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Abstract. We give sufficient conditions for hypoellipticity of a second order
operator with real-valued infinitely differentiable coefficients whose principal part
is the product of a real-valued infinitely differentiable function φ(x) and the sum
of squares of first order operators X1, . . . , Xr. These conditions are related to the
way in which φ(x) changes its sign, and the rank of the Lie algebra generated by
φX1, . . . , φXr and X0 where X0 is the first order term of the operator. Our result is
an extension of that of [4], and it includes some cases not treated in [1], [5] and [8].

1. Introduction.

Let X0, X1, . . . , Xr be first order linear partial differential operators with real-valued
C∞ coefficients defined in an open subset Ω of Rn, n ≥ 2, and let φ(x), c(x) be real-valued
C∞ functions defined in Ω. We consider the second order operator of the form:

L = φ(x)
r∑

i=1

X2
i + X0 + c(x).

We say that L is hypoelliptic in Ω if for any open subset ω of Ω and any u ∈ D ′(ω),
Lu ∈ C∞(ω) implies u ∈ C∞(ω). We also define rank Lie (X0, φX1, . . . , φXr)(x) as
the maximal number of linearly independent operators in the Lie algebra generated by
X0, φX1, . . . , φXr considered at a point x. When φ(x) = 1 in Ω, it is well-known by [6]
that L is hypoelliptic in Ω if rank Lie (X0, X1, . . . , Xr)(x) = n for all x ∈ Ω.

In this paper we shall prove the following theorem by using fundamental theorems
on commutators, adjoints, and boundedness of pseudo-differential operators, and estab-
lishing estimates of the subelliptic kind in localized Sobolev spaces.

Theorem 1.1. Assume that

(H1) Xiφ(x) = 0 (1 ≤ i ≤ r) for all x ∈ Ω such that φ(x) = 0，
(H2) rank Lie (X0, φX1, . . . , φXr)(x) = n for all x ∈ Ω,
(H3) there exist nonempty open sets Ω+, Ω− and a relatively closed set Γ ⊂ Ω such that

(H3-1) Ω = Ω+ ∪ Ω− ∪ Γ,
(H3-2) Ω+ ∩ Ω− =∅,
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(H3-3) Γ = ∂Ω+ = ∂Ω− and Γ is a C∞ hypersurface, that is, for any p ∈ Γ there
exist an open neighborhood ωp of p and a function g(x) ∈ C∞(ωp) such that
Γ ∩ ωp = {x | g(x) = 0} where grad g(x) 6= 0 (x ∈ ωp),

(H3-4) φ(x) ≤ 0 in Ω−, φ(x) ≥ 0 in Ω+,
(H3-5) (X0(p), n(p)) > 0 for all p ∈ Γ, where X0(p) is the vector defined at p by the

vector field X0, and n(p) is the unit normal of Γ at p towards Ω+.

Then L is hypoelliptic in Ω.

Let us consider the case where the coefficients of Xi (0 ≤ i ≤ r), φ(x) and c(x) are
analytic in Ω, and X0, φX1, . . . , φXr do not vanish simultaneously at any point of Ω. It
was proved in Theorem II.I(iii) and (ii) of [10] that (H1) and (H2) are necessary for L

to be hypoelliptic in Ω. There are preceding results about the necessity of (H2) for L to
be hypoelliptic in Ω. When φ(x) = 1 in Ω, it was proved in Theorem 2.2 of [3]. When
φ(x) ≥ 0 in Ω, it was proved in Theorem 2.8.2 of [9]. It was also proved in Theorem
II.I(iv) of [10] that the condition:

X0φ(x) ≥ 0 for all x ∈ φ−1(0)

is necessary for hypoellipticity of L. (H3) is a special case of this condition.
Since hypoellipticity is a local property, to prove Theorem 1.1 it is sufficient to show

that L is hypoelliptic in an open neighborhood of any p ∈ Ω. Let us write the operator
L in the divergent form:

L =
n∑

k=1

∂

∂xk
Yk + Y0 + c(x),

where Y0, Y1, . . . , Yn are first order operators with coefficients belonging to C∞(Ω). We
know from Theorem 1.1 of [2] that (H1) and (H2) imply that

rank Lie (Y0, Y1, . . . , Yn)(x) = n for all x ∈ Ω.

Then according to Theorem 2.6.4 of [9], L is hypoelliptic in an open neighborhood of
p if p ∈ Ω+ ∪ Ω−. Hence, it only remains to show the hypoellipticity of L in an open
neighborhood of any p ∈ Γ.

Fix any p ∈ Γ. Then, by (H3) there exists a diffeomorphism Ψ from an open
neighborhood Vp of p to an open set {(y′, yn) | |y′| < T, |yn| < T}, y′ = (y1, . . . , yn−1),
T > 0, such that

Ψ(p) = (0, 0),

Ψ(Vp ∩ Ω−) =
{
(y′, yn) | |y′| < T, −T < yn < 0

}
,

Ψ(Vp ∩ Ω+) =
{
(y′, yn) | |y′| < T, 0 < yn < T

}
,

Ψ∗(X0) =
∂

∂yn
.
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Hence we may assume from the beginning that

Ω =
{
(x′, xn) | |x′| < T, |xn| < T

}
, (1.1)

L = xna(x)
r∑

i=1

X2
i +

∂

∂xn
+ c(x), x ∈ Ω, (1.2)

and the following three conditions are satisfied.

Xi(xna(x)) = 0 (1 ≤ i ≤ r) for all x ∈ Ω such that xna(x) = 0, (1.3)

rank Lie
(

∂

∂xn
, xnaX1, . . . , xnaXr

)
(x) = n for all x ∈ Ω, (1.4)

a(x) ≥ 0 in Ω. (1.5)

In the later sections we shall show that under the hypotheses (1.3)–(1.5) the operator L

defined by (1.2) is hypoelliptic in Ω defined by (1.1).

Remark. In case of a(x) > 0 (x ∈ Ω), the hypoellipticity of L was proved in [4]
which extended the previous result Theorem III.1 of [10]. In case of a(x) = x2

nA(x)
where A(x) is a non-negative infinitely differentiable function defined in Ω, the hypoel-
lipticity of L was proved in Theorem A of [8].

Example. Let α(x1, x2, x3) be a non-negative infinitely differentiable function
which is defined in R3, and not representable in the form of a finite sum of squares of
infinitely differentiable functions in any neighborhood of the origin. The existence of
such a function was proved in Lemma 2.6.5 of [9]. Let n ≥ 4 and put

L = xn

(
α(x1, x2, x3) + x2

n

)
(

∂2

∂x2
1

+ · · ·+ ∂2

∂x2
n−1

+
(

xn
∂

∂xn

)2
)

+
∂

∂xn
.

Then L does not belong to the classes of operators treated in [1], [4], [5] and [8]. However
the conditions (1.3)–(1.5) are satisfied for L, and so L is hypoelliptic in Ω.

2. Notations and elementary lemmas.

We introduce notations and state elementary lemmas which will be used in the later
sections.

Notation 2.1. Let m be a real number. We say that a C∞ function p(x, ξ) defined
on Rn ×Rn is a symbol of class Sm if for any multi-indices α, β there exists a constant
Cα,β such that

∣∣ ∂α

∂ξα
∂β

∂xβ p(x, ξ)
∣∣ ≤ Cα,β(1 + |ξ|2)(m−|α|)/2, (x, ξ) ∈ Rn × Rn. We denote

by Op(Sm) the set of all pseudo-differential operators with symbols belonging to Sm.

Notation 2.2. Let s be a real number and ε be a positive number. We denote by
Es the pseudo-differential operator with the symbol (1+ |ξ|2)s/2, and by E

(ε)
s the pseudo-
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differential operator with the symbol (1+ |ξ′|2 + |εξn|2)s/2 where ξ′ = (ξ1, . . . , ξn−1). We
denote by ( , ) the inner product in L2(Rn), and by ( , )s and ‖ ‖s the inner product
and the norm respectively in the Sobolev space Hs. We also use the notations:

(u, v)s,ε =
(
E(ε)

s u,E(ε)
s v

)
, ‖u‖s,ε = (u, u)1/2

s,ε , u, v ∈ Hs.

Here we note that the norms ‖u‖s and ‖u‖s,ε are equivalent for any fixed ε > 0.

Notation 2.3. For p ∈ Rn and ρ > 0 we define B(p, ρ) = {x | |x− p| < ρ}.

Lemma 2.1. Let s be a real number and A2s ∈ Op(S2s). There exists a constant
C > 0 such that for any δ > 0

∣∣(v, A2sw)
∣∣ ≤ δ‖v‖2s +

C

δ
‖w‖2s, v, w ∈ C∞0 (Rn).

Lemma 2.2. Let m1,m2 and s be real numbers such that m1 + m2 = 2s. If
Ai ∈ Op(Smi) (i = 1, 2), then there exists a constant C > 0 such that

∣∣(A1u,A2u)
∣∣ ≤ C‖u‖2s, u ∈ C∞0 (Rn).

Lemma 2.3. Let mj (j = 1, . . . , p) and s be real numbers such that m1+ · · ·+mp =
2s + 1. Let Aj ∈ Op(Smj ) (j = 1, . . . , p), and suppose that Aj − A∗j ∈ Op(Smj−1) or
Aj + A∗j ∈ Op(Smj−1) (j = 1, . . . , p). Then for any permutation (j1, . . . , jp) of (1, . . . , p)
there exists a constant C > 0 such that

∣∣(A1 · · ·Alu,Al+1 · · ·Apu)
∣∣ ≤ ∣∣(Aj1 · · ·Ajm

u,Ajm+1 · · ·Ajp
u)

∣∣ + C‖u‖2s, u ∈ C∞0 (Rn).

The following lemma is a generalization of Proposition 3.1 of [8].

Lemma 2.4. Let Y1 ∈ Op(S1) and A2s ∈ Op(S2s). Suppose that Y ∗
1 +Y1 ∈ Op(S0)

and A∗2s −A2s ∈ Op(S2s−1). Then there exists a constant C > 0 such that

∣∣Re (Y1u,A2su)
∣∣ ≤ C‖u‖2s, u ∈ C∞0 (Rn).

3. Localization.

Let A0, . . . , Ar be first order operators with real-valued C∞ coefficients defined in
Ω. For every multi-index J = (j1, . . . , jl) (0 ≤ jk ≤ r, 1 ≤ k ≤ l) we introduce the
notations:

AJ =
[
Aj1 , [Aj2 , · · · , [Ajl−1 , Ajl

] · · · ]], (3.1)

l0(J) = the number of k such that jk = 0, (3.2)

τ(J) = 2−(l+l0(J))+1. (3.3)
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We set

Y0 =
∂

∂xn
, Y1 = xnaX1, . . . , Yr = xnaXr, (3.4)

Z0 = xn
∂

∂xn
, Z1 = xnaX1, . . . , Zr = xnaXr. (3.5)

Then we have the following

Lemma 3.1. For any multi-index J = (j1, . . . , jl) (0 ≤ jk ≤ r, 1 ≤ k ≤ l) we have
the expression

xl0(J)
n YJ = ZJ +

∑

I⊂J

gJ,IZI in Ω, (3.6)

where gJ,I ∈ C∞(Ω) (I ⊂ J) and I ⊂ J means that I = (i1, . . . , im) is a multi-index such
that m < l and ik = jlk (1 ≤ k ≤ m, l1 < · · · < lm).

Proof. We shall show by induction on l that there exist hJ,I ∈ C∞(Ω) (I ⊂ J)
such that

ZJ = xl0(J)
n YJ +

∑

I⊂J

hJ,Ix
l0(I)
n YI . (3.7)

Then (3.6) follows from (3.7) by induction on l. It is obvious that (3.7) holds when l = 1.
Assume that (3.7) holds when l = k. Let J = (j1, j2, . . . , jk+1) and set J ′ = (j2, . . . , jk+1).
Then we have

ZJ =
[
Zj1 , ZJ′

]
=

[
Zj1 , x

l0(J
′)

n YJ′ +
∑

I⊂J′
hJ′,Ix

l0(I)
n YI

]
. (3.8)

First we consider the case of j1 = 0. Then Zj1 = xn∂/∂xn, l0(J ′) + 1 = l0(J) and
we have by (3.8)

ZJ = xl0(J)
n YJ − xl0(J

′)
n YJ′(xn)

∂

∂xn
+ l0(J ′)xl0(J

′)
n YJ′

+
∑

I⊂J′

{
hJ′,Ix

l0((0,I))
n Y(0,I) − hJ′,Ix

l0(I)
n YI(xn)

∂

∂xn

}

+
∑

I⊂J′

(
xn

∂hJ′,I

∂xn
+ l0(I)hJ′,I

)
xl0(I)

n YI . (3.9)

If l0(J ′) ≥ 1, then we can write with fJ′ = x
l0(J

′)−1
n YJ′(xn)

xl0(J
′)

n YJ′(xn)
∂

∂xn
= fJ′xn

∂

∂xn
= fJ′x

l0((0))
n Y(0). (3.10)
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If l0(J ′) = 0, then js ≥ 1 (2 ≤ s ≤ k + 1) and we can write with some fJ′ ∈ C∞(Ω)

xl0(J
′)

n YJ′(xn)
∂

∂xn
=

[
xnaXj2 , [xnaXj3 , . . . , [xnaXjk

, xnaXjk+1 ] · · · ]
]
(xn)

∂

∂xn

= fJ′x
l0((0))
n Y(0). (3.11)

In the same way we can write with some fI ∈ C∞(Ω)

xl0(I)
n YI(xn)

∂

∂xn
= fIx

l0((0))
n Y(0), I ⊂ J ′. (3.12)

Since (0) ⊂ J and (0, I) ⊂ (0, J ′) = J , we obtain (3.7) by (3.9)–(3.12).
Next we consider the case of j1 ≥ 1. Then Zj1 = Yj1 = xnaXj1 , l0(J ′) = l0(J), and

l0(I) = l0((j1, I)). Hence we have by (3.8)

ZJ = xl0(J)
n YJ + l0(J ′)aXj1(xn)xl0(J

′)
n YJ′ +

∑

I⊂J′
hJ′,Ix

l0((j1,I))
n Y(j1,I)

+
∑

I⊂J′

{
xnaXj1(hJ′,I)xl0(I)

n YI + l0(I)ahJ′,IXj1(xn)xl0(I)
n YI

}
.

