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Abstract. Let 4 be a Buchsbaum local ring with the maximal ideal m and let e(4)
denote the multiplicity of 4. Let Q be a parameter ideal in 4 and put / = Q : m. Then
the equality I? = QI holds true, if ¢(4) =2 and depth 4 > 0. The assertion is no longer
true, unless e(4) =2. Counterexamples are given.

1. Introduction.

Let 4 be a Noetherian local ring with the maximal ideal m and d =dim 4. Let Q
be a parameter ideal in 4 and let 7 = Q : m. In this paper we are interested in the
problem of when the equality /> = QI holds true. This problem was completely solved
by A. Corso, C. Huneke, C. Polini, and W. Vasconcelos [CHV], [CP], [CPV] in the case
where A4 is a Cohen-Macaulay ring. When A4 is a Buchsbaum ring, partial answers only
recently appeared in the authors’ paper [GSal, supplying [Y1], and with ample
examples of ideals 7, for which the Rees algebras R(7) = @n>01 " the associated graded
rings G(I) = R(/)/IR(I), and the fiber cones F(/) = R(/)/mR(I) are all Buchsbaum
rings with certain specific graded local cohomology modules.

This research is a succession of and the present purpose is to prove the
following, in which e(4) = e’ (4) denotes the multiplicity of 4 with respect to the
maximal ideal m.

THEOREM 1.1. Let A be a Buchsbaum local ring. Assume that e(A) =2 and
depth 4 > 0. Then the equality 1> = QI holds true for all parameter ideals Q in A,
where I = Q :m.

The readers may consult for the structure of Buchsbaum local rings A4 with
e(A) =2. There is given in [G2, Sections 3, 4] a complete list of equi-characteristic
non-Cohen-Macaulay Buchsbaum complete local rings 4 with e(4) =2, depth 4 > 0,
and infinite residue class fields.

In their remarkable papers [CP], A. Corso, C. Polini, and W. Vasconcelos
proved that the equality 7> = QI holds true for every parameter ideal Q in A4, if A4 is
a Cohen-Macaulay local ring with e(4) > 2. This is no more true in the Buchsbaum
case. As is shown in [GSa, Theorem 4.8, for every integer e > 3, there exists a
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Buchsbaum local ring 4 with dim 4 = 1 and e(A4) = e which contains a parameter ideal
O such that 7¢ = QI but 1! # QI°2. Accordingly, without additional assump-
tions on Buchsbaum local rings 4, no hope is left for the equality I? = QI, at least
in the case where dimA4 =1 and e(4) > 3. Our theorem 1.1 settles the case where
e(A) =2 and depthA4 >0, providing a drastic break-through against the counter-
examples of [GSal.

Before entering details, let us briefly note how this paper is organized. We shall
prove [Theorem 1.1 in Section 3. For the purpose we need some preliminaries, that we
will summarize in Section 2. The counterexamples given by are all of dimension
1, and according to [Theorem 1.1, it might be natural to suspect that the equality
I? = QI holds true in higher dimensional cases of higher depth. The answer is, never-
theless, still negative. We shall construct examples, showing that for given integers
1 < d < m, there exists a Buchsbaum local ring 4 with dimA4 = d, depth4 =d — 1, and
e(A) = 2m, which contains a parameter ideal Q such that I° = QI® but I? # QI (Theo-
rem 4.5 and |Proposition 4.7)).

2. Preliminaries.

The purpose of this section is to summarize some preliminary steps, which we need
to prove [Theorem 1.1. The result might have its own significance. In such a case we
shall include a closer proof.

Here let us fix our standard notation. Otherwise specified, let 4 be a Noetherian
local ring with the maximal ideal m and d = dim 4. For an ideal a let a” be the
integral closure of a. Let /Z4(x) and u,(x) respectively denote the length and the
number of generators. When A is a Cohen-Macaulay local ring, we denote by r(A)
the Cohen-Macaulay type of A4, that is

r(4) = £4(Ext%(4/m, A)).

Let H! (*) (ie Z) be the local cohomology functors of A with respect to m. We
denote by e(4) =€’ (4) the multiplicity of A.
Let us begin with the following.

