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Abstract. If a closed oriented manifold admits an action of a finite groupG, the equivariant
determinant of aG-equivariant elliptic operator on the manifold defines a group homomorphism
from G to S1. The equivariant determinant is obtained from the fixed point data of the action by
using the Atiyah-Singer index theorem, and the fact that the equivariant determinant is a group
homomorphism imposes conditions on the fixed point data. In this paper, using the equivariant
determinant, we introduce an obstruction to the existence of a finite group action on the manifold,
which is obtained directly from the relation among the generators of the finite group.

1. Introduction.

Let M be a2m-dimensional closed connected oriented Riemannian manifold andG a com-
pact Lie group. In this paper, we define an action ofG as an orientation-preserving isometric
effective action ofG on M. It is a classical problem to know whether there exists an action ofG
on M which preserves some geometric structures ofM, and various results have been obtained
concerning this existence problem. Assume thatM admits aG-action and letD : Γ (E)−→Γ (F)
be aG-equivariant elliptic operator whereE, F are complexG-vector bundles overM. Then the
G-equivariant indexInd(D,1) of D evaluated at1 ∈ G is defined by the trace of the1-action on
kerD, cokerD as follows:

Ind(D,1) = Tr(1|kerD)−Tr(1|cokerD) ∈CCC

(cf. [3]), and this equivariant index has been used for the existence problem above. For example,
in [3] Corollary 6.16, it is proved thatM does not admit anyZZZ2-action with the fixed point set of
the dimension< m if m is even and the Euler characteristic ofM is odd. It is also proved in [2]
thatM does not admit anyG-action withdimG > 0 if M has aSpin-structure and thêA-genus of
M does not vanish.

Whenm= 1 andM is a Riemann surface of genusσ ≥ 2, M is represented as the quotient
U/Λ of the hyperbolic planeU under the action of a surface Fuchsian groupΛ of genusσ
andM admits a biholomorphic action of a finite groupG if and only if G is isomorphic to the
quotientΓ /Λ for some Fuchsian groupΓ containingΛ as a normal subgroup (cf. [5], [8]). The
necessary and sufficient condition for the existence ofΓ which admits an epimorphismΓ → G
is obtained for a cyclic groupG in [8] and for a dihedral groupG in [5], and this condition
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gives information about the existence ofG-action onM by combining with the Riemann-Hurwitz
equation. However, it is in general difficult to examine whetherM admits aG-action by using
this method.

Now using the determinant of the action instead of the trace, we can definedet(D,1) by

det(D,1) = det(1|kerD)/det(1|cokerD) ∈ S1 ⊂CCC∗

(cf. [15]), which we call the equivariant determinant ofD evaluated at1 ∈ G. The equivariant
determinant can be related to the Atiyah-Singer index as follows. LetG0 denote the dense subset
of G consisting of elements of finite order. If1p = 1 (p ≥ 2) for 1 ∈ G0, as was proved in
Appendix of [15], we have

det(D,1) = exp

(
2π
√−1
p

p−1

∑
k=1

1

1−ξ−k
p
{Ind(D)− Ind(D,1k)}

)
(1)

whereξp = e2π
√−1/p is the primitivep-th root of unity and

Ind(D) = Ind(D,1) = dimkerD−dimcokerD ∈ ZZZ

is the numerical index ofD (cf. [3]). The equality (1) is proved as follows.
Since∑p−1

k=1 ξ νk
p =−1 (modp) for any integerν , we have

p−1

∑
k=1

1−ξ kλ
p

1−ξ−k
p

=−
p−1

∑
k=1

λ

∑
ν=1

ξ kν
p = λ (modp)

for any natural numberλ . Let A be anN×N-matrix whosep-th power is the unit matrix and

ξ λ j
p (1≤ j ≤ N) its eigenvalues whereλ j ’s are natural numbers such that1≤ λ j ≤ p. Then it

follows from the equality above that

λ1 + · · ·+λN =
p−1

∑
k=1

1

1−ξ−k
p

N

∑
j=1

(
1−ξ λ j k

p
)

(modp) ,

and hence we have

det(A) = exp

(
2π
√−1
p

p−1

∑
k=1

1

1−ξ−k
p
{N−Tr(Ak)}

)
.

The equality (1) follows from the equality above.
We assume thatG is a finite group hereafter. Then the equality (1) gives a relation between

the equivariant determinant and the fixed point data of theG-action onM and we can obtain a
necessary condition on the fixed point data for the existence of aG-action onM directly from
the relation among the generators ofG by virtue of the fact that the equivariant determinant is a
group homomorphism. We apply this method to know whether a finite group can be a subgroup
of the mapping class group of a given genusσ ≥ 2, namely, whether a finite group can act
biholomorphically on a compact Riemann surface of genusσ ≥ 2, in section 3 and to examine
whether a finite group can act onM with m≥ 2 so that the fixed point set consists only of isolated
points in section 4.
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2. An additive group homomorphism and the calculation formula.

