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Abstract. The purposes of this paper are: (a) to study the behavior of the principal

distributions around an isolated umbilical point on a real-analytic surface of a certain

type, which contains all the real-analytic, special Weingarten surfaces; (b) to present one

condition such that if a real-analytic surface satisfies the condition, then the index of an

isolated umbilical point on the surface is less than or equal to one.

1. Introduction.

Let S be a smooth surface in R
3 and UmbðSÞ the set of the umbilical points of S

and set RegðSÞ :¼ SnUmbðSÞ. If RegðSÞ0q, i.e., if S is not totally umbilical, then

there exists a principal distribution DS on S, which is a continuous one-dimensional

distribution on RegðSÞ such that DSðpÞ is one of the principal directions at each p A

RegðSÞ. Let p0 be an isolated umbilical point of S. Then as a quantity in relation

to the behavior of DS around p0, the index indp0ðSÞ of p0 on S is defined ([6, pp.

137]).

For each positive integer l A N , let A
ðl Þ
o be the set of real-analytic functions de-

fined on a connected neighborhood of ð0; 0Þ in R
2 such that each F A A

ðl Þ
o satisfies

ðqmþnF=qxmqynÞð0; 0Þ ¼ 0 for non-negative integers m; nf 0 satisfying 0emþ n < l.

Let F be an element of A
ð2Þ
o and GF the graph of F . If the origin o of R

3 is an

element of UmbðGF Þ and if RegðGF Þ0q, then there exists a nonzero element fF of

A
ð3Þ
o satisfying RegðGF�fF Þ ¼ q, and there exists a nonzero homogeneous polynomial

gF of degree kF f 3 satisfying fF � gF A A
ðkFþ1Þ
o . Let A

l
o be the subset of A

ðl Þ
o such

that on the graph of each element of A
l
o , o is an isolated umbilical point. For each

positive integer k A N , let Pk be the set of the homogeneous polynomials of degree k in

two variables and set Pk
o :¼ P

k VA
2
o . Let A l

oo be the subset of A l
o such that gF A P

kF
o

holds for each F A A
l
oo. The purposes of this paper are

(a) to study the behavior of the principal distributions around o on the graph GF

of F A A
2
oo;

(b) to present one condition such that if F A A
2
o satisfies the condition, then

indoðGF Þe 1 holds.

For F A A
2
o , there exist two principal distributions D

ð1Þ
F ;D

ð2Þ
F on GF which give the

principal directions at each point of RegðGF Þ, and there exists a positive number r0 > 0

satisfying f0 < x2 þ y2 < r20gHRegðGF Þ. Let f
ðiÞ
F be a continuous function defined on

ð0; r0Þ � R satisfying
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cos f
ðiÞ
F ðr; yÞ

q

qx
þ sin f

ðiÞ
F ðr; yÞ

q

qy
A D

ðiÞ
F ðr cos y; r sin yÞ

for ðr; yÞ A ð0; r0Þ � R. In Section 3, we shall prove the following:

Proposition 1.1. For F A A
2
o and y0 A R,

(a) there exists a number f
ðiÞ
F ;oðy0Þ A R satisfying

lim
r!þ0

f
ðiÞ
F ðr; y0Þ ¼ f

ðiÞ
F ;oðy0Þ;

(b) there exist numbers f
ðiÞ
F ;oðy0 þ 0Þ, f

ðiÞ
F ;oðy0 � 0Þ A R satisfying

lim
y!y0G0

f
ðiÞ
F ;oðyÞ ¼ f

ðiÞ
F ;oðy0 G 0Þ;

(c) there exists an element GF ;oðy0Þ of fnp=2gn AZ satisfying

GF ;oðy0Þ ¼ f
ðiÞ
F ;oðy0 þ 0Þ � f

ðiÞ
F ;oðy0 � 0Þ

for i ¼ 1; 2.

For kf 3, let g be an element of Pk. For y A R, let HessgðyÞ be the Hessian of g

at ðcos y; sin yÞ. Let hg be a continuous function on R such that tðcos hgðyÞ; sin hgðyÞÞ is

an eigenvector of HessgðyÞ for any y A R, and Sg the set of the numbers at each of which

Hessg is represented by the unit matrix up to a constant. In Section 3, we shall prove

the following:

Proposition 1.2. For F A A
2
o ,

(a) if y0 A R satisfies GF ;oðy0Þ0 0, then y0 A SgF holds;

(b) indoðGF Þ is represented as

indoðGF Þ ¼
hgF ðyþ 2pÞ � hgF ðyÞ

2p
þ

1

2p

X

y0 ASgF
V½y;yþ2pÞ

GF ;oðy0Þ;

where y A R.

In Section 4, we shall present one way of computing hgF ðyþ 2pÞ � hgF ðyÞ. In

Section 5, we shall prove the following:

Theorem 1.3. For F A A
2
oo,

(a) �p=2eGF ;oðy0Þe p=2 hold for any y0 A SgF ;

(b) indoðGgF Þe indoðGF Þe 1 hold.

