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Abstract. In this paper, we give a necessary condition for the Cauchy problem for

parabolic equation in order to be uniquely solvable in the analytic class.

1. Introduction.

We are concerned with the Cauchy problem for the following parabolic equation

with the coe‰cient depending only on x

qtuðt; xÞ ¼ aðx;DxÞuðt; xÞ þ bðx;DxÞuðt; xÞ; ðt; xÞ A ½0;T � � R
l
;

uð0; xÞ ¼ u0ðxÞ; x A R
l
;

�

ð1:1Þ

where

aðx;DxÞu ¼
X

l

i; j¼1

aijðxÞDiDju; bðx;DxÞu ¼
X

l

i¼1

biðxÞDiuþ cðxÞu

and Dj ¼ �iqxj . Here, we assume that the coe‰cients aijðxÞ; biðxÞ and cðxÞ are real

analytic in the sense that there are constants ca > 0 and ra > 0 such that

jDa
xaðxÞja car

�jaj
a jaj! ð1:2Þ

for x A R
l , a ¼ ða1; . . . ; alÞ A N

l , where Dx ¼ �iqx and N ¼ f0; 1; 2; . . .g.

We call that the Cauchy problem (1.1) is Hy-wellposed for tb 0, if for any

u0 A Hy there exists a unique solution uðt; xÞ A HyðR lÞ, tb 0. It is known that the

condition

Re aðx; xÞa 0 for all ðx; xÞ A R
l � R

l ð1:3Þ

is necessary in order for (1.1) to be Hy-wellposed. Historically, the condition (1.3)

was proved by Petrowsky [7] in the case where the coe‰cients depend only on t, and

Mizohata [5] proved it in the case of variable coe‰cients. Sadamatsu [8] considered the

necessary condition in order for (1.1) to be L2-wellposed. D’Ancona and Spagnolo [1]

considered the following equation

qtuðt; xÞ ¼ ð1� cos xÞq2xuðt; xÞ; x A R: ð1:4Þ
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They constructed a solution of (1.4) with an analytic initial datum which is not analytic

with respect to x for t > 0.

In this paper, we shall try to generalize the result of D’Ancona and Spagnolo.

Denote by L2
r the set of functions with radius of convergence r > 0 which is defined by

L2
rðR

lÞ ¼ fuðxÞ A L2ðR lÞ; erhxiûuðxÞ A L2ðR l
xÞg; ð1:5Þ

where hxi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ jxj2
q

, jxj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x21 þ � � � þ x2l

q

and ûu means the Fourier transform of u.

In particular, we should mention that the function belonging to L2
r in (1.5) gives to be a

real analytic function with radius of convergence r > 0. Then, the wellposedness in the

analytic class should be defined by the following

Definition 1.1. We call that the Cauchy problem (1.1) is analytically wellposed in

½0;T �, if there are r0 > 0 and a monotone increasing function mðtÞ continuously defined

in ½0;T � and mð0Þ ¼ 0 such that for any u0 A7r>0
L2
r there is a solution uðt; xÞ A

C 1ð½0;T �;L2
r0
Þ of the Cauchy problem (1.1) satisfying

kerhDxiuðt; �ÞkL2aCkeðrþmðtÞÞhDxiu0ð�ÞkL2 ð1:6Þ

for 0a taT and any r with 0 < r < r0.

Concerning the wellposedness in the analytic class, we should mention that if there

is a constant d0 such that

Re aðx; xÞa�d0jxj
2
< 0 for all ðx; xÞ A R

l � R
l

then for a function rðtÞ with 0 < rðtÞ < d0 the solution uðt; xÞ of the Cauchy problem

(1.1) satisfies

kerðtÞhDxiuðt; �ÞkL2aCkerð0ÞhDxiu0ð�ÞkL2 ð1:7Þ

for 0a taT . In particular, (1.6) with mðtÞ ¼ 0 follows when rðtÞ is constant in (1.7).

Our main result is the following

Theorem 1.2. In order that (1.1) is analytically wellposed, the condition (1.3) is

necessary, moreover, if there exist x0 and x0 such that Re aðx0; x0Þ ¼ 0 then Re aðx; x0Þ ¼

0 for all x A R
l .

2. Proof of Theorem 1.2.

In this section we shall prove Theorem 1.2 by reduction to absurdity. The argu-

ment is carried out in the following way. We assume that there exist x0 and x0 such

that

Re aðx0; x0Þb 0 ð2:1Þ

(see Step 1), and that (1.1) is analytically wellposed. Then, from these two assumptions,

we deduce two inequalities which are not compatible by choosing an initial data suitably

(see Step 5). Mainly, we use the micro-local energy method devised by Mizohata [6]

(see Step 2 and Step 4).
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Step 1. Exponential map.

