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Abstract. There are many ways to give a rigorous meaning to the Feynman path

integral. In the present paper especially the method of the time-slicing approximation

determined through broken line paths is studied. It was proved that these time-slicing

approximate integrals of the Feynman path integral in configuration space and also in

phase space converge in L2 space as the discretization parameter tends to zero. In the

present paper it is shown that these time-slicing approximate integrals converge in some

weighted Sobolev spaces as well. Next as an application of this convergence result in

the weighted Sobolev spaces, the path integral representation of correlation functions is

studied of the position and the momentum operators. We note that their path integral

representation is given in phase space. It is shown that the approximate integrals of

correlation functions converge or diverge as the discretization parameter tends to zero.

We note that the divergence of the approximate integrals reflects the uncertainty principle

in quantum mechanics.

1. Introduction.

It was an interested and important problem to give the description of quantization,

i.e. of passing from classical physical systems to the corresponding quantum ones, from

the moment that quantum mechanics came into existence. In the end Heisenberg and

Schrödinger succeeded in giving the description based on the notion of operators. On

the other hand in 1948 Feynman proposed an essentially new description in [6] based on

the notion of the so-called Feynman path integrals. His description is that the prob-

ability amplitudes can be constructed from the classical systems in a direct way with

the physical meaning. In 1951 Feynman himself gave the description reformulated by

means of the path integrals in phase space in [7]. Now we know that his description is

very useful and applied to wide areas in physics (cf. [14], [28]).

Since Feynman published his papers, many ways have been proposed and much

work has been done to give a rigorous meaning to the Feynman path integral: the

method of analytic continuation from Wiener integrals, the formulation by means of the

product formula of Kato and Trotter, the formulation by means of an improper integral

in the Hilbert manifold of paths, the formulation by means of pseudomeasures, the

method of the time-slicing approximation determined through piecewise classical paths

and so on. See [1], [3], [4], [5], [9], [10], [11], [12], [13], [20], [21], [23], [29], [32] and

their references.
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In the present paper we study especially the method of the time-slicing approxi-

mation determined through broken line paths of the Feynman path integral. This

method is very simple and very familiar in physics (cf. [8], [14], [28], [29]). Let

L2 ¼ L2ðRnÞ be the space of all square integrable functions in R
n with inner product

ð� ; �Þ and norm k � k. Truman in [30] first studied this method, using an improper

integral in the Hilbert manifold of paths and proved that the time-slicing approximate

integrals converge in L2 as the discretization parameter tends to zero. His result was

generalized by the author in [16], [17] by means of the theory of the oscillatory integral

operators and the pseudo-di¤erential operators. In addition, the author defined in [18],

[19] the time-slicing approximate integrals in phase space that are proved to be equal to

the time-slicing approximate integrals in configuration space. Thus we know that the

time-slicing approximate integrals, determined through broken line paths in configura-

tion space and also in phase space, converge in L2 space as the discretization parameter

tends to zero.

One of our aims in the present paper is to show that the time-slicing approximate

integrals stated above, i.e. determined through broken line paths in configuration space

and also in phase space, converge in the weighted Sobolev spaces Ba
:¼ f f A L2

; k f kBa

:¼ k f k þ
P

jaj¼aðkx
af k þ kqa

x f kÞ < yg ða ¼ 1; 2; . . .Þ as well (Theorem 1 in the present

paper). Here for an x ¼ ðx1; . . . ; xnÞ A R
n and a multi-index a ¼ ða1; . . . ; anÞ we write

jaj ¼
Pn

j¼1 aj, xa ¼ xa1

1 � � � xan
n and q

a

x ¼ ðq=qx1Þ
a1 � � � ðq=qxnÞ

an . We write B0 ¼ L2.

Next as an application of our Theorem 1 we study the approximate integrals of

correlation functions of the position and the momentum operators. We note that these

approximate integrals are defined in phase space. As is well known, correlation func-

tions are some of the most important quantities in quantum mechanics and quantum

field theory (cf. [24], [28]). We prove the convergence or the divergence of the approx-

imate integrals of correlation functions as the discretization parameter tending to zero

(Theorem 2 in the present paper). The second aim in the present paper is to show

this. We note that the divergence of the approximate integrals of correlation functions

reflects the uncertainty principle in quantum mechanics.

The outline of the proof of our main theorems is as follows. The approximate

integral of the Feynman path integral is determined correspondingly to each subdivision

of the time interval. We consider the family of all approximate integrals. We first

show the uniform boundedness of the family of approximate integrals in Ba ða ¼

0; 1; . . .Þ (Theorem 3.5 in the present paper). This result is essential in our proof. By

means of this result of the boundedness we show the equicontinuity of the family of

approximate integrals in Ba on the finite time interval. Then, by applying the abstract

Ascoli-Arzelà theorem we can prove our Theorem 1, i.e. the convergence of the approx-

imate integrals of the Feynman path integral in Ba. We note that our method of

proving convergence is direct, compared to that in [16]–[19], in the sense that we don’t

use the result of the corresponding Schrödinger equation. Our Theorem 2, i.e. the

convergence or the divergence of the approximate integrals of correlation functions is

proved by means of Theorem 1 and studying further the oscillatory integral operators in

phase space. We note that we use the results in the preceding papers by the author,

especially in [15], [17] for the proof.

The plan of the present paper is as follows. In §2 we state the main results and

W. Ichinose958



some remarks. §3 and §4 are devoted to the proofs of the uniform boundedness and the

equicontinuity of the approximate integrals of the Feynman path integral in Ba, respec-

tively. In §5 we prove Theorem 1. Theorem 2 is proved in §6.

2. Main Theorems.

We consider some charged non-relativistic particles in an electromagnetic field.

For the sake of simplicity we suppose the charge and the mass of every particle to

be one and m > 0, respectively. We consider x A R
n and t A ½0;T �. Let Eðt; xÞ ¼

ðE1; . . . ;EnÞ A R
n and ðBjkðt; xÞÞ1a j<kan A R

nðn�1Þ=2 denote electric strength and magnetic

strength tensor, respectively and ðVðt; xÞ;Aðt; xÞÞ ¼ ðV ;A1; . . . ;AnÞ A R
nþ1 an electro-

magnetic potential, i.e.

E ¼ �
qA

qt
�
qV

qx
;

d
X

n

j¼1

Aj dxj

 !

¼
X

1a j<kan

Bjk dxj5dxk on R
n; ð2:1Þ

where qV=qx ¼ ðqV=qx1; . . . ; qV=qxnÞ. Then the Lagrangian function Lðt; x; _xxÞ

ð _xx A R
nÞ is given by

Lðt; x; _xxÞ ¼
m

2
j _xxj2 þ _xx � A� V : ð2:2Þ

The Hamiltonian function Hðt; x; pÞ ðp A R
nÞ is defined through the Legendre trans-

formation of L by

Hðt; x; pÞ ¼
1

2m
jp� Aj2 þ V : ð2:3Þ

Let T �
R

n ¼ R
n
x � R

n
p denote the phase space, and ðRnÞ½s; t� and ðT �

R
nÞ½s; t� the

spaces of all paths q : ½s; t� C y ! qðyÞ A R
n and ðq; pÞ : ½s; t� C y ! ðqðyÞ; pðyÞÞ A T �

R
n,

respectively. The classical actions Scðt; s; qÞ for q A ðRnÞ½s; t� in configuration space and

Sðt; s; q; pÞ for ðq; pÞ A ðT �
R

nÞ½s; t� in phase space are given by

Scðt; s; qÞ ¼

ð t

s

Lðy; qðyÞ; _qqðyÞÞ dy; _qqðyÞ ¼
dq

dy
ðyÞ ð2:4Þ

and

Sðt; s; q; pÞ ¼

ð t

s

pðyÞ � _qqðyÞ �Hðy; qðyÞ; pðyÞÞ dy; ð2:5Þ

respectively (cf. [2]).

Let D : 0 ¼ t0 < t1 < � � � < tn ¼ T be a subdivision of the interval ½0;T �. We set

jDj ¼ max1a janðtj � tj�1Þ. Let 0a sa taT and f A Cy

0 ðRnÞ, where Cy

0 ðRnÞ is the

space of all infinitely di¤erentiable functions in R
n with compact support. For D above
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we define the time-slicing approximate integrals CDðt; sÞ f and GDðt; sÞ f of the Feynman

path integrals in configuration space and in phase space respectively as follows.

At first we define CDðt; sÞ f . We set CDðs; sÞ f ¼ f . Let 0a s < taT . We take

1a m 0
a ma n such that tm 0�1a s < tm 0 and tm�1 < ta tm. For y; xð jÞ ð j ¼ m 0; m 0 þ 1;

. . . ; m� 1Þ and x in R
n let’s define qDðy; y; x

ðm 0Þ; . . . ; xðm�1Þ; xÞ A ðRnÞ½s; t� by the broken

line path joining points y at s, xð jÞ at tj ð j ¼ m 0; m 0 þ 1; . . . ; m� 1Þ and x at t in order.

We define CDðt; sÞ f by

ðCDðt; sÞ f ÞðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2pirðt� tm�1Þ

r n
Y

m�1

j¼m 0þ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2pirðtj � tj�1Þ

r n
 !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2pirðtm 0 � sÞ

r n

� os�

ð

� � �

ð

ðexp ir�1Scðt; s; qDÞÞ f ðyÞ dydx
ðm 0Þ � � � dxðm�1Þ: ð2:6Þ

Here os�

ð

� � �

ð

gðy; xðm
0Þ; . . . ; xðm�1ÞÞ dydxðm

0Þ � � � dxðm�1Þ means the oscillatory integral

(cf. [22]).