Remark 1.4. For kf 3, let g be an element of P
k
o . Then the following hold:

(a) Gg;oðy0Þ ¼ �p=2 for y0 A Sg ([3]);

(b) indoðGgÞ A f1� k=2þ ig
½k=2�
i¼0 ([1]).

There exists a conjecture which asserts that indoðGF Þe 1 holds for any F A A
2
o .

This is part of Loewner’s conjecture ([7], [8]). In Section 5, we shall prove the fol-

lowing:

Theorem 1.5. Let F be an element of A2
o satisfying GF ;oðy0Þe p for any y0 A SgF .

Then indoðGF Þe 1 holds.
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Let S be a real-analytic, Weingarten surface and wS a function of two variables

satisfying wSðKS;HSÞ1 0 on S, where KS and HS are the Gaussian curvature and the

mean curvature of S, respectively. In this paper, we suppose that wS is real-analytic,

and according to [5], we call S special if wS satisfies

HS

qwS

qX
ðKS;HSÞ þ

1

2

qwS

qY
ðKS;HSÞ0 0 ð1Þ

on UmbðSÞ. In Section 6, we shall prove the following:

Theorem 1.6. Let F be an element of Að2Þ
o such that the graph GF of F is a special

Weingarten surface satisfying o A UmbðGF Þ and RegðGF Þ0q. Then the following hold:

(a) F A A
2
oo,

(b) indoðGF Þ ¼ indoðGgF Þ ¼ 1� kF=2.

Remark 1.7. Since kF f 3, we see that if F is as in Theorem 1.6, then indoðGF Þ <

0 holds, which was already obtained in [5].

Acknowledgement. (a) This work was done at Max-Planck-Institut für Mathe-

matik in Bonn. The author is grateful to this institute for giving him good surround-

ings. (b) This work was supported by the Japan Society for the Promotion of Science.

2. Preliminaries.

Let f be a smooth function of two variables and Gf the graph of f . We set

pf :¼ qf =qx, qf :¼ qf =qy, and

Ef :¼ 1þ p2f ; Ff :¼ pf qf ; Gf :¼ 1þ q2f : ð2Þ

The first fundamental form of Gf is a symmetric tensor field If on Gf of type ð0; 2Þ

represented in terms of the coordinates ðx; yÞ as

If :¼ Ef dx
2 þ 2Ff dxdyþ Gf dy

2;

where

dx2
:¼ dxn dx; dxdy :¼

1

2
ðdxn dyþ dyn dxÞ; dy2 :¼ dyn dy:

We set rf :¼ q
2f =qx2, sf :¼ q

2f =qxqy, tf :¼ q
2f =qy2, and

Lf :¼
rf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p ; Mf :¼

sf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p ; Nf :¼

tf
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p ; ð3Þ

where detðIf Þ :¼ EfGf � F 2
f . The second fundamental form of Gf is a symmetric tensor

field IIf on Gf of type ð0; 2Þ represented in terms of the coordinates ðx; yÞ as

IIf :¼ Lf dx
2 þ 2Mf dxdyþNf dy

2:

For a point p A Gf , let TpðGf Þ be the tangent plane to Gf at p and UpðGf Þ the subset of

TpðGf Þ defined by
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UpðGf Þ :¼ fu A TpðGf Þ; If ;pðu; uÞ ¼ 1g:

Let nf ;p be the function on UpðGf Þ defined by nf ;pðuÞ :¼ IIf ;pðu; uÞ for u A UpðGf Þ.

Suppose that nf ;p attains an extremum at u0 A UpðGf Þ. Then the extremum nf ;pðu0Þ is

called a principal curvature of Gf at p and the one-dimensional subspace of TpðGf Þ

determined by u0 is called a principal direction of Gf at p. The Weingarten map of Gf

is a tensor field Wf on Gf of type ð1; 1Þ satisfying

Wf

q

qx

� �

;Wf

q

qy

� �� �

¼
q

qx
;
q

qy

� �

Wf ;

where

Wf :¼
Ef Ff

Ff Gf

� ��1
Lf Mf

Mf Nf

� �

:

By Lagrange’s method of indeterminate coe‰cients, we obtain

Proposition 2.1. The principal curvatures and the principal directions of Gf are

given by the eigenvalues and the one-dimensional eigenspaces of Wf , respectively.

The Gaussian curvature Kf and the mean curvature Hf of Gf are given by Kf :¼

detðWf Þ and Hf :¼ trðWf Þ=2, respectively.

Let PDf be a symmetric tensor field on Gf of type ð0; 2Þ represented in terms of the

coordinates ðx; yÞ as

PDf :¼
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p fAf dx

2 þ 2Bf dxdyþ Cf dy
2g;

where

Af :¼ EfMf � FfLf ; 2Bf :¼ EfNf � GfLf ; Cf :¼ FfNf � GfMf :

For two vector fields V1;V2 on Gf , the following holds:

1

2

X

fi; jg¼f1;2g

Vi5Wf ðVjÞ ¼
PDf ðV1;V2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p

q

qx
5

q

qy

� �

:

Therefore by Proposition 2.1, we obtain

Proposition 2.2. A tangent vector v0 to Gf is in a principal direction if and only if

PDf ðv0; v0Þ ¼ 0 holds.