LemMA 2.1.  Assume that e(A) > 2. Then uy(I) = 24(I/Q) + d for every parameter
ideal Q in A, where I = Q :m.

ProOF. By [GSa, Proposition 2.3] Q is a minimal reduction of /, whence
ml = mQ. Thus

pal) =4I/ ml) = (4(1/0) + £4(Q/mQ) = £4(I/Q) +d
as 1s claimed. ]

ProrosiTION 2.2.  Suppose that A is a Cohen-Macaulay local ring with d =
dimA4 > 1 and let Q be a parameter ideal in A. Then

r(d)+d if Q# 0,

/A((O) ‘m/Qm m) = {d 4/‘ Q = Q#.
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Proofr. Since dim4 > 1, we have Qm:m < m, whence
24((0) ysom M) = Z4((Qm : m)/Om).

Let / = Q:m. Firstly, assume that Q # Of. Then Q is a minimal reduction of I,
because I? = QI (cf. e.g., [GH, Proposition 3.4]). Hence m/ = mQ, so that we have
I < Om:m; thus I = Om:m. Consequently,

24((0) syjom M) = 24(I/mQ) = £4(I/Q) + £4(Q/mQ) =1(A4) +d.

Suppose that Q = O%. Then A4 is a regular local ring which contains a regular

system ai,a,...,a; of parameters such that Q= (ai,...,a4-1,a)) for some g >1
(IG3, Theorem 3.1]). Hence Qm:m = Q, because m = (a;,az,...,a4) and Qm:m <
(ai, ... ,ad_l,a3+l) cag = Q. Thus

/A((O) ‘m/Qm m) = /A(Q/mQ) =
as is claimed. [

Let 4 be a Buchsbaum local ring with the Buchsbaum invariant 1(4). Then all the
local cohomology modules H/ (4) (i # d) are killed by the maximal ideal m and one

has the equality
d—1
d—1\,;
a = (17,
i=0

where h'(A4) = /4(H. (A4)) ([SV, Chapter I, Proposition 2.6]). Let
NMZ%MMQWWQ

where Q runs over parameter ideals in 4 and call it the Cohen-Macaulay type of A.
We then have

d

23) Z( P+ (K

(IGSu, Theorem 2.5]), where K ; denotes the canonical module of the n-adic completion
A of A. Consequently r(4) < oo.

THEOREM 2.4. Let B be a Gorenstein local ring with d =dimB >2. Let A be a
subring of B. Assume that B is a module-finite extension of A and {4(B/A) =1. Then
(1) A is a Buchsbaum local ring with dimA =d and 1(4) =d — 1.
(2) The equality I*> = QI holds true for all parameter ideals Q in A, where
I=0:m

Proor. Since B is a module-finite extension of 4, by Eakin-Nagata’s theorem our
ring A is a Noetherian local ring with d = dim A. Let m and n be the maximal ideals
in A and B, respectively. We look at the exact sequence

(2.5) 0—=A-5B—A/m—0



1160 S. Goto and H. SAKURAI

of A-modules, where ¢ denotes the inclusion map. Then applying functors an(*) to
(2.5), we get that

H! (4)=(0) (i#1,d) and H!(4) = 4/m,

m

because depth, B=d. Hence 4 is a Buchsbaum ring with I[(4)=d —1 (cf. [SV,
Chapter I, Proposition 2.12]). Notice that mB = m, because m - (B/A4) = (0). Hence
m is an ideal in B. On the other hand, we naturally have by (2.5) the exact sequence

0— A/m — B/mB— A/m — 0,

whence u,(B) =2. Letus write B=A + At with te B. Then r¢ A. We have r(4) =
d +2 by (2.3), since K4 = B. Notice that our local ring 4 is unmixed, because A4 is
a Buchsbaum ring with depth 4 > 0 (cf. [SV, Chapter I, Lemma 1.13, Lemma 2.2]).
Hence e(4) > 2. In fact, assume that e(4) = 1. Then A4 is a regular local ring so that
we have 4 = B, because B is a module-finite birational extension of A. This is im-
possible, since 4 & B by our assumption.

Now let Q = (aj,az,...,a4) be a parameter ideal in 4 and put / = Q: m. Then [
is an ideal in B, since so is m. Thus OB < I. We need the following.