We define GDðt; sÞ. For the sake of simplicity we set s ¼ 0. The general case

can be defined in the same way that CDðt; sÞ was done. We set GDð0; 0Þ f ¼ f . For

0 < taT take a 1a ma n such that tm�1 < ta tm. For vð jÞ A R
n ð j ¼ 0; 1; . . . ; m� 1Þ

in velocity space we define vDðy; v
ð0Þ; . . . ; vðm�1ÞÞ A ðRnÞ½0; t� in velocity space by the piece-

wise constant path taking vð0Þ at y ¼ 0, vð jÞ for tj < ya tjþ1 ð j ¼ 0; 1; . . . ; m� 2Þ and

vðm�1Þ for tm�1 < ya t. Let qDðy; x
ð0Þ; . . . ; xðm�1Þ; xÞ A ðRnÞ½0; t� ðxð0Þ ¼ yÞ be the path in

configuration space defined above. Then we determine the path pDðy; x
ð0Þ; . . . ; xðm�1Þ;

x; vð0Þ; . . . ; vðm�1ÞÞ A ðRnÞ½0; t� in momentum space by

pDðyÞ :¼
qL

q _xx
ðy; qDðyÞ; vDðyÞÞ ¼ mvDðyÞ þ Aðy; qDðyÞÞ: ð2:7Þ

We define GDðt; 0Þ f by

ðGDðt; 0Þ f ÞðxÞ ¼ ð2pr=mÞ�nmos�

ð

� � �

ð

ðexp ir�1Sðt; 0; qD; pDÞÞ

� f ðxð0ÞÞ dvð0Þdxð0Þdvð1Þdxð1Þ � � � dvðm�1Þdxðm�1Þ: ð2:8Þ

In [16]–[18] we proved the following.

Theorem A. Let qa
xEjðt; xÞ ð j ¼ 1; 2; . . . ; nÞ, qa

xBjkðt; xÞ and qtBjkðt; xÞ ð1a j <

ka nÞ be continuous in ½0;T � � R
n for all a. We suppose

jqa
xEjðt; xÞjaCa; jajb 1; jqa

xBjkðt; xÞjaCahxi
�ð1þdÞ; jajb 1 ð2:9Þ

in ½0;T � � R
n for some constants d > 0 and Ca, where hxi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jxj2
q

and d is inde-

pendent of a. Then there exists a constant r� > 0 such that we have for an arbitrary

potential ðV ;AÞ with continuous V ; qV=qxj; qAj=qt and qAj=qxk ð j; k ¼ 1; 2; . . . ; nÞ in

½0;T � � R
n: (1) Let jDja r�. Then both of CDðt; sÞ and GDðt; sÞ on Cy

0 are well-defined

and can be extended to bounded operators on L2. They are equal to one another. (2)

Let jDja r�. Then there exists a constant Kb 0 independent of D such that
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kCDðt; sÞ f ka eKðt�sÞk f k; 0a sa taT ð2:10Þ

for all f A L2. (3) As jDj ! 0, CDðt; sÞ f for f A L2 converges in L2 uniformly in 0a sa

taT and this limit satisfies the Schrödinger equation

ir
q

qt
uðtÞ ¼ HðtÞuðtÞ; uðsÞ ¼ f ; ð2:11Þ

where

HðtÞ ¼
1

2m

X

n

j¼1

r

i

q

qxj
� Aj

� �2

þ V : ð2:12Þ

We note that in fact the constant r� in Theorem A is defined from Proposition 3.1

stated later in the present paper. This constant r� > 0 is fixed throughout the present

paper. We write
Ð

ðexp ir�1Scðt; s; qÞÞ f ðqðsÞÞDq and
Ð Ð

ðexp ir�1Sðt; s; q; pÞÞ f ðqðsÞÞDpDq

for the limit of CDðt; sÞ f and GDðt; sÞ f as jDj ! 0, respectively.

Remark 2.1. In (2.8) we make the change of variables: R
nm

C ðvð0Þ; . . . ; vðm�1ÞÞ

! ðpð0Þ; . . . ; pðm�1ÞÞ A R
nm, setting pð jÞ ¼ mvð jÞ þ Aðtj; x

ð jÞÞ. Then GDðt; 0Þ f is written

ðGDðt; 0Þ f ÞðxÞ ¼ ð2prÞ�nmos�

ð

� � �

ð

ðexp ir�1Sðt; 0; qD; pDÞÞ

� f ðxð0ÞÞ dpð0Þdxð0Þdpð1Þdxð1Þ � � � dpðm�1Þdxðm�1Þ

in the form of an integral on the phase space as a product space.

Remark 2.2. In Theorem A only smooth electromagnetic fields are considered.

We can apply Theorem A as follows to the case that electromagnetic fields have

singularities. For example consider atomic Hamiltonians

H ¼ �
r
2

2m

X

n

j¼1

Dj �
X

n

j¼1

n

jxð jÞj
þ

X

1a j<kan

1

jxð jÞ � xðkÞj
;

where xð jÞ A R
3 and Dj denotes the Laplacian in xð jÞ. Let wl ðl ¼ 1; 2; . . .Þ be real

valued infinitely di¤erentiable functions in R
3 such that supx AR3 jqa

xwlðxÞj < y for jajb 2

and

lim
l!y

wlðxÞ ¼ �
1

jxj
in L2ðR3Þ þ LyðR3Þ:

We set

Hl ¼ �
r
2

2m

X

n

j¼1

Dj þ
X

n

j¼1

nwlðx
ð jÞÞ �

X

1a j<kan

wlðx
ð jÞ � xðkÞÞ:
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We know that e�ir�1ðt�sÞHl converges to e�ir�1ðt�sÞH strongly in L2 as l ! y. See

Example 2 of §X.2 in [26] and Theorems VIII.21, VIII.25 in [25], and also see [31]. It

follows from Theorem A in the present paper that e�ir�1ðt�sÞHl f for f A L2 can be written

in the form of our path integrals. So we see that e�ir�1ðt�sÞH f can be written in the form

of the limit of our path integrals. The same argument can be applied to the general

case of electromagnetic fields having singularities.

The following is the first main theorem in the present paper.

Theorem 1. Besides the assumptions of Theorem A we suppose

jqa
xAj jaCa; jajb 1; jqa

xV jaCahxi; jajb 1 ð2:13Þ

for j ¼ 1; 2; . . . ; n in ½0;T � � R
n. Let a ¼ 0; 1; . . . and jDja r�. Then we have: (1)

There exists a constant Kab 0 independent of D such that

kCDðt; sÞ f kBaa eKaðt�sÞk f kBa ; 0a sa taT ð2:14Þ

for all f A Ba. In addition, CDðt; sÞ f for f A Ba is continuous as a Ba-valued function

in 0a sa taT . (2) As jDj ! 0, CDðt; sÞ f for f A Ba converges to the solution of (2.11)

in Ba uniformly in 0a sa taT .

Remark 2.3. Suppose that Ej ð j ¼ 1; 2; . . . ; nÞ and Bjk ð1a j < ka nÞ satisfy the

assumptions of Theorem A. Then we can find a potential ðV 0;A 0Þ satisfying (2.13),

which is proved in Lemma 6.1 of [17]. We define CDðt; sÞ
0 by (2.6) for these ðV 0;A 0Þ.

Let ðV ;AÞ be an arbitrary potential such that V ; qV=qxj ; qAj=qt and qAj=qxk ð j; k ¼

1; 2; . . .Þ are continuous in ½0;T � � R
n. Then we have a continuously di¤erentiable

function cðt; xÞ in ½0;T � � R
n such that

�V 0 dtþ
Xn

j¼1

A 0
j dxj ¼ �V dtþ

Xn

j¼1

Aj dxj þ dc:

So we have from (2.6)

CDðt; sÞ f ¼ e�ir�1cðt;�Þ
CDðt; sÞ

0ðe ir
�1cðs;�Þf Þ; jDja r�; f A L2:

See the proof of Theorem in [17] for details. Hence Theorem A follows from Theorem

1. That is, Theorem 1 is a generalization of Theorem A.

Remark 2.4. Let E
0
t; sð½0;T �;Baþ2ÞVE

1
t; sð½0;T �;BaÞ denote the space of all Baþ2-

valued continuous and Ba-valued continuously di¤erentiable functions in 0a sa taT .

Suppose (2.13) and consider the Schrödinger equation (2.11) for f A6y

a¼0
Ba. Then the

uniqueness of the solutions in 6y

a¼�y
ðE0

t; sð½0;T �;Baþ2ÞVE
1
t; sð½0;T �;BaÞÞ has been proved

in [15], where B�a ða ¼ 1; 2; . . .Þ denote the dual space of Ba. So we write the solution

of (2.11) as Uðt; sÞ f hereafter.

Let D : 0 ¼ t0 < t1 < � � � < tn ¼ T be a subdivision and ðqDðy; x
ð0Þ; . . . ; xðn�1Þ; xÞ;

pDðy; x
ð0Þ; . . . ; xðn�1Þ; x; vð0Þ; . . . ; vðn�1ÞÞÞ A ðT �

R
nÞ½0;T � the path determined before. Let

0a t1a t2a � � �a tkaT . For z ¼ q or p we write
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ðð

ðexp ir�1SðT ; 0; qD; pDÞÞðzDÞjk ðtkÞ � � � ðzDÞj1ðt1Þ f ðqDð0ÞÞDpDDqD

:¼ os�

ð

� � �

ð

ðexp ir�1SðT ; 0; qD; pDÞÞðzDÞjk ðtkÞ � � � ðzDÞj1ðt1Þ

� f ðxð0ÞÞð2pr=mÞ�nn
dvð0Þdxð0Þdvð1Þdxð1Þ � � � dvðn�1Þdxðn�1Þ ð2:15Þ

and

ð

ðexp ir�1ScðT ; 0; qDÞÞðqDÞjk ðtkÞ � � � ðqDÞj1ðt1Þ f ðqDð0ÞÞDqD

:¼ os�

ð

� � �

ð

ðexp ir�1ScðT ; 0; qDÞÞðqDÞjk ðtkÞ � � � ðqDÞj1ðt1Þ f ðx
ð0ÞÞ

�
Y

n

j¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2pirðtj � tj�1Þ

r n

dxð0Þdxð1Þ � � � dxðn�1Þ; ð2:16Þ

where ðzDÞj is the j-th component of zD A ðRnÞ½0;T �. We state the second main theorem.