Using the equivariant determinant, we define an invariantID as follows.

DEFINITION 2.1. For1 ∈G, ID(1) ∈ RRR/ZZZ is defined by

ID(1) =
1

2π
√−1

logdet(D,1) (modZZZ).

Then since the equalities

det(D,1h) = det(D,1)det(D,h)

1

2π
√−1

logdet(D,1)N ≡ N
1

2π
√−1

logdet(D,1) (modZZZ)

hold, ID : G−→ RRR/ZZZ is an additive group homomorphism and we have the next theorem.

THOREM 2.2. We have
(a) ID(1)+ ID(h)− ID(1h) = 0 for any1, h∈G,
(b) N ID(1) = 0 for any natural numberN and any1 ∈G such thatdet(D,1)N = 1.

Now for anyp≥ 2 and any1≤ k≤ p−1, we have

1

1−ξ−k
p

=
1
2
−
√−1

2
cot

πk
p

(2)

and hence it follows from (1) that the equality

ID(1)≡ p−1
2p

Ind(D)− 1
p

p−1

∑
k=1

1

1−ξ−k
p

Ind(D,1k) (modZZZ) (3)

holds if1p = 1 (p≥ 2).

REMARK 2.3. SinceID is an additive group homomorphism, we haveID(1N) = NID(1)
andID(1h) = ID(h1). In particular,ID(h) = 0⇐⇒ det(D,h) = 1 for any elementh of the com-
mutator subgroup ofG.

We can calculateInd(D), Ind(D,h) and henceID(h) by using the Atiyah-Singer index theo-
rem. Leth be an element ofG of orderp andZZZp the cyclic group generated byh. For an integer
τ, V(τ) denotes the2-dimensional realZZZp-representation defined by

h|V(τ) =

(
cos(2πτ)/p −sin(2πτ)/p

sin(2πτ)/p cos(2πτ)/p

)
.

Assume that the fixed point set ofh consists of pointsq1, q2, · · · , qn. Then there exist integers
0 < τi j ≤ p/2 such that the tangent bundleTqi M of M atqi is isomorphic to the direct sum

Tqi M =⊕m
j=1V(τi j ) (4)
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as a realZZZp-representation for anyi. ThenInd(D) and Ind(D,h) are calculated by using the
Atiyah-Singer index theorem. In particular, using the Lefschetz Theorem (3.9) in [3] (see also
[12] Theorem 14.3 in chapter III), we obtain the formula:

Ind(D,h) =
n

∑
i=1

χi(h)

∏m
j=1(1−ξ τi j

p )(1−ξ−τi j
p )

whereχi(h) is the character of the virtual representationEqi −Fqi evaluated ath.
First we have the next proposition (see (6.17) in [3]).

PROPOSITION2.4. Let D be the signature operator and assume thatp is an odd prime
number. Then we have

Ind(D) = Sign(M) , Ind(D,h) =
n

∑
i=1

m

∏
j=1

(
−√−1cot

πτi j

p

)

whereSign(M) is the signature ofM.

Let Spin(2m) be the Spin-group, Spinc(2m) = Spin(2m)×ZZZ2 S1 the Spinc-group, π :
Spinc(2m) −→ SO(2m) the projection andρ : Spinc(2m) −→ S1 the homomorphism defined
by ρ([s,z]) = z2 for s∈ Spin(2m), z∈ S1. Then aSpinc(2m)-principal bundleP overM is called
a Spinc-structure ofM if P×Spinc(2m) RRR2m is isomorphic to the tangent bundleTM (see [12] Ap-
pendix D). It is known thatM has aSpinc-structure if and only if the Bockstein image of the sec-
ond Stiefel-Whitney classw2(TM) in H3(M;ZZZ) vanishes. In particular,M has aSpinc-structure
if M has aSpin-structure or an almost complex structure. Assume thatM has aSpinc-structure
and letη = P×Spinc(2m) CCC be the associated complex line bundle overM defined byρ. Note that
if the Spinc-structure comes from an almost complex structure,η is isomorphic to the complex
line bundle∧mTM.