Since (j1, I) ⊂ (j1, J ′) = J , we obtain (3.7) by the above equation. ¤

Let p be an arbitrary point in Ω. It follows from hypothesis (1.4) that there exist an
open neighborhood Ωp ⊂ Ω of p，multi-indices J1, . . . , Jn and functions fj,k ∈ C∞(Ωp)
(j, k = 1, . . . , n) such that

∂

∂xj
=

n∑

k=1

fj,kYJk
in Ωp, 1 ≤ j ≤ n. (3.13)

We define

l0 = max
1≤k≤n

l0(Jk). (3.14)

We note that l0 is a non-negative integer depending on p. Let p ∈ {x | |x| < T, xn = 0}
and suppose that l0 = 0. Then l0(Jk) = 0 (1 ≤ k ≤ n), and so YJk

(1 ≤ k ≤ n) are
obtained by taking commutators successively starting from xnaX1, . . . , xnaXr. Hence
YJk

= 0 (1 ≤ k ≤ n) at p, which contradicts (3.13). Thus we see that

l0 ≥ 1 if p ∈ {x | |x| < T, xn = 0}. (3.15)

It follows from (3.13) and Lemma 3.1 that

xl0
n

∂

∂xj
=

n∑

k=1

∑

I⊆Jk

gj,k,IZI in Ωp, 1 ≤ j ≤ n, (3.16)
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where gj,k,I ∈ C∞(Ωp) and I ⊆ Jk means that I ⊂ Jk or I = Jk.
We choose an open set ωp and a function χ(x) so that

p ∈ ωp ⊂ ω̄p ⊂ Ωp, (3.17)

and

χ(x) ∈ C∞0 (Ωp), χ(x) = 1 in ωp. (3.18)

Now we put

ã = χa, X̃i = χXi (1 ≤ i ≤ r), c̃ = χc, (3.19)

and

L̃ = xnã

r∑

i=1

X̃2
i + χ

∂

∂xn
+ c̃. (3.20)

4. Energy estimates.

In this section we shall fix p ∈ {(x′, xn) | |x′| < T, xn = 0} and establish energy
estimates for the operator L̃ defined by (3.20).

Proposition 4.1. Let s be a real number and let As be a pseudo-differential op-
erator belonging to Op(Ss). Assume that

A∗s −As ∈ Op(Ss−1) or A∗s + As ∈ Op(Ss−1).

Then there exists a constant Cs > 0 depending on s such that

r∑

i=1

(
x2

nãAsX̃iu,AsX̃iu
) ≤ −Re

(
xnL̃u,A∗sAsu

)
+ Cs‖u‖2s, u ∈ C∞0 (Rn). (4.1)

Proof. We shall denote by C1 and C2 positive constants depending on s and
independent of u ∈ C∞0 (Rn). We have by (3.20)

− Re
(
xnL̃u,A∗sAsu

)

= −
r∑

i=1

Re
(
x2

nãX̃2
i u,A∗sAsu

)− Re
(

xnχ
∂

∂xn
u,A∗sAsu

)
− Re

(
xnc̃u, A∗sAsu

)
.

We can apply Lemma 2.4 to the second term in the right-hand side of the above equation,
and Lemma 2.2 to the third one. Hence

−Re
(
xnL̃u,A∗sAsu

) ≥ −
r∑

i=1

Re
(
x2

nãX̃2
i u,A∗sAsu

)− C1‖u‖2s. (4.2)
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We estimate the first term in the right-hand side of (4.2). We write X̃∗
i = −X̃i + fi,

fi ∈ C∞0 (Rn). Then

− Re
(
x2

nãX̃2
i u,A∗sAsu

)

=
(
x2

nãAsX̃iu,AsX̃iu
)

+ Re
(
X̃iu, [As, x

2
nã]∗AsX̃iu

)
+ Re

(
x2

nãX̃iu, [X̃i, A
∗
sAs]u

)

− Re
(
x2

nãX̃iu, fiA
∗
sAsu

)− Re
(
[x2

nã, X̃i]X̃iu,A∗sAsu
)
.

By hypothesis we can apply Lemma 2.4 to the last four terms in the right-hand side of
the above equation. Hence we have

−Re
(
x2

nãX̃2
i u,A∗sAsu

) ≥ (
x2

nãAsX̃iu,AsX̃iu
)− C2‖u‖2s, 1 ≤ i ≤ r. (4.3)

Thus we obtain (4.1) by (4.2) and (4.3). ¤

Corollary 4.1. Let As be a pseudo-differential operator as in Proposition 4.1.
Let pi(x) ∈ C∞0 (Rn), i = 1, . . . , r, and suppose that

|pi(x)|2 ≤ Cx2
nã(x), x ∈ Rn, i = 1, . . . , r,

where C > 0 is a constant. Then there exists a constant Cs > 0 such that

r∑

i=1

∥∥AspiX̃iu
∥∥2

0
≤ −2CRe

(
xnL̃u,A∗sAsu

)
+ Cs‖u‖2s, u ∈ C∞0 (Rn), (4.4)

r∑

i=1

∥∥piX̃iu
∥∥2

s
≤ Cs

(‖L̃u‖2s + ‖u‖2s
)
, u ∈ C∞0 (Rn). (4.5)

Lemma 4.1. There exists a constant M > 0 such that

|ã(x)|2 +
n∑

k=1

∣∣ãxk
(x)

∣∣2 ≤ Mã(x), x ∈ Rn, (4.6)

r∑

i=1

∣∣X̃i(xnã(x))
∣∣2 ≤ Mx2

nã(x), x ∈ Rn. (4.7)

Proof. According to Lemma 1.7.1 of [9] there exists a constant C1 > 0 such that

|ãxk
(x)|2 ≤ C1ã(x), x ∈ Rn, 1 ≤ k ≤ n. (4.8)

On the other hand, it follows from (3.19) and hypothesis (1.3) that

X̃i(xn)ã(x)|xn=0 = χ(x)2Xi(xna(x))|xn=0 = 0.

Then there exists αi(x) ∈ C∞0 (Rn) such that X̃i(xn)2ã(x) = x2
nαi(x), because
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X̃i(xn)2ã(x) ≥ 0 in Rn. Hence, taking (4.8) into account we have

|X̃i(xnã(x))|2 ≤ 2X̃i(xn)2ã(x)2 + 2x2
nX̃i(ã(x))2

≤ C2x
2
nã(x), x ∈ Rn, 1 ≤ i ≤ r. (4.9)

The lemma holds by (4.8) and (4.9). ¤

Let As = Es in Corollary 4.1. Then Corollary 4.1 and Lemma 4.1 yield immediately
the following corollary.

Corollary 4.2. Let M be the positive constant determined in Lemma 4.1. For any
real number s there exists a constant Cs > 0 depending on s such that for all k = 1, . . . , n

and u ∈ C∞0 (Rn)
r∑

i=1

∥∥xnãX̃iu
∥∥2

s
≤ −2MRe

(
xnL̃u, u

)
s
+ Cs‖u‖2s,

r∑

i=1

∥∥xnãxk
X̃iu

∥∥2

s
≤ −2MRe

(
xnL̃u, u

)
s
+ Cs‖u‖2s,

r∑

i=1

∥∥X̃i(xnã)X̃iu
∥∥2

s
≤ −2MRe

(
xnL̃u, u

)
s
+ Cs‖u‖2s,

r∑

i=1

∥∥xnãX̃iu
∥∥2

s
+

r∑

i=1

∥∥xnãxk
X̃iu

∥∥2

s
+

r∑

i=1

∥∥X̃i(xnã)X̃iu
∥∥2

s
≤ Cs

(‖L̃u‖2s + ‖u‖2s
)
.

Proposition 4.2. For any real number s, there exist εs > 0, ρs > 0 and Cs > 0
depending on s such that B(p, ρs) ⊂ ωp and

r∑

i=1

(
ãE

(εs)

s− 1
2
X̃iu,E

(εs)

s− 1
2
X̃iu

)
+

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,εs

≤ −2Re
(
xnL̃u, u

)
s
+ 2Re

(
L̃u,

∂

∂xn
u

)

s− 1
2 ,εs

+ Cs‖u‖2s, u ∈ C∞0 (B(p, ρs)). (4.10)

Proof. In the proof we shall use positive parameters ε, ρ and δ. We shall denote
by Cs,ε,δ a positive constant depending on s, ε and δ, by C

(1)
s,ε and C

(2)
s,ε positive constants

depending on s and ε, and by C
(1)
s, ε, ρ, C

(2)
s, ε, ρ and C

(3)
s, ε, ρ positive constants depending on

s, ε and ρ.
Since by (3.18) χ ∂

∂xn
u = ∂

∂xn
u for u ∈ C∞0 (ωp), it follows that

(
L̃u,

∂

∂xn
u

)

s− 1
2 ,ε

=
r∑

i=1

(
xnãX̃2

i u,E
(ε)
2s−1

∂

∂xn
u

)
+

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

+
(

c̃u, E
(ε)
2s−1

∂

∂xn
u

)
, u ∈ C∞0 (ωp). (4.11)
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We write for 1 ≤ i ≤ r

X̃∗
i = −X̃i + fi, fi ∈ C∞0 (Rn). (4.12)

Then we have for 1 ≤ i ≤ r

(
xnãX̃2

i

)∗ = xnãX̃2
i + 2

{
X̃i(xnã)− fixnã

}
X̃i + gi, gi ∈ C∞0 (Rn). (4.13)

Hence

Re
(

xnãX̃2
i u,E

(ε)
2s−1

∂

∂xn
u

)
=

1
2

(
xnãX̃2

i u,E
(ε)
2s−1

∂

∂xn
u

)
+

1
2

(
E

(ε)
2s−1

∂

∂xn
u, xnãX̃2

i u

)

=
1
2

([
xnãX̃2

i , E
(ε)
2s−1

∂

∂xn

]
u, u

)
−

(
E

(ε)
2s−1

∂

∂xn
u,

{
X̃i(xnã)− fixnã

}
X̃iu

)

− 1
2

(
E

(ε)
2s−1

∂

∂xn
u, giu

)
, u ∈ C∞0 (Rn). (4.14)

Let X̃i(x, ξ), 1 ≤ i ≤ r, be the symbol of X̃i. Then the principal symbol of[
xnãX̃2

i , E
(ε)
2s−1

∂
∂xn

]
is expressed in the form:

A
(i,ε)
2s (x, ξ)xnã(x)X̃i(x, ξ) +

n∑

k=1

B
(i,k,ε)
2s (x, ξ)xnãxk

(x)X̃i(x, ξ)

− (2s− 1)ε2E
(ε)
2s−3(ξ)ξ

2
nã(x)X̃i(x, ξ)2 − ã(x)E(ε)

2s−1(ξ)X̃i(x, ξ)2,

where A
(i,ε)
2s (x, ξ) and B

(i,k,ε)
2s (x, ξ) belong to S2s, 1 ≤ i ≤ r, 1 ≤ k ≤ n, ε > 0. Hence

there exists C
(i,ε)
2s ∈ Op(S2s), 1 ≤ i ≤ r, ε > 0, such that

[
xnãX̃2

i , E
(ε)
2s−1

∂

∂xn

]
= A

(i,ε)
2s xnãX̃i +

n∑

k=1

B
(i,k,ε)
2s xnãxk

X̃i

+ (2s− 1)ε2 ∂

∂xn
E

(ε)

s− 1
2
ãX̃2

i E
(ε)

s− 5
2

∂

∂xn
+ X̃∗

i E
(ε)

s− 1
2
ãE

(ε)

s− 1
2
X̃i + C

(i,ε)
2s . (4.15)

Let δ > 0. It follows from (4.11), (4.14), (4.15) and Lemma 2.1 that

Re
(

L̃u,
∂

∂xn
u

)

s− 1
2 ,ε

≥ 1
2

r∑

i=1

(
ãE

(ε)

s− 1
2
X̃iu,E

(ε)

s− 1
2
X̃iu

)
+

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

−
∣∣∣∣s−

1
2

∣∣∣∣ε2
r∑

i=1

∣∣∣∣
(

ãX̃2
i E

(ε)

s− 5
2

∂

∂xn
u,E

(ε)

s− 1
2

∂

∂xn
u

)∣∣∣∣

− δ
r∑

i=1

(∥∥X̃i(xnã)X̃iu
∥∥2

s
+

∥∥xnãX̃iu
∥∥2

s
+

n∑

k=1

∥∥xnãxk
X̃iu

∥∥2

s

)

− Cs,ε,δ‖u‖2s, u ∈ C∞0 (ωp).
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Now let M be the positive constant determined in Lemma 4.1, and put δ = 1/2M(n+2).
Then we have by the above inequality and Corollary 4.2

Re
(

L̃u,
∂

∂xn
u

)

s− 1
2 ,ε

≥ 1
2

r∑

i=1

(
ãE

(ε)

s− 1
2
X̃iu,E

(ε)

s− 1
2
X̃iu

)
+

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

−
∣∣∣∣s−

1
2

∣∣∣∣ε2
r∑

i=1

∣∣∣∣
(

ãX̃2
i E

(ε)

s− 5
2

∂

∂xn
u,E

(ε)

s− 1
2

∂

∂xn
u

)∣∣∣∣

+ Re
(
xnL̃u, u

)
s
− C(1)

s,ε ‖u‖2s, u ∈ C∞0 (ωp). (4.16)

We estimate the third term in the right-hand side of (4.16). We write

X̃i =
n∑

k=1

c̃ik(x)
∂

∂xk
, 1 ≤ i ≤ r. (4.17)

Then we have

∣∣∣∣s−
1
2

∣∣∣∣ε2

∣∣∣∣
(

ãX̃2
i E

(ε)

s− 5
2

∂

∂xn
u,E

(ε)

s− 1
2

∂

∂xn
u

)∣∣∣∣

≤ 4r

∣∣∣∣s−
1
2

∣∣∣∣
2

ε4n2
n∑

k,l=1

∥∥∥∥ãc̃ik c̃il
∂2

∂xk∂xl
E

(ε)

s− 5
2

∂

∂xn
u

∥∥∥∥
2

0

+
1
4r

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

+ C(2)
s,ε ‖u‖2s,

u ∈ C∞0 (Rn). (4.18)