Theorem 2. Let 0a t1a t2a � � �a tkaT , a ¼ 0; 1; . . . and jDja r�. Then under

the assumptions of Theorem 1 we have: (1) The operator (2.15) on Cy

0 is well-defined

and can be extended to a bounded operator from Baþk into Ba. In more detail, we have

�

�

�

�

ðð

ðexp ir�1SðT ; 0; qD; pDÞÞðzDÞjk ðtkÞ � � �

� ðzDÞj1ðt1Þ f ðqDð0ÞÞDpDDqD

�

�

�

�

B a

aCak f kBaþk ; ð2:17Þ

where Ca is a constant independent of D; t1; . . . ; tk�1 and tk. (2) We assume

ti 0 tj ði0 jÞ. Then as jDj ! 0, (2.15) for f A Baþk converges in Ba, which we write
Ð Ð

ðexp ir�1SðT ; 0; q; pÞÞzjk ðtkÞ � � � zj1ðt1Þ f ðqð0ÞÞDpDq: This limit is equal to UðT ; tkÞẑzjk �

Uðtk; tk�1Þ � � � ẑzj1Uðt1; 0Þ f , where ẑzj denotes the multiplication operator xj when z ¼ q and

denotes i�1
rqxj when z ¼ p. (3) Let t A ½0;T � and f A Baþ2. We take a m for each D so

that tm�1 < ta tm. When t ¼ 0, we take m ¼ 1. Then we have

lim
jDj!0

ðð

ðexp ir�1SðT ; 0; qD; pDÞÞðqDÞjðtÞðpDÞkðtÞ f ðqDð0ÞÞDpDDqD

¼ UðT ; tÞq̂qj p̂pkUðt; 0Þ f þ
r

i
djk lim

jDj!0

tm � t

tm � tm�1

� �

UðT ; 0Þ f ð2:18Þ

in Ba, where djk is the Kronecker delta. We note that the right-hand side above is

divergent if j ¼ k and 0 < t < T . (4) Here we don’t assume ti 0 tj ði0 jÞ. Then the

operator (2.16) on Cy

0 is well-defined and is equal to (2.15) where z ¼ q. In addition, in

this case, i.e. in the case of all z ¼ q the operator (2.15) for f A Baþk converges in Ba as

jDj ! 0 and this limit is equal to UðT ; tkÞq̂qjkUðtk; tk�1Þ � � � q̂qj1Uðt1; 0Þ f .

See Remark 6.1 for the other results related to Theorem 2.
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We write
Ð

ðexp ir�1ScðT ; 0; qÞÞqjk ðtkÞ � � � qj1ðt1Þ f ðqð0ÞÞDq for the limit of (2.16) as

jDj ! 0. Let’s use the notations of the Heisenberg picture of quantum mechanics:

ẑzjðtÞ ¼ Uðt; 0Þ�1
ẑzjUðt; 0Þ, j f ; ti ¼ Uðt; 0Þ�1

f and h f ; tj ¼ j f ; ti�, where g� is the com-

plex conjugate of g.

Corollary. Under the assumptions of Theorem 1 we have: (1) Let 0a t1 <

t2 < � � � < tkaT , g A L2 and f A Bk. Then we obtain the path integral representation of

correlation functions

hg;T jẑzjk ðtkÞ � � � ẑzj1ðt1Þj f ; 0i ð:¼ ðjg;Ti; ẑzjk ðtkÞ � � � ẑzj1ðt1Þj f ; 0iÞÞ

¼ g;

ðð

ðexp ir�1SðT ; 0; q; pÞÞzjk ðtkÞ � � � zj1ðt1Þ f ðqð0ÞÞDpDq

� �

: ð2:19Þ

We also have for 0a t1a t2a � � �a tkaT

hg;T jq̂qjk ðtkÞ � � � q̂qj1ðt1Þj f ; 0i

¼ g;

ð

ðexp ir�1ScðT ; 0; qÞÞqjk ðtkÞ � � � qj1ðt1Þ f ðqð0ÞÞDq

� �

: ð2:20Þ

(2) Let 0a t 0 < taT and f A B2. Then we have for j; k ¼ 1; 2; . . . ; n

lim
t 0!t

ðð

ðexp ir�1SðT ; 0; q; pÞÞðpjðtÞqkðt
0Þ � qkðtÞpjðt

0ÞÞ f ðqð0ÞÞDpDq

¼
r

i
djk

ðð

ðexp ir�1SðT ; 0; q; pÞÞ f ðqð0ÞÞDpDq ð2:21Þ

in L2.

Proof. Since

UðT ; tkÞẑzjkUðtk; tk�1Þ � � � ẑzj1Uðt1; 0Þ f ¼ UðT ; 0Þẑzjk ðtkÞ � � � ẑzj1ðt1Þ f ; ð2:22Þ

we can easily prove (2.19) and (2.20) from the assertions (2) and (4) of Theorem 2. It

follows from the assertion (2) of Theorem 2 that the left-hand side of (2.21) is equal to

lim
t 0!t

ðUðT ; tÞ p̂pjUðt; t 0Þq̂qkUðt 0; 0Þ f �UðT ; tÞq̂qkUðt; t 0Þ p̂pjUðt 0; 0Þ f Þ:

Here let’s use the fact that kUðt; sÞgkB aa eKaðt�sÞkgkB a and Uðt; sÞg for g A Ba is con-

tinuous as a Ba-valued function in 0a sa taT , which follows from Theorem 1.

Then

kUðt; t 0Þq̂qkUðt 0; 0Þ f � q̂qkUðt; 0Þ f kB1

a eK1ðt�t 0Þkq̂qkðUðt 0; 0Þ �Uðt; 0ÞÞ f kB1 þ kUðt; t 0Þq̂qkUðt; 0Þ f � q̂qkUðt; 0Þ f kB1

and so limt 0!t Uðt; t 0Þq̂qkUðt 0; 0Þ f ¼ q̂qkUðt; 0Þ f in B1. Consequently we have

lim
t 0!t

UðT ; tÞp̂pjUðt; t 0Þq̂qkUðt 0; 0Þ f ¼ UðT ; tÞ p̂pj q̂qkUðt; 0Þ f

in L2. In the same way we can prove (2.21). r
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Remark 2.5. (i) The path integral representation (2.20) of correlation functions of

the position operators has been well known in physics, though it has not been rigorous

(cf. [24], [28]). We note that our result (2.19) gives a more general representation of

correlation functions including the momentum operators. (ii) It follows from Theorem

2 and (2.22) that the equation (2.21) is equivalent to

lim
t 0%t

ð p̂pjðtÞq̂qkðt 0Þ f � q̂qkðtÞ p̂pjðt 0Þ f Þ ¼
r

i
djk f ; ð2:23Þ

i.e. the canonical commutation relations.

Example 2.1. Let ðV ;AÞ be an electromagnetic potential such that

jqa
xV j þ hxi1þd

X

n

j¼1

jqa
xAj jaCa; jajb 2;

X

n

j¼1

jqa
xqtAjjaCa; jajb 1

in ½0;T � � R
n for some constant d > 0. Then since we have Ej ¼ �qAj=qt� qV=qxj

and Bjk ¼ qAk=qxj � qAj=qxk from (2.1), we can see that the assumptions of Theorems 1

and 2 are satisfied.

3. Uniform boundedness of the family of the approximate integrals.

Hereafter we set r ¼ 1 for the sake of simplicity. We set

q t; s
x;yðyÞ ¼ yþ y� s

t� s
ðx� yÞ ¼ x� t� y

t� s
ðx� yÞ; sa ya t: ð3:1Þ

Let pðx;wÞ be an infinitely di¤erentiable function in R
2n. We define the operator Pðt; sÞ

on Cy
0 by

Pðt; sÞ f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m=ð2piðt� sÞÞ
p n

ð

ðexp iScðt; s; q t; s
x;yÞÞ

� pðx; ðx� yÞ=
ffiffiffiffiffiffiffiffiffiffi

t� s
p

Þ f ðyÞ dy; s < t;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m=ð2piÞ
p n

os�
ð

ðexp imjwj2=2Þ

� pðx;wÞ dwf ðxÞ; s ¼ t

8

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

:

ð3:2Þ

as in [16]–[19]. In particular, when pðx;wÞ is identically one, we write Pðt; sÞ as Cðt; sÞ.
Let’s define Ba :¼ f f A L2; k f kBa ¼ kh � iaf k þ kh � ia f̂f k < yg for positive num-

bers a0 1; 2; . . . ; where f̂f is the Fourier transform
Ð

e�ix�xf ðxÞ dx. We state the results

obtained in [17], which will be used in the present paper. See Lemma 2.1, Theorems

3.3 and 4.4 of [17] for their proofs.

