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Abstract. We give a Fourier-Ehrenpreis integral representation formula that ex-

presses a harmonic function in a ball with a prescribed boundary value by superposition of

harmonic exponentials.

1. Introduction.

The exponential e�ihz; ti is harmonic in t ¼ ðt1; . . . ; tnÞ if z ¼ ðz1; . . . ; znÞ satisfies

z A V ¼ fz A C
n
; z2 ¼

Pn
j¼1 z

2
j ¼ 0g. According to the Ehrenpreis fundamental princi-

ple, harmonic functions are represented as integrals over this kind of harmonic expo-

nentials with respect to some measures supported on V . The original proof was a very

abstract argument based on the Hahn-Banach theorem and gave no explicit construction

of such a measure.

On the other hand, integral formulas in Several Complex Variables led to explicit

versions of the fundamental principle; see [2] and the references in [1] and [4].

The power of [2] resides in its generality. When applied to the particular case of

the Laplacian, it has some redundancy: it involves not only the Dirichlet boundary value

but also some other data. We have given a formula free from such superfluous data

in the case n ¼ 3 in [4]. In the present paper we give a result for an arbitrary n in a

di¤erent formulation.

Let Bn ¼ ft A R
n
; jtj ¼ ð

Pn
j¼1 t

2
j Þ

1=2 < 1g be the open unit ball of R
n
t and uðtÞ A

C
0ðBnÞ be harmonic in Bn. We denote its Dirichlet boundary value by f A C

0ðS n�1Þ.

Let
Ð

V
be the ð1; 1Þ-current of integration along V nf0g, which is the smooth locus of V

and has a natural orientation as a complex manifold. For a ðn� 1; n� 1Þ-form (pos-

sibly with singularities) o on C
n, we have

Ð

V
o ¼

Ð

V nf0g F
�ðoÞ, where F : V nf0g ! C

n

is the natural embedding.

Set xj ¼ Re zj , yj ¼ Im zj ð j ¼ 1; . . . ; nÞ and x ¼ ðx1; . . . ; xnÞ, y ¼ ðy1; . . . ; ynÞ.

Put dx5dy ¼
Pn

j¼1 dxj5dyj. We will prove that in Bn ðnb 3Þ we have the Fourier-

Ehrenpreis integral representation formula:

uðtÞ ¼
1

2ð2pÞn�1

ð

V

1�
n� 2

2jyj

� �

f ðy=jyjÞe�ihz; tie�jyj dx5dy

jyj

� �n�1

:

If n ¼ 2 we have a slightly di¤erent formula:

uðtÞ ¼
1

4p

ð

V

f ðy=jyjÞe�jyj e�ihz; ti �
1

2

� �

dx5dy

jyj
:
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2. Geometry.

The equation z2 ¼ jxj2 � jyj2 þ 2ihx; yi ¼ 0 is satisfied if and only if jxj � jyj ¼

hx; yi ¼ 0. For a fixed value of s ¼ y=jyj A S n�1, r ¼ jxj ¼ jyj can take an arbitrary

positive value and x can be any vector which is orthogonal to s. Therefore there is a

di¤eomorphism

V nf0g ! TS n�1nS n�1; ðx; yÞ 7! ðy=jyj; xÞ;

where TS n�1 is the tangent bundle of S n�1 whose fiber at s is HðsÞ ¼ fx A R
n
;

hs; xi ¼ 0g. Here S n�1 is identified with the zero section S n�1 � f0gHTS n�1. The

inverse mapping is

TS n�1nS n�1 ! V nf0g; ðs; xÞ 7! ðx; jxjsÞ:

