1
v A a

Symj0; v
ðC 1

2Þ. Put dð j0Þ ¼
Q

v A að j0; v þ 1Þ. Then, by a computation, the

determinant is (up to non-zero constant times)
Q

v A a det
Evf1; v
Evf2; v

� �2�1dð j0Þj0; v

, which is a

non-zero holomorphic modular form of weight
P

v A a 2
�1dð j0Þ j0; vð12jaj � 1� vÞ on

Dð1;1Þðs;CÞ. Put this function j0. Consider the holomorphic function ð
Q

v A a E
j0; v
v Þ f ,

which is also 1
v A a

Symj0; v
ðC 1

2Þ-valued. Then we can write

Y

v A a

E j0; v
v

 !

f

( )

ðzÞ ¼ j0ðzÞ
�1

X

q AZ a

0aqa j0

hqðzÞ
Y

v A a

E j0; v
v

 !

Y

v A a

f
qv
1; vf

j0; v�qv
2; v

 !( )

ðzÞ

with holomorphic C-valued functions hq on Dð1;1Þðs;CÞ. Clearly each hq is uniquely

determined. Since ð
Q

v A a E
j0; v
v Þ f , j0 and ð

Q

v A a E
j0; v
v Þð

Q

v A a f
qv
1; vf

j0; v�qv
2; v Þ are all modular

forms with respect to a certain su‰ciently small congruence subgroup of G ð1;1Þðs;CÞðQÞ,

the C-valued functions hq are also. By a formal calculation, we obtain that hq is a

holomorphic modular form of weight 6jajðdð j0Þ � 1Þð
P

v A a j0; vÞ � 1þ 2�1ðdð j0Þ � 2Þj0 þ k

on Dð1;1Þðs;CÞ. Put

f̂f ðzÞ ¼ j0ðzÞ f ðzÞ �
X

q AZ a

0aqa j0

hqðzÞ
Y

v A a

f
qv
1; vf

j0; v�qv
2; v

 !

ðzÞ;

and consider

P
f̂f
¼ j A ðN U f0gÞa

�

�

�

�

There exist l1; l2 A ðN U f0gÞa

so that ja l1 þ l2 and cð f̂f ; l1; l2Þ D 0:

( )

:

Considering the usual expansions of
Q

v A a f
qv
1; vf

j0; v�qv
2; v as (2.3), we can verify P

f̂f
HPf .

Since ð
Q

v A a E
j0; v
v Þ f̂f ¼ 0, we can get P

f̂f
HPf � f j0g from Lemma 2.1. Hence we can

write f as (4.1) by using an induction. r

Now we can construct the Galois action of Theorem 4.1. For 6
v A a

ff1; v; f2; vg

constructed in section 3, write f as (4.1) and set

f ðs;C ;aÞð~zzÞ ¼ jðs;C ;aÞð~zzÞ�1
X

j AZ a

0a jap

X

q AZ a

0aqa j

Y

v A a

ff
ðs;C;aÞ
1; v ð~zzÞqvf

ðs;C ;aÞ
2; v ð~zzÞ jv�qvg

" #

h
ðs;C;aÞ
q; j ð~zzÞ: ð4:3Þ

We can easily verify f ðs;C;aÞ is independent of the choice of 6
v A a

f1; v; f2; v
� �

. It is

because, if f can also be written

f ðzÞ ¼ ĵjðzÞ�1
X

j AZ a

0a jap

X

q AZ a

0aqa j

Y

v A a

ff̂f1; vðzÞ
qv f̂f2; vðzÞ

jv�qvg

" #

ĥhq; jðzÞ;
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with another 6
v A a

ff̂f1; v; f̂f2; vg, ĵj; ĥhq; j, then we have

jðzÞ
X

j AZ a

0a jap

X

q AZ a

0aqa j

Y

v A a

ff̂f1; vðzÞqv f̂f2; vðzÞ jv�qvg
" #

ĥhq; jðzÞ

¼ ĵjðzÞ
X

j AZ a

0a jap

X

q AZ a

0aqa j

Y

v A a

ff1; vðzÞqvf2; vðzÞ jv�qvg
" #

hq; jðzÞ:

Considering the Fourier-Jacobi expansions of both hands sides of this equation, we can

easily see that f ðs;C;aÞ is well defined.

From the definition, the function f ðs;C;aÞ is expressed as a polynomial of

6
v A a

frð1;1Þ1; v ðiðs; aÞs;CsÞ; rð1;1Þ2; v ðiðs; aÞs;CsÞg with coe‰cients in meromorphic func-

tions on Dð1;1Þðiðs; aÞs;CsÞ. But at each ~zz0 A Dð1;1Þðiðs; aÞs;CsÞ, take 6
v A a

f ~ff1; v; ~ff2; vg

(functions on Dð1;1Þðiðs; aÞs;CsÞ) so that det
Ev

~ff1; v

Ev
~ff2; v

 !