The assumption (2.1) in contraposition to Theorem 1.2 is divided into two cases,

ðiÞ there are x0 and x0 such that Re aðx0; x0Þ ¼ 0; and there exists

a x1 satisfying Re aðx1; x0Þ0 0 ð2:2Þ

and

ðiiÞ there exist x0 and x0 such that Re aðx0; x0Þ > 0: ð2:3Þ

We transform uðt; xÞ in (1.1) into vðt; xÞ by

vðt; xÞ ¼ ero�Dxuðt; xÞ ¼ ð2pÞ�l

ð

R
l

e ix�xþro�xûuðt; xÞ dx ð2:4Þ

for r > 0 and o A C
l with joj ¼ 1 as Kajitani [3]. Then, since

qtv ¼ ero�Dxqtu

¼ ero�Dxðaðx;DxÞ þ bðx;DxÞÞu

¼ ero�Dxaðx;DxÞe
�ro�Dxvþ ero�Dxbðx;DxÞe

�ro�Dxv;

(1.1) is transformed into the Cauchy problem below

qtvðt; xÞ ¼ Aðx;DxÞvðt; xÞ; ðt; xÞ A ½0;T � � R
l
;

vð0; xÞ ¼ ero�Dxu0ðxÞ; x A R
l
;

�

ð2:5Þ

where Aðx;DxÞv ¼ ero�Dxaðx;DxÞe
�ro�Dxvþ ero�Dxbðx;DxÞe

�ro�Dxv.

Here, let us define the pseudo-di¤erential operator on L2 by

aLðx;DxÞu ¼ ero�Dxaðx;DxÞe
�ro�Dxu ð2:6Þ

¼ ð2pÞ�l

ð

R
l

e ix�xaðx� iro; xÞûuðxÞ dx: ð2:7Þ

(2.7) can be calculated, since aðx; xÞ is a real analytic function with respect to x.

Therefore, aLðx;DxÞ in (2.6) is a pseudo-di¤erential operator whose symbol has the

representation

aLðx; xÞ ¼ aðx� iro; xÞ: ð2:8Þ

In the case (i), we get the following lemma.

Lemma 2.1. Let aðx; xÞ is a real analytic function with convergence radius ra with

respect to x. If there are x0 and x0 such that Re aðx0; x0Þ ¼ 0, and Re aðx; x0Þ ¼ 0 does

not identically vanish in R
l , then for any r A ð0; raÞ there exists o A C

l satisfying joj ¼ 1

such that

Re aðx0 � iro; x0Þ > 0: ð2:9Þ

Proof. aðx; x0Þ can be extended to a holomorphic function aðz; x0Þ by analytic

continuation, since aðx; x0Þ is a real analytic function with respect to x. If we assume

that there exists o A C
l such that joj ¼ 1 and Re aðx� iro; x0Þa 0 for all x A R

l , then

maxz AC l Re aðz; x0Þ ¼ Re aðx0; x0Þ ¼ 0 in contradict to the maxmin principle. Therefore,

we can get (2.9). r
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Hereafter, we consider only the case (i). We assume (2.9) for the Cauchy problem

(2.5) transformed by the exponential mapping defined in (2.4). On the other hand, in

the case (ii), we can also carry the same argumemt below without the transformation by

exponential mapping in terms of r ¼ 0 in (2.4).

Step 2. Micro-localizer.

Following Mizohata [6], we give here the definition of micro-localizers. For a

some positive number r0, we take the sequence fbNðxÞgN¼1;2;... of functions in Cy

0

possessing following properties,

ðiÞ 0a bNðxÞa 1;

ðiiÞ bNðxÞ ¼
1 for jx� x0ja

1

2
r0;

0 for jx� x0jb r0;

8
<
:

ðiiiÞ jbNðqÞðxÞjaK 1þN jqj!; jqjaN ¼ 1; 2; . . . : ð2:10Þ

In the same way, we take the sequence faNðxÞgN¼1;2;... of functions in Cy

0 such that

ðiÞ 0a aNðxÞa 1;

ðiiÞ aNðxÞ ¼
1 for jx� x0ja

1

2
r0;

0 for jx� x0jb r0;

8
<
:

ðiiiÞ ja
ðpÞ
N ðxÞjaK 1þN jpj!; jpjaN ¼ 1; 2; . . . :

For such a sequence of functions in Cy

0 as to satisfy the property (iii), refer to

Hörmander [2]. Let

aNnðxÞ ¼ aN
x

n

� �
;

which is particularly estimated by

ja
ðpÞ
Nn ðxÞjaK 1þN jpj!n�jpj

; jpjaN ¼ 1; 2; . . . ; ð2:11Þ

where n is a large parameter. aNnðDxÞvðxÞ is defined by Fourier transform as follows

dðaNnvÞðaNnvÞðxÞ ¼ aNnðxÞv̂vðxÞ:

We consider the function aNnðDxÞbNðxÞvðt; xÞ, instead of the solution vðt; xÞ of (2.5) and

put

L½v� ¼ qtv� Aðx;DxÞv:

Operating the micro-localizer aNnðDÞbNðxÞ from the left, that is,

0 ¼ aNnðDxÞbNðxÞL½v�

¼ L½aNnðDxÞbNðxÞv� � ½aNnðDxÞbNðxÞ;Aðx;DxÞ�v;
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we have

L½aNnðDxÞbNðxÞv� ¼ F ;

where F ¼ ½aNnðDxÞbNðxÞ;Aðx;DxÞ�v and ½ ; � stands for a commutator. Similarly,

operating the micro-localizer a
ðpÞ
Nn ðDxÞbNðqÞðxÞ with 0a jpþ qjaN � 1 from the left on