For y A R
nnf0g, set HðyÞ ¼ Hðy=jyjÞ ¼ fx A R

n
; hy; xi ¼ 0g, which is the boundary

of fx; hy; xi < 0g and is oriented accordingly. Let oy A W
n�1ðHðyÞÞ be the surface-

area element of HðyÞ and p be the orthogonal projection from R
n to HðyÞ. Put

wyðxÞ ¼ p
�
oy, y � dx ¼

Pn
j¼1 yj dxj. Then

ðy � dxÞ5wyðxÞ ¼ jyj dx15 � � �5dxn:ð2:1Þ

Set vðyÞ ¼
Pn

j¼1ð�1Þ j�1
yj dy15 � � �5cdyjdyj5 � � �5dyn, y � dy ¼

Pn
j¼1 yj dyj. Then

ðy � dyÞ5vðyÞ ¼ jyj2 dy15 � � �5dyn:ð2:2Þ

At each point on fx � y ¼ 0g, we have

ðx � dyÞ5vðyÞ ¼ ðx � yÞ dy15 � � �5dyn ¼ 0:ð2:3Þ

Lemma 2.1. At each point on fx � y ¼ jyj � jxj ¼ 0g, we have

dðx � yÞ5dðjyj2 � jxj2Þ5vðyÞ5wyðxÞ ¼ 2ð�1Þnjxj3 dy15 � � �5dyn5dx15 � � �5dxn:

Proof.

1

2
dðx � yÞ5dðjyj2 � jxj2Þ5vðyÞ5wyðxÞ

¼ ðy � dxþ x � dyÞ5ðy � dy� x � dxÞ5vðyÞ5wyðxÞ

¼ ðy � dxÞ5ðy � dyÞ5vðyÞ5wyðxÞ � ðx � dyÞ5ðx � dxÞ5vðyÞ5wyðxÞ

because ðnþ 1Þ-forms in x or y are 0

¼ ð�1Þnjyj3 dy15 � � �5dyn5dx15 � � �5dxn by ð2:1Þ; ð2:2Þ and ð2:3Þ: r

Lemma 2.2. At each point on fjyj � jxj ¼ 0g, we have

dðx � yÞ5dðjyj2 � jxj2Þ5ðdx5dyÞn�1 ¼ 4ð�1Þnðnþ1Þ=2jxj2 dy15 � � �5dyn5dx15 � � �5dxn:

Proof. First we can see easily that ðdx5dyÞn�1 ¼
Pn

l¼1

Q
k0l

dxk5dyk, which

implies that ðdxp5dyqÞ5ðdx5dyÞn�1 ¼ 0 if p0 q. Therefore
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ðy � dxÞ5ðy � dyÞ5ðdx5dyÞn�1 ¼
X

n

j¼1

y2j dxj5dyj

 !

5

X

n

l¼1

Y

k0l

dxk5dyk

¼ jyj2ðdx15dy1Þ5 � � �5ðdxn5dynÞ:

In a similar way, we are led to

1

2
dðx � yÞ5dðjyj2 � jxj2Þ5ðdx5dyÞn�1

¼ ðy � dxþ x � dyÞ5ðy � dy� x � dxÞ5ðdx5dyÞn�1

¼ ðjxj2 þ jyj2Þðdx15dy1Þ5 � � �5ðdxn5dynÞ: r

On account of Lemmas 2.1 and 2.2, we arrive at

Lemma 2.3. At each point on V nf0g, we have

dðx � yÞ5dðjyj2 � jxj2Þ5ðdx5dyÞn�1

¼ 2ð�1Þnðn�1Þ=2
dðx � yÞ5dðjyj2 � jxj2Þ5jxjn�1

sðy=jyjÞ5wyðxÞ;

where s is the surface-area element of S n�1 and sðy=jyjÞ ¼ jyj�n
vðyÞ is its pullback by the

projection R
nnf0g ! S n�1, y 7! y=jyj.

Lemma 2.4. Let f1 and f2 be C
y-functions on an m-dimensional manifold M such

that df15df2 0 0 near N ¼ f f1 ¼ f2 ¼ 0g. If an ðm� 2Þ-form o satisfies o5df15df2 ¼

0 at each point on the submanifold N, then f�o ¼ 0 where f : N ! M is the embedding.