There exist a short exact sequence

1−→ ZZZ2 −→ Spinc(2m)
π×ρ−→SO(2m)×S1 −→ 1 (5)

and the induced exact sequence

H1(M;ZZZ2)−→ H1(M;Spinc(2m))
ϕ−→

H1(M;SO(2m))⊕H1(M;S1)∼= H1(M;SO(2m))⊕H2(M;ZZZ)
ψ−→H2(M;ZZZ2)

whereϕ(P) is the direct sum of the oriented orthonormal frame bundleQ ∈ H1(M;SO(2m))
of M and the first Chern classc1(η) ∈ H2(M;ZZZ) andψ(ϕ(P)) is equal to the sum of the sec-
ond Stiefel-Whitney classw2(TM) and the mod2 reduction ofc1(η) (see [12] (D.2), (D.4) in
Appendix D). Hence the equivalence class of aSpinc-structure onM is determined byc1(η) if
H1(M;ZZZ2) = 0 and the mod2 reduction of the differencec1(η)− c1(η ′) corresponding to two
Spinc-structures vanishes. In particular, ifM has an almost complex structure, there exists an
elementu∈ H2(M;ZZZ) such thatc1(η) = c1(∧mTM)+2u = c1(TM)+2u.

In this paper, we call an action ofG on aSpinc-manifold M a Spinc-action if the action
lifts to an action on theSpinc-structure ofM. Note that aSpinc-action with respect to theSpinc-
structure which comes from the almost complex structure of an almost complex manifold does
not necessarily preserve the almost complex structure.
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REMARK 2.5. Since any action ofG on M lifts to the differential action on the oriented
orthonormal frame bundleQ, an action ofG on M lifts to an action on theSpinc-structureP if
the action onQ lifts to the S1-bundleP over Q. Here it follows from Corollary1.4 in [9] that
any action of a finite Abelian groupG on Q lifts to an action onP if H1(Q;ZZZ) = 0 andc1(η) is
invariant under the action ofG. For example ifm≥ 2 andH1(M;ZZZ) = 0, it follows from the Serre
spectral sequence corresponding to the fibrationSO(2m)→Q→M thatH1(Q;ZZZ) = 0 because

E1,0
2 = H1(M;H0(SO(2m);ZZZ)) = 0 , E0,1

2 = H0(M;H1(SO(2m);ZZZ)) = 0,

and hence that any action of a finite Abelian groupG lifts to a Spinc-action if c1(η) is invariant
under theG-action.

Assume that there exists aSpinc-action ofG on M. Then for any complexG-vector bundle
E overM we can define theG-equivariantE-valued Dirac operator

DE : Γ (S+⊗E)−→ Γ (S−⊗E)

by usingG-invariant metric connections ofP andE whereS± = P×Spinc(2m) ∆± are the half
spinor bundles. Here we follow the sign convention of the complex half spin representation
∆± in [6], [12] so that we can identify the Dirac operator on an almost complex manifold with
the Dolbeault operator (cf. Theorem 3.5.10 in [6]). This sign convention differs from the sign
convention in [1], [3] in the constant(−1)m. Then sinceh acts onS±|qi = ∆± through an action
onP|qi = Spinc(2m) and an action onP|qi is determined by the induced actions onTqi M and on
η |qi up to±1 (see (5)), we have the next proposition (see [1] Theorem 8.35 and [12] Theorem
14.11 in chapter III, (D.19), Theorem D.15 in Appendix D).

PROPOSITION2.6. Let L be a complexG-line bundle over theSpinc-manifold M and
suppose thath acts on the fibersη |qi , L|qi via multiplications byξ κi

p , ξ µi
p respectively. Then we

have

Ind(DL) = ec1(L)ec1(η)/2Â(TM)[M] , Ind(DL,h) =
n

∑
i=1

εiξ µi
p ξ νi/2

p

m

∏
j=1

1

1−ξ−τi j
p

whereÂ is theÂ-class,[M] is the fundamental cycle ofM, εi =±1 andνi = κi −∑m
j=1 τi j .

Note that the numbersεi , κi in the proposition above depend on theG-action onP and are
not determined by the fixed point data of theG-action onM. But if the Spinc-structure comes
from an almost complex structure ofM and theG-action preserves the almost complex structure,
theG-action on theSpinc-structure is obtained from theG-action onM and the next proposition
follows from the Riemann-Roch theorem (4.3) and the holomorphic Lefschetz theorem (4.6) in
[3] (see also Theorem 3.5.2, Theorem 3.5.10 in [6]).

PROPOSITION2.7. Assume thatM has an almost complex structure and that the action
of G preserves the almost complex structure. LetL be a complexG-line bundle overM. Suppose
that h acts on the tangent spaceTqi M via multiplication by a diagonal matrix with diagonal
entries(ξ τi1

p , · · · ,ξ τim
p ) and acts on the fiberL|qi via multiplication byξ µi

p . Then we have

Ind(DL) = ec1(L)Td(TM)[M] , Ind(DL,h) =
n

∑
i=1

ξ µi
p

m

∏
j=1

1

1−ξ−τi j
p
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whereDL is theL-valued Dirac operator with respect to the naturalSpinc-structure ofM andTd
is the Todd class.