A point p0 of Gf is called umbilical if nf ;p0 is constant.

Proposition 2.3. For a point p0 A Gf , the following hold:

(a) The condition p0 A UmbðGf Þ is equivalent to each of the following:

(i) any one-dimensional subspace of Tp0ðGf Þ is a principal direction,

(ii) Af ðp0Þ ¼ Bf ðp0Þ ¼ Cf ðp0Þ ¼ 0;

(b) The condition p0 A RegðGf Þð¼ Gf nUmbðGf ÞÞ is equivalent to each of the fol-

lowing:
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(i) The number of the principal directions at p0 is equal to two and they are

perpendicular to each other with respect to If ,

(ii) Af ðp0ÞCf ðp0Þ � Bf ðp0Þ
2 < 0.

Proof. Noticing Proposition 2.2, we obtain (a). In addition, noticing that Wf is

symmetric with respect to If , we obtain (b). r

Let Df ;Nf be symmetric tensor fields on Gf of type ð0; 2Þ represented in terms of

the coordinates ðx; yÞ as

Df :¼ sf dx
2 þ ðtf � rf Þ dxdy� sf dy

2;

Nf :¼ ðsf p
2
f � pf qf rf Þ dx

2 þ ðtf p
2
f � rf q

2
f Þ dxdyþ ðpf qf tf � sf q

2
f Þ dy

2:

By (2) together with (3), we obtain detðIf ÞPDf ¼ Df þNf . For a vector field V on Gf ,

we set

~DDf ðVÞ :¼ Df ðV ;VÞ; ~NNf ðVÞ :¼ Nf ðV ;VÞ;

fPDPDf ðVÞ :¼ PDf ðV ;VÞ:

We set

gradf :¼
pf

qf

� �
; grad?f :¼

�qf

pf

� �
; Hessf :¼

rf sf

sf tf

� �
:

For f A R, we set

uf :¼
cos f

sin f

� �
; Uf :¼ cos f

q

qx
þ sin f

q

qy
:

Let h ; i be the scalar product in R
2. Then we obtain

Lemma 2.4. For f A R, the following hold:

~DDf ðUfÞ ¼ hHessf uf; ufþp=2i;

~NNf ðUfÞ ¼ hgradf ; ufihgrad
?
f ;Hessf ufi:

We set Gradf :¼ pf q=qxþ qf q=qy. By Lemma 2.4, we obtain

Lemma 2.5. fPDPDf ðGradf Þ ¼ ~DDf ðGradf Þ.

3. The behavior of the principal distributions around an umbilical point.

For F A A
ð2Þ
o , let FF be a real-analytic function on ð�r0; r0Þ � R� R defined by

FF ðr; y; fÞ :¼ detðIF ; ðr cos y;r sin yÞÞ fPDPDF ; ðr cos y;r sin yÞðUfÞ;

where r0 > 0 satisfies fx2 þ y2 < r20gHGF . We see that FF ðr; y; fÞ is the value of
~DDF ðUfÞ þ ~NNF ðUfÞ at ðr cos y; r sin yÞ. Let Ah2i

o be the subset of Að2Þ
o such that for each

F A A
h2i
o , o A UmbðGf Þ and RegðGf Þ 6¼ q hold. Then for F A A

h2i
o , the following

hold:
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~DDF ðUfÞ þ ~NNF ðUfÞ

¼ hðHessfF þHessF�fF Þuf; ufþp=2iþ hðgradfF þ gradF�fF
Þ; ufi

� hðgrad?fF þ grad?F�fF
Þ; ðHessfF þHessF�fF Þufi

¼ ~DDfF ðUfÞ þ ~NNfF ðUfÞ þ ~DDF�fF ðUfÞ þ ~NNF�fF ðUfÞ þ hgradfF ; ufihgrad
?
fF
;HessF�fF ufi

þ hgradfF ; ufihgrad
?
F�fF

;HessfF ufiþ hgradfF ; ufihgrad
?
F�fF

;HessF�fF ufi

þ hgradF�fF
; ufihgrad

?
fF
;HessfF ufiþ hgradF�fF

; ufihgrad
?
fF
;HessF�fF ufi

þ hgradF�fF
; ufihgrad

?
F�fF

;HessfF ufi:

Since GF�fF is totally umbilical, we obtain FF�fF 1 0. Therefore we obtain ~DDF�fF þ
~NNF�fF 1 0. We represent fF as fF :¼

P
ifkF

f
ðiÞ
F , where f

ðiÞ
F A P

i. Then the following

hold:

gradfF ðr cos y; r sin yÞ ¼
X

ifkF

r i�1 grad
f
ðiÞ
F

ðyÞ;

HessfF ðr cos y; r sin yÞ ¼
X

ifkF

r i�2 Hess
f
ðiÞ
F

ðyÞ;

where

grad
f
ðiÞ
F

ðyÞ :¼ grad
f
ðiÞ
F

ðcos y; sin yÞ; Hess
f
ðiÞ
F

ðyÞ :¼ Hess
f
ðiÞ
F

ðcos y; sin yÞ:

Therefore we obtain

lim
r!0

FF ðr; y; fÞ

rkF�2
¼ lim

r!0

~DDfF ; ðr cos y;r sin yÞðUfÞ

rkF�2

¼ hHessgF ðyÞuf; ufþp=2i: ð4Þ

Then we obtain

Proposition 3.1. Let F be an element of Ah2i
o satisfying SgF ¼ q. Then F A A

2
oo

holds.