Proposition 3.1. Let Mb 0 and suppose

jqa
wq

b
x pðx;wÞjaCa;bhx;wi

M ð3:3Þ

in R
2n for all a and b, where hx;wi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jxj2 þ jwj2
q

. Then we have under the

assumptions of Theorem 1: (1) Let f A Cy
0 . Then qa

xðPðt; sÞ f Þ are continuous in 0a
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sa taT and x A R
n for all a. (2) There exists a constant r� > 0 independent of M and

pðx;wÞ such that if 0a t� sa r�, Pðt; sÞ on Cy

0 can be extended to a bounded operator

from BMþa ða ¼ 0; 1; . . .Þ into Ba. In more detail, we have for constants Ca independent

of t and s

kPðt; sÞ f kBaaCak f kBMþa ; 0a t� sa r�: ð3:4Þ

(3) There exists a constant Kb 0 such that

kCðt; sÞ f ka eKðt�sÞk f k; 0a t� sa r� ð3:5Þ

for f A L2. (4) Let jDja r�. Then CDðt; sÞ on Cy

0 given by (2.6) is well-defined and

can be extended to a bounded operator on L2. In addition, for tm�1 < ta tm and tm 0�1a

s < tm 0 we have

CDðt; sÞ f ¼ Cðt; tm�1ÞCðtm�1; tm�2Þ � � �Cðtm 0þ1; tm 0ÞCðtm 0 ; sÞ f ; f A L2: ð3:6Þ

We can write from (2.2), (2.4) and (3.1)

Scðt; s; q t; s
x;yÞ ¼

mjx� yj2
2ðt� sÞ þ ðx� yÞ �

ð1

0

Aðt� yðt� sÞ; x� yðx� yÞÞ dy

�
ð t

s

V y; x� t� y

t� s
ðx� yÞ

� �

dy

¼ mjx� yj2
2ðt� sÞ þ ðx� yÞ �

ð1

0

Aðt� yðt� sÞ; x� yðx� yÞÞ dy

� ðt� sÞ
ð1

0

Vðt� yðt� sÞ; x� yðx� yÞÞ dy: ð3:7Þ

Making the change of variables: R
n
C y ! w ¼ ðx� yÞ=

ffiffiffiffiffiffiffiffiffiffi

t� s
p

A R
n in (3.2), we have

Pðt; sÞ f ¼
ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e ifðt; s;x;wÞpðx;wÞ f ðx� ffiffiffi

r
p

wÞ dw; sa t; ð3:8Þ

where r ¼ t� s and

fðt; s; x;wÞ ¼ m

2
jwj2 þ cðt; s; x; ffiffiffi

r
p

wÞ

:¼ m

2
jwj2 þ ffiffiffi

r
p

w �
ð1

0

Aðt� yr; x� y
ffiffiffi

r
p

wÞ dy

� r

ð1

0

Vðt� yr; x� y
ffiffiffi

r
p

wÞ dy: ð3:9Þ

The following lemma is fundamental.

Lemma 3.2. Assume (2.13) and let k ¼ ðk1; . . . ; knÞ be an arbitrary multi-index.

Let 0a sa taT . Then both of qk
x ðCðt; sÞ f Þ � Cðt; sÞðqk

x f Þ and xkðCðt; sÞ f Þ � Cðt; sÞ �
ðxkf Þ for f A Cy

0 are written in the form
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ðt� sÞ
X

jgjajkj

~PPgðt; sÞðqg
x f Þ :¼ ðt� sÞ

X

jgjajkj

ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e ifðt; s;x;wÞ

� pgðt; s; x;
ffiffiffi

r
p

wÞðqg
x f Þðx� ffiffiffi

r
p

wÞ dw; ð3:10Þ

where g are multi-indices and pgðt; s; x; zÞ satisfy

jqa
z q

b
x pgðt; s; x; zÞjaCa;bhx; zi

jkj�jgj ð3:11Þ

for all a and b.

Proof. We note from (2.13) and (3.9)

jqa
z q

b
xcðt; s; x; zÞjaCa;bhx; zi; jaþ bjb 1: ð3:12Þ

We first consider qk
x ðCðt; sÞ f Þ � Cðt; sÞðqk

x f Þ. We prove the assertion by induction

with respect to jkj. Let jkj ¼ 0. Then the assertion is clear. Suppose that the

assertion for jkj ¼ l is true. Let l be an arbitrary multi-index such that jlj ¼ l. Then

ql
xðCðt; sÞ f Þ � Cðt; sÞðql

x f Þ has the form (3.10). Consequently it follows from (3.12)

that qxj ðql
xðCðt; sÞ f Þ � Cðt; sÞðql

x f ÞÞ is written in the form (3.10) where jkj ¼ l þ 1.

Hence to complete the induction we will prove that qxj ðCðt; sÞql
x f Þ � Cðt; sÞðqxjql

x f Þ can

be written in the form (3.10) where jkj ¼ l þ 1. We have from (3.8) with pðx;wÞ ¼ 1

and (3.9)

qxj ðCðt; sÞql
x f Þ � Cðt; sÞðqxjql

x f Þ

¼ i
ffiffiffi

r
p

ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e ifw �
ð1

0

qA

qxj
ðt� yr; x� y

ffiffiffi

r
p

wÞ dyðql
x f Þðx� ffiffiffi

r
p

wÞ dw

� ir

ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e if
ð1

0

qV

qxj
ðt� yr; x� y

ffiffiffi

r
p

wÞ dyðql
x f Þðx� ffiffiffi

r
p

wÞ dw:

We see from (2.13) that the second term above is of the form (3.10). Making inte-

gration by parts in w, we can write the first term above as

�
ffiffiffi

r
p

m

ffiffiffiffiffiffiffi

m

2pi

r n
X

n

k¼1

os�
ð

e imjwj2=2 q

qwk

 

e icðt; s;x;
ffiffi

r
p

wÞ

�
ð1

0

qAk

qxj
ðt� yr; x� y

ffiffiffi

r
p

wÞ dyðql
x f Þðx� ffiffiffi

r
p

wÞ
!

dw;

which proves itself from (2.13) and (3.12) to be of the form (3.10). Thus we have

completed the induction.

We consider xkðCðt; sÞ f Þ � Cðt; sÞðxkf Þ. The assertion for jkj ¼ 0 is clear.

Suppose that the assertion for jkj ¼ l is true. Let l be an arbitrary multi-index such

that jlj ¼ l. Then since xlðCðt; sÞ f Þ � Cðt; sÞðxlf Þ has the form (3.10), xjðxlðCðt; sÞ f Þ
�Cðt; sÞðxlf ÞÞ has the form (3.10) where jkj ¼ l þ 1. Hence to complete the induction

we will show that xjCðt; sÞðxlf Þ � Cðt; sÞðxjxlf Þ is of the form (3.10) where jkj ¼ l þ 1.

We have from (3.8) and (3.9)
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xjCðt; sÞðxlf Þ � Cðt; sÞðxjxlf Þ

¼ ffiffiffi

r
p

ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e ifwjðx� ffiffiffi

r
p

wÞlf ðx� ffiffiffi

r
p

wÞ dw

¼ i
ffiffiffi

r
p

m

ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e imjwj2=2 q

qwj

ðe icðt; s;x;
ffiffi

r
p

wÞ

� ðx� ffiffiffi

r
p

wÞlf ðx� ffiffiffi

r
p

wÞÞ dw;

which proves itself from (3.12) to be of the form (3.10). Thus we have completed the

induction. r

Example 3.1. Let V ¼ 0 and A ¼ 0. Then

Cðt; sÞ ¼
ffiffiffiffiffiffiffi

m

2pi

r n

os�
ð

e imjwj2=2f ðx� ffiffiffi

r
p

wÞ dw

for 0a sa taT . So, we have

qk
x ðCðt; sÞ f Þ ¼ Cðt; sÞðqk

x f Þ

and as in the proof of Lemma 3.2

xjðCðt; sÞ f Þ ¼ Cðt; sÞðxj f Þ �
ir

m
Cðt; sÞðqxj f Þ

for j ¼ 1; 2; . . . ; n.

Lemma 3.3. Let ab 0 and Ga ¼ hxia þ hDxi
a denote the pseudo-di¤erential oper-

ator with symbol hxia þ hhia (cf. [22]). Then we have: (1) There exist a constant

dab 0 and zaðx; hÞ such that

jqa
hq

b
xzaðx; hÞjaCa;bðhxia þ hhiaÞ�1

for all a and b and Zaðx;DxÞðda þ GaÞ f ¼ ðda þ GaÞZaðx;DxÞ f ¼ f for f A Cy
0 , where

Zaðx;DxÞ is the pseudo-di¤erential operator with symbol zaðx; hÞ. (2) The norm k � kB a

is equivalent to kðda þ GaÞ � k. (3) Let lb 0. Then the operators ðda þ GaÞ and Za are

bounded from B lþa into B l and from B l into B lþa, respectively.