Now we choose ρ > 0 so small that B(p, ρ) ⊂ ωp. Let ψρ(x) be a function belonging to
C∞0 (B(p, 3ρ)) such that 0 ≤ ψρ(x) ≤ 1 in Rn and ψρ(x) = 1 in B(p, 2ρ). Then it follows
that

ε4
n∑

k,l=1

∥∥∥∥ãc̃ik c̃il
∂2

∂xk∂xl
E

(ε)

s− 5
2

∂

∂xn
u

∥∥∥∥
2

0

≤ ε4
n∑

k,l=1

∥∥∥∥ψρãc̃ik c̃il
∂2

∂xk∂xl
E

(ε)

s− 5
2

∂

∂xn
u

∥∥∥∥
2

0

+ C(1)
s,ε,ρ‖u‖2s

≤ ε4
n∑

k,l=1

{
sup

x∈Rn

∣∣ψρ(x)ã(x)c̃ik(x)c̃il(x)
∣∣2

}
(2π)−n

∫ ∣∣∣ξkξlE
(ε)

s− 5
2
(ξ)ξnû(ξ)

∣∣∣
2

dξ

+ C(1)
s,ε,ρ‖u‖2s, u ∈ C∞0 (B(p, ρ)). (4.19)

First we consider the case of k = n or l = n. Since c̃in(x) = X̃i(xn) by (4.17), it
follows from (4.7) that ã(x)c̃in(x)|xn=0 = 0, 1 ≤ i ≤ r. Hence there exists a constant
M ′ > 0 such that
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∣∣ã(x)c̃ik(x)c̃il(x)
∣∣2 ≤ M ′|xn|2, x ∈ Rn, 1 ≤ i ≤ r, k = n or l = n. (4.20)

Then we have

ε4

{
sup

x∈Rn

∣∣ψρ(x)ã(x)c̃ik(x)c̃il(x)
∣∣2

}∣∣ξkξlE
(ε)
−2(ξ)

∣∣2

≤ M ′(3ρ)2
{
(ε2|ξ′|2 + ε2|ξn|2)E(ε)

−2(ξ)
}2

≤ M ′(3ρ)2, ξ ∈ Rn, 0 < ε ≤ 1, 1 ≤ i ≤ r, k = n or l = n. (4.21)

Next we consider the case of 1 ≤ k, l ≤ n− 1. We put

M ′′ = max
1≤i≤r,1≤k,l≤n−1

sup
x∈Rn

∣∣ã(x)c̃ik(x)c̃il(x)
∣∣2. (4.22)

Then we have

ε4

{
sup

x∈Rn

∣∣ψρ(x)ã(x)c̃ik(x)c̃il(x)
∣∣2

}∣∣ξkξlE
(ε)
−2(ξ)

∣∣2 ≤ M ′′ε4,

ξ ∈ Rn, ε > 0, 1 ≤ i ≤ r, 1 ≤ k, l ≤ n− 1. (4.23)

It follows from (4.21) and (4.23) that

ε4
n∑

k,l=1

{
sup

x∈Rn

∣∣ψρ(x)ã(x)c̃ik(x)c̃il(x)
∣∣2

}
(2π)−n

∫ ∣∣∣ξkξlE
(ε)

s− 5
2
(ξ)ξnû(ξ)

∣∣∣
2

dξ

≤ C(ρ2 + ε4)
∥∥∥∥

∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε,

u ∈ C∞0 (Rn), 0 < ε ≤ 1, 1 ≤ i ≤ r, (4.24)

where C = 9n2(M ′+M ′′) and C is independent of s, ε and ρ. We have by (4.18), (4.19)
and (4.24)

∣∣∣∣s−
1
2

∣∣∣∣ε2

∣∣∣∣
(

ãX̃2
i E

(ε)

s− 5
2

∂

∂xn
u,E

(ε)

s− 1
2

∂

∂xn
u

)∣∣∣∣

≤ 4r

∣∣∣∣s−
1
2

∣∣∣∣
2

n2C(ρ2 + ε4)
∥∥∥∥

∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

+
1
4r

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

+ C(2)
s,ε,ρ‖u‖2s,

u ∈ C∞0 (B(p, ρ)), 0 < ε ≤ 1, 1 ≤ i ≤ r. (4.25)

It follows from (4.16) and (4.25) that
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Re
(

L̃u,
∂

∂xn
u

)

s− 1
2 ,ε

≥ 1
2

r∑

i=1

(
ãE

(ε)

s− 1
2
X̃iu,E

(ε)

s− 1
2
X̃iu

)
+

{
3
4
− 4r2

∣∣∣∣s−
1
2

∣∣∣∣
2

n2C(ρ2 + ε4)
}∥∥∥∥

∂

∂xn
u

∥∥∥∥
2

s− 1
2 ,ε

+ Re
(
xnL̃u, u

)
s
− C(3)

s,ε,ρ‖u‖2s, u ∈ C∞0 (B(p, ρ)), 0 < ε ≤ 1.

Now we choose εs, ρs > 0 so small that 0 < εs ≤ 1, B(p, ρs) ⊂ ωp and 3/4 − 4r2|s −
1/2|2n2C(ρ2 + ε4) ≥ 1/2. Then we obtain (4.10). ¤

Corollary 4.3. For any real number s, let ρs > 0 be the radius determined in
Proposition 4.2. There exists Cs > 0 depending on s such that

∥∥∥∥
∂

∂xn
u

∥∥∥∥
2

s− 1
2

≤ Cs

(‖L̃u‖2s + ‖u‖2s
)
, u ∈ C∞0 (B(p, ρs)), (4.26)

∥∥∥∥xn
∂

∂xn
u

∥∥∥∥
2

s− 1
2

≤ Cs

(‖L̃u‖2s + ‖u‖2s
)
, u ∈ C∞0 (B(p, ρs)). (4.27)

5. An estimate of the subelliptic kind.

In this section we shall fix p ∈ {(x′, xn) | |x′| < T, xn = 0} and establish an estimate
of the subelliptic kind for the operator L̃ defined by (3.20).

Lemma 5.1. Let s be a real number such that s ≤ 1/2. Let R be a first order
operator with real-valued coefficients belonging to C∞0 (Rn). Then there exists a constant
Cs > 0 depending on s such that for all i = 1, . . . , r

∥∥[xnãX̃i, R]u
∥∥2

s−1
≤ Cs

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)
, u ∈ C∞0 (Rn). (5.1)

Proof. We put Q2s−1 = E2s−2[xnãX̃i, R]. Then Q2s−1 ∈ Op(S2s−1) and we have

∥∥[xnãX̃i, R]u
∥∥2

s−1
=

(
xnãX̃iRu, Q2s−1u

)− (
RxnãX̃iu,Q2s−1u

)

=
(
Q∗2s−1Ru, (xnãX̃i)∗u

)
+

(
[Q∗2s−1, xnãX̃i]Ru, u

)

− (
xnãX̃iu,Q2s−1R

∗u
)− (

xnãX̃iu, [R∗, Q2s−1]u
)

≤ C
(‖xnãX̃iu‖20 + ‖Ru‖22s−1 + ‖u‖20 + ‖u‖22s−1

)
, u ∈ C∞0 (Rn),

where C is a positive constant depending on s. We note that 2s− 1 ≤ 0 by hypothesis,
and so ‖u‖2s−1 ≤ ‖u‖0. Then we obtain (5.1) by Corollary 4.2. ¤

Lemma 5.2. Let t be a real number and let At ∈ Op(St). We have the expression
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[
x2

nãX̃2
i , At

]
= B

(i)
t xnãX̃i +

n∑

k=1

C
(i, k)
t xnãxk

X̃i + D
(i)
t , 1 ≤ i ≤ r, (5.2)

where B
(i)
t , C

(i, k)
t , D

(i)
t ∈ Op(St) (1 ≤ i ≤ r, 1 ≤ k ≤ n).

Proof. We denote by X̃i(x, ξ) the symbol of X̃i and by At(x, ξ) the symbol of
At. Then the principal symbol of [x2

nãX̃2
i , At] is equal to B

(i)
t (x, ξ)xnã(x)X̃i(x, ξ) +∑n

k=1 C
(i, k)
t (x, ξ)xnãxk

(x)X̃i(x, ξ) where

B
(i)
t (x, ξ) =

n∑

k=1

−2
√−1xn

{(
X̃i(x, ξ)

)
ξk

(
At(x, ξ)

)
xk
− (

At(x, ξ)
)
ξk

(
X̃i(x, ξ)

)
xk

}

+ 2
√−1

(
At(x, ξ)

)
ξn

X̃i(x, ξ),

C
(i, k)
t (x, ξ) =

√−1xn

(
At(x, ξ)

)
ξk

X̃i(x, ξ).

Let B
(i)
t and C

(i, k)
t (1 ≤ i ≤ r, 1 ≤ k ≤ n) be the pseudo-differential operators with

the symbols B
(i)
t (x, ξ) and C

(i, k)
t (x, ξ) (1 ≤ i ≤ r, 1 ≤ k ≤ n) respectively. Then B

(i)
t ,

C
(i, k)
t ∈ Op(St) (1 ≤ i ≤ r, 1 ≤ k ≤ n) and

[
xnãX̃2

i , At

] ≡ B
(i)
t xnãX̃i +

n∑

k=1

C
(i, k)
t xnãxk

X̃i (mod Op(St)).

Thus the lemma has been proved. ¤

Lemma 5.3. Let t be a real number and let At ∈ Op(St). There exists a constant
C > 0 such that for all i = 1, . . . , r

∣∣(Atu, x2
nãX̃2

i u)
∣∣ ≤ C

(‖L̃u‖20 + ‖u‖20 + ‖Atu‖20 + ‖Atu‖2t
)
, u ∈ C∞0 (Rn). (5.3)

Proof. We shall denote by C1, C2, . . . positive constants independent of u ∈
C∞0 (Rn). We write X̃∗

i = −X̃i + fi, fi ∈ C∞0 (Rn). Then

(
x2

nãX̃i

)∗ = −x2
nãX̃i + hi, (5.4)

where

hi(x) = −X̃i

(
x2

nã(x)
)

+ fi(x)x2
nã(x). (5.5)

We note that (4.7) and Corollary 4.1 with s = 0 imply that

∥∥hiX̃iu
∥∥2

0
≤ C1

(‖L̃u‖20 + ‖u‖20
)
. (5.6)
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Then we have

∣∣(Atu, x2
nãX̃2

i u)
∣∣ =

∣∣− (x2
nãX̃iAtu, X̃iu) + (Atu, hiX̃iu)

∣∣

≤ ∣∣(x2
nãX̃iAtu, X̃iu)

∣∣ + ‖Atu‖20 + C1

(‖L̃u‖20 + ‖u‖20
)
. (5.7)

We choose ψ(x) ∈ C∞0 (Rn) such that 0 ≤ ψ(x) ≤ 1 (x ∈ Rn) and ψ(x) = 1 (x ∈ Ωp).
Then we see from (3.18)–(3.20) that X̃iv = X̃i(ψv) and L̃v = L̃(ψv) (v ∈ C∞(Rn)).
Hence it follows from Proposition 4.1 with As = 1 that

∣∣(x2
nãX̃iAtu, X̃iu)

∣∣ =
∣∣(x2

nãX̃iψAtu, X̃iu)
∣∣

≤ (
x2

nãX̃iψAtu, X̃iψAtu
)

+
(
x2

nãX̃iu, X̃iu
)

≤ − Re
(
xnL̃ψAtu, ψAtu

)
+ C2‖ψAtu‖20 − Re

(
xnL̃u, u

)
+ C2‖u‖20

≤ − Re
(
xnL̃Atu, ψAtu

)
+ C3

(‖Atu‖20 + ‖L̃u‖20 + ‖u‖20
)
. (5.8)

By definition (3.20) of L̃ and Lemma 5.2 we have

(
xnL̃Atu, ψAtu

)

=
(
AtxnL̃u, ψAtu

)
+

([
xnχ

∂

∂xn
+ xnc̃, At

]
u, ψAtu

)
+

r∑

i=1

(
[x2

nãX̃2
i , At]u, ψAtu

)

=
(
xnL̃u,A∗t ψAtu

)
+

(
u,

[
xnχ

∂

∂xn
+ xnc̃, At

]∗
ψAtu

)
+

r∑

i=1

(
xnãX̃iu,B

(i)∗
t ψAtu

)

+
r∑

i=1

n∑

k=1

(
xnãxk

X̃iu,C
(i, k)∗
t ψAtu

)
+

r∑

i=1

(
u,D

(i)∗
t ψAtu

)
.