L½v�, we have

L½a
ðpÞ
Nn ðDxÞbNðqÞðxÞv� ¼ Fpq;

where

Fpq ¼ ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ�v: ð2:12Þ

Thus, by putting

vp;qðt; xÞ ¼ a
ðpÞ
Nn ðDxÞbNðqÞðxÞvðt; xÞ;

we have the micro-localized Cauchy problem

qtvp;qðt; xÞ ¼ Aðx;DxÞvp;qðt; xÞ þ Fpqðt; xÞ;

vp;qð0; xÞ ¼ a
ðpÞ
Nn ðDxÞbNðqÞðxÞe

ro�Dxu0ðxÞ:

(

ð2:13Þ

Here, the symbol of Aðx;DxÞ ¼ ero�Dxaðx;DxÞe
�ro�Dx þ ero�Dxbðx;DxÞe

�ro�Dx , by

(2.8), can be written by

Aðx; xÞ ¼ aLðx; xÞ þ bLðx; xÞ: ð2:14Þ

Step 3. Asymptotic expression.

In our argument, the commutator ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ� defined in (2.12) plays

a crucial role. We shall give here its asymptotic expression. We take the sequence

f~aaNðxÞgN¼1;2;... of functions in Cy

0 such that

ðiÞ 0a ~aaNðxÞa 1;

ðiiÞ ~aaNðxÞ ¼
1 for jx� x0ja

3

2
r0;

0 for jx� x0jb 2r0;

8

<

:

ðiiiÞ j~aa
ðpÞ
N ðxÞjaK 1þN jpj!; jpjaN ¼ 1; 2; . . . ;

and let

~aaNnðxÞ ¼ ~aaN
x

n

� �

whose support contains the support of aNnðxÞ, where n is a large parameter. Then

½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ�

¼ ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ~aaNnðDxÞ�

þ ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞð1� ~aaNnðDxÞÞ�: ð2:15Þ
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In order to show the asymptotic expression of ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;

~AAðx;DxÞ�, where
~AAðx;DxÞ ¼ Aðx;DxÞ~aaNnðDxÞ, we consider the asymptotic expression in the case of jpj ¼ 0,

jqj ¼ 0 hereafter, that is, ½aNnðDxÞbNðxÞ; ~AAðx;DxÞ�. The symbol of aNnðDxÞbNðxÞ is ex-

pressed by

ð2pÞ�l

ðð
e�iyhaNnðxþ hÞbNðxþ yÞ dydh:

Moreover, the symbol of aNnðDxÞbNðxÞ ~AAðx;DxÞ is expressed by

ð2pÞ�2l

ðððð
e�iyh�iy 0h 0

aNnðxþ hþ h 0ÞbNðxþ yÞ ~AAðxþ y 0
; xÞ dydhdy 0dh 0

: ð2:16Þ

In the same way, the symbol of ~AAðx;DxÞaNnðDxÞbNðxÞ is expressed by

ð2pÞ�2l

ðððð
e�iyh�iy 0h 0

~AAðx; xþ h 0ÞaNnðxþ hÞbNðxþ yþ y 0Þ dydhdy 0dh 0
: ð2:17Þ

By the change of variables y ¼ w 0, y 0 ¼ w� w 0 and h ¼ zþ z 0, h 0 ¼ z in (2.17), noting

�iyh� iy 0h 0 ¼ �iwz� iw 0z 0

and

~AAðx; xþ h 0ÞaNnðxþ hÞbNðxþ yþ y 0Þ ¼ ~AAðx; xþ zÞaNnðxþ zþ z 0ÞbNðxþ wÞ;

we have

ð2:17Þ ¼ ð2pÞ�2l

ðððð
e�iwz�iw 0z 0 ~AAðx; xþ zÞaNnðxþ zþ z 0ÞbNðxþ wÞ dwdzdw 0dz 0 ð2:18Þ

¼ ð2pÞ�2l

ðððð
e�iyh�iy 0h 0

aNnðxþ hþ h 0ÞbNðxþ yÞ ~AAðx; xþ hÞ dydhdy 0dh 0 ð2:19Þ

by replacing w ¼ y, w 0 ¼ y 0 and z ¼ h, z 0 ¼ h 0 in (2.18). Therefore, the symbol of

½aNnðDxÞbNðxÞ;
~AAðx;DxÞ� ¼ aNnðDxÞbNðxÞ

~AAðx;DxÞ � ~AAðx;DxÞaNnðDxÞbNðxÞ

which is the di¤erence between (2.16) and (2.19) can be expressed by

ð2pÞ�2l

ðððð
e�iyh�iy 0h 0

aNnðxþ hþ h 0ÞbNðxþ yÞ

� f ~AAðxþ y 0
; xÞ � ~AAðx; xþ hÞg dydhdy 0dh 0

: ð2:20Þ

Now, by Taylor expansion to ~AAðxþ y 0
; xÞ � ~AAðx; xþ hÞ with respect to y 0 and �h, it

follows

~AAðxþ y 0
; xÞ � ~AAðx; xþ hÞ

¼
X

1ajmþnjaN 0

m!�1n!�1y 0mð�1Þjnjhnqm
xq

n
x
~AAðx; xþ hÞ

þ ðN 0 þ 1Þ

ð1

0

ð1� yÞN
0 X
jmþnj¼N 0þ1

m!�1n!�1y 0mð�1Þjnjhnqm
xq

n
x
~AAðxþ yy 0

; xþ h� yhÞ dy:
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Then, we can write