Proof. The assertions (1) and (2) follow from Lemmas 2.3 and 2.4 of [15]

respectively, where we take s ¼ 1 and a ¼ b. We see from the assertions (1) and (2)

that kðda þ GaÞ f kB l is equivalent to kðdl þ GlÞðda þ GaÞ f k ¼ kðdl þ GlÞðda þ GaÞZlþa �
ðdlþa þ GlþaÞ f k. It follows from Lemmas 2.1 and 2.5 of [15], where we take a ¼
b ¼ 1, that ðdl þ GlÞðda þ GaÞZlþa is bounded on L2. So we have kðda þ GaÞ f kB la

Const:kðdlþa þ GlþaÞ f kaConst:k f kB lþa . In the same way we can prove the bound-

edness of Za. r

Proposition 3.4. Under the assumptions of Theorem 1 there exist constants Kab 0

for a ¼ 0; 1; . . . such that

kCðt; sÞ f kBaa eKaðt�sÞk f kB a ; 0a t� sa r�: ð3:13Þ

W. Ichinose968



Proof. Let jkj ¼ a and 0a t� sa r�. We have from Lemma 3.2

kqk
x ðCðt; sÞ f Þka kCðt; sÞðqk

x f Þk þ ðt� sÞ
X

jgjaa

k ~PPgðt; sÞðqg
x f Þk:

Noting (3.11), we apply the assertions (2) and (3) in Proposition 3.1 to the right-hand

side above. Then

kqk
x ðCðt; sÞ f Þka eKðt�sÞkqk

x f k þ Caðt� sÞ
X

jgjaa

kqg
x f kB a�jgj

a eKðt�sÞkqk
x f k þ C 0

aðt� sÞk f kB a :

Here we used

kqg
x f kBa�jgjaConst:kðda�jgj þ Ga�jgjÞqg

x f kaConst:k f kB a ; ð3:14Þ

which can be proved as in the proof of (3) in Lemma 3.3. In the same way we have

kxkðCðt; sÞ f Þka eKðt�sÞkxkf k þ C 00
a ðt� sÞk f kB a :

Since kCðt; sÞ f kBa ¼ kCðt; sÞ f k þ
P

jkj¼aðkxkðCðt; sÞ f Þk þ kqk
x ðCðt; sÞ f ÞkÞ, we have for a

constant Kab 0

kCðt; sÞ f kBaa eKðt�sÞk f kBa þ C 000
a ðt� sÞk f kBaa eKaðt�sÞk f kBa ;

which proves Proposition 3.4. r

Theorem 3.5. Let jDja r�. Then under the assumptions of Theorem 1 we have

(2.14).

Proof. We can easily prove (2.14) by applying Proposition 3.4 to (3.6). r

4. Equicontinuity of the family of the approximate integrals.

Let HðtÞ be the Hamiltonian operator defined by (2.12).

Lemma 4.1. Suppose that there exists a constant M 0
b 0 satisfying

jqa
xV j þ

X

n

j¼1

jqa
xAjj þ

X

n

j¼1

jqa
xqtAjjaCahxi

M 0

in ½0;T � � R
n for all a. Then there exist continuous functions rðt; s; x;wÞ and r 0ðt; s; x;wÞ

in 0a sa taT and x;w A R
n satisfying (3.3) for an Mb 0 such that

i
q

qt
Cðt; sÞ f �HðtÞCðt; sÞ f

¼
ffiffiffiffiffiffiffiffiffiffi

t� s
p

Rðt; sÞ f

:¼
ffiffiffiffiffiffiffiffiffiffi

t� s
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞr t; s; x;

x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

f ðyÞ dy ð4:1Þ
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and

i
q

qs
Cðt; sÞ f þ Cðt; sÞHðsÞ f ¼

ffiffiffiffiffiffiffiffiffiffi

t� s
p

R 0ðt; sÞ f ð4:2Þ

for f A Cy
0 and s < t.

Remark 4.1. In [16], [17], supposing jqa
xqtV jaCahxi

M 0
for all a besides the

assumptions of Lemma 4.1, we proved (4.1).

Proof. In this proof we write Scðt; s; q t; s
x;yÞ as Sðq t; s

x;yÞ for simplicity. Direct cal-

culations show from (2.12) and (3.2)

i
q

qt
Cðt; sÞ f �HðtÞCðt; sÞ f ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

e iSðq
t; s
x; yÞ

� r1ðt; s; x; yÞ þ
i

2m
r2ðt; s; x; yÞ

� �

f ðyÞ dy; ð4:3Þ

r1 ¼ qtSðq t; s
x;yÞ þ

1

2m

X

n

j¼1

ðqxjSðq t; s
x;yÞ � Ajðt; xÞÞ2 þ Vðt; xÞ; ð4:4Þ

r2 ¼
nm

t� s
� DxSðq t; s

x;yÞ þ
X

n

j¼1

ðqxjAjÞðt; xÞ: ð4:5Þ

Set r ¼ t� s. Under the assumptions we can easily prove from the first equation

of (3.7)

qtSðq t; s
x;yÞ ¼ �mjx� yj2

2ðt� sÞ2
� Vðt; xÞ þ ffiffiffi

r
p

p1 t; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

;

where p1ðt; s; x;wÞ satisfies (3.3) for an M. It has been proved in (2.23) of [16]

that

1

2m

X

n

j¼1

ðqxjSðq t; s
x;yÞ � Ajðt; xÞÞ2 ¼

mjx� yj2

2ðt� sÞ2
þ ffiffiffi

r
p

p2 t; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

:

Hence we have r1 ¼
ffiffiffi

r
p

p3ðt; s; x; ðx� yÞ=
ffiffiffiffiffiffiffiffiffiffi

t� s
p

Þ from (4.4). It has also been proved in

(2.25) of [16] that

DxSðq t; s
x;yÞ ¼

dm

t� s
þ
X

n

j¼1

qxjAjðt; xÞ þ
ffiffiffi

r
p

p4 t; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

:

Hence r2 ¼
ffiffiffi

r
p

p5ðt; s; x; ðx� yÞ=
ffiffiffiffiffiffiffiffiffiffi

t� s
p

Þ follows from (4.5). Hence we can prove (4.1)

from (4.3).

We consider (4.2). We also have by direct calculations
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i
q

qs
Cðt; sÞ f þ Cðt; sÞHðsÞ f ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

e iSðq
t; s
x; yÞ

� r 01ðt; s; x; yÞ þ
i

2m
r 02ðt; s; x; yÞ

� �

f ðyÞ dy; ð4:6Þ

r 01 ¼ qsSðq t; s
x;yÞ �

1

2m

X

n

j¼1

ðqyjSðq t; s
x;yÞ þ Ajðs; yÞÞ2 � Vðs; yÞ; ð4:7Þ

r 02 ¼ � nm

t� s
þ DySðq t; s

x;yÞ þ
X

n

j¼1

ðqxjAjÞðs; yÞ: ð4:8Þ

From (4.6)–(4.8) we can prove (4.2) as in the proof of (4.1). r

Theorem 4.2. Under the assumptions of Theorem 1 we can find an integer Mb 2

such that

kCDðt; sÞ f � CDðt 0; s 0Þ f kBaaCaðjt� t 0j þ js� s 0jÞk f kBaþM ð4:9Þ

for 0a sa taT , 0a s 0a t 0aT , jDja r� and a ¼ 0; 1; . . . :

Proof. We have qA=qt ¼ E � qV=qx from (2.1) and so

X

n

j¼1

jqa
xqtAjjaCahxi ð4:10Þ

for all a from the assumptions. Consequently Lemma 4.1 holds. Let’s take an integer

Mb 2 in Lemma 4.1 and fix it. It is clear from the assumption (2.13) that we

have

kHðtÞ f kBaaConst:k f kBaþ2aConst:k f kB aþM ; t A ½0;T � ð4:11Þ

by using Lemma 3.3 and its proof. Let f A BaþM and t; t 0 > s. Then we have from (2)

of Proposition 3.1 and Lemma 4.1

iðCðt; sÞ f � Cðt 0; sÞ f Þ ¼
ð t

t 0
ðHðyÞCðy; sÞ f þ

ffiffiffiffiffiffiffiffiffiffiffi

y� s
p

Rðy; sÞ f Þ dy ð4:1Þ 0

in Ba. It follows from (1) of Proposition 3.1 that (4.1) 0 is valid for t; t 0b s. In the

same way we have

iðCðt; sÞ f � Cðt; s 0Þ f Þ ¼ �
ð s

s 0
ðCðt; yÞHðyÞ f �

ffiffiffiffiffiffiffiffiffiffi

t� y
p

R 0ðt; yÞ f Þ dy ð4:2Þ 0

in Ba for t; t 0b s.

We first consider (4.9) in the case of s 0 ¼ s. We may assume t 0a t. Let tj <

ta tjþ1 and tk < t 0a tkþ1 for some j and k. Suppose j ¼ k and sa tj. Then we

have from (3.6) and (4.1) 0
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iðCDðt; sÞ � CDðt
0
; sÞÞ

¼ iðCðt; tjÞ � Cðt 0; tjÞÞCDðtj; sÞ

¼

ð t

t 0
HðyÞCDðy; sÞ dyþ

ð t

t 0

ffiffiffiffiffiffiffiffiffiffiffiffi

y� tj

q

Rðy; tjÞ dyCDðtj; sÞ: ð4:12Þ

Suppose j > k and sa tk. Then

CDðt; sÞ � CDðt
0
; sÞ

¼ CDðt; sÞ � CDðtj; sÞ þ
X

j�k�1

l¼1

ðCDðtj�lþ1; sÞ � CDðtj�l ; sÞÞ

þ CDðtkþ1; sÞ � CDðt
0
; sÞ:

The same proof as of (4.12) shows

iðCDðt; sÞ � CDðt
0
; sÞÞ

¼

ð t

t 0
HðyÞCDðy; sÞ dyþ

ð t

tj

ffiffiffiffiffiffiffiffiffiffiffiffi

y� tj

q

Rðy; tjÞ dyCDðtj; sÞ

þ
X

j�k�1

l¼1

ð tj�lþ1

tj�l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

y� tj�l

q

Rðy; tj�lÞ dyCDðtj�l ; sÞ

þ

ð tkþ1

t 0

ffiffiffiffiffiffiffiffiffiffiffiffiffi

y� tk
p

Rðy; tkÞ dyCDðtk; sÞ: ð4:13Þ

Apply (2) in Proposition 3.1, Theorem 3.5 and (4.11) to the right-hand side of (4.13).