Suppose F A A
2
o , y0 A SgF and F 1 fF . We may represent ~DDF ðUfÞ and ~NNF ðUfÞ as

~DDF ; ðr cos y;r sin yÞðUfÞ ¼
X

ifkF

r i�2d
ðiÞ
F ðy; fÞ;

~NNF ; ðr cos y;r sin yÞðUfÞ ¼
X

ifkF

r i�2n
ðiÞ
F ðy; fÞ:

Then we see that d
ðkF Þ
F ðy0; fÞ ¼ 0 holds for any f A R and that n

ðiÞ
F ðy0; fÞ ¼ 0 holds for

any f A R and any integer i A ½kF ; 3kF � 2Þ. Since F A A
2
o , there exists an integer k > kF

satisfying d
ðkÞ
F ðy0; fÞ þ n

ðkÞ
F ðy0; fÞ0 0 for some f A R. The minimum of such integers as

k is denoted by kF ;y0 . We shall prove

N. Ando206



Lemma 3.2. There exists a symmetric matrix Mðy0Þ which is not represented by the

unit matrix up to any constant and satisfies

d
ðkF ; y0 Þ

F ðy0; fÞ þ n
ðkF ; y0 Þ

F ðy0; fÞ ¼ hMðy0Þuf; ufþp=2i

for any f A R.

Proof. If kF ;y0 A ðkF ; 3kF � 2Þ, then we see that Hess
F
ðkF ; y0

Þðy0Þ is suitable for

Mðy0Þ. Suppose kF ;y0 f 3kF � 2. Noticing y0 A SgF , we see that there exists a sym-

metric matrix M ð3kF�2Þðy0Þ satisfying

n
ð3kF�2Þ
F ðy0; fÞ ¼ ~NNgF ; ðcos y0; sin y0ÞðUfÞ ¼ hM ð3kF�2Þðy0Þuf; ufþp=2i

for any f A R. Therefore we see that if kF ;y0 ¼ 3kF � 2, then

HessF ð3kF�2Þðy0Þ þM ð3kF�2Þðy0Þ

is suitable for Mðy0Þ. In the following, suppose kF ;y0 > 3kF � 2. By Euler’s identity,

we obtain n
ð3kF�2Þ
F ðy0; y0Þ ¼ 0. Therefore we see that uy0 and uy0þp=2 are eigenvectors of

M ð3kF�2Þðy0Þ. In general, we see that if k is an integer in ½3kF � 2; kF ;y0 � such that uy0
and uy0þp=2 are eigenvectors of HessF ðl Þðy0Þ for any integer l A ½kF ; k � 1�, then there

exists a symmetric matrix M ðkÞðy0Þ satisfying the following:

(a) n
ðkÞ
F ðy0; fÞ ¼ hM ðkÞðy0Þuf; ufþp=2i holds for any f A R,

(b) uy0 and uy0þp=2 are eigenvectors of M ðkÞðy0Þ.

Therefore noticing that HessF ðl Þðy0Þ þM ðl Þðy0Þ is represented by the unit matrix up to a

constant for any integer l A ½3kF � 2; kF ;y0 � 1�, we see that Hess
F
ðkF ; y0

Þðy0Þ þM ðkF ; y0 Þðy0Þ

is suitable for Mðy0Þ. Hence we obtain Lemma 3.2. r

Lemma 3.2 implies

lim
r!0

FF ðr; y0; fÞ

rkF ; y0�2
¼ hMðy0Þuf; ufþp=2i: ð5Þ

We may find such a symmetric matrix as Mðy0Þ in Lemma 3.2, even if F D fF .

Proof of Proposition 1.1. By (4) together with (5), we obtain (a), and we see that

for y1; y2 A R satisfying y1 < y2 and SgF V ðy1; y2Þ ¼ q, there exists an element zðiÞðy1; y2Þ

of fnp=2gn AZ satisfying

f
ðiÞ
F ;oðyÞ ¼ hgF ðyÞ þ zðiÞðy1; y2Þ ð6Þ

for any y A ðy1; y2Þ. Therefore noticing that the set SgF is empty or discrete, we obtain

(b). By (4) together with (5) (or by (b) of Proposition 2.3), we obtain f
ð2Þ
F ;o � f

ð1Þ
F ;o 1 z0

for some z0 A fnp=2gn AZ . Therefore by (6), we obtain (c). r

Proof of Proposition 1.2. By (6), we obtain (a). For y A R, the following holds:

indoðGF Þ ¼
f
ðiÞ
F ;oðyþ 2pÞ � f

ðiÞ
F ;oðyÞ

2p
: ð7Þ

By (6), we obtain
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f
ðiÞ
F ;oðyþ 2pÞ � f

ðiÞ
F ;oðyÞ ¼ hgF ðyþ 2pÞ � hgF ðyÞ þ

X

y0 ASgF
V½y;yþ2pÞ

GF ;oðy0Þ: ð8Þ

From (7) and (8), we obtain (b). r

4. Homogeneous polynomials.

Let k be a positive integer. For g A P
k, set ~ggðyÞ :¼ gðcos y; sin yÞ. A number

y0 A R is called a root of g if ðd~gg=dyÞðy0Þ ¼ 0. The set of the roots of g is denoted by

Rg. The straight line Lðy0Þ :¼ fðr cos y0; r sin y0Þgr AR in R
2 determined by y0 A Rg is

called a root line of g.