ð2:20Þ ¼ ð2pÞ�2l
X

1ajmþnjaN 0

ðððð
e�iyh�iy 0h 0

aNnðxþ hþ h 0ÞbNðxþ yÞ

� m!�1n!�1y 0mð�1Þjnjhnqm
xq

n
x
~AAðx; xþ hÞ dydhdy 0dh 0

þ ðN 0 þ 1Þ

ð 1

0

ð1� yÞN
0 X
jmþnj¼N 0þ1

ð2pÞ�2l

ðððð
e�iyh�iy 0h 0

aNnðxþ hþ h 0ÞbNðxþ yÞ

� m!�1n!�1y 0mð�1Þjnjhnqm
xq

n
x
~AAðxþ yy 0

; xþ h� yhÞ dydydhdy 0dh 0
: ð2:21Þ

Similarly, in general case for p and q with 0a jpþ qjaN � 1, the asymptotic expres-

sion of ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ; ~AAðx;DxÞ� can be written by

ð2pÞ�2l
X

1ajmþnjaN 0

ðððð
e�iyh�iy 0h 0

a
ðpÞ
Nn ðxþ hþ h 0ÞbNðqÞðxþ yÞ

� m!�1n!�1y 0mð�1Þjnjhnqm
xq

n
x
~AAðx; xþ hÞ dydhdy 0dh 0

þ ðN 0 þ 1Þ

ð 1

0

ð1� yÞN
0 X
jmþnj¼N 0þ1

ð2pÞ�2l

ðððð
e�iyh�iy 0h 0

a
ðpÞ
Nn ðxþ hþ h 0ÞbNðqÞðxþ yÞ

� m!�1n!�1y 0mð�1Þjnjhnqm
xq

n
x
~AAðxþ yy 0

; xþ h� yhÞ dydydhdy 0dh 0

¼ ~ffN 0pqðx; xÞ þ ~rrN 0pqðx; xÞ: ð2:22Þ

~ffN 0pqðx; xÞ and ~rrN 0pqðx; xÞ shall be estimated in Lemma 2.4 and Lemma 2.5 after in Step

4 respectively.

Here, let us state a well known fact on pseudo-di¤erential operators.

Lemma 2.2. Let aðx; xÞ A Sm. Then, there exists a positive constant C such that

kaðx;DxÞukaCjaj
ðmÞ
l0

kukH m ð2:23Þ

with semi-norm

jaj
ðmÞ
l0

¼ max
jajþjbjal0

sup
x;x AR n

fja
ðaÞ
ðbÞðx; xÞjhxi

�mþjajg

for u A Hm, where kuð�ÞkH m means khDimuð�ÞkL2 .

Proof. For the proof, refer to [4] for example. r

Next, we consider the remaining term in (2.15), ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ�, where

Aðx;DxÞ ¼ Aðx;DxÞð1� ~aaNnðDxÞÞ. The symbol of a
ðpÞ
Nn ðDxÞbNðqÞðxÞ is calculated by

ð2pÞ�l

ðð
e�iyha

ðpÞ
Nn ðxþ hÞbNðqÞðxþ yÞ dydh ¼ aN 0ðx; xÞ þ rN 0ðx; xÞ;

where

aN 0ðx; xÞ ¼
X

jgjaN 0

g!�1a
ðpþgÞ
Nn ðxÞbNðqþgÞðxÞ
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and

rN 0ðx; xÞ

¼ ðN 0 þ 1Þ
X

jgj¼N 0þ1

ð1

0

g!�1ð1� yÞN
0

ð2pÞ�l

ðð

e�iyha
ðpþgÞ
Nn ðxþ hÞbNðqþgÞðxþ yyÞ dydydh

which is estimated by

jrN 0
ðaÞ
ðbÞðx; xÞjaCK 2ð1þNÞn�ðN 0þ1Þ�j pj�jajðN 0 þ 1Þ!jpþ qj!jaþ bj!:

Then

½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ� ¼ ½aN 0ðx;DxÞ;Aðx;DxÞ� þ ½rN 0ðx;DxÞ;Aðx;DxÞ�: ð2:24Þ

We get the symbol of ½aN 0 ;A�,

X

0ajtjaN 0

t!�1fa
ðtÞ
N 0ðx; xÞAðtÞðx; xÞ � AðtÞðx; xÞaN 0 ðtÞðx; xÞg þ rN 0ðx; xÞ; ð2:25Þ

where

rN 0ðx; xÞ

¼ ðN 0 þ 1Þ
X

jtj¼N 0þ1

ð1

0

t!�1ð1� yÞN
0

ð2pÞ�l

ðð

e�iyh

� fa
ðtÞ
N 0ðx; xþ hÞAðtÞðxþ yy; xÞ � AðtÞðx; xþ hÞaN 0 ðtÞðxþ yy; xÞg dydydh

¼ rN 01ðx; xÞ � rN 02ðx; xÞ:

Now, as to (2.25), we remember putting aN 0 ¼
P

jgjaN 0 g!�1a
ðpþgÞ
Nn bNðqþgÞ and A ¼

Að1� ~aaNnÞ, and so can see that the first term in (2.25) is vanishing, since

supp aNn V suppð1� ~aaNnÞ ¼ q:

We put

rN 01ðx; xÞ ¼ ðN 0 þ 1Þ
X

jtj¼N 0þ1

ð1

0

t!�1ð1� yÞN
0

ð2pÞ�l

ðð

e�iyhg1ðx; x; y; hÞ dydydh;

where

g1ðx; x; y; hÞ ¼ hhi�2lhDyi
2lhyi�2lhDhi

2la
ðtÞ
N 0ðx; xþ hÞAðtÞðxþ yy; xÞ:

Then we can write by putting hDi2l ¼
P

jgjal ClgD
2g and for multi-indices m; k A N

l

jg1
ðaÞ
ðbÞðx; x; y; hÞj

¼ hhi�2l
X

jmjal

ClmD
2m
y

0

@

1

Ahyi�2l
X

jkjal

ClkD
2k
h

0

@

1

A

X

a 0aa

Caa 0

X

b 0
ab

Cbb 0

�

�

�

�

�

�

� aN 0
ðtþa 0Þ

ðb 0Þ
ðx; xþ hÞA

ða�a 0Þ

ðtþb�b 0Þ
ðxþ yy; xÞ

�

�

�

�

�

�
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¼

�

�

�

�

�

hhi�2l
X

jmjal

Clm

X

jkjal

Clk

X

a 0aa

Caa 0

X

b 0
ab

Cbb 0

X

2m

j¼0

Cmj

�D2m�j
y hyi�2lD2k

h aN 0
ðtþa 0Þ

ðb 0Þ
ðx; xþ hÞD j

yA
ða�a 0Þ

ðtþb�b 0Þ
ðxþ yy; xÞ

�

�

�

�

�

:

From the estimates (2.11), (2.10) and (2.14), we have

jg1
ðaÞ
ðbÞðx; x; y; hÞj

aChyi�2lhhi�2lK 2ð1þNÞCðN 0þ1Þþjaþbjþ2ln2�ðN 0þ1Þ�jpj�jajðN 0 þ 1Þ!jpþ qj!jaþ bj!:

Moreover, putting

rN 02ðx; xÞ ¼ ðN 0 þ 1Þ
X

jtj¼N 0þ1

ð1

0

t!�1ð1� yÞN
0

ð2pÞ�l

ðð

e�iyhg2ðx; x; y; hÞ dydydh;

where

g2ðx; x; y; hÞ ¼ hhi�2lhDyi
2lAðtÞðx; xþ hÞaN 0 ðtÞðxþ yy; xÞ;

we can estimate

jg2
ðaÞ
ðbÞðx; x; y; hÞj

¼

�

�

�

�

�

hhi�2l
X

jmjal

Clm

X

a 0aa

Caa 0

X

b 0
ab

Cbb 0

X

t 0at

Ctt 0

� A
ðt 0þa 0Þ

ðb 0Þ
ðx; xþ hÞqt�t 0

x ð1� ~aaNnðxþ hÞÞD2m
y aN 0

ða�a 0Þ

ðtþb�b 0Þ
ðxþ yy; xÞ

�

�

�

�

�

aChhi2�2lK 3ð1þNÞn2�ðN 0þ1Þ�j pj�jajðN 0 þ 1Þ!jpþ qj!jaþ bj!:

Hence, we can see, by Lemma 2.2,

krN 0vðt; �ÞkaCðN 0 þ 1Þ!jpþ qj!n2�ðN 0þ1Þ�pkvðt; �Þk:

From (2.24), it follows

k½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ�vka c0e

�e0nkvk: ð2:26Þ

Thus we get from (2.22) and (2.26)

Fpq ¼ ~ffN 0pqvþ ~rrN 0pqvþ ½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ�v: ð2:27Þ

Step 4. Energy estimate.

We can write from (2.13)

d

dt
ðkvp;qk

2Þ ¼ 2ReðAvp;q; vp;qÞ þ 2Reð ~ffN 0pqv; vp;qÞ þ 2Reð~rrN 0pqv; vp;qÞ

þ 2Reð½a
ðpÞ
Nn ðDxÞbNðqÞðxÞ;Aðx;DxÞ�v; vp;qÞ; ð2:28Þ
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in view of (2.27). In order to estimate the right hand side of (2.28), each term can be

estimated in Lemma 2.3, Lemma 2.4 or Lemma 2.5 separately.

Lemma 2.3. There is a positive constant C0 satisfying

2ReðAðx;DxÞvp;qðt; �Þ; vp;qðt; �ÞÞbC0n
2kvp;qðt; �Þk

2
: ð2:29Þ

Proof. We can see from (2.14)

ReðaLðx;DxÞvp;q; vp;qÞ ¼ ðfaLðx;DxÞ � aLðx0;DxÞgvp;q; vp;qÞ

þ ðfaLðx0;DxÞ � aLðx0; nx0Þgvp;q; vp;qÞ

þ ðaLðx0; nx0Þvp;q; vp;qÞ: ð2:30Þ

Note that the first term in (2.30) gives, for some operator aLðx;DxÞ,

ðfaLðx;DxÞ � aLðx0;DxÞgvp;q; vp;qÞ ¼ ððx� x0ÞA0ðx;DxÞvp;q; vp;qÞ; ð2:31Þ

and, since jx� x0ja r0 on x A supp bNðqÞ, there is a positive constant C1 satisfying