Proof. Choose a local coordinate system x ¼ ðx1; . . . ; xmÞ with xj ¼ fj ð j ¼ 1; 2Þ.

An ðm� 2Þ-form o can be written in the form

oðxÞ ¼ hðxÞ dx35 � � �5dxn þ dx15
X

j1<���< jm�3

hj1;...; jm�3
ðxÞ dxj15 � � �5dxjm�3

þ dx25
X

j1<���< jm�3

h 0
j1;...; jm�3

ðxÞ dxj15 � � �5dxjm�3
:

Then at each point on N we get

o5df15df2 ¼ o5dx15dx2 ¼ hð0; 0; x3; . . . ; xnÞ dx15 � � �5dxn:

On the other hand, we have f�o ¼ hð0; 0; x3; . . . ; xnÞ dx35 � � �5dxn. r

By virtue of Lemmas 2.3 and 2.4 (with f1 ¼ x � y, f2 ¼ jyj2 � jxj2) we deduce

Proposition 2.5.

F�ððdx5dyÞn�1Þ ¼ F�ð2ð�1Þnðn�1Þ=2jxjn�1
sðy=jyjÞ5wyðxÞÞ:

3. Integrals.

In this section, we will show Lemma 3.2 below which will be used in the proof of

Proposition 4.1.
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Lemma 3.1. Put Kn ¼
Ð p

0
sinn x=ðaþ ip cos xÞnþ1

dx for a > 0, p A R, n A N0 ¼

f0; 1; 2; . . .g. Then we have Kn ¼ gnða
2 þ p2Þ�ðnþ1Þ=2

, where gn ¼
Ð p

0
sinn x dx.

Proof. It is well-known that

gn ¼
2ðn� 1Þ!!

n!!
ðif n is oddÞ; gn ¼

pðn� 1Þ!!

n!!
ðif nb 2 is evenÞ; g0 ¼ p:

We have

qKn

qp
¼ �iðnþ 1Þ

ð p

0

sinn x cos x

ðaþ ip cos xÞnþ2
dx;

q2Kn�2

qa2
¼ nðn� 1Þ

ð p

0

sinn�2 x

ðaþ ip cos xÞnþ1
dx ðnb 2Þ:

By integrating Kn ¼
Ð p

0
ð�cos xÞ 0 sinn�1 x=ðaþ ip cos xÞnþ1

dx by parts, we obtain

p
q

qp
þ n

� �

Kn ¼
1

n

q2

qa2
Kn�2 ðnb 2Þ:

Note that pq=qpþ n is injective on the set of power series in p. r

Lemma 3.2. If nb 3, a > 0 and ðb1; . . . ; bn�1Þ A R
n�1, then

In :¼

ð

S n�2

dn 0ðXÞ

ðaþ i
Pn�1

l¼1 blXlÞ
n�2

¼
Cn�2

ða2 þ
Pn�1

l¼1 b
2
l
Þðn�2Þ=2

;

Jn :¼

ð

S n�2

dn 0ðXÞ

ðaþ i
Pn�1

l¼1 blXlÞ
n�1

¼
Cn�2a

ða2 þ
Pn�1

l¼1 b
2
l
Þn=2

;

where Cm ðmb 1Þ is the surface-area of Sm and n 0 is the surface-area measure of S n�2.

Proof. It is well-known that Cm ¼ 2g0 � � � gm�1 and that

Cm ¼
ð2pÞðmþ1Þ=2

ðm� 1Þ!!
ðif m is oddÞ;

2ð2pÞm=2

ðm� 1Þ!!
ðif m is evenÞ:

We have only to calculate In because Jn ¼ ð2� nÞ�1
qIn=qa.