Hence it follows from Corollary 4.2 with s = 0 that

∣∣(xnL̃Atu, ψAtu)
∣∣ ≤ C4

(‖L̃u‖20 + ‖Atu‖2t + ‖u‖20
)
. (5.9)

In virtue of (5.7), (5.8) and (5.9) we obtain (5.3). ¤

Lemma 5.4. Let s be a real number such that 0 ≤ s ≤ 1/2. Let R be a first
order operator with real-valued coefficients belonging to C∞0 (Rn). There exists a constant
Cs > 0 depending on s such that

∥∥∥∥
[
xn

∂

∂xn
, R

]
u

∥∥∥∥
2

s−1

≤ Cs

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖24s−1

)
, u ∈ C∞0 (ωp). (5.10)

Proof. We shall denote by C1, C2, . . . positive constants depending on s and
independent of u ∈ C∞0 (ωp). We remember that the function χ(x) was determined by
(3.18) so that χ(x) ∈ C∞0 (Ωp) and χ(x) = 1 in ωp. Hence
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[
xn

∂

∂xn
, R

]
u =

[
xnχ

∂

∂xn
, R

]
u, u ∈ C∞0 (ωp). (5.11)

We put

P2s−1 = E2s−2

[
xnχ

∂

∂xn
, R

]
. (5.12)

Then P2s−1 ∈ Op(S2s−1) and it follows from definition (3.20) of L̃ that

∥∥∥∥
[
xn

∂

∂xn
, R

]
u

∥∥∥∥
2

s−1

=
([

xnχ
∂

∂xn
+ xnc̃, P ∗2s−1R

]
u, u

)
+

([
P ∗2s−1, xnχ

∂

∂xn
+ xnc̃

]
Ru, u

)

− (
[xnc̃, R]u, P2s−1u

)

=
(
xnL̃P ∗2s−1Ru, u

)− (
xnL̃u,R∗P2s−1u

)

+
r∑

i=1

{
(x2

nãX̃2
i u,R∗P2s−1u)− (x2

nãX̃2
i P ∗2s−1Ru, u)

}

+
([

P ∗2s−1, xnχ
∂

∂xn
+ xnc̃

]
Ru, u

)
− (

[xnc̃, R]u, P2s−1u
)

≤ Re
(
xnL̃P ∗2s−1Ru, u

)
+

r∑

i=1

{
Re (x2

nãX̃2
i u,R∗P2s−1u)− Re (x2

nãX̃2
i P ∗2s−1Ru, u)

}

+
∥∥R∗P2s−1u

∥∥2

0
+ C1

(‖L̃u‖20 + ‖Ru‖22s−1 + ‖u‖20 + ‖u‖22s−1

)
. (5.13)

We estimate the first term in the right-hand side of (5.13). We see that with some
qi ∈ C∞0 (Rn) (1 ≤ i ≤ r)

(
x2

nãX̃2
i

)∗ = x2
nãX̃2

i − 2hiX̃i + qi, 1 ≤ i ≤ r, (5.14)

where hi (1 ≤ i ≤ r) are the functions defined by (5.5). Hence by using the relation:
−xnχ∂/∂xn = −xnL̃ +

∑r
i=1 x2

nãX̃2
i + xnc̃, we have with some q ∈ C∞0 (Rn)

(
xnL̃

)∗ = −xnL̃ + 2
r∑

i=1

x2
nãX̃2

i − 2
r∑

i=1

hiX̃i + q. (5.15)

Hence

∣∣(xnL̃P ∗2s−1Ru, u)
∣∣ ≤ 2

r∑

i=1

∣∣(P ∗2s−1Ru, x2
nãX̃2

i u)
∣∣ +

r∑

i=1

∥∥hiX̃iu
∥∥2

0

+ C2

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)
.
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We apply Lemma 5.3 with At = P ∗2s−1R to the first term in the right-hand side of the
above inequality, and (5.6) to the second one. Then we have

∣∣(xnL̃P ∗2s−1Ru, u)
∣∣ ≤ C3

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1 + ‖Ru‖24s−1

)
. (5.16)

We estimate the second term in the right-hand side of (5.13). By (5.12) there exists
N2s−1 ∈ Op(S2s−1) such that P ∗2s−1R = R∗P2s−1 + N2s−1. Then it follows from (5.14)
that

(
x2

nãX̃2
i P ∗2s−1Ru, u

)
=

(
P ∗2s−1Ru, x2

nãX̃2
i u− 2hiX̃iu + qiu

)

=
(
R∗P2s−1u, x2

nãX̃2
i u

)
+

(
R∗P2s−1u,−2hiX̃iu + qiu

)

+
(
N2s−1u, x2

nãX̃2
i u− 2hiX̃iu + qiu

)
. (5.17)

Hence, noting that Re (v, w) = Re (w, v), we have by (5.17)

r∑

i=1

{
Re (x2

nãX̃2
i u,R∗P2s−1u)− Re (x2

nãX̃2
i P ∗2s−1Ru, u)

}

=
r∑

i=1

Re
(
R∗P2s−1u + N2s−1u, 2hiX̃iu− qiu

)−
r∑

i=1

Re
(
N2s−1u, x2

nãX̃2
i u

)

≤ 2r
∥∥R∗P2s−1u

∥∥2

0
+ 2

r∑

i=1

∥∥hiX̃iu
∥∥2

0
−

r∑

i=1

Re
(
N2s−1u, x2

nãX̃2
i u

)

+ C4

(‖u‖20 + ‖u‖22s−1

)
.

We apply (5.6) to the second term in the right-hand side of the above inequality, and
Lemma 5.3 with At = N2s−1 to the third one. Then we have

r∑

i=1

{
Re (x2

nãX̃2
i u,R∗P2s−1u)− Re (x2

nãX̃2
i P ∗2s−1Ru, u)

}

≤ 2r
∥∥R∗P2s−1u

∥∥2

0
+ C5

(‖L̃u‖20 + ‖u‖20 + ‖u‖22s−1 + ‖u‖24s−2

)
. (5.18)

Now we have

∥∥R∗P2s−1u
∥∥2

0
+ ‖Ru‖22s−1 + ‖u‖22s−1 + ‖u‖24s−2

≤ ∥∥P2s−1R
∗u + [R∗, P2s−1]u

∥∥2

0
+ ‖Ru‖24s−1 + 2‖u‖20

≤ C6

(‖Ru‖24s−1 + ‖u‖20
)
, (5.19)

because 0 ≤ s ≤ 1/2 by hypothesis. In virtue of (5.13), (5.16), (5.18) and (5.19) we
obtain (5.10). ¤
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We define

Z̃0 = xn
∂

∂xn
, Z̃1 = xnãX̃1, . . . , Z̃r = xnãX̃r. (5.20)

Let l be a positive integer. For every multi-index J = (j1, . . . , jl) (0 ≤ jk ≤ r, 1 ≤ k ≤ l)
we define

Z̃J =
[
Z̃j1 , [Z̃j2 , . . . , [Z̃jl−1 , Z̃jl

] . . .]
]
. (5.21)

Let ρ0 > 0 be the radius determined in Proposition 4.2 with s = 0. We recall that
B(p, ρ0) ⊂ ωp. Then we have the following

Lemma 5.5. For any multi-index J = (j1, . . . , jl) (0 ≤ jk ≤ r, 1 ≤ k ≤ l), there
exists a constant CJ > 0 such that

∥∥Z̃Ju
∥∥2

τ(J)−1
≤ CJ

(‖L̃u‖20 + ‖u‖20
)
, u ∈ C∞0 (B(p, ρ0)), (5.22)

where τ(J) is the number defined by (3.3).

Proof. We shall prove the lemma by induction on l. When l = 1 it follows from
(3.3) that τ(J) = 1 (1 ≤ j1 ≤ r) and τ(J) = 1/2 (j1 = 0). Hence (5.22) holds by
Corollary 4.2 and Corollary 4.3 respectively.

Let m be a positive integer and assume that the lemma is valid for l = m. Let
J = (j1, j2, . . . , jm+1) be any multi-index such that 0 ≤ jk ≤ r (1 ≤ k ≤ m + 1). We
put J ′ = (j2, . . . , jm+1), and choose a function ψ(x) ∈ C∞0 (Rn) such that ψ(x) = 1 in
B(p, ρ0). Then

∥∥Z̃Ju
∥∥

τ(J)−1
=

∥∥[Z̃j1 , ψZ̃J′ ]u
∥∥

τ(J)−1
, u ∈ C∞0 (B(p, ρ0)). (5.23)

First we consider the case of 1 ≤ j1 ≤ r. In this case Z̃j1 = xnãX̃j1 , 0 < τ(J) ≤ 1/2 and
2τ(J) = τ(J ′). Hence we have (5.22) by (5.23), Lemma 5.1 and hypothesis of induction.
Next we consider the case of j1 = 0. In this case Z̃j1 = xn∂/∂xn, 0 < τ(J) ≤ 1/2 and
4τ(J) = τ(J ′). Hence we have (5.22) by (5.23), Lemma 5.4 and hypothesis of induction.

¤

Lemma 5.6. Let l0 be the positive integer defined by (3.14). There exist constants
0 < τ ≤ 1/2 and C > 0 such that

∥∥∥∥xl0
n

∂u

∂xj

∥∥∥∥
2

τ−1

≤ C
(‖L̃u‖20 + ‖u‖20

)
, u ∈ C∞0 (B(p, ρ0)), 1 ≤ j ≤ n.

Proof. It follows from (5.20), (3.5), (3.18) and (3.19) that Zj = Z̃j in ωp, 1 ≤
j ≤ r. We note that B(p, ρ0) ⊂ ωp by definition of ρ0 in Proposition 4.2 with s = 0.
Then we have by (3.16) and (3.17)



Hypoellipticity of a second order operator 1055

xl0
n

∂u

∂xj
=

n∑

k=1

∑

I⊆Jk

gj,k,I Z̃Iu, u ∈ C∞0 (B(p, ρ0)), 1 ≤ j ≤ n. (5.24)

In view of (3.3) we put

τ = min
1≤k≤n

τ(Jk). (5.25)

Then 0 < τ ≤ 1/2 by (3.3), (3.14) and (3.15), and the lemma follows from (5.24) and
Lemma 5.5. ¤

Let l0 be the positive integer defined by (3.14) and τ be the positive number deter-
mined in Lemma 5.6. We put

σ =
τ

4l0
. (5.26)

Here

0 < σ ≤ 1
8
, (5.27)

because 0 < τ ≤ 1/2 by Lemma 5.6, and l0 ≥ 1 by (3.15). Then we have the following

Proposition 5.1 (estimate of the subelliptic kind). Let ρ0 be the radius deter-
mined in Proposition 4.2 with s = 0. There exists a constant C > 0 such that

‖u‖2σ ≤ C
(‖L̃u‖20 + ‖u‖20

)
, u ∈ C∞0

(
B

(
p,

1
2
ρ0

))
.

Proof. To prove the proposition it is sufficient to show that

∥∥∥∥
∂u

∂xj

∥∥∥∥
2

σ−1

≤ C
(‖L̃u‖20 + ‖u‖20

)
, u ∈ C∞0

(
B

(
p,

1
2
ρ0

))
, 1 ≤ j ≤ n. (5.28)

For non-negative integers q = l0, l0 − 1, . . . , 0 we put

σq =
τ

4l0−q
. (5.29)

We shall show by induction on q that for non-negative integers q = l0, l0 − 1, . . . , 0 there
exist constants Cq > 0 such that

∥∥∥∥xq
n

∂u

∂xj

∥∥∥∥
2

σq−1

≤ Cq

(‖L̃u‖20 + ‖u‖20
)
, u ∈ C∞0

(
B

(
p,

1
2
ρ0

))
, 1 ≤ j ≤ n. (5.30)

Then (5.28) follows from (5.30) with q = 0. We know from Lemma 5.6 that (5.30) is
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valid when q = l0. Let q be any integer such that 1 ≤ q ≤ l0, and assume that (5.30)
holds. In the rest of the proof we shall show that

∥∥∥∥xq−1
n

∂u

∂xj

∥∥∥∥
2

σq−1−1

≤ Cq−1

(‖L̃u‖20 + ‖u‖20
)
, u ∈ C∞0

(
B

(
p,

1
2
ρ0

))
, 1 ≤ j ≤ n. (5.31)

Let s = 0 in Corollary 4.3. Then we see that (5.31) holds for j = n, because
σq−1 = τ/4l0−q+1 < 1/8 by definition of τ in Lemma 5.6. Hence it remains to prove
(5.31) for j = 1, . . . , n − 1. From now on we shall fix j (1 ≤ j ≤ n − 1), and denote by
C1, C2, . . . positive constants independent of u ∈ C∞0 (B(p, ρ0/2)).

We put

s = σq−1, R = χxq
n

∂

∂xj
, (5.32)

where χ is the function defined by (3.18) in order to localize Xi (1 ≤ i ≤ r) and L. We
see that

0 < s =
τ

4l0−q+1
≤ 1

8
. (5.33)

Since χ(x) = 1 in ωp and B
(
p, 1

2ρ0

) ⊂ ωp, it follows that xq
n

∂u
∂xj

= Ru, u ∈
C∞0

(
B(p, 1

2ρ0)
)
. Hence we have by (5.30)

‖Ru‖24s−1 ≤ Cq

(‖L̃u‖20 + ‖u‖20
)
. (5.34)

Taking into account that 2s− 1 < 4s− 1 < 0, we have also

‖Ru‖22s−1 + ‖u‖22s−1 ≤ C1

(‖L̃u‖20 + ‖u‖20
)
. (5.35)

Now we put

T2s−1 = E2s−2χxq−1
n

∂

∂xj
. (5.36)

Then T2s−1 ∈ Op(S2s−1), and by using the relations:

xq−1
n

∂

∂xj
= χxq−1

n

∂

∂xj
in B

(
p,

1
2
ρ0

)
,

xq−1
n

∂

∂xj
=

1
q

[
∂

∂xn
, xq

n

∂

∂xj

]
=

1
q

[
χ

∂

∂xn
, R

]
in B

(
p,

1
2
ρ0

)
,

χ
∂

∂xn
= L̃−

r∑

i=1

xnãX̃2
i − c̃
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we have

∥∥∥∥xq−1
n

∂u

∂xj

∥∥∥∥
2

σq−1−1

= Re
(

xq−1
n

∂u

∂xj
, E2s−2χxq−1

n

∂u

∂xj

)

≤ 1
q
Re

(
[L̃, R]u, T2s−1u

)− 1
q

r∑

i=1

Re
(
[xnãX̃2

i , R]u, T2s−1u
)

+ C2

(‖u‖20 + ‖u‖22s−1

)
. (5.37)

We estimate the first term in the right-hand side of (5.37). We have by (5.35)

Re
(
[L̃, R]u, T2s−1u

)
= Re

(
L̃Ru, T2s−1u

)− Re
(
L̃u,R∗T2s−1u

)

≤ Re
(
L̃Ru, T2s−1u

)
+ C3

(‖L̃u‖20 + ‖u‖20
)
. (5.38)

It remains to estimate the first term in the right-hand side of (5.38). By using (4.13) we
can write with some β ∈ C∞0 (Rn)

L̃∗ =
r∑

i=1

xnãX̃2
i +

r∑

i=1

αiX̃i − χ
∂

∂xn
+ β, (5.39)

where

αi = 2X̃i(xnã)− 2fixnã, 1 ≤ i ≤ r. (5.40)

Hence we have

(
L̃Ru, T2s−1u

)
=

r∑

i=1

(
Ru, xnãX̃2

i T2s−1u
)

+
r∑

i=1

(
Ru, αiX̃iT2s−1u

)

−
(

Ru, T2s−1χ
∂

∂xn
u

)
−

(
Ru,

[
χ

∂

∂xn
, T2s−1

]
u

)
+ (Ru, βT2s−1u).