Then

ikCDðt; sÞ f � CDðt
0
; sÞ f kBa

aConst:

 

ð t

t 0
kCDðy; sÞ f kBaþM dyþ

ffiffiffiffiffiffi

jDj
p

ð t

tj

dykCDðtj; sÞ f kB aþM

þ
X

j�k�1

l¼1

ffiffiffiffiffiffi

jDj
p

ð tj�lþ1

tj�l

dykCDðtj�l ; sÞ f kB aþM þ
ffiffiffiffiffiffi

jDj
p

ð tkþ1

t 0
dykCDðtk; sÞ f kBaþM

!

aConst: eKaþMTð1þ
ffiffiffiffiffi

r�
p

Þjt� t 0j k f kBaþM ;

which shows (4.9). In the same way we can prove (4.9) generally in the case of s 0 ¼ s.

We consider the case of t 0 ¼ t. We may assume s 0a s. Let tja s < tjþ1 and

tka s 0 < tkþ1. Suppose j ¼ k and tb tjþ1. Then we have from (3.6) and (4.2) 0

iðCDðt; sÞ � CDðt; s
0ÞÞ

¼ �

ð s

s 0
CDðt; yÞHðyÞ dyþ CDðt; tjþ1Þ

ð s

s 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tjþ1 � y
q

R 0ðtjþ1; yÞ dy ð4:14Þ
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as in the proof of (4.12). Supposing j > k and tb tjþ1, we have

iðCDðt; sÞ � CDðt; s
0ÞÞ

¼ iðCDðt; sÞ � CDðt; tjÞÞ þ i
X

j�k�1

l¼1

ðCDðt; tj�lþ1Þ � CDðt; tj�lÞÞ

þ iðCDðt; tkþ1Þ � CDðt; s
0ÞÞ

¼ �

ð s

s 0
CDðt; yÞHðyÞ dyþ CDðt; tjþ1Þ

ð s

tj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tjþ1 � y
q

R 0ðtjþ1; yÞ dy

þ
X

j�k�1

l¼1

CDðt; tj�lþ1Þ

ð tj�lþ1

tj�l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tj�lþ1 � y
q

R 0ðtj�lþ1; yÞ dy

þ CDðt; tkþ1Þ

ð tkþ1

s 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tkþ1 � y
p

R 0ðtkþ1; yÞ dy ð4:15Þ

as in the proof of (4.14). Hence we can prove (4.9) from (4.14) and (4.15) as in the

proof of the case of s 0 ¼ s. In the same way we can prove (4.9) generally in the case of

t 0 ¼ t. We can easily complete the proof of Theorem 4.2 from the results above.

r

5. Proof of Theorem 1.

Let Mb 2 be the integer in Theorem 4.2. We fix M through this section.

Lemma 5.1. Let fDjg
y

j¼1 be a family of subdivisions of ½0;T � such that jDjja r�

and limj!yjDjj ¼ 0. Let a ¼ 0; 1; . . . and f A Baþ2M . Then under the assumptions of

Theorem 1 we can find a subsequence fDjkg
y

k¼1, which may depend on f , such that: (1)

As k ! y, CDjk
ðt; sÞ f converges in BaþM uniformly in 0a sa taT . (2) The limit

of CDjk
ðt; sÞ f belongs to E

0
t; sð½0;T �;BaþMÞVE

1
t; sð½0;T �;BaÞ and satisfies the Schrödinger

equation (2.11).

Proof. It is proved from the Rellich criterion (cf. Theorem XIII. 65 in [27]) that

the embedding map from BM into L2 is compact. Consequently we can easily see

from Lemma 3.3 that the embedding map from Baþ2M into BaþM is compact as well.

Since f A Baþ2M , it follows from Theorem 3.5 that fCDj
ðt; sÞ f gyj¼1 is uniformly bounded

as a family of Baþ2M -valued functions in 0a sa taT . Consequently fCDj
ðt; sÞ f gyj¼1

for each t and s makes a relatively compact set in BaþM . We also know from

Theorem 4.2 that fCDj
ðt; sÞ f gyj¼1 makes a equicontinuous family of BaþM -valued func-

tions in 0a sa taT . Hence applying the Ascoli-Arzelà theorem, we can find a sub-

sequence fDjkg
y

k¼1 such that CDjk
ðt; sÞ f converges in BaþM uniformly in 0a sa taT as

k ! y.

We set Wðt; sÞ f :¼ limk!y CDjk
ðt; sÞ f . Let’s apply Proposition 3.1 and Theorem

3.5 to (4.13) where t 0 ¼ s. Then we have from (4.11)

iðWðt; sÞ f � f Þ ¼

ð t

s

HðyÞWðy; sÞ f dy ð5:1Þ
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in Ba, which shows that Wðt; sÞ f belongs to E
1
t; sð½0;T �;BaÞ and satisfies (2.11). Thus

we could complete the proof. r

Remark 5.1. Let f A Baþ2M and Wðt; sÞ f the function defined in the proof of

Lemma 5.1, i.e. Wðt; sÞ f ¼ limk!y CDjk
ðt; sÞ f . Then, using (4.15) where s ¼ t, we can

prove

ið f �Wðt; sÞ f Þ ¼ �

ð t

s

Wðt; yÞHðyÞ f dy

in Ba. Consequently we have

i
q

qs
Wðt; sÞ f ¼ �Wðt; sÞHðsÞ f : ð5:2Þ

Proposition 5.2. Let a ¼ 0; 1; . . . and f A Baþ2M . Then under the assumptions of

Theorem 1 we see that as jDj ! 0, CDðt; sÞ f converges in BaþM uniformly in 0a sa

taT . In addition, this limit belongs to E
0
t; sð½0;T �;BaþMÞVE

1
t; sð½0;T �;BaÞ and satisfies

(2.11).

Proof. We can easily prove by means of the energy method that the solutions of

(2.11) in E
0
t; sð½0;T �;BaþMÞVE

1
t; sð½0;T �;BaÞ are unique. Proposition 5.2 can be shown

from this uniqueness result and Lemma 5.1. r

Proof of Theorem 1. Let a ¼ 0; 1; . . . : The inequality (2.14) has been already

proved in Theorem 3.5. Let jDja r� and f A Ba. Then for any e > 0 we can find

a g A BaþM such that kg� f kBa < e. We have from (2.14)

kCDðt; sÞ f � CDðt
0
; s 0Þ f kBa < kCDðt; sÞg� CDðt

0
; s 0ÞgkB a þ 2eKaT e:

Hence we have from Theorem 4.2

limt 0!t; s 0!skCDðt; sÞ f � CDðt
0
; s 0Þ f kBaa 2eKaT e;

which shows CDðt; sÞ f A E
0
t; sð½0;T �;BaÞ.

We show the assertion (2). Let f A Ba. For any e > 0 we take a g A Baþ2M such

that kg� f kBa < e. Let D and D 0 be subdivisions such that jDj; jD 0ja r�. Then we

have from (2.14)

kCDðt; sÞ f � CD 0ðt; sÞ f kB a < kCDðt; sÞg� CD 0ðt; sÞgkB a þ 2eKaT e

a kCDðt; sÞg� CD 0ðt; sÞgkBaþM þ 2eKaT e:

Proposition 5.2 gives

limjDj; jD 0j!0 max
0asataT

kCDðt; sÞ f � CD 0ðt; sÞ f kBaa 2eKaT e;

which shows that as jDj ! 0, CDðt; sÞ f converges in Ba uniformly in 0a sa taT .

In the same way we can easily complete the proof of Theorem 1.

W. Ichinose974



6. Proof of Theorem 2.

Let x; y and v be in R
n. Using the path q t; s

x;y A ðRnÞ½s; t� defined by (3.1), we set

z t; sx;y; vðyÞ ¼ q t; s
x;yðyÞ;

qL

q _xx
ðy; q t; s

x;yðyÞ; vÞ
� �

A ðT �
R

nÞ½s; t�: ð6:1Þ

Then we have from (2.5)

Sðt; s; z t; sx;y; vÞ ¼ �m

2
ðt� sÞ v� x� y

t� s

�

�

�

�

�

�

2

þ Scðt; s; q t; s
x;yÞ

¼ �m

2
ðt� sÞjvj2 þ ðx� yÞ �mvþ ðx� yÞ �

ð1

0

Aðt� yr; x� yðx� yÞÞ dy

� ðt� sÞ
ð 1

0

Vðt� yr; x� yðx� yÞÞ dy; r ¼ t� s ð6:2Þ

(cf. Corollary 3.4 in [18]). Let e > 0 and set for f A Cy
0

Geðt; sÞ f ¼
ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞ f ðyÞ dvdy; s < t;

f ; s ¼ t;

8

<

:

ð6:3Þ

where w A Cy
0 ðRnÞ such that wð0Þ ¼ 1.