The numbern of the fixed points ofh is calculated by using the next proposition.

PROPOSITION2.8. We have

n =
2m

∑
j=0

(−1) jTr(h|H j(M;RRR)) .

PROOF. For1≤ i ≤ n, it follows from (4) that the eigenvalues of1|Tqi M−h|Tqi M are1−
ξ τi1

p , 1−ξ−τi1
p , · · · , 1−ξ τim

p , 1−ξ−τim
p and hence the determinant of1|Tqi M−h|Tqi M is positive.

Therefore the equality above is deduced from Theorem A in [1] (see also p. 455 in [1], Theorem
3.9.1(a) in [6]). ¤

3. Finite subgroup of the mapping class group.

Let M be a compact Riemann surface of genusσ ≥ 2. In this section, an action of a finite
groupG on M is defined to be a biholomorphic action ofG with respect to some complex struc-
ture ofM. Then it is known thatG is not a subgroup of the mapping class groupΓσ if M does
not admit any action ofG (see [10]).

Assume thatM admits an action of the cyclic groupZZZp of order p generated by1 and
suppose that the quotient mapπ : M −→ M/ZZZp is a branched covering withb branch points
y1, · · · , yb ∈M/ZZZp of order(n1, · · · ,nb). For1≤ i ≤ b, setr i = p/ni . Then the Riemann-Hurwitz
equation

2σ −2 = p(2σ −2)+
b

∑
i=1

(p− r i)

holds whereσ is the genus ofM/ZZZp.
Let L = ⊗`TM be the tensor product of` TM’s andD` theL-valued Dirac operator onM.

Then applying Theorem 2.2, we have the next theorem.

THOREM 3.1. Assume thatM admits an action ofG = ZZZp = 〈1〉. Then for1≤ i ≤ b there
exists a natural number1≤ ti < ni which is prime toni such that

ϕ`,z(t1, · · · , tb) ∈ ZZZ , Nψ`,z(t1, · · · , tb) ∈ ZZZ , ψ`,z(t1, · · · , tb)≡ ID`
(1z) (modZZZ)

for anyz(1≤ z< p) which is prime top and for anỳ (0≤ ` < p) where

ϕ`,z(t1, · · · , tb) = (1−z)
p−1
2p

(1−σ)(2`+1)

−
b

∑
i=1

1
ni

ni−1

∑
j=1

1

1−ξ− j
ni

(
ξ jzti`

ni

1−ξ− jzti
ni

−z
ξ jt i`

ni

1−ξ− jt i
ni

)
,

ψ`,z(t1, · · · , tb) =
p−1
2p

(1−σ)(2`+1)−
b

∑
i=1

1
ni

ni−1

∑
j=1

ξ jzti`
ni

(1−ξ− j
ni )(1−ξ− jzti

ni )

(ξni is the primitiveni-th root of unity) andN is a natural number such thatdet(D`,1)N = 1.
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PROOF. Let x ∈ H2(M;ZZZ) be the first Chern classc1(TM) of the tangent bundleTM.
Then since

ec1(L) = 1+ `c1(TM) = 1+ `x , Td(TM) =
x

1−e−x = 1+
1
2

x

andx[M] = c1(TM)[M] = 2−2σ , it follows from Proposition 2.7 that

Ind(D`) =
(

`+
1
2

)
x[M] = (1−σ)(2`+1) .

Now let Ω(k) be the fixed point set of1k (1≤ k≤ p−1) andqi any point inπ−1(yi). Then we
can see thatπ−1(yi) consists ofr i pointsqi , 1 ·qi , · · · , 1r i−1 ·qi , which are fixed points of1r i and
therefore it follows that

π−1(yi)⊂Ω(k)⇐⇒ π−1(yi)∩Ω(k) 6= φ ⇐⇒ k = r i j ( j = 1, 2, · · · , ni −1) .

Since1 acts transitively onπ−1(yi), 1r i acts on the tangent space ofM at each point inπ−1(yi)
via the same rotation angle and therefore we can suppose that1r i acts on the tangent space of
M at each point inπ−1(yi) via multiplication byξ r i ti

p where1≤ ti < ni and ti is prime toni .
Let z be any integer with1≤ z< p such thatz is prime top. Then since the order of1z is p,
M/〈1z〉 coincides withM/〈1〉 and(1z)r i acts on the tangent space ofM at each point inπ−1(yi)
via multiplication byξ zri ti

p , it follows from (3) and Proposition 2.7 that

ID`
(1z)≡ p−1

2p
(1−σ)(2`+1)− 1

p

b

∑
i=1

r i

ni−1

∑
j=1

ξ r i jzti`
p

(1−ξ−r i j
p )(1−ξ−r i jzti

p )

=
p−1
2p

(1−σ)(2`+1)−
b

∑
i=1

1
ni

ni−1

∑
j=1

ξ jzti`
ni

(1−ξ− j
ni )(1−ξ− jzti

ni )

= ψ`,z(t1, · · · , tb) (modZZZ) .