We apply the relation: χ∂/∂xn = L̃−∑r
i=1 xnãX̃2

i − c̃ to the third term in the right-hand
side of the above equation and we rewrite (L̃Ru, T2s−1u) as follows.

(
L̃Ru, T2s−1u

)
= 2

r∑

i=1

(
Ru, T2s−1xnãX̃2

i u
)

+
r∑

i=1

(
Ru, [xnãX̃2

i , T2s−1]u
)

+
r∑

i=1

(
Ru, T2s−1αiX̃iu

)− (
Ru, T2s−1L̃u

)
+ (Ru, A2s−1u), (5.41)

where A2s−1 ∈ Op(S2s−1). We have



1058 T. Akamatsu

r∑

i=1

∣∣(Ru, T2s−1αiX̃iu)
∣∣ +

∣∣(Ru, T2s−1L̃u)
∣∣ +

∣∣(Ru, A2s−1u)
∣∣

≤ C4

(
‖Ru‖22s−1 +

r∑

i=1

‖αiX̃iu‖20 + ‖L̃u‖20 + ‖u‖20
)

. (5.42)

It follows from (5.40) and (4.7) that there exists a constant M ′ > 0 such that |αi(x)|2 ≤
M ′x2

nã(x), x ∈ Rn (1 ≤ i ≤ r). Hence we have by Corollary 4.1

r∑

i=1

∥∥αiX̃iu
∥∥2

0
≤ C5

(‖L̃u‖20 + ‖u‖20
)
. (5.43)

Combining (5.41)–(5.43) we have

Re
(
L̃Ru, T2s−1u

) ≤ 2
r∑

i=1

Re
(
Ru, T2s−1xnãX̃2

i u
)

+
r∑

i=1

Re
(
Ru, [xnãX̃2

i , T2s−1]u
)

+ C6

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)
. (5.44)

We estimate the first term in the right-hand side of (5.44). Since j 6= n, it follows
from (5.36) and (5.32) that T2s−1xnãX̃2

i = E2s−2RãX̃2
i (1 ≤ i ≤ r). Then we have by

(4.12)
(
Ru, T2s−1xnãX̃2

i u
)

=
(
Es−1Ru, ãX̃2

i Es−1Ru
)

+
(
Es−1Ru, [Es−1R, ãX̃2

i ]u
)

= −(
X̃iEs−1Ru, ãX̃iEs−1Ru

)
+

(
Es−1Ru, fiãX̃iEs−1Ru

)

−(
Es−1Ru, X̃i(ã)X̃iEs−1Ru

)
+

(
Es−1Ru, [Es−1R, ãX̃2

i ]u
)
. (5.45)

We note that

−(
X̃iEs−1Ru, ãX̃iEs−1Ru

) ≤ 0. (5.46)

Since R = χxq
n∂/∂xj by (5.32) and q is a positive integer, there exist F

(i)
s , G

(i,k)
s , H

(i)
s ∈

Op(Ss) (1 ≤ i ≤ r, 1 ≤ k ≤ n) such that

fiãX̃iEs−1R− X̃i(ã)X̃iEs−1R +
[
Es−1R, ãX̃2

i

]

≡ F (i)
s xnãX̃i +

n∑

k=1

G(i,k)
s xnãxk

X̃i + H(i)
s X̃i(xnã)X̃i (mod Op(Ss)). (5.47)

It follows from (5.45)–(5.47) and Corollary 4.2 that

Re
(
Ru, T2s−1xnãX̃2

i u
) ≤ C7

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)
. (5.48)
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We estimate the second term in the right-hand side of (5.44). In the same way as
the proof of Lemma 5.2 we can write

[
xnãX̃2

i , T2s−1

]
= J

(i)
2s−1xnãX̃i +

n∑

k=1

K
(i,k)
2s−1xnãxk

X̃i + M2s−2ãX̃2
i + N

(i)
2s−1,

where J
(i)
2s−1, K

(i,k)
2s−1, N

(i)
2s−1 ∈ Op(S2s−1) (1 ≤ i ≤ r, 1 ≤ k ≤ n), and M2s−2 ∈

Op(S2s−2). Hence it follows from Corollary 4.2 that

Re
(
Ru, [xnãX̃2

i , T2s−1]u
)

≤ C8

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)
+ Re

(
Ru, M2s−2ãX̃2

i u
)
. (5.49)

Let ε0 be the positive number determined in Proposition 4.2 with s = 0, and let ψ be a
function belonging to C∞0 (B(p, ρ0)) such that ψ(x) = 1 in B

(
p, 1

2ρ0

)
. We put P2s−1 =

M2s−2E
(ε0)
1 . Then P2s−1 ∈ Op(S2s−1) and we can write with some Q

(i)
2s−1 ∈ Op(S2s−1)

M2s−2ãX̃2
i u = M2s−2ψãX̃2

i u = −P2s−1ψX̃∗
i E

(ε0)

− 1
2

ãE
(ε0)

− 1
2

X̃iu + Q
(i)
2s−1u.

Hence we have

Re
(
Ru, M2s−2ãX̃2

i u
) ≤

(
ãE

(ε0)

− 1
2

X̃iψP ∗2s−1Ru, E
(ε0)

− 1
2

X̃iψP ∗2s−1Ru
)

+
(
ãE

(ε0)

− 1
2

X̃iu,E
(ε0)

− 1
2

X̃iu
)

+ C9

(‖u‖20 + ‖Ru‖22s−1

)
. (5.50)

We apply Proposition 4.2 to the first two terms in the right-hand side of (5.50). Then
we have

Re
(
Ru, M2s−2ãX̃2

i u
)

≤ −2Re
(
xnL̃ψP ∗2s−1Ru, ψP ∗2s−1Ru

)
+ 2Re

(
L̃ψP ∗2s−1Ru,

∂

∂xn
ψP ∗2s−1Ru

)

− 1
2 , ε0

+ C10

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)

= Re
(
L̃U2s−1Ru, V2s−1Ru

)
+ C10

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1

)
, (5.51)

where U2s−1 = ψP ∗2s−1, and V2s−1 = −2xnψP ∗2s−1 + 2E
(ε0)
−1

∂
∂xn

ψP ∗2s−1. Then U2s−1,
V2s−1 ∈ Op(S2s−1) and it follows that

(
L̃U2s−1Ru, V2s−1Ru

)
=

(
L̃u, (U2s−1R)∗V2s−1Ru

)
+

(
[L̃, U2s−1R]u, V2s−1Ru

)
.

Let U2s−1(x, ξ) be the symbol of U2s−1. Since the principal symbol of U2s−1R is equal
to
√−1χ(x)xq

nξjU2s−1(x, ξ) and q is a positive integer, it follows that
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[
L̃, U2s−1R

]
=

r∑

i=1

W
(i)
2s xnãX̃i +

r∑

i=1

n∑

k=1

W
(i,k)
2s xnãxk

X̃i + X2s,

where W
(i)
2s , W

(i,k)
2s , X2s ∈ Op(S2s) (1 ≤ i ≤ r, 1 ≤ k ≤ n). Hence we have by Corollary

4.2

∣∣(L̃U2s−1Ru, V2s−1Ru)
∣∣ ≤ C11

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖24s−1

)
. (5.52)

It follows from (5.49), (5.51) and (5.52) that

r∑

i=1

Re
(
Ru, [xnãX̃2

i , T2s−1]u
) ≤ C12

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1 + ‖Ru‖24s−1

)
. (5.53)

In virtue of (5.38), (5.44), (5.48) and (5.53) we obtain

1
q

Re
(
[L̃, R]u, T2s−1u

) ≤ C13

(‖L̃u‖20 + ‖u‖20 + ‖Ru‖22s−1 + ‖Ru‖24s−1

)
. (5.54)

We estimate the second term in the right-hand side of (5.37). By definition (5.36)
of T2s−1 we can write

T ∗2s−1 = −T2s−1 + Y2s−2, Y2s−2 ∈ Op(S2s−2). (5.55)

We write R∗ = −R + f , f ∈ C∞0 (Rn). Then we have by (4.13)

[
xnãX̃2

i , R
]∗ =

[
xnãX̃2

i , R
]
+

[
αiX̃i, R

]
+

[
f, xnãX̃2

i

]
+ hi, 1 ≤ i ≤ r, (5.56)

where αi is the function defined by (5.40), and hi ∈ C∞0 (Rn). It follows from (5.55) and
(5.56) that

2Re
(
[xnãX̃2

i , R]u, T2s−1u
)

= J
(i)
1 + J

(i)
2 , u ∈ C∞0 (Rn), 1 ≤ i ≤ r, (5.57)

where

J
(i)
1 =

(
Y2s−2u, [xnãX̃2

i , R]u
)

+
(
u, [[xnãX̃2

i , R], T2s−1]u
)
, (5.58)

J
(i)
2 =

(
u, [αiX̃i, R]T2s−1u

)
+

(
u, [f, xnãX̃2

i ]T2s−1u
)

+ (u, hiT2s−1u). (5.59)

We fix i (1 ≤ i ≤ r) and estimate J
(i)
1 . We recall that R = χxq

n∂/∂xj by (5.32), q is
a positive integer, and X̃i(xn)ã(x)|xn=0 = 0 by (4.7). Then we have

[
xnãX̃2

i , R
]

= L
(i)
1 xq+1

n X̃i + M
(i)
1 , (5.60)
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where L
(i)
1 and M

(i)
1 are first order linear partial differential operators with coefficients

belonging to C∞0 (Rn). Hence there exist B
(i)
2s−1, C

(i)
2s−1, D

(i)
2s−1 ∈ Op(S2s−1) such that

[
[xnãX̃2

i , R], T2s−1

]
= B

(i)
2s−1x

q+1
n X̃i + C

(i)
2s−1x

q
nL

(i)
1 + D

(i)
2s−1. (5.61)

It follows from (5.58), (5.60) and (5.61) that

∣∣J (i)
1

∣∣ ≤ C14

(∥∥xq
nX̃iu

∥∥2

2s−1
+

∥∥xq
nL

(i)
1 u

∥∥2

2s−1
+ ‖u‖20 + ‖u‖22s−1

)
.

Since 2s− 1 < 4s− 1 = σq − 1 by (5.32) and (5.29), it follows from hypothesis (5.30) of
induction that

∣∣J (i)
1

∣∣ ≤ C15

(‖L̃u‖20 + ‖u‖20 + ‖u‖22s−1

)
. (5.62)

We fix i (1 ≤ i ≤ r) and estimate J
(i)
2 . We can write with some pi, qi ∈ C∞0 (Rn)

[
f, xnãX̃2

i

]
= pixnãX̃i + qi.

Hence it follows from (5.59) that

J
(i)
2 =

(
(αiX̃i)∗u, T2s−1Ru

)
+

(
(αiX̃i)∗u, [R, T2s−1]u

)− (
R∗u, T2s−1αiX̃iu

)

− (
R∗u, [αiX̃i, T2s−1]u

)
+

(
(pixnãX̃i)∗u, T2s−1u

)
+

(
u, (qi + hi)T2s−1u

)
.

Then we have by (5.43) and Corollary 4.2

∣∣J (i)
2

∣∣ ≤ C16

(‖αiX̃iu‖20 + ‖Ru‖22s−1 + ‖xnãX̃iu‖20 + ‖u‖22s−1 + ‖u‖20
)

≤ C17

(‖L̃u‖20 + ‖u‖20 + ‖u‖22s−1 + ‖Ru‖22s−1

)
. (5.63)

Combining (5.57), (5.62) and (5.63) we have

−1
q

r∑

i=1

Re
(
[xnãX̃2

i , R]u, T2s−1u
) ≤ C18

(‖L̃u‖20 + ‖u‖20 + ‖u‖22s−1 + ‖Ru‖22s−1

)
. (5.64)

In virtue of (5.37), (5.54), (5.64), (5.34) and (5.35) we obtain (5.31) for j = 1, . . . , n− 1.
¤

6. Estimate of the subelliptic kind in Hloc
s space.

In this section we shall fix p ∈ {(x′, xn) | |x′| < T, xn = 0} and extend Proposition
5.1 to H loc

s space. To this end we introduce smoothing operators as follows. For every
positive number 0 < κ < 1 we define T (κ) as the pseudo-differential operator with the
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symbol:

T (κ)(ξ) = e−|κξ|2 , (6.1)

and for every positive numbers 0 < κ, γ < 1 and 0 < ε ≤ 1 we define T (κ,γ,ε) as the
pseudo-differential operator with the symbol:

T (κ,γ,ε)(ξ) = e−|κξ′|2−|κεξn|2(1 + |γξ′|2 + |γεξn|2
)− 1

2 , (6.2)

where ξ′ = (ξ1, . . . , ξn−1). Then T (κ) ∈ Op(S−∞) for any fixed 0 < κ < 1, and T (κ,γ,ε) ∈
Op(S−∞) for any fixed 0 < κ, γ < 1 and 0 < ε ≤ 1. Now we define T (κ,ε) and E(γ,ε) as
the pseudo-differential operators with the symbols:

T (κ,ε)(ξ) = e−|κξ′|2−|κεξn|2 , (6.3)

E(γ,ε)(ξ) =
(
1 + |γξ′|2 + |γεξn|2

)− 1
2 (6.4)

respectively. Then T (κ,ε) ∈ Op(S−∞) and E(γ,ε) ∈ Op(S−1) for any fixed 0 < κ, γ < 1
and 0 < ε ≤ 1, and T (κ,γ,ε) is decomposed to

T (κ,γ,ε) = T (κ,ε)E(γ,ε). (6.5)

Here we summarize well-known facts about uniform boundedness of families of
pseudo-differential operators. Let m be a real number and let {A(λ)

m }λ∈Λ be a family of
pseudo-differential operators belonging to Op(Sm). We say that the family of the symbols
{A(λ)

m (x, ξ)}λ∈Λ of {A(λ)
m }λ∈Λ is bounded in Sm if for any multi-indices α = (α1, . . . , αn)

and β = (β1, . . . , βn) there exists a constant Cα,β > 0 independent of λ ∈ Λ such that

∣∣∣∣
∂α

∂xα

∂β

∂ξβ
A(λ)

m (x, ξ)
∣∣∣∣ ≤ Cα,β(1 + |ξ|2) 1

2 (m−|β|), (x, ξ) ∈ Rn ×Rn.