Cramm 2.6. Z4(QB/Q) =d.

PROOF OF CLAIM 2.6. Since B = A + At, we have QB= 0+ 5% 4-a;t. Let ait
denote the reduction of a;rmod Q. Then QB/Q = Zldzl k-ait (k=A/m). Let o€ A4
(1 <i<d) and assume that Zid:1 o;(a;t) € Q. We write Zid:1 oi(at) = Zflzlﬁiai with

p;eA. Then Zl‘il a;(o;t — ;) = 0. Because aj,a,...,a; forms a B-regular sequence,
ait —fi€(a;j|j#i)B< A, so that a;te A. Hence o; € m, because ¢ A. Thus the
classes {at},_;., form a k-basis of QB/Q. Hence /4(0B/Q) =d. O

If £4(I/Q) = r(A), then I> = QI by [GSa, Theorem 3.9]. Therefore to prove 1> =
QI, we may assume that /4(I/Q) <d+ 1. Hence, either /4(I/Q) =d, or /4(I/Q) =
d+1 (cf. Claim 2.6). If /(I/Q)=d, then I = QB, so that 1> =QB-IB= QI.
Assume that /4(//Q)=d+1. Then /4(I/QB)=1. Therefore /3(I/QOB)=1 and
n/ < QB. Hence I =QB:n, because QB< 1< QB:n and B/QB is an Artinian
Gorenstein local ring. Accordingly, 1> = OB-IB = QI, if OB # (QB)# in B (cf, e.g.,
[GH, Proposition 3.4]). Suppose that OB = (QB)" in B. Then, since e(4) > 2, by
[GSa, Proposition 2.3] we have I = 0. Hence I = (QB)# = QB so that I = QB, which
is impossible, because Z;(I/QOB)=1. Thus OB # (0B)" in B and I?= QI, which
completes the proof of [Theorem 2.4. O

The proof of the following result [Proposition 2.7 is essentially the same as that of
Mheorem 2.4. Let us indicate a sketch only.

ProOPOSITION 2.7. Let B be a Gorenstein local ring with the maximal ideal n and
d=dmB>2. Let A be a subring of B such that B is a finitely generated A-module.
Assume that A < B and w< A. Then

(1) A is a Buchsbaum local ring and 1(A) = (d — 1) - £4(B/A).

(2) Let m be the maximal ideal in A. Then m =, and the equality I* = QI holds

true for all parameter ideals Q in A, where I = Q : m.
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Proor. Similarly as in the proof of Theorem 2.4, 4 is a Buchsbaum local ring
and m=n. We also have H’ (4) = (0) (i# 1,d) and H (4) =~ B/4. Let Q be a
parameter ideal in 4 and put / = Q: m. Then QB <1 < QB : n, since [ is an ideal of
B and m =1 in our case. Therefore, either QB =1, or I = QB : n, since B/QB is an
Artinian Gorenstein local ring. We certainly have I?> = QI if QB =1. Assume that
I#QB. Then I =QB:n and I?> = OB-IB = QI, because OB # (QB)# in B for the

same reason as in the proof of [Theorem 2.4l O

Before closing this section let us note one example satisfying the hypothesis of
IProposition 2.7

ExampLE 2.8. Let K/k be a finite extension of fields and assume that J =
[K:k]>2. Letn=0—1 and choose a k-basis {6y = 1,60,,...,0,} of K. Letd > 2 be
an integer and let B = K|[[X1, X2, ..., X,]] be the formal power series ring over K. Let

A=k[[0:X;|0<i<n1<j<d].

Then B is a module-finite extension of 4 such that the maximal ideal n of B coin-
cides with that of 4, /4(B/A) =n, and e(A4) =0J. Hence by |Proposition 2.7 A4 is a
Buchsbaum local ring, in which the equality 72 = QI holds true for all parameter ideals
O, where I = Q:m.

PrOOF. Let m be the maximal ideal in A4, thatis m = (0,X;|0 <i<n,1 < j < d)A.
Then mB=n whence B=>.",A40;. Let be B and write b =Y " a,0; with a; € 4.
Then, since bX; =3 ;' ,a;(0;X;) em for all 1 <j<d, we get n=m. Hence m=n.
We have

1L (B) = £4(B/mB) = £4(B/n) = [K : k] =0 > 2.

