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Abstract. In this paper we investigate the structure of the subsemigroup generated

by the inner automorphisms in ExtðQ;KÞ. As an application, we give a new point of

view to the example of J. Plastiras, which are two C �-algebras A and B satisfying AlB

and M2 nAGM2 nB.

0. Introduction.

J. Plastiras exhibited an example which is a pair of C �-algebras such that AlB

and M2 nAGM2 nB ([5], [6]). They are constructed as extensions of Q by K , where

K is the C �-algebra of compact operators and Q is the quotient C �-algebra of all the

bounded linear operators B by K . So they are not nuclear. For a class of nuclear C �-

algebras, we can construct such a pair of C �-algebras using the classification result for

them by K-theory ([2], [3]). In [7], T. Sakamoto constructs such a pair of non-nuclear

C �-algebras.

In this paper, we consider the family of special extensions of Q by K which contains

Plastiras’ examples. Our aim is to investigate their semigroup structure and to show

that the datum for this semigroup is the useful invariant for them as like as K-theoretic

datum for some nuclear C �-algebras.

1. Preliminaries and Main result.

Here we give fundamental facts of extension theory along [1] and [8]. Let H be a

separable infinite dimensional Hilbert space. We denote by B (resp. K ) a C �-algebra

BðHÞ (resp. KðHÞ) of bounded linear operators (resp. compact operators) on H. We

also denote by Q a C �-algebra BðHÞ=KðHÞ. Let A;B and C be C �-algebras and a

(resp. b) a *-homomorphism from A to B (resp. from B to C). We call a short exact

sequence E as below an extension of C by A:

E : 0 ! A !
a
B !

b
C ! 0;

that is, a is injective, b is surjective and Im a ¼ Ker b. Then there exists a *-

homomorphism s from B to the multiplier C �-algebra MðAÞ of A with s � a ¼ i, i.e.,
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A ���!
a

B
�
�
�
�

?
?
?
y
s

A ���!
i

MðAÞ

;

where i is the canonical inclusion map from A to MðAÞ. The Busby invariant for this

extension E is defined as the *-homomorphism tE from C to MðAÞ=A given by

tEðcÞ ¼ p � sðbÞ;

where b is a lift of c through b and p is the quotient map from MðAÞ to MðAÞ=A. It is

known that tE is characterized by the following commutative diagram:

0 ���! A ���!
a

B ���!
b

C ���! 0
�
�
�
�

?
?
?
y
s

?
?
?
y
tE

0 ���! A ���!
i

MðAÞ ���!
p

MðAÞ=A ���! 0

:

We remark that, if we define the pull-back C �-algebra PB and the map c as follows:

PB ¼ fðx; cÞ A MðAÞlC j pðxÞ ¼ tEðcÞg

c : B C b 7! ðsðbÞ; bðbÞÞ A PB;

then B is isomorphic to PB for the isomorphism c making the following diagram

commutative:

0 ���! A ���!
a

B ���!
b

C ���! 0
�
�
�
�

?
?
?
y
c

�
�
�
�

0 ���! A ���! PB ���! C ���! 0

:

Let

E1 : 0 ! A ! B1 ! C ! 0

E2 : 0 ! A ! B2 ! C ! 0

be extensions and ti the Busby invariant for Ei ði ¼ 1; 2Þ. We call E1 and E2 strongly

equivalent when there is a unitary u A MðAÞ such that t2ðcÞ ¼ pðuÞt1ðcÞpðuÞ
�
for all

c A C, equivalently there are a unitary v A MðAÞ and a *-isomorphism g such that the

diagram

0 ���! A ���! B1 ���! C ���! 0
?
?
?
y
AdðvÞ

?
?
?
y
g

�
�
�
�

0 ���! A ���! B2 ���! C ���! 0

is commutative. Then we denote E1AE2 or t1At2. Let ExtðC;AÞ be a set of exten-

sions of C by A. We denote by ExtðC;AÞ the set ExtðC;AÞ=A of strongly equiva-

lent classes of ExtðC;AÞ. When A satisfies AGM2ðAÞ, ExtðC;AÞ becomes an abelian
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semigroup. The addition of ½E1� and ½E2� A ExtðC;AÞ is defined by the equivalent class

of the extension which is corresponding to the Busby invariant

t1 l t2 : C ! MðAÞ=AlMðAÞ=A ,! MðM2ðAÞÞ=M2ðAÞGMðAÞ=A:

In this paper, we consider the extension semigroup ExtðQ;KÞ. We denote by p the

canonical quotient map from B onto Q. Let a be an inner *-automorphism of Q.