For y; f A R, we set

dgðy; fÞ :¼ ~DDg; ðcos y; sin yÞðUfÞ:

Then dgðy; hgðyÞÞ ¼ 0 holds for any y A R. Let RðHessgÞ be the set of numbers such

that each y0 A RðHessgÞ satisfies y0 � hgðy0Þ A fnp=2gn AZ . By Euler’s identity, we see

that for any y A R, the following holds:

dgðy; yÞ ¼ ðk � 1Þ
d~gg

dy
ðyÞ: ð9Þ

Therefore we obtain RðHessgÞHRg. We also obtain Sg HRg.

Suppose Rg ¼ R. Then k is even and g is represented by ðx2 þ y2Þk=2 up to a

constant ([1]). If g is nonzero, then by direct computations, we obtain Sg ¼ q, and

from (9), we see that RðHessgÞ ¼ R holds, i.e., there exists a number z0 A fnp=2gn AZ
satisfying hg 1 yþ z0. Therefore we obtain

hgðyþ 2pÞ � hgðyÞ

2p
¼ 1:

In the following, suppose Rg 0R. Then for each y0 A Rg, there exists a positive integer

m A N satisfying ðdmþ1
~gg=dymþ1Þðy0Þ0 0. The minimum of such integers as m is called

the multiplicity of y0 and denoted by mgðy0Þ. A root y0 A Rg is said to be

(a) related if y0 satisfies ~ggðy0Þ ¼ 0 or if mgðy0Þ is odd;

(b) non-related if y0 satisfies ~ggðy0Þ0 0 and if mgðy0Þ is even.

Suppose that y0 A Rg is related. Then it is said that the critical sign of y0 is positive

(resp. negative) if the following holds:

~ggðy0Þ
d mgðy0Þþ1

~gg

dymgðy0Þþ1
ðy0Þe 0 ðresp: > 0Þ:

The critical sign of y0 is denoted by c-signgðy0Þ.

Lemma 4.1. The following hold:

(a) The set RgnRðHessgÞ consists of the numbers at each of which Hessg is rep-

resented by the unit matrix up to a nonzero constant;

(b) For y0 A RgnRðHessgÞ, mgðy0Þ ¼ 1 and c-signgðy0Þ ¼ � hold.

Proof. If Hessgðy0Þ is not represented by the unit matrix up to any constant for

y0 A Rg, then by (9), we obtain y0 A RðHessgÞ. Suppose ~ggðy0Þ ¼ 0 for y0 A Rg. Then
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there exist an integer lf 2 and an element g0 A P
k�l satisfying ~gg0ðy0Þ0 0 and ~ggðyÞ ¼

sinlðy� y0Þ~gg0ðyÞ for any y A R. The following holds:

HessgðyÞ ¼ lðl � 1Þ~gg0ðyÞ sin
l�2ðy� y0Þ

sin2 y0 �cos y0 sin y0

�cos y0 sin y0 cos2 y0

� �

þ l sinl�1ðy� y0Þ
�2ðsin y0Þ~ppg0ðyÞ ~ccg0;y0ðyÞ

~ccg0;y0ðyÞ 2ðcos y0Þ~qqg0ðyÞ

� �

þ sinlðy� y0ÞHessg0ðyÞ;

where

~ccg0;y0ðyÞ :¼ �ðsin y0Þ~qqg0ðyÞ þ ðcos y0Þ~ppg0ðyÞ:

Therefore we obtain

dgðy; fÞ

sinl�2ðy� y0Þ
¼

l

2

� �

~gg0ðyÞ sin 2ðf� y0Þ þ ~aag0;y0ðy; fÞ sinðy� y0Þ

þ dg0ðy; fÞ sin
2ðy� y0Þ; ð10Þ

where ~aag0;y0 satisfies

~gg0ðy0Þ~aag0;y0ðy0; y0Þ > 0: ð11Þ

Then we obtain sin 2ðhgðy0Þ � y0Þ ¼ 0, i.e., y0 A RðHessgÞ. Suppose that Hessgðy0Þ is

represented by the unit matrix up to a nonzero constant for y0 A Rg. Then we may

suppose that Hessgðy0Þ is the unit matrix. In addition, we may suppose y0 ¼ 0. Then

we may represent g as

gðx; yÞ ¼
1

kðk � 1Þ
xk þ

1

2
xk�2y2 þ

X

k

i¼3

aix
k�iy i:

Therefore the following holds:

HessgðyÞ ¼ ðcosk�2 yÞ
1 0

0 1

� �

þ ðcosk�3 y sin yÞ
0 k � 2

k � 2 6a3

� �

þ ðsin2 yÞM2ðyÞ;

where M2 is a continuous, matrix valued function. Therefore we obtain cot 2hgð0Þ ¼

�3a3=ðk � 2Þ. This implies 0 B RðHessgÞ. Hence we obtain (a). Then for y0 A Rgn

RðHessgÞ, the following hold:

d 2
~gg

dy2
ðy0Þ ¼ kðk � 2Þ~ggðy0Þ0 0:

These imply mgðy0Þ ¼ 1 and c-signgðy0Þ ¼ �. Hence we obtain (b). r

We set UyðeÞ :¼ ðy� e; yþ eÞ for y A R and e > 0. It is said that the sign of y0 A

RðHessgÞ is positive (resp. negative) if there exists a positive number e0 > 0 satisfying

fy� hgðyÞ � ðy0 � hgðy0ÞÞgðy� y0Þ > 0 ðresp: < 0Þ
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for any y A Uy0ðe0Þnfy0g. Let ng;þ (resp. ng;�) be the number of the root lines deter-

mined by the elements of RðHessgÞ with positive (resp. negative) sign. Then referring to

[1], we obtain

Proposition 4.2. For any y A R, the following holds:

hgðyþ 2pÞ � hgðyÞ

2p
¼ 1�

ng;þ � ng;�

2
:

We shall prove

Proposition 4.3. For y0 A RðHessgÞ, y0 is related if and only if the sign of y0 is

positive or negative. In addition, for a related root y0 A RðHessgÞ,

(a) if ~ggðy0Þ0 0, then the number

dgðy0Þ :¼
d mgðy0Þþ1

~gg

dymgðy0Þþ1
ðy0Þ

qdg

qf
ðy0; y0Þ

is nonzero and the sign of y0 is given by the sign of dgðy0Þ;

(b) if ~ggðy0Þ ¼ 0, then the sign of y0 is positive.

Proof. Suppose that for y0 A RðHessgÞ, Hessgðy0Þ is not represented by the unit

matrix up to any constant. Then ðqdg=qfÞðy0; y0Þ0 0 holds. Therefore by the implicit

function theorem, we see that hg is infinitely di¤erentiable at y0 and satisfies

dm

dym ðy� hgÞ

�

�

�

�

y¼y0

¼ ðk � 1Þ
dmþ1

~gg

dymþ1
ðy0Þ

�

qdg

qf
ðy0; y0Þ ð12Þ

for m ¼ 1; . . . ; mgðy0Þ. Therefore y0 is related if and only if the sign of y0 is positive or

negative. By (12), we obtain (a).

Suppose ~ggðy0Þ ¼ 0 for y0 A RðHessgÞ. Then noticing (10) and (11), we obtain (b).

Hence we obtain Proposition 4.3. r

If y0 A RðHessgÞ is related, then the sign of y0 is denoted by signgðy0Þ.

Proposition 4.4. Let y0 be a related root of g satisfying c-signgðy0Þ ¼ þ. Then

y0 A RðHessgÞ and signgðy0Þ ¼ þ hold.

Proof. Suppose that a related root y0 satisfies c-signgðy0Þ ¼ þ. Then from (b)

of Lemma 4.1, we obtain y0 A RðHessgÞ. If ~ggðy0Þ0 0, then the number dgðy0Þ, which

appears in (a) of Proposition 4.3, is positive ([1], [2]). Therefore we obtain signgðy0Þ ¼

þ. If ~ggðy0Þ ¼ 0, then Proposition 4.3 says signgðy0Þ ¼ þ. Hence we obtain Proposi-

tion 4.4. r

Remark 4.5. Referring to [2], we see that if y0 is a related element of RðHessgÞ

satisfying c-signgðy0Þ ¼ �, then the condition signgðy0Þ ¼ þ (resp. �) is equivalent to

each of the following:

(a) there does not exist (resp. exists) an umbilical point other than o on Lðy0Þ;

(b) ðd 2
~gg=dy2Þðy0Þ=~ggðy0Þ A ðkðk � 2Þ;yÞ (resp. ½0; kðk � 2ÞÞ).

An element g A P
k is called harmonic if trðHessgÞ1 0 holds. If g is harmonic, then

~ggðyÞ ¼ c cos kðy� aÞ holds, where c; a A R. Then we immediately obtain
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Proposition 4.6. For a nonzero harmonic element g A P
k,

(a) the number of the root lines of g is equal to k;

(b) any root y0 A Rg is related and satisfies c-signgðy0Þ ¼ þ;

(c) Sg ¼ q holds.