For real numbers s and t, let B(Hs,Ht) be the space of all bounded linear operators
from Hs to Ht. It is known that if {A(λ)

m (x, ξ)}λ∈Λ is bounded in Sm, then {A(λ)
m }λ∈Λ is

uniformly bounded in B(Hs+m,Hs) for any fixed s ∈ R. For the proof see Theorem 2.7
in Chapter 3 of [7]. In addition, Corollary 2 of Lemma 2.3, Theorem 3.1 and Lemma 2.4
in Chapter 2 of [7] imply the following

Lemma 6.1. For real numbers m1 and m2, let {A(λ)
m1(x, ξ)}λ∈Λ and

{B(µ)
m2 (x, ξ)}µ∈M be bounded families in Sm1 and Sm2 respectively. Then the symbol of the

operator A
(λ)
m1B

(µ)
m2 is of the form:

A(λ)
m1

(x, ξ)B(µ)
m2

(x, ξ) +
1√−1

n∑

k=1

∂A
(λ)
m1(x, ξ)
∂ξk

∂B
(µ)
m2 (x, ξ)
∂xk

+ C
(λ,µ)
m1+m2−2(x, ξ),
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where {C(λ,µ)
m1+m2−2(x, ξ)}(λ,µ)∈Λ×M is bounded in Sm1+m2−2.

The above lemma yields the following corollary.

Corollary 6.1. For real numbers m1 and m2, let {A(λ)
m1(x, ξ)}λ∈Λ and

{B(µ)
m2 (x, ξ)}µ∈M be bounded families in Sm1 and Sm2 respectively. Then,

{[A(λ)
m1 , B

(µ)
m2 ]}(λ,µ)∈Λ×M is uniformly bounded in B(Hs+m1+m2−1,Hs) for any fixed s.

Concerning the boundedness of the families {T (κ)(ξ)}0<κ<1, {T (κ,ε)(ξ)}0<κ<1 and
{E(γ,ε)(ξ)}0<γ<1 with fixed ε (0 < ε ≤ 1), the following two lemmas hold.

Lemma 6.2. {T (κ)(ξ)}0<κ<1 is bounded in S0.

Lemma 6.3. Fix any ε, 0 < ε ≤ 1. Then

{
T (κ,ε)(ξ)

}
0<κ<1

is bounded in S0, (6.6)
{
κ2T (κ,ε)(ξ)

}
0<κ<1

is bounded in S−2, (6.7)
{
E(γ,ε)(ξ)

}
0<γ<1

is bounded in S0, (6.8)
{
γE(γ,ε)(ξ)

}
0<γ<1

is bounded in S−1, (6.9)
{
T (κ,γ,ε)(ξ)

}
0<κ,γ<1

is bounded in S0. (6.10)

Proof. We put E(ξ) = e−|ξ|
2
. Then T (κ,ε)(ξ) = E(κξ′, κεξn), and we have for

any multi-index α = (α1, . . . , αn−1, αn)

(1 + |ξ|2) |α|2
∣∣∣∣

∂α

∂ξα
T (κ,ε)(ξ)

∣∣∣∣ = (1 + |ξ|2) |α|2 κ|α|εαn

∣∣∣∣
∂αE

∂ξα
(κξ′, κεξn)

∣∣∣∣

≤ (1 + |κξ|2) |α|2
∣∣∣∣
∂αE

∂ξα
(κξ′, κεξn)

∣∣∣∣

≤ ε−|α|
(
1 + |κξ′|2 + |κεξn|2

) |α|
2

∣∣∣∣
∂αE

∂ξα
(κξ′, κεξn)

∣∣∣∣

≤ ε−|α|Cα, ξ ∈ Rn,

where Cα is a positive constant depending only on α. Thus (6.6) has been proved. In a
similar way we can prove (6.7), (6.8) and (6.9). Since T (κ,γ,ε)(ξ) = T (κ,ε)(ξ)E(γ,ε)(ξ) by
(6.2), (6.3) and (6.4), (6.10) follows from (6.6) and (6.8). ¤

Notation 6.1. For a real number s and a positive number δ we define

H loc
s

(
B(p, δ); L̃

)
=

{
u | u ∈ H loc

s (B(p, δ)) and L̃u ∈ H loc
s (B(p, δ))

}
.

Notation 6.2. Let φ(x), ψ(x) ∈ C∞0 (Rn). We write φ ⊂⊂ ψ if 0 ≤ ψ(x) ≤ 1 and
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ψ(x) = 1 in a neighborhood of supp φ.

Lemma 6.4. Let A(x) ∈ C∞0 (Rn) and assume that

|A(x)|2 ≤ Kã(x), x ∈ Rn, (6.11)

where K > 0 is a constant. For any real number s, any positive number δ, and any φ(x),
ψ(x) ∈ C∞0 (B(p, δ)), φ ⊂⊂ ψ, there exists a constant C = C(s, δ, φ, ψ) > 0 such that

r∑

i=1

∥∥xnAφX̃iu
∥∥2

s
≤ C

(‖ψL̃u‖2s + ‖ψu‖2s
)
, u ∈ H loc

s

(
B(p, δ); L̃

)
.

Proof. We shall denote by C1, C2, . . . positive constants depending on s, δ, φ and
ψ, and independent of κ (0 < κ < 1), and u ∈ H loc

s (B(p, δ); L̃). Let T (κ), 0 < κ < 1, be
the pseudo-differential operator with the symbol T (κ)(ξ) defined by (6.1). Since φX̃iu =
φX̃iψu, we have

r∑

i=1

∥∥xnAφX̃iu
∥∥2

s
= lim

κ→+0

r∑

i=1

∥∥T (κ)EsxnAφX̃iψu
∥∥2

0
. (6.12)

It follows from Lemmm 6.2, Corollary 6.1 and (6.11) that

r∑

i=1

∥∥T (κ)EsxnAφX̃iψu
∥∥2

0
≤ 2

∥∥xnAEsX̃iφT (κ)ψu
∥∥2

0
+ C1

∥∥ψu
∥∥2

s

≤ 2K

r∑

i=1

(
x2

nãEsX̃iφT (κ)ψu, EsX̃iφT (κ)ψu
)

+ C1‖ψu‖2s.

(6.13)

Since φT (κ)ψu ∈ C∞0 (Rn), we can apply Proposition 4.1 to the first term in the right-
hand side of (6.13) and we have by Lemma 6.2

r∑

i=1

(
x2

nãEsX̃iφT (κ)ψu, EsX̃iφT (κ)ψu
)

≤ −Re
(
xnL̃φT (κ)ψu, E2sφT (κ)ψu

)
+ Cs

∥∥φT (κ)ψu
∥∥2

s

≤ −Re
(
T (κ)φxnL̃ψu, E2sφT (κ)ψu

)− Re
(
[φ, T (κ)]xnL̃ψu, E2sφT (κ)ψu

)

−Re
(
[xnL̃, φT (κ)]ψu, E2sφT (κ)ψu

)
+ C2‖ψu‖2s. (6.14)

We note that φxnL̃ψu = φxnψL̃u, because ψ(x) = 1 in a neighborhood of supp φ by
hypothesis. Then we have

∣∣(T (κ)φxnL̃ψu, E2sφT (κ)ψu)
∣∣ ≤ C3

(‖ψL̃u‖2s + ‖ψu‖2s
)
. (6.15)
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It follows from Lemma 6.1 and Lemma 6.2 that [φ, T (κ)] =
∑n

k=1 A
(κ,k)
−1 φxk

+B
(κ)
−2 , where

{A(κ,k)
−1 (ξ)}0<κ<1 is bounded in S−1 for any k (1 ≤ k ≤ n), and {B(κ)

−2 (x, ξ)}0<κ<1 is
bounded in S−2. Hence, taking into account that φxk

xnL̃ψu = φxk
xnψL̃u we have

∣∣([φ, T (κ)]xnL̃ψu, E2sφT (κ)ψu)
∣∣

≤
n∑

k=1

∣∣∣
(
A

(κ,k)
−1 φxk

xnL̃ψu, E2sφT (κ)ψu
)∣∣∣ +

∣∣∣
(
B

(κ)
−2 xnL̃ψu, E2sφT (κ)ψu

)∣∣∣

≤ C4

(‖ψL̃u‖2s−1 + ‖ψu‖2s
)
. (6.16)

In the same way as the proof of Lemma 5.2 we have by Lemma 6.1 and Lemma 6.2

[
xnL̃, φT (κ)

]
=

r∑

i=1

xnãX̃iD
(κ,i)
0 +

r∑

i=1

n∑

k=1

xnãxk
X̃iE

(κ,i,k)
0 + F

(κ)
0 ,

where {D(κ,i)
0 (x, ξ)}0<κ<1,1≤i≤r, {E(κ,i,k)

0 (x, ξ)}0<κ<1,1≤i≤r,1≤k≤n and {F (κ)
0 (x, ξ)}0<κ<1

are bounded in S0. Hence we have for any ε > 0

∣∣([xnL̃, φT (κ)]ψu, E2sφT (κ)ψu
)∣∣

≤
r∑

i=1

ε
∥∥xnãEsX̃iφT (κ)ψu

∥∥2

0
+

r∑

i=1

n∑

k=1

ε
∥∥xnãxk

EsX̃iφT (κ)ψu
∥∥2

0
+

(
1
ε
C5 + C6

)
‖ψu‖2s.

(6.17)

Let M > 0 be the constant determined in Lemma 4.1. Now we put ε = 1/2M(1 + n).
Then it follows from (6.17) that

∣∣([xnL̃, φT (κ)]ψu, E2sφT (κ)ψu
)∣∣

≤ εM(1 + n)
r∑

i=1

(
x2

nãEsX̃iφT (κ)ψu, EsX̃iφT (κ)ψu
)

+ C7‖ψu‖2s

=
1
2

r∑

i=1

(
x2

nãEsX̃iφT (κ)ψu, EsX̃iφT (κ)ψu
)

+ C7‖ψu‖2s. (6.18)

In virtue of (6.14), (6.15), (6.16) and (6.18) we obtain

r∑

i=1

(
x2

nãEsX̃iφT (κ)ψu, EsX̃iφT (κ)ψu
) ≤ C8

(‖ψL̃u‖2s + ‖ψu‖2s
)
.

Hence we have by (6.13)

r∑

i=1

∥∥T (κ)EsxnAφX̃iψu
∥∥2

0
≤ C9

(‖ψL̃u‖2s + ‖ψu‖2s
)
. (6.19)
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Thus the lemma follows from (6.19) and (6.12). ¤

Corollary 6.2. Let A(x) ∈ C∞0 (Rn) and assume that

|A(x)|2 ≤ Kã(x), x ∈ Rn,

where K > 0 is a constant. For any real number s, any positive number δ, and any
φ(x), ψ(x) ∈ C∞0 (B(p, δ)), φ ⊂⊂ ψ, there exists a constant C = C(s, δ, φ, ψ) > 0 such
that

r∑

i=1

∥∥xnAX̃i(φu)
∥∥2

s
≤ C

(‖ψL̃u‖2s + ‖ψu‖2s
)
, u ∈ H loc

s

(
B(p, δ); L̃

)
.

Proof. Since φ ⊂⊂ ψ, it follows that xnAX̃i(φu) = xnAφX̃iu + xnAX̃i(φ)ψu.
Then the corollary follows from Lemma 6.4. ¤

Corollary 6.3. For any real number s, any positive number δ, and any φ(x),
ψ(x) ∈ C∞0 (B(p, δ)), φ ⊂⊂ ψ, there exists a constant C = C(s, δ, φ, ψ) > 0 such that

∥∥L̃(φu)
∥∥2

s
≤ C

(‖ψL̃u‖2s + ‖ψu‖2s
)
, u ∈ H loc

s (B(p, δ); L̃).

Proof. Since φ ⊂⊂ ψ, it follows that

L̃(φu) = φψL̃u + 2
r∑

i=1

xnãX̃i(φ)X̃iu +
[ r∑

i=1

xnãX̃2
i (φ) + χ

∂φ

∂xn

]
ψu.

Then the corollary follows from Lemma 6.4, because X̃i(φ) ⊂⊂ ψ. ¤

For a real number s, let ρs be the radius determined in Proposition 4.2. On the
other hand, let M > 0 and C > 0 be the constants determined in Lemma 4.1 and (4.24)
respectively. We define another radius δs by

δs = min
(
ρs, ρs− 1

2
, 2−1ρ0, 2−6(nr)−1(M + 1)−

1
2 C−

1
2
)
. (6.20)

Then the following Lemma 6.5, Lemma 6.6 and Proposition 6.1 hold.

Lemma 6.5. For any real number s, any positive number δ (0 < δ ≤ δs), and any
φ(x), ψ(x) ∈ C∞0 (B(p, δ)), φ ⊂⊂ ψ, there exists a constant C = C(s, δ, φ, ψ) > 0 such
that

r∑

i=1

∥∥ãX̃i(φu)
∥∥2

s− 1
2 ,εs

+
∥∥∥∥

∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

≤ C
(‖ψL̃u‖2s + ‖ψu‖2s

)
,

u ∈ H loc
s

(
B(p, δ); L̃

)
,
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where εs is the positive number determined in Proposition 4.2.

Proof. We shall denote by C
(ε)
1 , C

(ε)
2 , . . . positive constants depending on ε (0 <

ε ≤ 1), s, δ, φ and ψ, and independent of κ, γ (0 < κ, γ < 1), and u ∈ H loc
s (B(p, δ); L̃).