Therefore it follows from Theorem 2.2 (a) that

0 = ID`
(1z)−zID`

(1)≡ ψ`,z(t1, · · · , tb)−zψ`,1(t1, · · · , tb) = ϕ`,z(t1, · · · , tb) (modZZZ)

and it follows from Theorem 2.2 (b) that

0 = zNID`
(1) = NID`

(1z)≡ Nψ`,z(t1, · · · , tb) (modZZZ) . ¤

Approximate values ofϕ`,z(t1, · · · , tb) andψ`,z(t1, · · · , tb) are obtained by using a computer
and the approximate values are sufficient to decide whetherϕ`,z(t1, · · · , tb) and ψ`,z(t1, · · · , tb)
are integers if the approximate values are accurate enough. Moreover the precise values of
ϕ`,z(t1, · · · , tb) ≡ ID`

(1z)− zID`
(1) (modZZZ) andψ`,z(t1, · · · , tb) ≡ ID`

(1z) (modZZZ) are obtained
by using the next proposition, which is proved in Appendix.

PROPOSITION3.2. 12pID`
(1z) is an integer and we have

12pID`
(1z)≡ 6(p−1)(1−σ)(2`+1)

+
b

∑
i=1

r i

{
zti(ni −1)(7ni −11)+6

[((`+ni+1)zti)/ni ]

∑
j=[((`+1)zti)/ni ]+1

fni

([
jni −1

zti

]
− `−1

)}

(mod 12p)
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where fni (x) = x2− (ni −2)x− (ni −1)2 and[y] denotes the greatest integer such that[y]≤ y.

EXAMPLE 3.3. Let M be a compact Riemann surface of genusσ . Then the necessary and
sufficient condition onM to admit aZZZp-action is given in Theorem 4 in [8] (see also Proposition
2.2 in [7]). In this example, we consider one hundred cases where2≤ σ , p≤ 11. Then if

(σ , p) = (2,7), (2,11), (3,11), (4,11), (5,7), (7,11), (8,11), (9,11) , (6)

the Riemann-Hurwitz equation is not satisfied for anyσ , b, r i and henceM does not admit any
ZZZp-action. Moreover using Theorem 4 in [8], we can see thatM does not admit any action ofZZZp

if and only if (σ , p) is contained in (6) or

(σ , p) = (2,9), (3,5), (3,10), (4,7), (5,9) ,(6,11), (11,7) . (7)

In this example, using the Riemann-Hurwitz equation and Theorem 3.1, we prove thatM does
not admit anyZZZp-action for(σ , p) in (7).

Now using the Riemann-Hurwitz equation, we can see that

(σ , p) = (2,9) =⇒ (b,{n1, · · · , nb}) = (3,{3,3,9})

(σ , p) = (3,5) =⇒ (b,{n1, · · · , nb}) = (1,{5})

(σ , p) = (3,10) =⇒ (b,{n1, · · · , nb}) = (3,{5,5,5}), (4,{2,2,2,10})

(σ , p) = (4,7) =⇒ (b,{n1, · · · , nb}) = (1,{7})

(σ , p) = (5,9) =⇒ (b,{n1, · · · , nb}) = (4,{3,3,3,9}), (1,{9})

(σ , p) = (6,11) =⇒ (b,{n1, · · · , nb}) = (1,{11})

(σ , p) = (11,7) =⇒ (b,{n1, · · · , nb}) = (1,{7}) .

When(σ , p) = (2,9), (b,{n1, · · · , nb}) = (3,{3,3,9}), direct computation using Proposi-
tion 3.2 shows that

1 < ϕ1,2(1,1,1) =
16
9

< 2 , 1 < ϕ1,2(2,1,1) = ϕ1,2(1,2,1) =
10
9

< 2 ,

0 < ϕ1,2(2,2,1) =
4
9

< 1.

Moreover we have

2 < ϕ1,2(1,1,2) < 3, 1 < ϕ1,2(2,1,2) = ϕ1,2(1,2,2) < 2, 0 < ϕ1,2(2,2,2) < 1,

2 < ϕ1,2(1,1,4) < 3, 1 < ϕ1,2(2,1,4) = ϕ1,2(1,2,4) < 2, 1 < ϕ1,2(2,2,4) < 2,

1 < ϕ1,2(1,1,5) < 2, 1 < ϕ1,2(2,1,5) = ϕ1,2(1,2,5) < 2, 0 < ϕ1,2(2,2,5) < 1,

2 < ϕ1,2(1,1,7) < 3, 1 < ϕ1,2(2,1,7) = ϕ1,2(1,2,7) < 2, 0 < ϕ1,2(2,2,7) < 1,

2 < ϕ1,2(1,1,8) < 3, 1 < ϕ1,2(2,1,8) = ϕ1,2(1,2,8) < 2, 1 < ϕ1,2(2,2,8) < 2,
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and therefore none ofϕ1,2(t1, t2, t3) is an integer. Hence it follows from Theorem 3.1 that the
Riemann surface of genus2 does not admit any action ofZZZ9.