Because /4(B/A) = /4(B/n) —4(A/m), we get /4(B/A)=0—1=nLet q=
(X1,X>,...,X4s)A. Then since m?> = qm, the ideal g is a minimal reduction of m, so
that we have

e(A) = c¥(4) = ¢X(B) = £4(B/aB) = £4(B/n) =9,

as is claimed. ]

3. Proof of Theorem 1.1.

Let 4 be a Noetherian local ring with d = dim A4 > 2. Suppose that 4 is a reduced
ring with #AssA4 =2, say Ass4 = {p;,p,}. We furthermore assume that A4/p; is a
regular local ring with dimA4/p; =d (i=1,2) and p; +p, =m. Hence m = p; @ p,,
because p; Np, = (0). With this notation and assumption we have the following.

TueoreMm 3.1. 1% = QI for all parameter ideals Q in A, where I = Q :m.

Proor. We look at the exact sequences

(3.2) 0—A5A/p, ®A/p, — A/m —0 and
(33) 0—=p—A4—A4/p;—0
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of A-modules (i = 1,2), where 1(a) = (amod p;,amod p,) for all a e 4. Then, applying
functors H’ (¥) to (3.2), we get H! (4) = (0) (i # 1,d) and H] (4) = A/m. Hence 4 is
a Buchsbaum local ring with I(4) =d — 1 and e(4) =2. We have r(4) =d +2 by
(2.3), because K4 = A/p; ® A/p,. Let Q= (a,az,...,a;) be a parameter ideal in A4
and put / = Q:m. Then /4(I/Q) <r(A)=d+2. We may assume that Z4(//Q) <
d+1 (cf. [GSa, Theorem 3.9]). Let 4; = A/p, and m; =m/p; (i=1,2). We write
aj="{4+m; (1 <j<d) with i ep, and m; € p,.

Firstly we consider the case QA, # (QAZ)# in A,. Let ¢: A — A, be the canon-
ical epimorphism. Then &(p;) = m, and p; = m, via ¢, because m = p; @ p,. Hence

(3-4) 24((0) 1, /00, M) = 24((0) 1wy j0my, M) = L5 ((0) 1m0y M2) = d + 1

by [Proposition 2.2, Let % denote the reduction modp,. Then since A,/QA, is an
Artinian Gorenstein local ring and since Qmy : 1y = QA :my € my (cf. Proof of
[Proposition 2.2), the ideal Qm, : m, of A, is generated by {/},_ j<a together with one
more element, say 7 (7 €p;). Hence the A/m-space (0):, op, M is spanned by
{4 mod Op;},_;., and 7 mod Qp;, because p; = my via &. Now look at the exact
sequence

(3.5) 0— p;/Op; — A/0 % 4:/04; — 0 (i=1,2)

of A-modules induced from (notice that aj,a,...,as is an A;-regular sequence).
Then, considering the socles of the terms in with i =1, we get

I=0+(l,b,....0)+ (),

since £4((0) :p,/0p, M) = d + 1 by [3.4) and since /4(1/Q) < d + 1, as is assumed at the
beginning of this proof. Hence I? = QI + (5?), because

lity = (6i +mi)l; = ail; and  4m = (4 + my)n = am

for all 1 <i,j <d (recall that p; Np, = (0)). On the other hand, since Q4, # (QA4,),
we get (QAsr:mn)? =04, (04, :my) (cf, eg., [GH, Proposition 3.4]). Hence
ﬁz € (Q,ta,...,ta) (01,02, ..., 4a) + ()] so that

(3.6) e (l,ta i ta) - (Dot ) + ()] + P
Because p, Np, = (0) and (4,6,...,%) + () < p;, by we readily get that
772 € </17/2>' . 7/d) ’ [(/17/27‘ . 7/d> + (77)] < QI

Hence I? = QI, since I = QI +(#%). We get, by the symmetry, that /> = QI also in
the case where QA4 # (QAl) .

We now consider the case QA; = (QA;)* for i=1,2. Then thanks to the exact
sequence with i =1, we have Z4(//Q) = d, because

£4((0) :p,70p, M) = £4,((0) iy /0m, M2) = d

by [Proposition 2.2, We actually have the following.