Then we can see that a is the Busby invariant for an extension E A ExtðQ;KÞ. We

denote by G a subsemigroup of ExtðQ;KÞ generated by extensions corresponding to all

the inner *-automorphisms of Q.

The inner *-automorphism a has the form að�Þ ¼ u� � u for some unitary u A Q. Let

V A B be a lift of u, that is, pðVÞ ¼ u. Then V is a Fredholm operator, and we put

n ¼ IndexV A Z. Let SðA BÞ be a unilateral shift. We remark IndexS ¼ �1. We

define a *-automorphism tðnÞ of Q by

tðnÞðxÞ ¼ pðSÞnxpðS �Þn; x A Q:

Then there exists a unitary U A B such that VS n ¼ U jVS nj, i.e., upðSÞn ¼ pðUÞ. So we

have that a is strongly equivalent to tðnÞ, that is, ½a� ¼ ½tðnÞ�.

Let G be a restricted direct product of non-negative integers Zb0 except 0, i.e.,

G ¼
a

Z

Zb0nf0g

¼ fg ¼ ðmðkÞÞk AZ jmðkÞ A Zb0; 0 < #fk A Z jmðkÞ0 0g < yg;

where # denotes the cardinal number of set. By the above fact, we can define the

surjective semigroup homomorphism t from G to G as follows:

tðgÞ ¼ 0
k AZ

0
mðkÞ

tðkÞ

" #

¼
X

k AZ

mðkÞ½tðkÞ�;

where g ¼ ðmðkÞÞk AZ A G.

We define a map j from G to N and a map c from G to Z as follows: for

g ¼ ðmðkÞÞk AZ A G,

jðgÞ ¼
X

k AZ

mðkÞ;

cðgÞ ¼
X

k AZ

kmðkÞ:

We introduce two notations as follows: for l A Z and g ¼ ðmðkÞÞk AZ A G,

l � g ¼ ððl � gÞðkÞÞk AZ A G

l þ g ¼ ðmðl þ kÞÞk AZ A G;

where

ðl � gÞðkÞ ¼
mðsÞ k ¼ ls

0 otherwise

�

:
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Then we can easily get

jðl � gÞ ¼ jðgÞ; cðl � gÞ ¼ lcðgÞ;

jðl þ gÞ ¼ jðgÞ and cðl þ gÞ ¼ cðgÞ þ ljðgÞ:

For g ¼ ðmðkÞÞk AZ A G, we define a C �-subalgebra AðgÞ of Bð0
jðgÞ HÞGMjðgÞðBÞ as

follows:

AðgÞ ¼ 0
k AZ

ðS kTS �k l � � �lS kTS �k
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

mðkÞ

Þ jT A B

8

><

>:

9

>=

>;

þ K 0
jðgÞ

H

 !

;

where S k (resp. ðS �Þk) means ðS �Þ�k (resp. S�k) for a negative integer k. Let iðgÞ be

a injective *-homomorphism from K to AðgÞ which is obtained by a composition of

a natural isomorphism of K to Kð0
jðgÞ HÞ and the canonical inclusion map of

Kð0
jðgÞ HÞ into AðgÞ. We define a surjective *-homomorphism pðgÞ from AðgÞ to Q

as follows:

pðgÞ 0
k AZ

ðS kTS �k l � � �lS kTS �k
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

mðkÞ

Þ þ K

0

B
@

1

C
A¼ pðTÞ;

where K A Kð0
jðgÞ HÞ. Then we have the following extension:

EðgÞ : 0 �! K �!
iðgÞ

AðgÞ �!
pðgÞ

Q �! 0;

and its Busby invariant coincides with

0
k AZ

0
mðkÞ

tðkÞ:

Then we have the following statement and this is our main result:

Theorem 1.1. For g; h A G and n A N , we have the following:

(1) tðgÞ ¼ tðhÞ , jðgÞ ¼ jðhÞ and cðgÞ ¼ cðhÞ, that is,

G C tðgÞ 7! ðjðgÞ;cðgÞÞ A N � Z

gives a semigroup isomorphism from G onto N � Z.