When(σ , p) = (3,5), (b,{n1, · · · , nb}) = (1,{5}), direct computation shows that

2 < ϕ1,2(1) , ϕ1,2(2) , ϕ1,2(3) , ϕ1,2(4) < 3.

Hence the Riemann surface of genus3 does not admit any action ofZZZ5. Therefore it is clear that
the Riemann surface of genus3 does not admit any action ofZZZ10.

When(σ , p) = (4,7), (b,{n1, · · · , nb}) = (1,{7}), direct computation shows that

3 < ϕ1,2(1) , ϕ1,2(4) , ϕ1,2(5) < 4 < ϕ1,2(2) , ϕ1,2(3) , ϕ1,2(6) < 5.

Hence the Riemann surface of genus4 does not admit any action ofZZZ7.
When (σ , p) = (5,9), (b,{n1, · · · , nb}) = (4,{3,3,3,9}), direct computation shows that

none ofϕ1,2(t1, t2, t3, t4) is an integer for1 ≤ t1 ≤ t2 ≤ t3 ≤ 2, 1 ≤ t4 ≤ 8, t4 6= 3, 6. More-
over if (σ , p) = (5,9), (b,{n1, · · · , nb}) = (1,{9}), direct computation also shows that none of
ϕ1,2(t1) is an integer for1≤ t1 ≤ 8, t1 6= 3, 6. Hence the Riemann surface of genus5 does not
admit any action ofZZZ9.

When(σ , p) = (6,11), (b,{n1, · · · , nb}) = (1,{11}), direct computation shows that none
of ϕ1,2(t1) is an integer for1≤ t1 ≤ 10. Hence the Riemann surface of genus6 does not admit
any action ofZZZ11.

When(σ , p) = (11,7), (b,{n1, · · · , nb}) = (1,{7}), direct computation shows that none of
ϕ1,2(t1) is an integer for1≤ t1 ≤ 6. Hence the Riemann surface of genus11 does not admit any
action ofZZZ7.

REMARK 3.4. It also follows from Theorem 7.1 in [1] that the compact Riemann surface
of genusσ does not admit any action ofZZZp if (σ , p) = (3,5), (4,7), (6,11), (11,7).

EXAMPLE 3.5. Let M be a compact Riemann surface of genusσ (2≤ σ ≤ 11) which
admits an action ofZZZp (3≤ p≤ 11). LetG be a finite non-Abelian group and we assume that the
commutator subgroup ofG contains an elementγ which is expressed as the product ofr 1’s and
sj h j ’s (0 < r, G 3 1 6= 1, G 3 h j , 1 ≤ j ≤ u) which satisfies the condition that the greatest
common divisord of p and rµ is less thanp where p, q1, · · · , qu are orders of1, h1, · · · , hu

respectively andµ is the least common multiple ofq1, · · · , qu. For example, letG be the dihedral
groupD(2p) generated by1, h whose orders arep, 2 respectively. Then we haveγ = 1−1h−11h=
1p−2 and the greatest common divisord of p andrµ = p−2 is less thanp. For other example, let
G be the symmetric group ofp letters1, 2, · · · , p, G3 τ1 = (1,2), τ2 = (1,3), · · · , τp−1 = (1, p)
the transpositions and1 an element ofG defined by1= τ1τ2 · · ·τp−1 = (p, p−1, · · · ,2,1) whose
order isp. Then we haveγ = 1 = 1τp−1 · · ·τ2τ1 and the greatest common divisord of p and
rµ = 2 is less thanp.

Now we assume thatM admits an action ofG. Then it follows that

1 = det(D`,γ µ) = det(D`,1) rµ det(D`,h1)s1µ · · ·det(D`,hu)suµ = det(D`,1)rµ

=⇒ det(D`,1)d = 1 (8)

because the commutator subgroup ofG is contained in the kernel of the equivariant determinant
(see Remark 2.3). LetZZZp be the cyclic group generated by1 and suppose thatM is the branched
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covering space ofM/ZZZp with b branch pointsy1, · · · , yb of order(n1, · · · ,nb). Then it follows
from Theorem 3.1 that there exists a natural number1≤ ti < ni which is prime toni for 1≤ i ≤ b
such thatdψ`,z(t1, · · · , tb)∈ ZZZ for anyz(1≤ z< p) which is prime top and for anỳ (0≤ ` < p).