Cramm 3.7. Z4(I/Q) =
Proor ofF CLAamv 3.7. Suppose that Z4(I/Q) #d. Then /4(I/Q) =d+ 1. Choose
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a regular system ¢7,¢3,...,¢q (¢;€p;) of parameters for A, so that QA4, = (¢, ...,
Ci—1,¢q?) for some ¢ >0 (cf. [G3, Theorem 3.1]). Hence

QAy 1y = (T1,...,¢a1,¢a" ") = QA4s + (cz77 ).

We have
(38) (/1,/2,...,4[) = (Cl,...,Cd_l,Cz),
because QA, = ({1,4,...,04) = (¢1,...,C4-1,¢4%) and p, = m, via e&. Notice that

/A<<O) P,/ 0p, m) = /A1(<0) Sy /Oy ml) =d

and (0) :,/om, M1 = QA41/Qmy (cf. [Proposition 2.2 and its proof). Hence the 4/m-
space (0) :p,/0p, m is spanned by {m;mod Op,},_,.,» We now look at the exact
sequence with i = 2. Then since Z4((0) :p,/0p, M) =d and Z4(I/Q) =d + 1, the
canonical epimorphism ¢, : A/Q — A>/QA> cannot be zero on the socles, so that we
have I4;, = QA> : my. Hence 14> = QA; + (¢z97'). Choose nel so that 77 = ;4!
and write # = cg_l +0+p with 6 € Q and p € p,. Then thanks to the exact sequence

with i =2, we get
I=0+ (mi,may,....mg)+ (n)

= Q+ (my,my,...,my) + (c;’f1 +0+p),
because (0) :p,/0p, M is spanned by {m;mod Op,},_;_,. Consequently we have
I:Q+(m1,m2,...,md)—|—(c:§71—|—p) (since 0 € Q)
= (lylay o la) + (myymay . ymg) + (37 + p)

= (cla"'7cd—l7cg) + <m17m2a"~7md) + (63_1 +p) (by )

=(c1y.-yCq1) + (my,ma, ... ,my) + (c:f,_1 +p) (since ¢ = cd(cg_l +p)),

which is impossible, because u,(I)=/4(I/Q)+d=2d+1 by [Lemma 2.1. Thus
L(I/Q)=d. ]
Therefore, in the exact sequence with i = 2, the socle I/Q of A/Q coincides
with the image of (0) :, /0p, M, because Z4((0) :y,/0p, M) = d; that is
I1=0+ (ml,mz,...,md).

Thus I? = QI, because m;m; = (£; + m;)m; € QI for all 1 <i,j <d. This completes the
proof of [Theorem 3.1. ]

We are now ready to prove [Theorem 1.1. Let A4 be a Buchsbaum local ring with
e(A4) =2 and depth 4 > 0.

ProoF oF THEOREM 1.1. To prove Mheorem L1, passing to the ring A[X], 4x
where X is an indeterminate over A and then passing to the completion, we may assume
that 4 is a complete local ring with the infinite residue class field. Thanks to [CP,
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Theorem 2.2], we may assume that A is not a Cohen-Macaulay ring. Hence d > 2 and
so by [G2, Theorem 1.1]

H! (4) = (0) (i#1,d) and H}(4) =~ 4/m.

Let B be the Cohen-Macaulayfication of A, that is the intermediate ring 4 =< B < Q(A4)
where Q(A4) denotes the total quotient ring of A4, such that B is a module-finite extension
of A, depth, B=d, and mB=m (cf. [Gl, Theorem 1.1]). Then H!(4) =~ B/4 and
hence 74(B/A) = 1. Now there are two cases. One is the case where B is a local ring.
The other one is the case where B is not a local ring. Firstly, suppose that B is a local
ring and choose a minimal reduction q of m. Then /4(B/qB) =2, because

£4(B/qB) = €(B) = )(4) = e(4).

Consequently [B/n: A/m]-/g(B/qB) =2. 1If A/m # B/n, then /p(B/qB) =1 so that
n=qB. Hence B is a regular local ring with n = m and the assertion follows from
[Proposition 2.7. If A/m = B/n, then /3(B/qB) =2. Hence /z(1n/qB) =1 and so B is
a Gorenstein ring, because the ring B/qB is Artinian and Gorenstein. The assertion
now follows from Theorem 2.3, since /4(B/A) = 1.