0 0 at ~zz0, and take

6
v A a

f ~ffðs�1;Cs;a�1Þ
1; vs ; ~ff

ðs�1;Cs;a�1Þ
2; vs g instead of 6

v A a
ff1; v; f2; vg in Lemma 4.2. Then by

Lemma 3.6, each ‘‘coe‰cient’’ is holomorphic at ~zz0. This means f ðs;C ;aÞ A
N

ps; ð1;1Þ
k s ðiðs; aÞs;CsÞ. The Fourier-Jacobi expansion of f ðs;C;aÞ can easily be com-

puted.

5. Holomorphic projections.

In section 15 of [12], the projection map of nearly holomorphic modular forms to

holomorphic ones was constructed. In this section, we will prove that the projection is

compatible with the Galois action constructed in the previous section.

For any k A Z
a, p A ðN U f0gÞa and v A a, define an operator Lk; v of N

p
k to itself

by

Lk; v ¼ �Yk �Doknpv � Ev: ð5:1Þ

Put the Fourier-Jacobi expansion of f A N
p; ð1;1Þ

k ðs;CÞ as

f ðzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v 0 A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; v 0ðzÞÞ jv 0

( )

gð f ; j;mÞðwÞeaðmzÞ:

Then by a computation, we obtain

ðLk; v f ÞðzÞ ¼ �
X

j AZ a

0a jap

X

0am AF

Y

v 0 A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; v 0ðzÞÞ jv 0

( )

eaðmzÞ

� ½ jvð jv � kv þ 2Þgð f ; j;mÞðwÞ þ 2ð jv þ 1Þmvgð f ; jþv;mÞðwÞ

� ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1ðsCvÞ�1ðkv � ðq=qwvÞ � gð f ; jþv;mÞÞðwÞ�: ð5:2Þ

This explicit expansion implies the following lemma.
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Lemma 5.1. For f A N
p

k , we have

Lk; v f þ pvðpv � kv þ 2Þ f A N
p�v

k :

This operator Lk; v is compatible with the Galois action constructed in the previous

section.

Theorem 5.2. For any f A N
p; ð1;1Þ

k ðs;CÞ and any ðs;C ; aÞ A CCðC Þ, we have

ðLk; v f Þðs;C ;aÞ ¼ Lk s; vsð f ðs;C ;aÞÞ:

(Note that the Lk s; vs in the right hand side is an operator on N
ps; ð1;1Þ
k s ðiðs; aÞs;CsÞ.)

To prove this theorem we need the following lemma.

Lemma 5.3. Take any y A TðC a;LC ;Ht;CÞ with any Z-lattice L in K and any CM-

type C of K. For any j ¼ ð jvÞv A a A ðN U f0gÞa and v0 A a, we have

ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1
kv0 �

q

quv0

� �

�
Y

v A a

k
jv
v

 !

� y
( )

¼ 2jv0 t
Cv0

Y

v A a

k
jv
v

 !

� y:

This lemma can easily be verified by a computation, since

Y

v A a

k
jv
v

 !

� y ¼
X

l A ðNUf0gÞa
0ala j

Y

v A a

jvClv

 !

Y

v A a

ð2p
ffiffiffiffiffiffiffi

�1
p

tCvuvÞ lv
 !

Y

v A a

q

quv

� �jv�lv
 !

� y;

where mCn ¼ m!=ððm� nÞ!n!Þ.
Hence we can obtain the following lemma.

Lemma 5.4. For g A T
pðC a;LC ;Ht;CÞ and any v0 A a, we have

ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1ðtCv0 Þ�1
kv0 �

q

quv0
� g

� �� �ðs;C;aÞ
ð*Þ

¼ ðp
ffiffiffiffiffiffiffi

�1
p

Þ�1ðiðs; aÞv0st
Cv0sÞ�1

kv0s �
q

quv0s
� gðs;C;aÞ

� �

;

where ðs;C ; aÞ A CCðC Þ.

Proof. In case g ¼ ð
Q

v A a k
jv
v Þ � y with y A TðC a;LC ;Ht;CÞ and j ¼ ð jvÞv A a A

ðN U f0gÞa, the left hand side of (*) is equal to 2jv0g
ðs;C;aÞ from Lemma 5.3. Using

Lemma 3.4, we have

gðs;C ;aÞ ¼ c
Y

v A a

k
jv
vs

 !

� yðs;C;aÞ;

with some non-zero constant c A C
�. By Lemma 5.3, the right hand side of (*) is equal

to 2jv0g
ðs;C;aÞ. Lemma 3.1 shows that any g A T

pðC a;LC ;Ht;CÞ can be expressed as a

finite sum of such functions, hence we can get this lemma. r
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Looking at (5.2) carefully and using this lemma, we can easily verify Theorem 5.2.

Now we can define a projection of nearly holomorphic modular forms to holo-

morphic ones using this Lk; v.