Lemma 6.1. Let 0 < t� sa r� and sa t 0a t. We consider an infinitely di¤er-

entiable function bðxÞ such that

jqa
xbðxÞjaCahxi

M�1; jajb 1;

where Mb 0 is a constant independent of a. Then we have under the assumptions of

Theorem 1: (1) Let g be an arbitrary multi-index. Then we have for f A Cy
0 ðRnÞ

ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞðmvÞgbðq t; s
x;yðt 0ÞÞ f ðyÞ dvdy

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞ

X

0ag 0ag

�

pg 0 t; t 0; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

þ pg 0; e t; t 0; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� ��

qg 0

y f ðyÞ dy; ð6:4Þ

jqa
wq

b
x pg 0ðt; t 0; s; x;wÞjaCa;bhx;wi

Mþjgj�jg 0j; ð6:5Þ

jqa
wq

b
x pg 0; eðt; t 0; s; x;wÞjaC 0

a;bhx;wi
Mþjgj�jg 0j; ð6:6Þ

lim
e!0

qa
wq

b
x pg 0; eðt; t 0; s; x;wÞ ¼ 0; pointwisely ð6:7Þ

for all a and b, where Ca;b are independent of t; t 0 and s and C 0
a;b are independent of
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0 < ea 1, but dependent on t� s. The notation g 0a g means g 0ja gj ð j ¼ 1; 2; . . . ; nÞ.
(2) We study the case of g ¼ 0 in (1) in more detail. We have for f A Cy

0

ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞbðq t; s
x;yðt 0ÞÞ f ðyÞ dvdy

¼ Cðt; sÞðbf Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞ

�

ffiffiffiffiffiffiffiffiffiffi

t� s
p

� p 0
0 t; t 0; s; x;

x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

þ p0; e t; t 0; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� ��

f ðyÞ dy; ð6:8Þ

where p 0
0ðt; t 0; s; x;wÞ satisfies the same estimates as of (6.5) with g ¼ g 0 ¼ 0. (3) We

study the case of jgj ¼ 1 in (1) in more detail. We have for f A Cy

0

ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞmvjbðq t; s
x;yðt 0ÞÞ f ðyÞ dvdy

¼ Cðt; sÞ b

i

q

qxj
� AjðsÞbþ

t� t 0

iðt� sÞ
qb

qxj

� �

f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n

�
ð

ðexp iScðt; s; q t; s
x;yÞÞ

0

@

ffiffiffiffiffiffiffiffiffiffi

t� s
p

p 00
0 t; t 0; s; x;

x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

þ
ffiffiffiffiffiffiffiffiffiffi

t� s
p

p 00
ej

t; t 0; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

qyj

þ
X

0ag 0aej

pg 0; e t; t 0; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

qg 0

y

1

A f ðyÞ dy; ð6:9Þ

where ej ¼ ð0; . . . ; 0; 1; 0; . . . ; 0Þ and p 00
0 ðt; t 0; s; x;wÞ and p 00

ej
ðt; t 0; s; x;wÞ satisfy the same

estimates as of (6.5) with jgj ¼ 1, g 0 ¼ 0 and with jgj ¼ jg 0j ¼ 1, respectively.

Proof. (1) We first consider the case of g ¼ 0. Then we can prove from (3.1) and

(6.2) that the left-hand side of (6.4), i.e. (6.8) is equal to

ð2p=mÞ�n

ð

ðexp iScðt; s; q t; s
x;yÞÞb yþ t 0 � s

t� s
ðx� yÞ

� �

f ðyÞ dy

�
ð

exp�i
m

2
ðt� sÞ v� x� y

t� s

�

�

�

�

�

�

2
� �

wðevÞ dv

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞb yþ t 0 � s

t� s
ðx� yÞ

� �

f ðyÞ dy

�
ffiffiffiffiffiffiffiffiffi

i=2p
p n

ð

ðexp�ijzj2=2Þw e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

mðt� sÞ

s

zþ x� y

t� s

 ! !

dz

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞb yþ t 0 � s

t� s
ðx� yÞ

� �

f ðyÞ dy
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þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q
t; s
x;yÞÞb yþ

t 0 � s

t� s
ðx� yÞ

� �

f ðyÞ dy

�
ffiffiffiffiffiffiffiffiffi

i=2p
p n

ð

ðexp�ijzj2=2Þ w e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1

mðt� sÞ

s

zþ
x� y

t� s

 ! !

� 1

( )

dz: ð6:10Þ

Writing yþ ðt 0 � sÞðx� yÞ=ðt� sÞ ¼ x� ðt� t 0Þðx� yÞ=ðt� sÞ, we get (6.4)–(6.7). Next

we consider the case of jgj ¼ 1, i.e. vg ¼ vj. Then we can prove from (6.2) that the left-

hand side of (6.4), i.e. (6.9) is equal to

ð2p=mÞ�n

ðð

exp�i
m

2
ðt� sÞjvj2 þ iðx� yÞ �mv

� �

wðevÞ

�
1

i

q

qyj

��

exp iðx� yÞ �

ð1

0

Aðt� yr; x� yðx� yÞÞ dy

� iðt� sÞ

ð1

0

Vðt� yr; x� yðx� yÞÞ dy

�

b yþ
t 0 � s

t� s
ðx� yÞ

� �

f ðyÞ

�

dvdy: ð6:11Þ

Consequently, noting the assumption (2.13), we can easily prove (6.4)–(6.7) as in the

proof of the case of g ¼ 0. In the same way we can prove (1) generally.

(2) We can write

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q
t; s
x;yÞÞb yþ

t 0 � s

t� s
ðx� yÞ

� �

f ðyÞ dy

¼ Cðt; sÞðbf Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q
t; s
x;yÞÞ

� b yþ
t 0 � s

t� s
ðx� yÞ

� �

� bðyÞ

� �

f ðyÞ dy:

Consequently we can prove (6.8) from (6.10). In the same way (6.9) can be proved

from (6.11). r

Lemma 6.2. Let 0a t� sa r�, 0aM and fpeðx;wÞg0<ea1 a family satisfying

sup
0<ea1

jqa
wq

b
x peðx;wÞjaCa;bhx;wi

M ; ð6:12Þ

lim
e!0

qa
wq

b
x peðx;wÞ ¼ 0; pointwisely ð6:13Þ

for all a and b. We define the operator Peðt; sÞ by (3.2) for peðx;wÞ. Let a ¼ 0; 1; . . . :

Then under the assumptions of Theorem 1 we have

lim
e!0

kPeðt; sÞ f kBa ¼ 0

for all f A BMþa.

Proof. Reviewing the proof of (3.4), i.e. the proof of Theorem 4.4 of [17], we

prove this lemma. At first we see from Lemmas 4.1 and 4.2 of [17] that Peðt; sÞ
�
Peðt; sÞ
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can be written in the form of the pseudo-di¤erential operator Qeðt; s; x;DxÞ with

properties

sup
0<ea1

jqa
hq

b
xqeðt; s; x; hÞjaC 0

a;bhx; hi
2M

;

lim
e!0

qa
hq

b
xqeðt; s; x; hÞ ¼ 0; pointwisely

for all a and b. Let dM þ GM and ZM be the pseudo-di¤erential operators in Lemma

3.3. Then we can easily see lime!0kZMQeðt; sÞ f k ¼ 0 for f A Cy
0 (cf. Lemma 2.2

of [15]) and kZMQe f k ¼ kðZMQeZMÞðdM þ GMÞ f kaCk f kBM with a constant Cb 0

independent of e as in the proof of Lemma 3.3, which show lime!0kZMQeðt; sÞ f k ¼ 0

for f A BM . Since ðPeðt; sÞ f ;Peðt; sÞ f Þ ¼ ðZMQeðt; sÞ f ; ðdM þ GMÞ f Þ, we have

lim
e!0

kPeðt; sÞ f k ¼ 0 ð6:14Þ

for f A BM .

Let jaj ¼ a and f A BMþa. We can prove from (6.14)

lim
e!0

kxaPeðt; sÞ f k ¼ 0: ð6:15Þ

As was shown in the proof of Theorem 4.4 of [17], we have from (3.8)

qa
xðPeðt; sÞ f Þ ¼

X

baa

Pb; eðt; sÞðqa�b
x f Þ;

where fpb; eðx;wÞg0<ea1 satisfies (6.12) having M replaced with M þ jbj and (6.13).

Since qa�b
x f A BMþjbj follows from (3.14), we have from (6.14)

lim
e!0

kPb; eðt; sÞðqa�b
x f Þk ¼ 0

and so

lim
e!0

kqa
xðPeðt; sÞ f Þk ¼ 0: ð6:16Þ

Hence we can complete the proof together with (6.14) and (6.15). r

Lemma 6.3. Let 0a t� sa r� and a ¼ 0; 1; . . . . Then under the assumptions of

Theorem 1 we have

lim
e!0

Geðt; sÞ f ¼ Cðt; sÞ f in Ba
; sup

0<ea1
kGeðt; sÞ f � Cðt; sÞ f kBaaCak f kBa

for f A Ba, where the constant Ca may depend on t� s.

Proof. We have from (6.3), (6.10) and (1) of Lemma 6.1

Geðt; sÞ f ¼ Cðt; sÞ f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞ

� p0; e t; s; x;
x� y
ffiffiffiffiffiffiffiffiffiffi

t� s
p

� �

f ðyÞ dy:
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Here p0; eðt; s; x;wÞ satisfies (6.12) with M ¼ 0 and (6.13), where the constants Ca;b in

(6.12) may depend on t� s. Consequently the assertion follows from Proposition 3.1

and Lemma 6.2. r

Proof of Theorem 2. For the sake of simplicity we prove (1) and (2) of Theorem

2 in the case of 0 < t1a t2aT , zj1 ¼ qj and zj2 ¼ pk. The general case can be proved

in the same way. We write for sa t 0a t

~GG1; eðt; t 0; sÞ f :¼ ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞðq t; s
x;yÞjðt 0Þ f ðyÞ dvdy; ð6:17Þ

~GG2; eðt; t 0; sÞ f :¼ ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞ

� ðmvk þ Akðt 0; q t; s
x;yðt 0ÞÞ f ðyÞ dvdy; ð6:18Þ

~CC1ðt; sÞ f :¼ Cðt; sÞðq̂qj f Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞyj f ðyÞ dy; ð6:19Þ

~CC2ðt; sÞ f :¼ Cðt; sÞð p̂pk f Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q t; s
x;yÞÞ

1

i

qf

qxk
ðyÞ dy: ð6:20Þ

We note (4.10). Then we have the following from (6.8), (6.9) and Lemma 6.2. There

exist pNðt; t 0; s; x;wÞ ðN ¼ 1; 2Þ satisfying (6.5) with M þ jgj ¼ 1 and g 0 ¼ 0 such that

lim
e!0

k ~GGN; eðt; t 0; sÞ f � ~CCNðt; sÞ f �
ffiffiffiffiffiffiffiffiffiffi

t� s
p

PNðt; t 0; sÞ f kBa ¼ 0 ð6:21Þ

for f A Baþ1.