5. Proof of Theorems 1.3 and 1.5.

Let F be an element of A
h2i
o . We set $F :¼ ~DDF ðGradF Þ and

~$$F ðr; yÞ :¼ $F ðr cos y; r sin yÞ

for ðr; yÞ A ð�r0; r0Þ � R, where r0 > 0 satisfies fx2 þ y2 < r20gHGF . We represent

~$$F as

~$$F ðr; yÞ ¼
X

ifk0

r i ~$$
ðiÞ
F ðyÞ;

where

k0 :¼
3kF � 4; if F � fF 1 0;

kF ; if F � fF D 0:

�

For any y A R, the following holds:

~$$
ðk0Þ
F ðyÞ ¼

detðHessgF ðyÞÞ

kF � 1

d~ggF
dy

ðyÞ; if F � fF 1 0;

a2F ðkF � 1Þ
d~ggF
dy

ðyÞ; if F � fF D 0;

8

>

>

>

<

>

>

>

:

where aF :¼ HF ðoÞ. Let y0 be an element of RgF nRðHessgF Þ. Then noticing Lemma

4.1 and the implicit function theorem, we obtain

Lemma 5.1. There exist a neighborhood Vy0 of ð0; y0Þ in R
2 and a real-analytic

curve Cy0 in Vy0 through ð0; y0Þ satisfying

(a) Cy0 ¼ fðr; yÞ A Vy0 ; ~$$F ðr; yÞ=r
k0 ¼ 0g;

(b) Cy0 is not tangent to the y-axis at ð0; y0Þ.

Proof of Theorem 1.3. Let F be an element of A2
oo. Then SgF ¼ RgF nRðHessgF Þ

holds. Suppose SgF ¼ q. Then by (b) of Proposition 1.2, we obtain indoðGF Þ ¼

indoðGgF Þ. In addition, by (b) of Remark 1.4, we obtain indoðGF Þe 1. In the fol-

lowing, suppose SgF 0q and y0 A SgF . Let cF be a continuous function on ð0; r0Þ � R

such that for each ðr; yÞ A ð0; r0Þ � R, gradF ðr cos y; r sin yÞ is represented by ucF ðr;yÞ
up to a constant. Noticing Lemma 2.5, we suppose f

ð1Þ
F ¼ cF on fð0; r0Þ � RgVCy0 .

Noticing y0 A RgF nRðHessgF Þ and (a) of Lemma 4.1, we see that cF may be continuously

extended to fð0; r0Þ � RgVVy0 . Let e be a positive number satisfying f0g �Uy0ðeÞH

Vy0 . We set

cF ;oðyÞ :¼ cF ð0; yÞ; wF ;oðyÞ :¼ f
ð1Þ
F ;oðyÞ � cF ;oðyÞ

for y A Uy0ðeÞ. Then by Euler’s identity, we obtain y0 � cF ;oðy0Þ A fnpgn AZ and we see
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that there exists a number e0 A ð0; eÞ satisfying wF ;oðyÞ0 0 for any y A Uy0ðe0Þnfy0g. In

addition, noticing y0 A RgF nRðHessgF Þ, we obtain

GF ;oðy0Þ ¼

p=2; if wF ;oðyÞðy� y0Þ > 0 for any y A Uy0ðe0Þnfy0g;

�p=2; if wF ;oðyÞðy� y0Þ < 0 for any y A Uy0ðe0Þnfy0g;

0; if wF ;oðy0 þ e0ÞwF ;oðy0 � e0Þ > 0:

8

>

<

>

:

Therefore we obtain (a).

We may suppose fð1ÞgF
ðr; y0Þ ¼ cgF ;oðy0Þ ¼ y0. By (b) of Lemma 4.1, we obtain

fcgF ;oðyÞ � ygðy� y0Þ > 0 ð13Þ

for any y A Uy0ðe0Þnfy0g. We set fð1ÞgF ;r
ðyÞ :¼ fð1ÞgF

ðr; yÞ. By Lemma 2.4 together with

Euler’s identity, we obtain

qFgF

qf
ðr; y0; y0Þ ¼ k3

F ðkF � 1Þr3kF�4
~ggF ðy0Þ

3
0 0:

Therefore we see that fð1ÞgF ;r
is di¤erentiable at y0 and by (9), we obtain

d

dy
ðy� fð1ÞgF ;r

Þ

�

�

�

�

y¼y0

¼
d 2

~ggF

dy2
ðy0Þ

�

k3
Fr

2kF�2
~ggF ðy0Þ

3:

Then from (b) of Lemma 4.1, we obtain

fy� fð1ÞgF ;r
ðyÞgðy� y0Þ > 0 ð14Þ

for any y A Uy0ðe0Þnfy0g. By (13) together with (14), we obtain wgF ;oðyÞðy� y0Þ < 0

for any y A Uy0ðe0Þnfy0g, and GgF ;oðy0Þ ¼ �p=2. Therefore by (b) of Proposition 1.2

together with (a) of Theorem 1.3, we obtain indoðGgF Þe indoðGF Þ.

For y A R, set ngF ; s :¼ #ðSgF V ½y; yþ pÞÞ, and let fyng
ngF ; s

n¼0 be a subset of SgF sat-

isfying yn�1 < yn and ðyn�1; ynÞVSgF ¼ q for n ¼ 1; . . . ; ngF ; s. Then by (b) of Lemma

4.1, we see that for any n A f1; . . . ; ngF ; sg, the number of the related roots in RgF V

ðyn�1; ynÞ with positive critical sign is more than the number of the related roots in

RgF V ðyn�1; ynÞ with negative critical sign. Therefore by Proposition 4.4, we obtain

ng;þ � ng;� f ngF ; s. Then by Proposition 4.2, we obtain

hgF ðyþ 2pÞ � hgF ðyÞ

2p
e 1� ngF ; s=2: ð15Þ

Therefore by (b) of Proposition 1.2, (a) of Theorem 1.3 and (15), we obtain

indoðGF Þe 1.