ð2:31ÞaC1r0n
2kvp;qk

2
: ð2:32Þ

Concerning the second term in (2.30), for some function aL, we have

ðaLðx0; xÞ � aLðx0; nx0ÞÞvp;q ¼ ðx� nx0ÞaLðx0; nx0 þ yðx� nx0ÞÞvp;q: ð2:33Þ

Noting jx� nx0ja r0n on supp a
ðpÞ
Nn , we get, for some positive constant C2,

ð2:33ÞaC2r0n
2kvp;qk

2
: ð2:34Þ

Concerning the last term in (2.30), in veiw of

Re aLðx0; nx0Þ ¼ Re aðx0 � iro; x0Þn
2
;

we have, for some constant c > 0,

Re aLðx0; nx0Þb cn2

because of the assumption of (2.9). Hence it can be estimated from below that

ReðaLðx0; nx0Þvp;q; vp;qÞb cn2kvp;qk
2
: ð2:35Þ

Collecting (2.32), (2.34) and (2.35) in (2.30), and choosing r0 small enough such that

C1r0 þ C2r
2
0 < c;

we get, for some constant ca > 0,

ReðaLðx;DxÞvp;q; vp;qÞb can
2kvp;qk

2
: ð2:36Þ

Moreover, from (2.14),

ReðAðx;DxÞvp;q; vp;qÞb can
2kvp;qk

2 � cbnkvp;qk
2
: ð2:37Þ

Hence (2.29) holds. r

In the following lemma, we give the estimate of the second term in (2.28).
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Lemma 2.4. There is a positive constant C1 satisfying

k ~ffN 0pqvðt; �ÞkaC1

X
1ajmþnjaN 0

Cjmþnjn2�jnjkvpþm;qþnðt; �Þk: ð2:38Þ

Proof. To begin with, let us remember ~ffN 0pqðx; xÞ in (2.22).

~ffN 0pqðx; xÞ

¼ ð2pÞ�2l
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj
ðððð

hne�iyhy 0me�iy 0h 0

� a
ðpÞ
Nn ðxþ hþ h 0ÞbNðqÞðxþ yÞqm

xq
n
x
~AAðx; xþ hÞ dydhdy 0dh 0

¼ ð2pÞ�2l
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj
ðððð

ð�iÞnqn
yðe

�iyhÞð�1Þjnjð�iÞmqm
h 0ðe

�iy 0h 0

Þð�1Þjmj

� a
ðpÞ
Nn ðxþ hþ h 0ÞbNðqÞðxþ yÞqm

xq
n
x
~AAðx; xþ hÞ dydhdy 0dh 0

¼ ð2pÞ�2l
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj
ðððð

Dn
yðe

�iyhÞð�1Þjnjqm
h 0ðe

�iy 0h 0

Þð�1Þjmj

� a
ðpÞ
Nn ðxþ hþ h 0ÞbNðqÞðxþ yÞDm

xq
n
x
~AAðx; xþ hÞ dydhdy 0dh 0

¼ ð2pÞ�2l
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj
ðððð

e�iyh�iy 0h 0

� a
ðpþmÞ
Nn ðxþ hþ h 0ÞbNðqþnÞðxþ yÞ ~AA

ðnÞ
ðmÞðx; xþ hÞ dydhdy 0dh 0

: ð2:39Þ

Now, in veiw of the fact

ð2pÞ�l

ðð
e�iy 0h 0

hðh 0Þ dy 0dh 0 ¼

ð
e�iy 00ĥhðy 0Þ dy 0 ¼ hð0Þ;

(2.39) gives

~ffN 0pqðx; xÞ

¼ ð2pÞ�l
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj
ðð

e�iyh

� ~AA
ðnÞ
ðmÞðx; xþ hÞa

ðpþmÞ
Nn ðxþ hÞbNðqþnÞðxþ yÞ dydh: ð2:40Þ

Thus, we can see that (2.40) represents the symbol of the operator product, that is

~ffN 0pqðx;DxÞ ¼
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj ~AA
ðnÞ
ðmÞðx;DxÞa

ð pþmÞ
Nn ðDxÞbNðqþnÞðxÞ: ð2:41Þ

Now, from (2.14)

~AAðx;DxÞ ¼ aLðx;DxÞ~aaNnðDxÞ þ bLðx;DxÞ~aaNnðDxÞ: ð2:42Þ
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Applying ðA~aaNnÞ
ðnÞ
ðmÞðx;DxÞ to Lemma 2.2, we get

kðaL~aaNnÞ
ðnÞ
ðmÞðx;DxÞvpþm;qþnkaCac

jmþnj
a jmþ nj!n2�jnjkvpþm;qþnk; ð2:43Þ

and

kðbL~aaNnÞ
ðnÞ
ðmÞðx;DxÞvpþm;qþnkaCbc

jmþnj
b jmþ nj!n1�jnjkvpþm;qþnk: ð2:44Þ

From (2.41), we can write

~ffN 0pqðx;DxÞv ¼
X

1ajmþnjaN 0

m!�1n!�1ð�1Þjnj ~AA
ðnÞ
ðmÞðx;DxÞvpþm;qþn:

Thus, from (2.43) and (2.44), we get

X
1ajmþnjaN 0

m!�1n!�1kðaL~aaNn þ bL~aaNnÞ
ðnÞ
ðmÞðx;DxÞvpþm;qþnk

aC
X

1ajmþnjaN 0

m!�1n!�1Cjmþnjjmþ nj!n2�jnjkvpþm;qþnk

aC
X

1ajmþnjaN 0

Cjmþnj jmþ nj!

jmj!jnj!
n2�jnjkvpþm;qþnk:

(2.42) implies (2.38). r

Finally, the third term on the right hand side in (2.28) can be estimated as follows.