Now it follows from the Riemann-Hurwitz equation and Theorem 4 in [8] that

(σ , p) = (2,5) =⇒ (b,{n1, · · · , nb}) = (3,{5,5,5})

(σ , p) = (7,5) =⇒ (b,{n1, · · · , nb}) = (3,{5,5,5})

(σ , p) = (3,9) =⇒ (b,{n1, · · · , nb}) = (3,{3,9,9})

(σ , p) = (4,9) =⇒ (b,{n1, · · · , nb}) = (3,{9,9,9})

(σ , p) = (11,9) =⇒ (b,{n1, · · · , nb}) = (5,{3,9,9,9,9})

(σ , p) = (7,10) =⇒ (b,{n1, · · · , nb}) = (4,{2,10,10,10}), (5,{2,2,2,5,10})

(σ , p) = (5,11) =⇒ (b,{n1, · · · , nb}) = (3,{11,11,11}) .

When(σ , p) = (2,5), (b,{n1, · · · , nb}) = (3,{5,5,5}), we haved = 1 becaused is a divisor
of 5 and direct computation using Proposition 3.2 shows that−2 < ψ1,1(t1, t2, t3) < −1 for any
1≤ t1≤ t2≤ t3≤ 4. Hence none ofψ1,1(t1, t2, t3) is an integer and therefore the Riemann surface
of genus 2 does not admit any action ofG if p = 5.

When(σ , p) = (7,5), (b,{n1, · · · , nb}) = (3,{5,5,5}), direct computation shows that−8<

ψ1,1(t1, t2, t3) <−7 for any1≤ t1≤ t2≤ t3≤ 4. Hence the Riemann surface of genus7 does not
admit any action ofG if p = 5.

When(σ , p) = (3,9), (b,{n1, · · · , nb}) = (3,{3,9,9}), direct computation shows that none
of 3ψ1,1(t1, t2, t3) is an integer and therefore none ofψ1,1(t1, t2, t3) is an integer for1≤ t1 ≤ t2 ≤
t3 ≤ 8, t1, t2, t3 6= 3, 6. Hence the Riemann surface of genus 3 does not admit any action ofG if
p = 9.

When(σ , p) = (4,9), (b,{n1, · · · , nb}) = (3,{9,9,9}), direct computation shows that none
of 3ψ1,1(t1, t2, t3) is an integer for1≤ t1≤ t2≤ t3≤ 8, t1, t2, t3 6= 3, 6. Hence the Riemann surface
of genus 4 does not admit any action ofG if p = 9.

When(σ , p) = (11,9), (b,{n1, · · · , nb}) = (5,{3,9,9,9,9}), direct computation shows that
none of3ψ1,1(t1, t2, t3, t4, t5) is an integer for1≤ t1≤ 2, 1≤ t2≤ t3≤ t4≤ t5≤ 8, t2, t3, t4, t5 6= 3, 6.
Hence the Riemann surface of genus 11 does not admit any action ofG if p = 9.

When (σ , p) = (7,10), (b,{n1, · · · , nb}) = (4,{2,10,10,10}), direct computation shows
that none of2ψ1,1(t1, t2, t3, t4) nor none of5ψ1,1(t1, t2, t3, t4) is an integer fort1 = 1, 1≤ t2 ≤
t3≤ t4≤ 9, t2, t3, t4 6= 2, 4, 5, 6, 8. When(σ , p) = (7,10), (b,{n1, · · · , nb}) = (5,{2,2,2,5,10}),
direct computation also shows that none of2ψ1,1(t1, t2, t3, t4, t5) nor none of5ψ1,1(t1, t2, t3, t4, t5)
is an integer fort1 = t2 = t3 = 1, 1≤ t4 ≤ 4, 1≤ t5 ≤ 9, t5 6= 2, 4, 5, 6, 8. Hence the Riemann
surface of genus 7 does not admit any action ofG if p = 10.

When(σ , p) = (5,11), (b,{n1, · · · , nb}) = (3,{11,11,11}), direct computation shows that

{(t1, t2, t3) |ψ1,1(t1, t2, t3) ∈ ZZZ}∩{(t1, t2, t3) |ψ2,1(t1, t2, t3) ∈ ZZZ}= Ø.

Hence the Riemann surface of genus 5 does not admit any action ofG if p = 11.
It follows from the result above that the Riemann surface of genusσ does not admit any

action ofG if (σ , p) = (2,5), (7,5), (3,9), (4,9), (11,9), (7,10), (5,11). Note that ifσ ≡ 0, 1
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(modp), M can be embedded symmetrically intoRRR3 with respect to theπ-rotation aroundx-axis
and2π/p-rotation aroundz-axis, and hence the Riemann surface of genusσ admits an action of
the dihedral groupD(2p). Therefore the list of(σ , p) above does not contain(σ , p) such that
σ ≡ 0, 1 (modp).