(2) AðgÞGAðhÞ , jðgÞ ¼ jðhÞ and cðgÞ1cðhÞ mod jðgÞ.

(3) AðgÞnMn GAðn � gÞ.

We give the proof of theorem in the next section.

Corollary 1.2. For any n A N and nb 2, there exist g; h A G such that AðgÞnMk

is not isomorphic to AðhÞnMk for any 1a ka n� 1 and AðgÞnMn is isomorphic to

AðhÞnMn.

Proof. We choose g and h such that

jðgÞ ¼ jðhÞ ¼ n; cðgÞ ¼ 0 and cðhÞ ¼ 1:
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Then we have cðk � gÞ ¼ 0 < cðk � hÞ ¼ k < n for any k ¼ 1; 2; . . . ; n� 1 and jðn � gÞ ¼

jðn � hÞ ¼ n, cðn � gÞ1cðn � hÞ1 0 mod n. This implies that AðgÞ and AðhÞ satisfy the

required property. r

For g ¼ ðmðkÞÞk AZ , h ¼ ðnðkÞÞk AZ A G with

mðkÞ ¼
2 k ¼ 0

0 otherwise

�

and nðkÞ ¼
1 k ¼ 0; 1

0 otherwise

�

;

we have jðgÞ ¼ jðhÞ ¼ 2, cðgÞ ¼ 0, cðhÞ ¼ 1. It follows that AðgÞnM2 GAðhÞn

M2, but AðgÞ is not isomorphic to AðhÞ. This example is the same one given by

J. Plastiras.

2. Proof of Theorem.

Lemma 2.1. The K0-group K0ðAðgÞÞ for AðgÞ is isomorphic to Z=jðgÞZ.

Proof. Let g ¼ ðmðkÞÞk AZ A G. From the short exact sequence of C �-algebras

0 �! K �!
iðgÞ

AðgÞ �!
pðgÞ

Q �! 0;

we can get the exact sequence of K-groups of C �-algebras as follows:

K0ðKÞ ���!
iðgÞ�

K0ðAðgÞÞ ���!
pðgÞ�

K0ðQÞ

d1

x
?
?
?

?
?
?
y

K1ðQÞ  ���
pðgÞ�

K1ðAðgÞÞ  ���
iðgÞ�

K1ðKÞ

:

Since K0ðQÞ ¼ f0g, we have

K0ðAðgÞÞGK0ðKÞ=d1ðK1ðQÞÞ:

It is known that K0ðKÞGK1ðQÞGZ and the class of P (resp. pðSÞ) is a generator of

K0ðKÞ (resp. K1ðQÞ), where P A B is a projection of rank one and S A B is a unilateral

shift.

We put Pn ¼ 1� S nS �n ðn ¼ 1; 2; . . .Þ and define a unitary WðkÞ A M2ðBÞ as fol-

lows: for kb 0,

WðkÞ ¼
Sð1� PkÞ Pkþ1

�Pk ð1� PkÞS
�

� �

¼
S 0

0 S

� �k
S P1

0 S �

� �

S � 0

0 S �

� �k

þ
0 Pk

�Pk 0

� �

;

and for k < 0,

WðkÞ ¼
S P1

0 S �

� �

¼
S 0

0 S

� �k
S P1

0 S �

� �

S � 0

0 S �

� �k

þ
0 P1

0 0

� �

:

Then we have
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W ¼ 0
k AZ

WðkÞl � � �lWðkÞ
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

mðkÞ

is unitary in M2ðAðgÞÞ and

pðgÞn id2ðWÞ ¼
pðSÞ 0

0 pðS �Þ

� �

:

By the definition of d1, we have

d1ð½pðSÞ�Þ ¼ ½W �ð1AðgÞ l 0AðgÞÞW � � ½1AðgÞ l 0AðgÞ�:

By the calculation

½
Sð1� PkÞ Pkþ1

�Pk ð1� PkÞS
�

� ��
1 0

0 0

� �
Sð1� PkÞ Pkþ1

�Pk ð1� PkÞS
�

� �

� � ½
1 0

0 0

� �

�

¼ ½
1� Pk 0

0 Pkþ1

� �

� � ½
1 0

0 0

� �

� ¼ ½P�

and

½
S P1

0 S �

� ��
1 0

0 0

� �
S P1

0 S �

� �

� � ½
1 0

0 0

� �

�

¼ ½
1 0

0 P1

� �

� � ½
1 0

0 0

� �

� ¼ ½P�;

it follows that

d1ð½pðSÞ�Þ ¼ jðgÞ½P�:

This means that

K0ðAðgÞÞGZ=jðgÞZ: r

For g ¼ ðmðkÞÞk AZ , we can choose integers k1 < k2 < � � � < kl such that

fk A Z jmðkÞ0 0g ¼ fk1; k2; . . . ; klg:

We remark that, if we put

m1 ¼ � � � ¼ mmðk1Þ ¼ k1; mmðk1Þþ1 ¼ � � � ¼ mmðk1Þþmðk2Þ ¼ k2; . . . ;

mmðk1Þþ���þmðkl�1Þþ1 ¼ � � � ¼ mjðgÞ ¼ kl ;

then we have cðgÞ ¼
PjðgÞ

j¼1 mj and

AðgÞ ¼ 0
k AZ

ðS kTS �k l � � �lS kTS �k
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{

mðkÞ

Þ jT A B

8

><

>:

9

>=

>;

þ K 0
jðgÞ

H

 !

¼ 0
jðgÞ

j¼1

SmjTðS �Þmj jT A B

( )

þ K 0
jðgÞ

H

 !

:
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Lemma 2.2. For any n A Z and g A G, we have

AðgÞGAðnþ gÞ:

Proof. It is su‰cient to show that AðgÞGAð1þ gÞ. Using the above notation

and jðgÞ ¼ jð1þ gÞ and cð1þ gÞ ¼ cðgÞ þ jðgÞ, we have

Að1þ gÞ ¼ 0
jðgÞ

j¼1

Smjþ1TðS �Þmjþ1 jT A B

( )

þ K 0
jðgÞ

H

 !

¼ 0
jðgÞ

j¼1

SmjSTS �ðS �Þmj jT A B

( )

þ K 0
jðgÞ

H

 !

:

Clearly Að1þ gÞHAðgÞ. Remarking the fact BHSBS � þ K , we have Að1þ gÞ ¼

AðgÞ. r

Lemma 2.3. The class of the unit of AðgÞ is equal to cðgÞ½P� in K0ðAðgÞÞ, where P

is a minimal projection of AðgÞ.

Proof. By the above lemma, we can see

AðgÞ ¼ 0
jðgÞ

j¼1

SmjTðS �Þmj jT A B

( )

þ K 0
jðgÞ

H

 !

¼ 0
jðgÞ

j¼1

S nþmjTðS �Þnþmj jT A B

( )

þ K 0
jðgÞ

H

 !

;

for n A N with nþm1 > 0. Since 1 A B is equivalent to some orthogonal projections

Q1;Q2; . . . ;QjðgÞ such that 1 ¼ Q1 þQ2 þ � � � þQjðgÞ, S kS �k is equivalent to S kQiS
�k

for positive integer k. So we have

½1AðgÞ� A K0ðAðgÞÞ

¼ 0
jðgÞ

j¼1

S nþmj ðS �Þnþmj

" #

þ
X

jðgÞ

j¼1

ðnþmjÞ½P�

¼ jðgÞ 0
jðgÞ

j¼1

S nþmj ðS �Þnþmj

" #

þ ðnjðgÞ þ cðgÞÞ½P�:

This implies ½1AðgÞ� ¼ cðgÞ½P� in K0ðAðgÞÞ. r

Before to prove theorem 1.1, we note that

ðQn 1nÞ
0
VQnMn ¼ 1Q nMn:

Indeed, it is known that a unital simple C �-algebra has a trivial center and the Calkin

algebra Q is simple. This implies the above fact.