Assume that B is not a local ring. Then the proof of [G2, Proposition 4.2] still
works in our context to show that A4 is a reduced ring with #Ass A4 = 2, say Ass A =
{Py, P>}, such that p; + p, = m, and A/p; is a regular local ring with d = dim A/p; for

i=1,2. Hence the equality 7> = QI follows from [Theorem 3.1. This completes the
proof of [Theorem 1.1. ]
4. Examples.

In this section we shall construct examples, showing that the equality 1> = QI fails
in general to hold, even though A4 is a Buchsbaum local ring with sufficiently large depth
and multiplicity.

Let k be a field and let 1 < d < m be integers. Let S = k[X1,..., X, V,41,...,A44]
be the polynomial ring with m +d + 1 variables over £ and put

d
a:(Xi|1Sigm—1)2+(X,fl)+(XiV|lSigm)+<V2—ZAiA’i>.
i=1

We regard S as a Z-graded ring such that Sp =k and X;,V,4;€S; forall 1 <i<m
and 1 <j<d. We put

R=S/a,M=R,,B=Ry, and m= MB.
Then dimR =d, because v/a= (X;|1<i<m)+ (V). Let x;,v, and a; denote re-
spectively the reduction of X;, V, and 4,moda. We put Q= (aj,a,...,as) and
p=(x1,X2,...,Xu) + (v) in R. Hence M =Q+p and M> = QM?, since p* = (0).

Consequently, g = OB is a minimal reduction of the maximal ideal m in B.
Let us begin with the following.

Lemma 4.1. /3(B/q) =2m+ 1, € (B) = 2m, and B is not a Cohen-Macaulay ring.
Proor. Since R/Q =~ k[X1,X>,..., X, V]/b where
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b=(X|l<i<m—1)7+ (X2, V) + (X V|l <i<m),
we have dim; R/Q =2m+ 1 and
O M=0+ (xixp|l1<i<m-—1)+ (v).

Hence /3(B/q) =2m+1. Let P= (X;|1 <i<m)+ (V) in the ring S; hence p = P/a.
Then Min B = {pB} and B/pB is a regular local ring, so that we have ¢(B) = /p,,(Byp).
Let S = S[I/Al] and k = k[A], I/Al] Then

S=kiX{,...,X. V' A ... A,
where X/ = X;/A41, V' =V /A4y, and 4] = 4;/41 (1 <i<m,1<j<d). The elements

1

{X h<icm Vs and {4/}, _,_, are algebraically independent over k. We have
d

aS=X/1<i<m—1)7+X2>)+X/V'|1 sism)+<V’2—ZA;Xi’>
i=1

and PS=(X/|1<i<m)+(V'). Hence X{—(V’Z—Zid:ZA;Xi’)eaS’. Let T =

k(X{,...,X. V', A4},... A" and we identify T = S/(X] — (V"> =3, 4!X/)). Then

2
i=2 i=2
+(X/V'|2<i<m)
= (V" AX hacizm )+ (X)) + (V) + (X V'|2<i<m) (since d < m)
=X/ 2<i<m—14+ X2+ VH+XV'2<i<m),
and PT = (X/|2 <i<m)+ (V'). Therefore /3 ,(By5) = /s,(Sp/aSp) = (y(U), where

U=k(4,45... A)X} ..., X, V']/b, and
b=(X/|2<i<m—124+ X2+ (VH+ X/ V'|2<i<m).

Consequently, e(B) =/y(U) =2m < /g(B/q) =2m+ 1, whence B is not a Cohen-
Macaulay ring. U]

Let a> denote the sequence alz,ag, e ,af, and let ¢’

(a
of B with respect to the parameter ideal (a*)B = (a},a3,...

following.

2) 3(B) denote the multiplicity
,a3)B. We then have the

PrOPOSITION 4.2. /3(B/(a*)B) — e&z)B(B) = 1.