Lemma 2.5. There is a positive constant C2 satisfying

k~rrN 0pqvðt; �ÞkaC2C
N 0þ1ðN 0 þ 1Þ!jpþ qj!n2�ðN 0þ1Þ�jpjkvðt; �Þk: ð2:45Þ

Proof. From ~rrN 0pqðx; xÞ in (2.22),

~rrN 0pqðx; xÞ

¼ ðN 0 þ 1Þ

ð1

0

ð1� yÞN
0

ð2pÞ�2l
X

jmþnj¼N 0þ1

m!�1n!�1ð�1Þjnj

�

ðððð
e�iyh�iy 0h 0

a
ðpþmÞ
Nn ðxþ hþ h 0ÞbNðqþnÞðxþ yÞ

� ~AA
ðnÞ
ðmÞðxþ yy 0

; xþ h� yhÞ dydydhdy 0dh 0

¼ ðN 0 þ 1Þ

ð1

0

ð1� yÞN
0

ð2pÞ�2l
X

jmþnj¼N 0þ1

m!�1n!�1ð�1Þjnj

�

ðððð
e�iyh�iy 0h 0

hðx; x; y; h; y 0
; h 0Þ dydydhdy 0dh 0

;

where

hðx; x; y; h; y 0
; h 0Þ ¼ hhi�2lhDyi

2lhyi�2lhDhi
2lhh 0i�2lhDy 0i2lhy 0i�2lhDh 0i2l

� a
ðpþmÞ
Nn ðxþ hþ h 0ÞbNðqþnÞðxþ yÞ ~AA

ðnÞ
ðmÞðxþ yy 0

; xþ h� yhÞ:
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By putting hDi2l ¼
P

jgjal ClgD
2g, and for multi-indices d;m; n; k A N

l ,

jh
ðaÞ
ðbÞðx; x; y; h; y

0
; h 0Þj

¼ hhi�2l
X

jdjal

CldD
2d
y

0

@

1

Ahyi�2l
X

jnjal

ClnD
2n
h

0

@

1

Ahh 0i�2l
X

jmjal

ClmD
2m
y 0

0

@

1

Ahy 0i�2l

�

�

�

�

�

�

�
X

jkjal

ClkD
2k
h 0

0

@

1

A

X

a 0aa

Caa 0

X

b 0
ab

Cbb 0a
ð pþmþa 0Þ
Nn ðxþ hþ h 0ÞbNðqþnþb 0Þðxþ yÞ

� ~AA
ðnþa�a 0Þ

ðmþb�b 0Þ
ðxþ yy 0

; xþ h� yhÞ

�

�

�

�

�

�

;

¼

�

�

�

�

�

hhi�2lhh 0i�2l
X

jdjal

Cld

X

jnjal

Cln

X

jmjal

Clm

X

jkjal

Clk

X

a 0aa

Caa 0

X

b 0
ab

Cbb 0

X

2m

j¼0

Cmj

�
X

2n

i¼0

Cmi

X

2d

h¼0

CdhD
2d�h
y hyi�2lD

2m�j
y 0 hy 0i�2lD2n�i

h D2k
h 0 a

ðpþmþa 0Þ
Nn ðxþ hþ h 0Þ

�Dh
ybNðqþnþb 0Þðxþ yÞD i

hD
j
y 0
~AA
ðnþa�a 0Þ

ðmþb�b 0Þ
ðxþ yy 0

; xþ h� yhÞ

�

�

�

�

�

: ð2:46Þ

In (2.46), by the estimates (2.11), (2.10) and (2.14),

jh
ðaÞ
ðbÞðx; x; y; h; y

0
; h 0Þj

aChyi�2lhhi�2lhy 0i�2lhh 0i�2lK 2ð1þNÞjpþ mþ a 0 þ 4lj!jqþ nþ b 0 þ 2lj!n�jpþmþa 0j

� Cjmþnþa�a 0þb�b 0þ4ljjmþ nþ a� a 0 þ b � b 0 þ 4ljn2�jnþa�a 0j

aCKhyi
�2lhhi�2lhy 0i�2lhh 0i�2lCN 0þ1ðN 0 þ 1Þ!jaþ bj!jpþ qj!n2�ðN 0þ1Þ�jpj�jaj

:

Hence, (2.45) holds. r

Collecting Lemma 2.3, Lemma 2.4, Lemma 2.5 and (2.26) in (2.28), we conclude

that

d

dt
kvp;qkbC0n

2kvp;qðt; �Þk � C1

X

1ajmþnjaN 0

Cjmþnjn2�jnjkvpþm;qþnðt; �Þk

� C2C
N 0þ1ðN 0 þ 1Þ!jpþ qj!n2�ðN 0þ1Þ�j pjkvðt; �Þk � c0e

�e0nkvðt; �Þk: ð2:47Þ

Multiplying (2.47) by M jpþqjn�jqj and summing up them for 0a jpþ qjaN � 1,

we have the following estimate.