Proof of Theorem 1.1. (1) First we assume that tg ¼ th. Then the fact AðgÞG
AðhÞ implies jðgÞ ¼ jðhÞ by lemma 2.1. We use the notation tðgÞ ¼ ½0

k AZ
0

mðkÞ tk�,
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tðhÞ ¼ ½0
k AZ

0
nðkÞ tk� and Sg ¼ 0

k AZ
0

mðkÞ pðSÞ
k, Sh ¼ 0

k AZ
0

nðkÞ pðSÞ
k
A Qn

MjðgÞ. Then tðgÞ ¼ tðhÞ means that there exist a unitary U in BnMjðgÞ such that

Sgðxn 1jðgÞÞS
�
g ¼ ðpn idjðgÞðUÞÞ�Shðxn 1jðgÞÞS

�
h ðpn idjðgÞðUÞÞ

for all x A Q. Since S �
h ðpn idjðgÞðUÞÞSg A ðQn 1jðgÞÞ

0, we have S �
h ðpn idjðgÞðUÞÞSg A

1Q nMjðgÞ. So S �
h ðpn idjðgÞðUÞÞSg have a unitary lift in 1B nMjðgÞ. This means

0 ¼ Indexð0
k AZ

0
nðkÞ S

kÞ�Uð0
k AZ

0
mðkÞ S

kÞ ¼ �cðhÞ þ cðgÞ, that is, cðgÞ ¼ cðhÞ.

Conversely we assume that jðgÞ ¼ jðhÞ and cðgÞ ¼ cðhÞ. Then we have

Indexð0
k AZ

0
nðkÞ S

kÞð0
k AZ

0
mðkÞ S

kÞ� ¼ 0. So there exists a unitary U in

BnMjðgÞ such that ShS
�
g ¼ pn idjðgÞðUÞ. This implies that tðgÞ ¼ tðhÞ.

(2) First we assume that Ag GAh. By lemma 2.1 and lemma 2.3, it is imme-

diately found that jðgÞ ¼ jðhÞ and cðgÞ1cðhÞ mod jðgÞ. Conversely we assume that

jðgÞ ¼ jðhÞ and cðgÞ ¼ cðhÞ þ njðgÞ for n A Z. Then we have tðgÞ ¼ tðnþ gÞ. This

implies AðgÞGAðnþ gÞGAðhÞ by lemma 2.2.

(3) Suppose that AðgÞ is the following form:

AðgÞ ¼ 0
k AZ

0
mðkÞ

S kTS �k jT A B

( )

þ K 0
jðgÞ

H

 !

:

Therefore we can regard AðgÞnMn as the following:

AðgÞnMn ¼

�

0
k AZ

0
mðkÞ

ðS k n 1nÞT
0ðS �k n 1nÞ jT

0 A B 0
n

H

� ��

þ K 0
njðgÞ

H

 !

:

This means that AðgÞnMn GAðn � gÞ. r

For g A G, we define the C �-algebra

AðgÞ ¼ 0
k AZ

0
mðkÞ

S kTS �k jT A BðHÞ

( )

þ K 0
jðgÞ

H

 !

:

Then we can see that the essential commutant ECðAðgÞÞ of AðgÞ becomes an AF-

algebra and pn idjðgÞðECðAðgÞÞÞ is isomorphic to MjðgÞðC Þ. Since AðgÞ and AðhÞ

contain the algebra of compact operators, the isomorphism from AðgÞ to AðhÞ deduces

the isomorphism from ECðAðgÞÞ to ECðAðhÞÞ. It is known that isomorphism classes

of AF-algebras are classified up by the K-theoretic datum. In this case, we can see

ðK0ðECðAðgÞÞÞ;K0ðECðAðgÞÞÞþ; ½1�K0
Þ

¼ ðZlZ; ðf0glZb0ÞU ðZ>0 lZÞ; ðjðgÞ;cðgÞÞÞ:

We remark that, for any integer k A Z, the following groups are order isomorphic (and

preserving the order unit):

ðZlZ; ðf0glZb0ÞU ðZ>0 lZÞ; ðjðgÞ;cðgÞÞÞ;

ðZlZ; ðf0glZb0ÞU ðZ>0 lZÞ; ðjðgÞ;cðgÞ þ kjðgÞÞÞ:

This means that the K-theoretic datum is a complete invariant for the family

fAðgÞ j g A Gg of non-nuclear C �-algebras.
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