Let D be a subdivision such that jDja r� and fix such a D for a while. We take m

and m 0 for D so that tm�1 < t1a tm and tm 0�1 < t2a tm 0 . Suppose m < m 0. Then we can

write from (2.7), (2.15) and (6.3)

ðð

ðexp iSðT ; 0; qD; pDÞÞðpDÞkðt2ÞðqDÞjðt1Þ f ðqDð0ÞÞDpDDqD

¼ lim
e!0

GeðT ; tn�1Þwðe�ÞGeðtn�1; tn�2Þ � � � wðe�ÞGeðtm 0þ1; tm 0Þ

� wðe�Þ ~GG2; eðtm 0 ; t2; tm 0�1Þwðe�ÞGeðtm 0�1; tm 0�2Þ � � � wðe�ÞGeðtmþ1; tmÞ

� wðe�Þ ~GG1; eðtm; t1; tm�1Þwðe�ÞGeðtm�1; tm�2Þ � � � wðe�ÞGeðt1; 0Þ f : ð6:22Þ

Here we note

sup
0<ea1

ðk ~GG1; eðtm; t1; tm�1Þ f kBa þ k ~GG2; eðtm 0 ; t2; tm 0�1Þ f kBaÞaCDk f kBaþ1 ;

where the constant CD may depend on D. This inequality can be proved as in the proof

of Lemma 6.3. Then applying the equality
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Knwðe�ÞKn�1wðe�Þ � � � wðe�ÞK1 f � K 0
nK

0
n�1 � � �K 0

1 f

¼
X

n

j¼1

Knwðe�Þ � � � wðe�ÞKjþ1wðe�ÞðKj � K 0
j ÞK 0

j�1 � � �K 0
1 f

þ
X

n�1

j¼1

Knwðe�Þ � � � wðe�ÞKjþ1ðwðe�Þ � 1ÞK 0
j � � �K 0

1 f ð6:23Þ

to (6.22), we can prove from (6.21) together with (3.6) and Lemma 6.3
ðð

ðexp iSðT ; 0; qD; pDÞÞðpDÞkðt2ÞðqDÞjðt1Þ f ðqDð0ÞÞDpDDqD

¼ CDðT ; tm 0Þð ~CC2ðtm 0 ; tm 0�1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tm 0 � tm 0�1
p

P2ðtm 0 ; t2; tm 0�1ÞÞCDðtm 0�1; tmÞ

� ð ~CC1ðtm; tm�1Þ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tm � tm�1
p

P1ðtm; t1; tm�1ÞÞCDðtm�1; 0Þ f ð6:24Þ

in Ba for f A Baþ2. Hence we can prove the assertion (1) from (2.14) of Theorem 1 and

(3.4) of Proposition 3.1. In the same way we can prove (1) in the case of m 0 ¼ m as

well. See also the proof of the assertion (3) below.

We consider the assertion (2). Let t1 < t2. We may assume m < m 0. So we have

(6.24). It is proved from (2.14) and (6.19) that

kCDðtm 0�1; tmÞ ~CC1ðtm; tm�1ÞCDðtm�1; 0Þ f �Uðt2; t1Þq̂qjUðt1; 0Þ f kBaþ1

a kCDðtm 0�1; tm�1Þq̂qjðCDðtm�1; 0Þ �Uðtm�1; 0ÞÞ f kB aþ1

þ kCDðtm 0�1; tm�1Þq̂qjðUðtm�1; 0Þ �Uðt1; 0ÞÞ f kB aþ1

þ kðCDðtm 0�1; tm�1Þ �Uðtm 0�1; tm�1ÞÞq̂qjUðt1; 0Þ f kB aþ1

þ kðUðtm 0�1; tm�1Þ �Uðt2; t1ÞÞq̂qjUðt1; 0Þ f kB aþ1

a eKaþ1Tkq̂qjðCDðtm�1; 0Þ �Uðtm�1; 0ÞÞ f kBaþ1 þ eKaþ1Tkq̂qjðUðtm�1; 0Þ

�Uðt1; 0ÞÞ f kBaþ1 þ kðCDðtm 0�1; tm�1Þ �Uðtm 0�1; tm�1ÞÞq̂qjUðt1; 0Þ f kBaþ1

þ kðUðtm 0�1; tm�1Þ �Uðt2; t1ÞÞq̂qjUðt1; 0Þ f kB aþ1 :

Hence it follows from the uniform convergence of CDðt; sÞ f to Uðt; sÞ f as jDj ! 0 and

the continuity of Uðt; sÞ f in 0a sa taT , proved in Theorem 1, that

lim
jDj!0

kCDðtm 0�1; tmÞ ~CC1ðtm; tm�1ÞCDðtm�1; 0Þ f �Uðt2; t1Þq̂qjUðt1; 0Þ f kB aþ1 ¼ 0 ð6:25Þ

for f A Baþ2. In the same way we can prove the assertion (2) from (6.24).

The proof of the assertion (3) is almost the same as of the assertion (2) above.

Let’s use

~GGeðt; t 0; sÞ f :¼ ð2p=mÞ�n

ðð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞðq t; s
x;yÞjðt 0Þ

� ðmvk þ Akðt 0; q t; s
x;yðt 0ÞÞ f ðyÞ dvdy
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in place of ~GGN; eðt; t
0; sÞ f ðN ¼ 1; 2Þ. Then we have as in the proof of (6.24)

�

�

�

�

ðð

ðexp iSðT ; 0; qD; pDÞÞðqDÞjðtÞðpDÞkðtÞ f ðqDð0ÞÞDpDDqD � CDðT ; tmÞ

� Cðtm; tm�1Þ q̂qj p̂pk þ
1

i
djk

tm � t

tm � tm�1

� �

CDðtm�1; 0Þ f

�

�

�

�

Ba

aC 0
ffiffiffiffiffiffi

jDj
p

k f kB aþ2 ;

which completes the proof of (3).

We study the assertion (4). Let bðxÞ be a function in Lemma 6.1 and sa t 0a t.

Then it follows from (6.10) and Lemma 6.2 that

lim
e!0

ð2p=mÞ�n

ð

ðexp iSðt; s; z t; sx;y; vÞÞwðevÞbðq
t; s
x;yðt

0ÞÞ f ðyÞ dvdy

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

2piðt� sÞ

r n ð

ðexp iScðt; s; q
t; s
x;yÞÞbðq

t; s
x;yðt

0ÞÞ f ðyÞ dy ð6:26Þ

in Ba for f A BaþM . Consider (2.15) where all z are q. Then we can prove from (6.26)

as in the proof of (6.24) that (2.15) is equal to (2.16). In addition, the convergence of

(2.15) as jDj ! 0 can be proved as in the proof of the assertions (2) and (3). Thus we

could complete the proof of Theorem 2.

Remark 6.1. We state the other results related to Theorem 2 under the assump-

tions of Theorem 1. Let 0a t1a t2a � � �a tkaT , j1; j2; . . . ; jk ¼ 1; 2; . . . ; n and f A

Baþk. We define

ðð

ðexp iSðT ; 0; qD; pDÞÞðpDðtkÞ � Aðtk; qDðtkÞÞÞjk � � �

� ðpDðt1Þ � Aðt1; qDðt1ÞÞÞj1 f ðqDð0ÞÞDpDDqD ð6:27Þ

in the similar way to (2.15). We note pDðtÞ � Aðt; qDðtÞÞ ¼ mvDðtÞ from (2.7). Then we

can prove as in the proof of (2) and (4) of Theorem 2 that (6.27) converges in Ba as

jDj ! 0.

Next we consider for 0a taT

ðð

ðexp iSðT ; 0; qD; pDÞÞðpDÞkðtÞðpDÞjðtÞ f ðqDð0ÞÞDpDDqD; ð6:28Þ

which is equal to

ðð

ðexp iSðT ; 0; qD; pDÞÞfðmvDÞkðtÞðmvDÞjðtÞ

þ Akðt; qDðtÞÞAjðt; qDðtÞÞg f ðqDð0ÞÞDpDDqD

þ

ðð

ðexp iSðT ; 0; qD; pDÞÞfðmvDÞkðtÞAjðt; qDðtÞÞ

þ ðmvDÞjðtÞAkðt; qDðtÞÞg f ðqDð0ÞÞDpDDqD:
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Let f A Baþ2. Then it is proved from the result above and the similar result to (4) of

Theorem 2 that the first term above converges in Ba as jDj ! 0. On the other hand we

can prove from (6.9) as in the proof of (3) of Theorem 2 that the limit of the second

term in Ba as jDj ! 0 is equal to

UðT ; tÞðAjðtÞð p̂pk � AkðtÞÞ þ AkðtÞð p̂pj � AjðtÞÞÞUðt; 0Þ f

þ
1

i
lim
jDj!0

tm � t

tm � tm�1
UðT ; tÞ

qAj

qxk
ðtÞ þ

qAk

qxj
ðtÞ

� �

Uðt; 0Þ f ; ð6:29Þ

where we take a m for t and D as in (3) of Theorem 2. These imply that (6.28) does

not converge in general as jDj ! 0.
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