Theorem 5.5. Take p ¼ ðpvÞv A a, k ¼ ðkvÞv A a A ðN U f0gÞa so that pva kv � 3 for

each v A a. Put

A ¼
Y

v A a �

Y

pv�1

i¼0

ð1þ ðpv � iÞ�1ðpv � i � kv þ 2Þ�1
Lk; vÞ

( )

;

where a
� ¼ fv A a j pv > 0g. Take any f A N

p; ð1;1Þ
k ðs;CÞ. Then Af A M

ð1;1Þ
k ðs;CÞ.

Moreover, for such f and any ðs;C ; aÞ A CCðC Þ, we have

ðAf Þðs;C ;aÞ ¼ Að f ðs;C;aÞÞ;ð?Þ

where the A in the right hand side is an operator of N
ps; ð1;1Þ
k s ðiðs; aÞs;CsÞ to

M
ð1;1Þ
k s ðiðs; aÞs;CsÞ.

Remark. This A is essentially same as that introduced in section 15 of [12], and

so the inner product of ðAf � f Þ and any cusp form with respect to G ð1;1Þðs;CÞ is

always zero.

Proof. Using Lemma 5.1, we can easily obtain Af A Mk. The property (?) is

obvious from Theorem 5.2. r

The above theorem needs the assumption pva kv � 3, but it is not so di‰-

cult. The next lemma says that the degree of near holomorphy is bounded by the

weight of a modular form.

Lemma 5.6. Take k ¼ ðkvÞv A a A Z
a so that kvb 5 for each v A a. Then N

p
k H

N
k�3�1

k for any p ¼ ðpvÞv A a A ðN U f0gÞa.

Proof. First let us prove N
p; ð1Þ

k HN
k�3�1; ð1Þ

k , the same assertion for Hilbert

modular forms. For any C-valued nearly holomorphic Hilbert modular form h of

weight k, take p ¼ ðpvÞv A a A ðN U f0gÞa which satisfies h A N
p; ð1Þ

k and
P

v A a pv is mini-

mum. Then E pv
v hD 0 for each v A a. Put

Qh ¼ l ¼ ðlvÞv A a A ðN U f0gÞa
�

�

�

�

Y

v A a

E lv
v

 !

hD 0

( )

:

Take any v0 A a and fix it. Since E
pv0
v0 hD 0, we can choose q A Qh so that qv0b pv0

and there exists no other q 0 A Qh which satisfies q 0
b q. Then ð

Q

v A a E
qv
v Þh is contained

in 7
v A a

KerEv. From the definition of Ev, it means ð
Q

v A a E
qv
v Þh is a (non-zero)

holomorphic Hilbert modular form. Hence we have ð
Q

v A a E
qv
v Þh A M

ð1Þ
k�2q. As is well

known, a holomorphic Hilbert modular form of weight l ¼ ðlvÞv A a is non-zero only if

lvb 0 for each v A a. Hence we have kv0b 2qv0b 2pv0 . We obtain pv0a kv0 � 3 from

kv0b 5.
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For any nearly holomorphic modular form f of weight k ¼ ðkvÞv A a with respect

to G ð1;1Þðs;CÞ, take p ¼ ðpvÞv A a A ðN U f0gÞa so that f A N
p; ð1;1Þ

k ðs;CÞ and
P

v A a pv is

minimum. Express f as

f ðzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ððp
ffiffiffiffiffiffiffi

�1
p

Þ�1
r1; vðzÞÞ jv

 !

gð f ; j;mÞðwÞeaðmzÞ:

Consider a nearly holomorphic Hilbert modular form ð f jkhy;0Þ � e0 for hy;0 ¼
1 syr ð1=2Þsyyr

0 1 y

0 0 1

0

@

1

A with y A K . Clearly it is of weight k, and since r1; vðe0ðzÞÞ ¼

ð
ffiffiffiffiffiffiffi

�1
p

=2Þ ImðzvÞ�1, we have ð f jkhy;0Þ � e0 A N
p; ð1Þ

k . Its Fourier expansion is

ð f jkhy;0Þ � e0ðzÞ ¼
X

j AZ a

0a jap

X

0am AF

Y

v A a

ðp ImðzvÞÞ�jv

( )

2�Tv A a
jvðgð f ; j;mÞÞ�ðyCÞeaðmzÞ:

Now for each v A a, there exists j0 A ðN U f0gÞa which satisfies j0; v ¼ pv and gð f ; j0;mÞ D 0

with some m A F . (If not, we have f A N
p�v

k .) For such j0 and m, we can choose

a suitable y A K so that ðgð f ; j0;mÞÞ�ðyCÞ0 0 for some m A F . Note that j0; v ¼ pv.

For such y, ð f jkhy;0Þ � e0 A N
q; ð1Þ

k only if qvb pv. This implies pva kv � 3 since

kvb 5. r
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