Proor. Since B is not a Cohen-Macaulay ring, /z(B/(a*)B) —e?az) z(B)>0. It
suffices to show /3(B/(a®)B) — e?gz)B(B) <1. Let B
d
c:(AI.2|1Sigd)+(z\’i2|1Sigm)—l—(Vz—ZAizYi)
i=1

and put C=S/cand D= S/(a+ (47|1 <i<d)). Then D is a homomorphic image
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of C. The ring C is a complete intersection with dim; C =291 Let x;,v, and g
denote, for the moment, the reduction of X;, V, and 4;moda+ (47|1 <i<d). Let
A=A{1,2,...,d} and I'={1,2,...,m}. For given subsets / = 4 and J = I" we put

ay = Hai and Xy = HXj.

iel jeJ

Then the elements {a;x;};_ 4 ;- and {a;x;v};_ 4 ;o span the k-space D, because their
preimages in C form a k-basis of C. Notice that a;x;v =0 if J # & and that J <
{i,m} for some 1 <i<m—1if x; #0. Hence the k-space D is actually spanned by
the following 29(2m + 1) elements

ar, xX;dy, Xmdy, Xixmdr, and ajv with 7€ A4,1 <i<m-—1.

Let 1 <i<dand K = A. Assume that i¢ K but {1,...,i—1} =< K. Then since
(Zldzl a;x;)(xmax) = v*xuax = 0, we have

(4.4) > () (xmax) + (aix;) (xmax) + > (@7x;)(xmag) = 0.

1<j<i i<j<d

Notice that -, _,_(ax;)(xmak) =0, since (a,x/)(xmax) = (arax)(xsx,) =0 for all
/eK. If i<j<d and j¢K, then (a;x;)(xnax) = (Xjxn)agug;- Consequently by
we have the following expression

Xixmagugy = (@x;)(Xmax) = — > (xXm)axu(y
i<j<d,j¢K

of xixnagyugy. Hence, letting K = I\{i}, it follows from this expression that for all
I <i<d, the set {xpxpuar}ty  peje, is contained in the k-subspace of D spanned by
{xjXmas}icj<q jeq- Therefore, in order to span the whole k-space D, for each 1<
i <d the elements {xxnar|{1,2,...,i} &1 < A} can be deleted from the system of
generators given by (4.3), so that we have

d

/3(B/(d*)B) = dim D <2/(2m + 1) = Y 2
i=1

=2902m+1)-(2¢-1)
— 2d+1m + 1
= 2%, 5(B) + 1

(a

as is claimed. ]

By [Proposition 4.2| we get
8(B/(@)B) — €y (B) = £5(B/a) — el(B) = 1,

Hence the local cohomology modules H! (B) (i # d) are finitely generated B-modules
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and 7' (“71)A(B) =1 (cf. [SV, Appendix, Theorem and Definition 17]). Accord-
ingly, either depthB=0, or depthB=d—1. We have that A°(B)=1 and
hi(B)=0 (1 <i<d—1) if depthB =0, and that 2“"'(B) =1 if depthB=d —1. In
any case, H! (B) = (0) for all i # t,d, and H! (B) = B/m, where ¢ = depth B. Thus B

is a Buchsbaum ring (cf. [SV, Chapter I, Proposition 2.6]). We actually have the
following.

Turorem 4.5. HY '(R) = (R/M)(d — 3).

Proor. (1) (d =1). Use the fact that 0 # x;x,, € (0) : M.
(2) (d=2). Assume that depth B=0. Then applying functors H},(*) to the
exact sequence

(4.6) 0 — HY,(R)(=1) = R(—1) & R — R/a;R — 0,

we get a natural isomorphism HY,(R) =~ HY,(R/a;R). We apply the result of the case
where d =1 to the ring R/a;R and choose 0 # ¢ € R, such that Mg = (0) and
¢ = x1xX, moda,R. Let ¢ = x1x,, + ax}y with y € R;. Then xx,a; + afw =0, that
is X1X,,42 + 43¢ € a for some & € Sy, which is impossible. Hence depth B=1 and by
we get an isomorphism HY, (R/a;R) =~ H},(R)(—1). Thus H},(R) = (R/M)(-1),
because H),(R/a;R) = (R/M)(-2).