Hence we obtain (b). r

Remark 5.2. In [4], we studied the behavior of the principal distributions around

o on the graph GF of F A A
ð2Þ
o satisfying $F 1 0. In particular, we showed that for

an element F A A
2
o satisfying $F 1 0, GF is part of a surface of revolution such that o

lies on the axis of rotation. This implies indoðGF Þ ¼ 1 for F A A
2
o satisfying $F 1 0.

Remark 5.3. In [3], we proved Gg;oðy0Þ ¼ �p=2 for y0 A Sg and g A P
k
o ðkf 3Þ in

another way di¤erent from that in the above proof.
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Proof of Theorem 1.5. Let S
ð0Þ
gF be the set of the elements of SgF at each of which

HessgF is the zero matrix, and set S
ð1Þ
gF :¼ SgF nS

ð0Þ
gF . For y A R and i A f0; 1g, set n

ðiÞ
gF ; s :¼

#ðS
ðiÞ
gF V ½y; yþ pÞÞ. Then ngF ; s ¼ n

ð0Þ
gF ; s þ n

ð1Þ
gF ; s holds. By Lemma 4.1, Proposition 4.2

and Proposition 4.4, we obtain

hgF ðyþ 2pÞ � hgF ðyÞ

2p
e 1� nð0ÞgF ; s

� nð1ÞgF ; s
=2: ð16Þ

If GF ;oðy0Þe p holds for any y0 A S
ð0Þ
gF , then by (b) of Proposition 1.2, �p=2e

GF ;oðy0Þe p=2 for any y0 A S
ð1Þ
gF and (16), we obtain indoðGF Þe 1. Hence we obtain

Theorem 1.5. r

6. Special Weingarten surfaces.

We shall prove

Proposition 6.1. Let F be an element of Ah2i
o whose graph is a special Weingarten

surface. Then gF is harmonic.

To prove Proposition 6.1, we need lemmas.

For F A A
h2i
o , we have set aF :¼ HF ðoÞ (in Section 5). This implies KF ðoÞ ¼ a2F .

We represent KF � a2F and HF � aF as

KF � a2F :¼
X

if1

K
ðiÞ
F ; HF � aF :¼

X

if1

H
ðiÞ
F ;

where K
ðiÞ
F and H

ðiÞ
F are elements of P

i. Since GF�fF is totally umbilical, we obtain

KF�fF 1 a2F and HF�fF 1 aF . Therefore we obtain

Lemma 6.2. For F A A
h2i
o ,

(a) (i) if aF ¼ 0, then the following holds:

K
ðiÞ
F ¼

0; if i A f1; . . . ; 2kF � 5g;

detðHessgF Þ; if i ¼ 2kF � 4;

�

(ii) if aF 0 0, then the following holds:

K
ðiÞ
F ¼

0; if i A f1; . . . ; kF � 3g;

aF trðHessgF Þ; if i ¼ kF � 2;

�

(b) the following holds:

H
ðiÞ
F ¼

0; if i A f1; . . . ; kF � 3g;

trðHessgF Þ=2; if i ¼ kF � 2:

�

Let w be an element of A
ð1Þ
o satisfying

CF ;w :¼ aF
qw

qX
ð0; 0Þ þ

1

2

qw

qY
ð0; 0Þ0 0;

and set
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DF ;wðx; yÞ :¼ wðKF ðx; yÞ � a2F ;HF ðx; yÞ � aF Þ:

We represent DF ;w as DF ;w :¼
P

if1 D
ðiÞ
F ;w, where D

ðiÞ
F ;w is an element of P i. By Lemma

6.2, we obtain

Lemma 6.3. The following holds:

D
ðiÞ
F ;w ¼

0; if i A f1; . . . ; kF � 3g;

CF ;w trðHessgF Þ; if i ¼ kF � 2:

�

Proof of Proposition 6.1. If the graph of F A A
h2i
o is a special Weingarten

surface, then by (1) together with Lemma 6.3, we see that gF is harmonic. r

Proof of Theorem 1.6. Since gF is harmonic, from Proposition 3.1 and (c) of

Proposition 4.6, we obtain (a) of Theorem 1.6. In addition, by (b) of Proposition 1.2

together with (c) of Proposition 4.6, we obtain

indoðGF Þ ¼ indoðGgF Þ ¼
hgF ðyþ 2pÞ � hgF ðyÞ

2p
: ð17Þ

By Proposition 4.4 together with (a) and (b) of Proposition 4.6, we obtain ðngF ;þ; ngF ;�Þ

¼ ðkF ; 0Þ. Therefore by Proposition 4.2 together with (17), we obtain (b) of Theorem

1.6. r
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