The group SOðn� 1Þ acts on S n�2 transitively. So we may replace ðb1; . . . ; bn�1Þ

by ðp; 0; . . . ; 0Þ with p ¼ ð
Pn�1

l¼1 b
2
l
Þ1=2. By using the polar coordinates we find that

ð

S n�2

dn 0ðXÞ

ðaþ ipX1Þ
n�2

¼

ð2p

0

dyn�2

Y

n�3

j¼2

ð p

0

sinn�2�jyj dyj

 !

ð p

0

sinn�3 y1 dy1

ðaþ ip cos y1Þ
n�2

¼ 2g0 � � � gn�4Kn�3:

By using Lemma 3.1, we get the formula for In. r

4. Main result.

Put r ¼ jxj ¼ jyj, s ¼ y=r, x ¼ x=r on V nf0g. We see that x is an element of SðsÞ ¼

fx A HðsÞ; jxj ¼ 1gFS n�2 for each fixed s A S n�1. Let m;m and n be the surface-area

measures of S n�1
HR

n, HðsÞFR
n�1 and SðsÞ respectively.
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Since ðz1; . . . ; bzlzl; . . . ; znÞ is a holomorphic coordinate system of V nf0g, the 2ðn� 1Þ-

form F�ð
Q

k0l
dxk5dykÞ ðl ¼ 1; . . . ; nÞ is positive with respect to its natural orientation

and so are the forms in Proposition 2.5.

For a function F on V nf0g we have

ð

V nf0g

FF�ððdx5dyÞn�1Þ ¼

ð

V nf0g

FF�ð2ð�1Þnðn�1Þ=2jxjn�1
sðy=jyjÞ5wyðxÞÞ

¼ 2

ð

S n�1

dmðsÞ

ð

HðsÞ

rn�1F dmðxÞ

¼ 2

ð

S n�1

dmðsÞ

ð

SðsÞ

dnðxÞ

ðy

0

r2n�3F dr:

Proposition 4.1. Assume nb 3. Put Fj ¼ r�ðn�1þjÞe�fð1�hs; tiÞrþihx; tigf ðsÞ ð j ¼ 0; 1Þ

on V nf0g where f A C
0ðS n�1Þ. Then if jtj < 1, we have

ð

V nf0g

F0F
�ððdx5dyÞn�1Þ ¼ 2ðn� 2Þ!Cn�2

ð

S n�1

ð1� hs; tiÞ f ðsÞ

js� tjn
dmðsÞ;ð4:1Þ

ð

V nf0g

F1F
�ððdx5dyÞn�1Þ ¼ 2ðn� 3Þ!Cn�2

ð

S n�1

f ðsÞ

js� tjn�2
dmðsÞ:ð4:2Þ

Proof. Put a ¼ 1� hs; ti, then a > 0 because jsj ¼ 1, jtj < 1. It implies the con-

vergence of the following integral:

ð

V nf0g

FjF
�ððdx5dyÞn�1Þ ¼ 2

ð

S n�1

f ðsÞ dmðsÞ

ð

SðsÞ

dnðxÞ

ðy

0

rn�2�je�rðaþihx; tiÞ drð4:3Þ

¼ 2ðn� 2� jÞ!

ð

S n�1

f ðsÞ dmðsÞ

ð

SðsÞ

dnðxÞ

ðaþ ihx; tiÞn�1�j
:

Let fu1; . . . ; un�1g be an orthonormal system of the linear subspace HðsÞ of R
n.

Then each x ¼ x=r A SðsÞHHðsÞ is expressed as x ¼
Pn�1

l¼1 Xlul,
Pn�1

l¼1 X
2
l
¼ 1. Set

bl ¼ hul; ti, then hx; ti ¼
Pn�1

l¼1 blXl. We have

ð

SðsÞ

dnðxÞ

ðaþ ihx; tiÞn�1�j
¼

ð

S n�2

dn 0ðXÞ

ðaþ i
Pn�1

l¼1 blXlÞ
n�1�j

;

where X ¼ ðX1; . . . ;Xn�1Þ.