Since {T (κ,γ,ε)(ξ)}0<κ,γ<1 is bounded in S0 for any ε (0 < ε ≤ 1) by (6.10), it follows
from Corollary 6.1 and (4.6) that

r∑

i=1

∥∥T (κ,γ,ε)ãX̃i(φu)
∥∥2

s− 1
2 ,εs

+
∥∥∥∥T (κ,γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

=
r∑

i=1

∥∥∥E
(εs)

s− 1
2
T (κ,γ,ε)ãψX̃i(φu)

∥∥∥
2

0
+

∥∥∥∥T (κ,γ,ε)ψ
∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

≤ 2
r∑

i=1

∥∥∥ãE
(εs)

s− 1
2
X̃iψT (κ,γ,ε)(φu)

∥∥∥
2

0
+ 2

∥∥∥∥
∂

∂xn
ψT (κ,γ,ε)(φu)

∥∥∥∥
2

s− 1
2 ,εs

+ C
(ε)
1 ‖φu‖2s− 1

2

≤ 2M
r∑

i=1

(
ãE

(εs)

s− 1
2
X̃iψT (κ,γ,ε)(φu), E(εs)

s− 1
2
X̃iψT (κ,γ,ε)(φu)

)

+ 2
∥∥∥∥

∂

∂xn
ψT (κ,γ,ε)(φu)

∥∥∥∥
2

s− 1
2 ,εs

+ C
(ε)
1 ‖φu‖2s− 1

2
. (6.21)

Now we put

w = ψT (κ,γ,ε)(φu). (6.22)

Since w ∈ C∞0 (B(p, δ)) ⊂ C∞0 (B(p, δs)) ⊂ C∞0 (B(p, ρs)) by (6.20), it follows from Propo-
sition 4.2, (6.22) and (6.10) that

r∑

i=1

(
ãE

(εs)

s− 1
2
X̃iw, E

(εs)

s− 1
2
X̃iw

)
+

∥∥∥∥
∂

∂xn
w

∥∥∥∥
2

s− 1
2 ,εs

≤ −2Re
(
xnL̃w, w

)
s
+ 2Re

(
L̃w,

∂

∂xn
w

)

s− 1
2 ,εs

+ C
(ε)
2 ‖φu‖2s

≡ I1 + I2 + C
(ε)
2 ‖φu‖2s. (6.23)

First we estimate I1. In virtue of Lemma 5.2 and Lemma 6.1, we can write

[
xnL̃, ψT (κ,γ,ε)

]
=

r∑

i=1

C
(κ,γ,ε,i)
0 xnãX̃i +

r∑

i=1

n∑

k=1

D
(κ,γ,ε,i,k)
0 xnãxk

X̃i + E
(κ,γ,ε)
0 ,

where {C(κ,γ,ε,i)
0 (x, ξ)}0<κ,γ<1, {D(κ,γ,ε,i,k)

0 (x, ξ)}0<κ,γ<1 and {E(κ,γ,ε)
0 (x, ξ)}0<κ,γ<1 are

bounded in S0 for any fixed ε (0 < ε ≤ 1), i (1 ≤ i ≤ r) and k (1 ≤ k ≤ n). Hence we
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have by (6.22), (6.10), Corollary 6.2 and Corollary 6.3

|I1| ≤ 2
∣∣(xnL̃w, w)s

∣∣

≤ 2
∣∣(ψT (κ,γ,ε)xnL̃(φu), w)s

∣∣ + 2
∣∣([xnL̃, ψT (κ,γ,ε)](φu), w)s

∣∣

≤ C
(ε)
3

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
. (6.24)

Next we estimate I2. It follows from Lemma 6.1 and (6.10) that

[
L̃, ψT (κ,γ,ε)

]
=

r∑

i=1

F
(κ,γ,ε,i)
0 xnãX̃i +

r∑

i=1

n∑

k=1

G
(κ,γ,ε,i,k)
0 xnãxk

X̃i

+
√−1ψP2T

(κ,γ,ε)
ξn

+ H
(κ,γ,ε)
0 , (6.25)

where P2 is the principal part of ã
∑r

i=1 X̃2
i , T

(κ,γ,ε)
ξn

is the pseudo-differential operator

with the symbol (T (κ,γ,ε)(ξ))ξn
, and {F (κ,γ,ε,i)

0 (x, ξ)}0<κ,γ<1, {G(κ,γ,ε,i,k)
0 (x, ξ)}0<κ,γ<1,

and {H(κ,γ,ε)
0 (x, ξ)}0<κ,γ<1 are bounded in S0 for any fixed ε (0 < ε ≤ 1), i (1 ≤ i ≤ r)

and k (1 ≤ k ≤ n). Hence, taking (6.22) into account we have by Crollary 6.2 and
Corollary 6.3

|I2| =2
∣∣∣∣Re

(
E(εs)

s ψT (κ,γ,ε)L̃(φu), E(εs)
s−1

∂

∂xn
w

)

+ Re
(

E(εs)
s [L̃, ψT (κ,γ,ε)](φu), E(εs)

s−1

∂

∂xn
w

)∣∣∣∣

≤C
(ε)
4

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s + ‖w‖2s
)

+ 2
∣∣∣∣
(

ψP2T
(κ,γ,ε)
ξn

(φu),
∂

∂xn
w

)

s− 1
2 ,εs

∣∣∣∣

≤C
(ε)
5

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 8
∥∥∥ψP2T

(κ,γ,ε)
ξn

E
(εs)

s− 1
2
(φu)

∥∥∥
2

0
+

1
2

∥∥∥∥
∂

∂xn
w

∥∥∥∥
2

s− 1
2 ,εs .

(6.26)

Combining (6.23), (6.24) and (6.26) we have

r∑

i=1

(
ãE

(εs)

s− 1
2
X̃iw, E

(εs)

s− 1
2
X̃iw

)
+

1
2

∥∥∥∥
∂

∂xn
w

∥∥∥∥
2

s− 1
2 ,εs

≤ C
(ε)
6

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 8
∥∥∥ψP2T

(κ,γ,ε)
ξn

E
(εs)

s− 1
2
(φu)

∥∥∥
2

0.
(6.27)

We estimate the last term in the right-hand side of (6.27). Since P2 is the principal part
of ã

∑r
i=1 X̃2

i , we see from (4.17) that P2 = ã
∑r

i=1

∑n
k,l=1 c̃ik c̃il∂

2/∂xk∂xl. Hence
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∥∥∥ψP2T
(κ,γ,ε)
ξn

E
(εs)

s− 1
2
(φu)

∥∥∥
2

0
≤ n2r

(2π)n

r∑

i=1

n∑

k,l=1

{
sup

x∈Rn

|ψ(x)ã(x)c̃ik(x)c̃il(x)|2
}

×
∫ ∣∣∣ξkξl(T (κ,γ,ε)(ξ))ξn

E
(εs)

s− 1
2
(ξ)φ̂u(ξ)

∣∣∣
2

dξ.

Here we have by (6.2) and (6.4)

∣∣(T (κ,γ,ε)(ξ))ξn

∣∣ =
(

2κ2 +
1

γ−2 + |ξ′|2 + |εξn|2
)

e−|κξ′|2−|κεξn|2ε2|ξn|E(γ,ε)(ξ)

≤ {
2(1 + |κξ′|2 + |κεξn|2) + 1

}
e−|κξ′|2−|κεξn|2E(ε)

−2(ξ)ε2|ξn|E(γ,ε)(ξ)

≤ 3E
(ε)
−2(ξ)ε2|ξn|E(γ,ε)(ξ).

We note that p ∈ {(x′, xn) | xn = 0}, ψ(x) ∈ C∞0 (B(p, δ)) and 0 ≤ ψ(x) ≤ 1 in Rn.
Then, using the same method as the proof of (4.24) we have

∥∥∥ψP2T
(κ,γ,ε)
ξn

E
(εs)

s− 1
2
(φu)

∥∥∥
2

0
≤ n2r2C(δ2 + ε4)

∥∥∥∥E(γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs ,

(6.28)

where C is the positive constant determined in (4.24). Here we note that
∥∥∥∥E(γ,ε) ∂

∂xn
(φu)

∥∥∥∥
s− 1

2 ,εs

< ∞, (6.29)

because φu ∈ Hs and E(γ,ε) ∂
∂xn

∈ Op(S0) by (6.4).
In virtue of (6.21), (6.22), (6.27) and (6.28) we obtain

r∑

i=1

∥∥T (κ,γ,ε)ãX̃i(φu)
∥∥2

s− 1
2 ,εs

+
∥∥∥∥T (κ,γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

≤ C
(ε)
7

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 32(M + 1)n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs .

(6.30)

Let κ → +0 in (6.30). Then we have by (6.2) and (6.4)

r∑

i=1

∥∥E(γ,ε)ãX̃i(φu)
∥∥2

s− 1
2 ,εs

+
∥∥∥∥E(γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

≤ C
(ε)
7

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 32(M + 1)n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs .

(6.31)
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We see from (6.20) that 32(M + 1)n2r2Cδ2 ≤ 32(M + 1)n2r2Cδ2
s ≤ 1/4. Now we choose

ε (0 < ε ≤ 1) so small that 32(M +1)n2r2Cε4 ≤ 1/4. Then we have by (6.31) and (6.29)

r∑

i=1

∥∥E(γ,ε)ãX̃i(φu)
∥∥2

s− 1
2 ,εs

+
1
2

∥∥∥∥E(γ,ε) ∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

≤ C
(ε)
7

(‖ψL̃u‖2s +‖ψu‖2s +‖φu‖2s
)
.

Let γ → +0 in the above inequality. Then we have by (6.4)

r∑

i=1

∥∥ãX̃i(φu)
∥∥2

s− 1
2 ,εs

+
1
2

∥∥∥∥
∂

∂xn
(φu)

∥∥∥∥
2

s− 1
2 ,εs

≤ C
(ε)
7

(‖ψu‖2s + ‖ψL̃u‖2s + ‖φu‖2s
)
.

Since φu = φψu, the lemma follows from the above inequality. ¤

Lemma 6.6. For any real number s, any positive number δ (0 < δ ≤ δs), and any
φ(x), ψ(x) ∈ C∞0 (B(p, δ)), φ ⊂⊂ ψ, there exists a constant C = C(s, δ, φ, ψ) > 0 such
that

r∑

i=1

∥∥∥∥
∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ C
(‖ψL̃u‖2s + ‖ψu‖2s

)
, u ∈ H loc

s

(
B(p, δ); L̃

)
,

where εs− 1
2

is the positive number determined in Proposition 4.2 with s replaced by s− 1
2 .

Proof. It is sufficient to show that for any i (1 ≤ i ≤ r)

∥∥∥∥
∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ C
(‖ψL̃u‖2s + ‖ψu‖2s

)
, u ∈ H loc

s

(
B(p, δ); L̃

)
. (6.32)

From now on we shall fix i and denote by C
(ε)
1 , C

(ε)
2 , . . ., positive constants depending

on ε (0 < ε ≤ 1), s, δ, φ and ψ, and independent of κ, γ (0 < κ, γ < 1), and u ∈
H loc

s (B(p, δ); L̃). Since {T (κ,γ,ε)(ξ)}0<κ,γ<1 is bounded in S0 for any ε (0 < ε ≤ 1) by
(6.10), it follows from Corollary 6.1 that

∥∥∥∥T (κ,γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

=
∥∥∥∥T (κ,γ,ε) ∂

∂xn
ãX̃iψ(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ 2
∥∥∥∥

∂

∂xn
ãX̃iψT (κ,γ,ε)(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

+ C
(ε)
1 ‖φu‖2s.

(6.33)

Now we put

w = ψT (κ,γ,ε)(φu). (6.34)

Since ãX̃iw ∈ C∞0 (B(p, δ)) ⊂ C∞0 (B(p, δs)) ⊂ C∞0 (B(p, ρs− 1
2
)) by (6.20), it follows from
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Proposition 4.2 with u and s repalced by ãX̃iw and s− 1/2 respectively that

∥∥∥∥
∂

∂xn
ãX̃iψT (κ,γ,ε)(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ −2Re
(
xnL̃ãX̃iw, ãX̃iw

)
s− 1

2
+ 2Re

(
L̃ãX̃iw,

∂

∂xn
ãX̃iw

)

s−1,ε
s− 1

2

+ Cs− 1
2

∥∥ãX̃iw
∥∥2

s− 1
2 . (6.35)

On the other hand, since the norms ‖ · ‖s− 1
2

and ‖ · ‖s− 1
2 ,εs

are equivalent, it follows from
(6.10) and Corollary 6.1 that

∥∥ãX̃iw
∥∥2

s− 1
2

=
∥∥ψT (κ,γ,ε)ãX̃i(φu) + [ãX̃i, ψT (κ,γ,ε)](φu)

∥∥2

s− 1
2

≤ C
(ε)
2

(
‖ãX̃i(φu)‖2s− 1

2 ,εs
+ ‖φu‖2s− 1

2

)
.