(3) (d=3). We may assume that our assertion holds true for 4 —1. Then
depth B=d — 1, because

h°(B/ayB) = h°(B) + h'(B)

and h°(B/ayB) = 0 by the hypothesis on d. Hence a, is a non-zerodivisor of R, so that
we have

H{;*(R/aqR) = Hy ' (R)(-1).
Thus HY '(R) = (R/M)(d — 3), because HY >(R/a4R) = (R/M)(d — 4). O
Let J=Q: M and I =q:m (=JB). We then have the following.
PROPOSITION 4.7. % # oI but I? = ql>.

Proor. We have J = Q+ (xixp |1 <i<m—1)+ (v) (cf. Proof of [Lemma 4.1).
Assume that J2 = QJ. Then v> e QJ whence

48) Ve |l<i<d)-[(A|1<i<d)+XXy|l <i<m—1)+(V)]+a

We now substitute X; =0 and 4; =0 for all 2<i<m and 2 < j<d. Then by (4.8)
we get

Vie (AT, AWV, X2, X\ V, Vi — A1 X))

in the polynomial ring k[X7, V', 4;], which is impossible. Hence v> ¢ QJ so that we
have J? # QJ. We get J> = QJ?, because J?> = QJ + (v?) and v* = 0. O

Therefore, for given integers 1 < d < m, there exists a Buchsbaum local ring 4 with
dimA4 =d, depth4 =d — 1, and e(4) = 2m, such that 4 contains a parameter ideal Q
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which is a minimal reduction of m and I? # QI but I3 = QI*, where I = Q : m. Thus
the equality 72 = QI fails in general to hold, even though A4 is a Buchsbaum local ring
with sufficiently large depth and multiplicity.

[CHV]

[CP]

[GSa]

References

A. Corso, C. Huneke and W. V. Vasconcelos, On the integral closure of ideals, Manuscripta
Math., 95 (1998), 331-347.

A. Corso and C. Polini, Links of prime ideals and their Rees algebras, J. Algebra, 178 (1995), 224—
238.

A. Corso, C. Polini and W. V. Vasconcelos, Links of prime ideals, Math. Proc. Cambridge Philos.
Soc., 115 (1994), 431-436.

S. Goto, On the Cohen-Macaulayfication of certain Buchsbaum rings, Nagoya Math. J., 80 (1980),
107-116.

S. Goto, Buchsbaum rings with multiplicity 2, J. Algebra, 74 (1982), 494-508.

S. Goto, Integral closedness of complete-intersection ideals, J. Algebra, 108 (1987), 151-160.

S. Goto and F. Hayasaka, Finite homological dimension and primes associated to integrally closed
ideals II, J. Math. Kyoto Univ., 42 (2002), No. 4, 631-639.

S. Goto and K. Nishida, Hilbert coefficients and Buchsbaumness of associated graded rings,
J. Pure Appl. Algebra, 181 (2003), No. 1, 61-74.

S. Goto and H. Sakurai, The equality /> = QI in Buchsbaum rings, Rendiconti del Seminario
Matematico dell’Universit di Padova, 110 (2003), 25-56.

S. Goto and N. Suzuki, Index of reducibility of parameter ideals in a local ring, J. Algebra, 87
(1984), 53-88.

J. Stiickrad and W. Vogel, Buchsbaum rings and applications, Springer-Verlag, Berlin-New York-
Tokyo, 1986.

K. Yamagishi, The associated graded modules of Buchsbaum modules with respect to m-primary
ideals in the equi-I-invariant case, J. Algebra, 225 (2000), 1-27.

K. Yamagishi, Buchsbaumness in Rees modules associated to ideals of minimal multiplicity in the
equi-Z-invariant case, J. Algebra, 251 (2002), 213-255.

Shiro Goto Hideto SAKURAI

Department of Mathematics Department of Mathematics
School of Science and Technology School of Science and Technology
Meiji University Meiji University

214-8571 Japan 214-8571 Japan

E-mail: goto@math.meiji.ac.jp E-mail: ee78052@math.meiji.ac.jp



	1. Introduction.
	THEOREM 1.1. ...

	2. Preliminaries.
	THEOREM 2.4. ...

	3. Proof of Theorem 1.1.
	THEOREM 3.1. ...

	4. Examples.
	THEOREM 4.5. ...