Recall that r ¼ jyj, s ¼ y=r. Since fs; u1; . . . ; un�1g is an orthonormal system of

R
n, bl ¼ hul; ti satisfies hs; ti2 þ

Pn�1
l¼1 b

2
l
¼ jtj2. Hence a2 þ

Pn�1
l¼1 b

2
l
¼ 1� 2hs; tiþ

jtj2 ¼ js� tj2. By using Lemma 3.2 we complete the proof of Proposition 4.1. r

We introduce two integral operators Q0;Q1 : C
0ðS n�1Þ ! C

yðBnÞ by

Q0½ f �ðtÞ ¼

ð

V

f ðy=jyjÞe�ihz; tie�jyj dx5dy

jyj

� �n�1

;

Q1½ f �ðtÞ ¼

ð

V

f ðy=jyjÞ

jyj
e�ihz; tie�jyj dx5dy

jyj

� �n�1

:
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On V we have �ihz; ti� jyj ¼ hy; ti� jyj � ihx; ti ¼ �fð1� hs; tiÞrþ ihx; tig. We

can use Proposition 4.1 to calculate Qj. The result is

Q0½ f �ðtÞ ¼ 2ðn� 2Þ!Cn�2

ð

S n�1

ð1� hs; tiÞ f ðsÞ

js� tjn
dmðsÞ;

Q1½ f �ðtÞ ¼ 2ðn� 3Þ!Cn�2

ð

S n�1

f ðsÞ

js� tjn�2
dmðsÞ:

We find that f1=ð2Cn�2Cn�1Þgf2Q0½ f �ðtÞ=ðn� 2Þ!�Q1½ f �ðtÞ=ðn� 3Þ!g is nothing but

the Poisson integral of f . By using Cn�1Cn�2 ¼ 2ð2pÞn�1=ðn� 2Þ!, we obtain our main

result:

Theorem 4.2. Assume that uðtÞ A C
0ðBnÞ ðnb 3Þ is harmonic in Bn and let f ¼

ujqBn
A C

0ðS n�1Þ be its Dirichlet boundary value. Then in Bn, we have

uðtÞ ¼
1

2ð2pÞn�1

ð

V

1�
n� 2

2jyj

� �

f ðy=jyjÞe�ihz; tie�jyj dx5dy

jyj

� �n�1

:

In particular, uðtÞ is given by superposition of the exponentials expð�ihz; tiÞ with

z2 ¼
Pn

j¼1 z
2
j ¼ 0 and y=jyj A supp f .

5. 2-dimensional case.

Only (4.1) in Proposition 4.1 holds if n ¼ 2. (The left hand side of (4.2) is diver-

gent.) Here we set C0 ¼ 2. We have

ð

V nf0g

F0F
�ðdx5dyÞ ¼ 4

ð

S 1

1� hs; ti

js� tj2
f ðsÞ dmðsÞ:

In the same way as in the previous section, define Q0 : C
0ðS1Þ ! C

yðB2Þ by

Q0½ f �ðtÞ ¼

ð

V

f ðy=jyjÞe�ihz; tie�jyj dx5dy

jyj
:

Then Q0½ f �ðtÞ ¼ 4
Ð

S 1ðð1� hs; tiÞ=js� tj2Þ f ðsÞ dmðsÞ. Hence ð8pÞ�1ð2Q0½ f �ðtÞ �

Q0½ f �ð0ÞÞ equals the Poisson integral of f .

Theorem 5.1. If uðtÞ A C
0ðB2Þ is harmonic in B2 and f A C

0ðS1Þ is its Dirichlet

boundary value, then in B2, we have

uðtÞ ¼
1

4p

ð

V

f ðy=jyjÞe�jyj e�ihz; ti �
1

2

� �

dx5dy

jyj
:
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