Lemma 2.6. There are positive constants c 0; c 00 and d satisfying

d

dt
SNb c 0n2SN � n2c 00e�dnkvk; ð2:48Þ
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where

SN ¼
X

0ajpþqjaN�1

M jpþqjn�jqjkvp;qk:

Proof. As to the second term in (2.47), it follows that

X

0ajpþqjaN�1

M jpþqjn�jqjC1

X

1ajmþnjaN 0

Cjmþnjn2�jnjkvpþm;qþnk

aC1

X

0ajpþqjaN�1

X

0ajmþnjaN 0

CM�1M jpþmþqþnjn�jqjn2�jqþnjkvpþm;qþnk ð2:49Þ

in veiw of ðCM�1Þjmþnj
aCM�1 if M > C. Moreover, by taking N 0 ¼ N � jpþ qj,

ð2:49ÞaC1CM
�1n2

X

0ajpþqþmþnjaN

M jpþmþqþnjn�jqþnjkvpþm;qþnk

aC1CM
�1n2 SN þ

X

jpþqj¼N

M jpþqjn�jqjkvp;qk

8

<

:

9

=

;

: ð2:50Þ

Here, we choose M ¼ 1=c 0 such that C1CM
�1
aC0. The second term in (2.50) is

estimated as follows. From (2.10) and (2.11), we have

X

jpþqj¼N

M jpþqjn�jqjkvp;qka
X

jpþqj¼N

M jpþqjn�jpþqjK 2ð1þNÞjpþ qj!kvk

aCMNK 2ð1þNÞN!n�Nkvk

aC 0K 2e�ðeMK 2Þ�1
nkvk

aC 00e�c1nkvk: ð2:51Þ

Then we put N ¼ n=eMK 2, and eð�eMK 2Þ�1
n ¼ e�c1n since letting K ¼ 1=c 00. The third

term in (2.47) is estimatd by

X

jpþqj¼N

M jpþqjn�jqjC2C
N 0þ1ðN 0 þ 1Þ!jpþ qj!n2�ðN 0þ1Þ�j pjkvk

aC2C
N 0þ1ðN 0 þ 1Þ!n2

X

jpþqj¼N

M jpþqjn�jpþqjjpþ qj!kvk

aC2C
N 0þ1n2MNðN 0 þ 1Þ!N!n�Nkvk

aC2n
2e�c2nkvk: ð2:52Þ

Hence, putting d ¼ minfe0; c1; c2g where e0; c1 and c2 are represented in (2.47), (2.51)

and (2.52) respectively, we can prove (2.48) from (2.50), (2.51) and (2.52). r

From (2.48) in Lemma 2.6, we have

SNðtÞb ec
0n2tSNð0Þ � n2c 00e�dn

ð t

0

ec
0n2ðt�sÞkvðsÞk ds: ð2:53Þ
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Step 5. Initial data.

Here, we consider the function f̂fðxÞ be a function whose support is located in small

neighbourhood of x0,

fðhÞb 0; supp½f�H x; jx� x0j <
1

2
r0

� �

and

ð

jfðxÞj2 dx ¼ 1:

Let us note that aNðxÞ ¼ 1 on the support of f̂f. Then we put the initial data as follows.

v̂v0ðxÞ ¼ f̂fðx� nx0Þ; ð2:54Þ

namely, v0ðxÞ ¼ e inx0xfðxÞ. As to SNð0Þ in (2.53), since

kaNnðDxÞbNðxÞv0k ¼ kaNnðDxÞv0kbC

we can see

SNð0Þ ¼
X

0ajpþqjaN�1

M jpþqjn�jqjka
ðpÞ
Nn ðDxÞbNðqÞðxÞv0kb

~CC: ð2:55Þ

And, we have from (1.6) in Definition 1.1

kvðt; �Þka kerhDxiuðt; �Þk

aCkeðrþmðtÞÞhDxiu0k

aCke�ro�xþrhxiþmðtÞhxiv̂v0k

a cnernþmðtÞn
: ð2:56Þ

Thus, since mðtÞ is a monotone increasing function continuously defined in ½0;T � with

mð0Þ ¼ 0, we can see

ð t

0

ec
0n2ðt�sÞkvðsÞk dsa cnec

0n2tþrn

ð t

0

emðsÞn�c 0sn2

dsaC 0ernþmðtÞnec
0n2t

: ð2:57Þ

Consequently, from (2.57) and (2.55), (2.53) can be estimated by

SNðtÞb ec
0n2tSNð0Þ � C 0c 00n2e�ðd�rÞnþmðtÞnec

0n2t

bCec
0n2t

; ð2:58Þ

where mðtÞ should be taken as satisfying mðtÞ < d� r for any r possessing r < d. On the

other hand, SNðtÞ can be estimated by, from (2.56),

SNðtÞ ¼
X

0ajpþqjaN�1

M jpþqjn�jqjka
ðpÞ
Nn ðDxÞbNðqÞðxÞvk

aCðMÞNkvk

aCðMÞn2eðrþmðtÞÞn
: ð2:59Þ

Hence, two inequalities (2.58) and (2.59) are not compatible by defining an initial data

as (2.54). Thus we completed the proof of Theorem 1.2.
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