Hence we have by Lemma 6.5

∥∥ãX̃iw
∥∥2

s− 1
2
≤ C

(ε)
3

(
‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s− 1

2

)
. (6.36)

Combining (6.33), (6.35) and (6.36) we have

∥∥∥∥T (κ,γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ −4Re
(
xnL̃ãX̃iw, ãX̃iw

)
s− 1

2
+ 4Re

(
L̃ãX̃iw,

∂

∂xn
ãX̃iw

)

s−1,ε
s− 1

2

+ C
(ε)
4

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

≡ J1 + J2 + C
(ε)
4

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
. (6.37)

We estimate J1. We have by (6.34), Corollary 6.2 and Corollary 6.3

|J1| = 4
∣∣Re (xnL̃ãX̃iψT (κ,γ,ε)(φu), E2s−1ãX̃iw)

∣∣

≤ 4
∣∣(ψT (κ,γ,ε)L̃(φu), (xnãX̃i)∗E2s−1ãX̃iw)

∣∣

+ 4
∣∣∣
(
E

(ε
s− 1

2
)

s−1 [L̃, ãX̃iψT (κ,γ,ε)](φu), E
(ε

s− 1
2
)

−s+1 xnE2s−1ãX̃iw
)∣∣∣

≤ C
(ε)
5

(‖L̃(φu)‖2s + ‖xnãX̃i(φu)‖2s + ‖φu‖2s
)

+ 4
∣∣∣
(
E

(ε
s− 1

2
)

s−1 [L̃, ãX̃iψT (κ,γ,ε)](φu), E
(ε

s− 1
2
)

−s+1 xnE2s−1ãX̃iw
)∣∣∣
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≤ C
(ε)
6

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 4
∣∣∣
(
E

(ε
s− 1

2
)

s−1 [L̃, ãX̃iψT (κ,γ,ε)](φu), E
(ε

s− 1
2
)

−s+1 xnE2s−1ãX̃iw
)∣∣∣. (6.38)

Now it follows that

[
L̃, ãX̃iψT (κ,γ,ε)

]
=

[
L̃, ãX̃i

]
ψT (κ,γ,ε) + ãX̃i

[
L̃, ψT (κ,γ,ε)

]

=
r∑

j=1

{− ãX̃i(xnã)X̃2
j + xnã[X̃2

j , ãX̃i]
}
ψT (κ,γ,ε)

+
[
χ

∂

∂xn
+ c̃, ãX̃i

]
ψT (κ,γ,ε) + ãX̃i

[
L̃, ψT (κ,γ,ε)

]
,

where X̃i(xnã)|xn=0 = 0 by (4.7). Hence we have by (6.25) and (6.10)

[
L̃, ãX̃iψT (κ,γ,ε)

]
=

r∑

j=1

B
(κ,γ,ε,j)
1 xnãX̃j +

√−1ψP2T
(κ,γ,ε)
ξn

ãX̃i + C
(κ,γ,ε)
1 , (6.39)

where {B(κ,γ,ε,j)
1 (x, ξ)}0<κ,γ<1 and {C(κ,γ,ε)

1 (x, ξ)}0<κ,γ<1 are bounded in S1 for any
fixed ε (0 < ε ≤ 1) and j (1 ≤ j ≤ r). It follows from (6.38) and (6.39) that

|J1| ≤C
(ε)
6

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
∥∥∥ψP2T

(κ,γ,ε)
ξn

E
(ε

s− 1
2
)

s−1 ãX̃i(φu)
∥∥∥

2

0

+ C
(ε)
7

( r∑

j=1

‖xnãX̃j(φu)‖2s +
∥∥∥E

(ε
s− 1

2
)

−s+1 xnE2s−1ãX̃iw
∥∥∥

2

0
+ ‖φu‖2s

)
.

Hence we have by (6.34), (6.10) and Corollary 6.2

|J1| ≤ C
(ε)
8

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
∥∥∥ψP2T

(κ,γ,ε)
ξn

E
(ε

s− 1
2
)

s−1 ãX̃i(φu)
∥∥∥

2

0.

In the same way as the proof of (6.28) we have

∥∥∥ψP2T
(κ,γ,ε)
ξn

E
(ε

s− 1
2
)

s−1 ãX̃i(φu)
∥∥∥

2

0
≤ n2r2C(δ2 + ε4)

∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

(6.40)

Here we note that

∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
s−1,ε

s− 1
2

< ∞, (6.41)

because φu ∈ Hs and E(γ,ε) ∂
∂xn

ãX̃i ∈ Op(S1) by (6.4). Hence
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|J1| ≤C
(ε)
8

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

(6.42)

We estimate J2. We have by (6.34), Corollary 6.3, (6.39), Corollary 6.2, and (6.40)

|J2| = 4
∣∣∣∣Re

(
E

(ε
s− 1

2
)

s−1 L̃ãX̃iψT (κ,γ,ε)(φu), E
(ε

s− 1
2
)

s−1

∂

∂xn
ãX̃iw

)∣∣∣∣

≤ 4
∣∣∣∣
(

E
(ε

s− 1
2
)

s−1 ãX̃iψT (κ,γ,ε)L̃(φu), E
(ε

s− 1
2
)

s−1

∂

∂xn
ãX̃iw

)∣∣∣∣

+ 4
∣∣∣∣
(

E
(ε

s− 1
2
)

s−1 [L̃, ãX̃iψT (κ,γ,ε)](φu), E
(ε

s− 1
2
)

s−1

∂

∂xn
ãX̃iw

)∣∣∣∣

≤ C
(ε)
9

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
1
8

∥∥∥∥
∂

∂xn
ãX̃iw

∥∥∥∥
2

s−1,ε
s− 1

2

+ 4
∣∣∣∣
(

E
(ε

s− 1
2
)

s−1 ψP2T
(κ,γ,ε)
ξn

ãX̃i(φu), E
(ε

s− 1
2
)

s−1

∂

∂xn
ãX̃iw

)∣∣∣∣

≤ C
(ε)
10

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
1
4

∥∥∥∥
∂

∂xn
ãX̃iw

∥∥∥∥
2

s−1,ε
s− 1

2

+ 256
∥∥∥ψP2T

(κ,γ,ε)
ξn

E
(ε

s− 1
2
)

s−1 ãX̃i(φu)
∥∥∥

2

0

≤ C
(ε)
10

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
1
4

∥∥∥∥
∂

∂xn
ãX̃iw

∥∥∥∥
2

s−1,ε
s− 1

2

+ 256n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

(6.43)

Here it follows from (6.34) and the equality: ψφu = φu that

∥∥∥∥
∂

∂xn
ãX̃iw

∥∥∥∥
2

s−1,ε
s− 1

2

≤ 2
∥∥∥∥T (κ,γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

+ C
(ε)
11 ‖φu‖2s. (6.44)

In virtue of (6.43) and (6.44) we obtain

|J2| ≤C
(ε)
12

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
1
2

∥∥∥∥T (κ,γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

+ 256n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

(6.45)
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Combining (6.37), (6.42) and (6.45) we obtain

1
2

∥∥∥∥T (κ,γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤C
(ε)
13

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 257n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

Let κ → +0 in the above inequality. Then we have by (6.2) and (6.4)

1
2

∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤C
(ε)
13

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+ 257n2r2C(δ2 + ε4)
∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

(6.46)

We see from (6.20) that 257n2r2Cδ2 ≤ 257n2r2Cδ2
s ≤ 1/8. Now we choose ε (0 < ε ≤ 1)

so small that 257n2r2Cε4 ≤ 1/8. Then we have by (6.46)

1
2

∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ C
(ε)
13

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)

+
1
4

∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2
.

Hence we have by (6.41)

∥∥∥∥E(γ,ε) ∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ 4C
(ε)
13

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
.

Let γ → +0 in the above inequality. Then we have by (6.4)

∥∥∥∥
∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1,ε
s− 1

2

≤ 4C
(ε)
13

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
.

Since φu = φψu, we obtain (6.32) by the above inequality. ¤

Proposition 6.1 (estimate of the subelliptic kind in H loc
s space). For any real

number s, any positive number δ (0 < δ ≤ δs), and any φ(x), ψ(x) ∈ C∞0 (B(p, δ)),
φ ⊂⊂ ψ, there exists a constant C = C(s, δ, φ, ψ) > 0 such that

‖φu‖2s+σ ≤ C
(‖ψL̃u‖2s + ‖ψu‖2s

)
, u ∈ H loc

s

(
B(p, δ); L̃

)
.
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Proof. In the proof we shall denote by C1, C2, . . ., positive constants depending
on s, δ, φ and ψ, and independent of κ (0 < κ < 1) and u ∈ H loc

s (B(p, δ); L̃). It follows
from (6.1) that

‖φu‖2s+σ = lim
κ→+0

∥∥T (κ)Es+σ(φu)
∥∥2

0
. (6.47)

Since s + σ − 1 < s by (5.27) and φu = ψφu, we have by Lemma 6.2

∥∥T (κ)Es+σ(φu)
∥∥2

0
=

∥∥EσψT (κ)Es(φu) + [T (κ)Es, Eσψ](φu)
∥∥2

0

≤ 2
∥∥ψT (κ)Es(φu)

∥∥2

σ
+ C1‖φu‖2s. (6.48)

Since T (κ) ∈ Op(S−∞) for any fixed κ (0 < κ < 1) and δ ≤ δs ≤ ρ0/2 by (6.20), we see
that ψT (κ)Es(φu) ∈ C∞0 (B(p, δ)) ⊂ C∞0 (B(p, ρ0/2)). Hence we can apply Proposition
5.1 to ψT (κ)Es(φu) and we have by Lemma 6.2

∥∥ψT (κ)Es(φu)
∥∥2

σ
≤ C2

(‖L̃ψT (κ)Es(φu)‖20 + ‖ψT (κ)Es(φu)‖20
)

≤ C3

(‖L̃ψT (κ)Es(φu)‖20 + ‖φu‖2s
)
. (6.49)

It follows from (6.48), (6.49), Lemma 6.2 and Corollary 6.3 that

∥∥T (κ)Es+σ(φu)
∥∥2

0
≤ C4

(‖ψT (κ)EsL̃(φu)‖20 + ‖[L̃, ψT (κ)Es](φu)‖20 + ‖φu‖2s
)

≤ C5

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s + ‖[L̃, ψT (κ)Es](φu)‖20
)
. (6.50)

In the same way as the proof of (6.25) we have by Lemma 6.1 and Lemma 6.2

[
L̃, ψT (κ)Es

]
=

r∑

i=1

F (κ,i)
s xnãX̃i +

r∑

i=1

n∑

k=1

G(κ,i,k)
s xnãxk

X̃i

+
√−1ψP2

(
T (κ)Es

)
ξn

+ H(κ)
s ,

where {F (κ,i)
s (x, ξ)}0<κ<1, {G(κ,i,k)

s (x, ξ)}0<κ<1 and {H(κ)
s (x, ξ)}0<κ<1 are bounded in

Ss for any i (1 ≤ i ≤ r) and k (1 ≤ k ≤ n), and (TκEs)ξn
is the pseudo-differential

operator with the symbol: (T (κ)(ξ)Es(ξ))ξn = (s(1 + |ξ|2)−1 − 2κ2)e−|κξ|2Es(ξ)ξn. We
see from Lemma 6.2 and (6.7) with ε = 1 that {(s(1 + |ξ|2)−1 − 2κ2)e−|κξ|2}0<κ<1 is
bounded in S−2. Hence we have

[
L̃, ψT (κ)Es

]
=

r∑

i=1

F (κ,i)
s xnãX̃i +

r∑

i=1

n∑

k=1

G(κ,i,k)
s xnãxk

X̃i +
r∑

i=1

I
(κ,i)
s−1

∂

∂xn
ãX̃i + J (κ)

s ,

where {I(κ,i)
s−1 (x, ξ)}0<κ<1 is bounded in Ss−1 for any fixed i (1 ≤ i ≤ r), and
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{J (κ)
s (x, ξ)}0<κ<1 is bounded in Ss. Hence we have by Corollary 6.2 and Lemma 6.6

∥∥[L̃, ψT (κ)Es](φu)
∥∥2

0
≤ C6

( r∑

i=1

∥∥xnãX̃i(φu)
∥∥2

s
+

r∑

i=1

n∑

k=1

∥∥xnãxk
X̃i(φu)

∥∥2

s

+
r∑

i=1

∥∥∥∥
∂

∂xn
ãX̃i(φu)

∥∥∥∥
2

s−1

+ ‖φu‖2s
)

≤ C7

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
. (6.51)

It follows from (6.50) and (6.51) that

∥∥T (κ)Es+σ(φu)
∥∥2

0
≤ C8

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
.

Letting κ → +0 in the above inequality we have by (6.47)

‖φu‖2s+σ ≤ C8

(‖ψL̃u‖2s + ‖ψu‖2s + ‖φu‖2s
)
.

Since φu = φψu, the proposition follows from the above inequality. ¤

7. Proof of the hypoellipticity of L.

Let ω be an open subset of Ω. Suppose that u ∈ D ′(ω) and Lu ∈ C∞(ω). We shall
prove that u ∈ C∞(ω). We put

ω+ = {x ∈ ω | xn > 0}, ω− = {x ∈ ω | xn < 0}, ω0 = {x ∈ ω | xn = 0}.

Then xna(x) ≥ 0 in ω+ and xna(x) ≤ 0 in ω−. We write the operator L in the divergent
form:

L =
n∑

k=1

∂

∂xk
Yk + Y0 + c(x),

where Yk (1 ≤ k ≤ n) and Y0 are first order operators with coefficients belonging to
C∞(ω). Then by the hypotheses (1.3), (1.4) and Theorem 1.1 of [2],

rank Lie (Y0, Y1, . . . , Yn)(x) = n, x ∈ ω+ ∪ ω−.

Hence L is hypoelliptic in ω+ ∪ ω− by Theorem 2.6.4 of [9], and so

u ∈ C∞(ω+ ∪ ω−). (7.1)

Let j be an arbitrary positive integer. We shall show that
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u is j-times continuously differentiable in an open neighborhood of ω0. (7.2)

Let p be an arbitrary point of ω0. We choose a positive number r0 so that B(p, r0) ⊂
ωp∩ω, where ωp is the open neighborhood of p defined by (3.17). Then there exists a real
number s0 such that u ∈ H loc

s0
(B(p, r0)). On the other hand, we see from (3.18)–(3.20)

that L̃u = Lu ∈ C∞(B(p, r0)). Let σ be the positive number defined by (5.26), and
let δs0 be the radius defined by (6.20) with s replaced by s0. We put r1 = min(r0, δs0).
Then u ∈ H loc

s0
(B(p, r1); L̃) and it follows from Proposition 6.1 that u ∈ H loc

s0+σ(B(p, r1)).
Repeating this argument we see that u ∈ H loc

s0+kσ(B(p, rk)), rk = min(rk−1, δs0+(k−1)σ),
k = 1, 2, . . .. Now we take k so large that s0 + kσ > n/2 + j. Then it follows from
Sobolev’s imbedding theorem that u ∈ Cj(B(p, rk)). Thus (7.2) has been proved.

It follows from (7.1) and (7.2) that u ∈ Cj(ω) for any positive integer j. Hence
u ∈ C∞(ω).

References

[ 1 ] T. Akamatsu, Hypoellipticity of second order operators in R2 of the form fX2 + Y + g, Osaka J.

Math., 33 (1996), 607–628.

[ 2 ] T. Akamatsu, Remarks on ranks of Lie algebras associated with a second order partial differential

operator and necessary conditions for hypoellipticity, Proc. Schl. Sci. Tokai Univ., 34 (1999), 1–12.

[ 3 ] M. Derridj, Un problème aux limites pour une classe d’opérateurs du second ordre hypoelliptiques,
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