4. 0-pseudofree action of cyclic groups.

Let ZZZp be the cyclic group of prime orderp generated by1. Then an action ofZZZp on M is
called0-pseudofree if it is not free and the fixed point set of anyh ∈ ZZZp (h 6= 1) consists only
of isolated points (cf. [11], [14]). In this paper,0-pseudofree is simply called pseudofree. Then
since the fixed point set of1k is independent ofk, the action ofZZZp is pseudofree if and only if
the fixed point set of1 consists only of isolated points and the numbern of the fixed points of
1k is independent ofk. In this section, applying Theorem 2.2, we examine whetherM admits a
pseudofree action ofZZZp.

First we have the next theorem.

THOREM 4.1. Assume thatM admits a pseudofree action ofZZZp = 〈1〉 wherep is an odd
prime number. Letq1, q2, · · · , qn be the fixed points of1 and suppose that the tangent space
Tqi M (1≤ i ≤ n) splits into the direct sum

Tqi M =⊕m
j=1V(τi j )

(
0 < τi j <

p
2

)

as a realZZZp-representation as in(4). Then we have

(p−1)/2

∑
k=1

n

∑
i=1

2s

∏
j=1

cot
πkτi j

p
≡ 0 (modZZZ) if m= 2s,

(p−1)/2

∑
k=1

cot
πk
p

n

∑
i=1

2s−1

∏
j=1

cot
πkτi j

p
≡ 0 (modZZZ) if m= 2s−1.

PROOF. Let D be the signature operator. SincepID(1) = 0, it follows from (2), (3) and
Proposition 2.4 that

NNN 3
p−1

∑
k=1

1

1−ξ−k
p

Ind(D,1k)

=
(p−1)/2

∑
k=1

2Re

{(
1
2
−
√−1

2
cot

πk
p

) n

∑
i=1

m

∏
j=1

(
−√−1cot

πkτi j

p

)}

=





(−1)s
(p−1)/2

∑
k=1

n

∑
i=1

2s

∏
j=1

cot
πkτi j

p
(m= 2s)

(−1)s
(p−1)/2

∑
k=1

cot
πk
p

n

∑
i=1

2s−1

∏
j=1

cot
πkτi j

p
(m= 2s−1).

The theorem is deduced from the equality above. ¤



106 K. TSUBOI

COROLLARY 4.2. Assume thatM admits a pseudofree action ofZZZ3 and letnbe the number
of the fixed points. Thenn is even orn≥ 3[(m+1)/2].

PROOF. Sincecot(π/3) = 1/
√

3 andcot(2π/3) = −1/
√

3, it follows from Theorem 4.1
that

n

∑
i=1

(
± 1

3s

)
≡ 0 (modZZZ)

(
s=

[
m+1

2

])
.

The result of the corollary immediately follows from the equality above. ¤

REMARK 4.3. Assume thatM admits a pseudofree action ofZZZ3 = 〈1〉 and letD be the
signature operator. Then as is known in (6.7), (6.9) in [3], Ind(D,1) is expressed as follows:

Ind(D,1) =

{
Tr(1|ρ+)−Tr(1|ρ−) (if m is even)

Tr(1|ρ)−Tr(1|ρ∗) (if m is odd)

whereρ± are realZZZ3-representations andρ a complexZZZ3-representation. It follows from the
equalities above thatInd(D,1) ∈ ZZZ if m is even and thatInd(D,1) ∈ √−3ZZZ if m is odd. The
result in Corollary 4.2 is also deduce from this fact and Proposition 2.4.

For theSpinc-action of cyclic groups, we have the following theorems.

THOREM 4.4. Assume thatM has aSpinc-structure and admits a pseudofreeSpinc-action
of ZZZ2. If there exists a complexZZZ2-line bundleL overM such that the indexInd(DL) of theL-
valued Dirac operatorDL is an odd number, then we haven≥ 2m.

PROOF. It follows from Theorem 2.2 (b), (3) and Proposition 2.6 that

0 = 2IDL(1)≡
1
2

(
Ind(DL)− 1

2m

n

∑
i=1

√−1
λi

)
(modZZZ)

for some integerλi . The right-hand side of the equality above is not an integer ifInd(DL) is odd
andn < 2m. This completes the proof. ¤

REMARK 4.5. In the theorem above, the indexInd(DL) is equal to the indexInd(D) of the
non-twisted Dirac operatorD if L is the trivial complex line bundle with the trivialZZZ2-action.

The next theorem is also useful for theSpinc-action ofZZZ3, ZZZ5.

THOREM 4.6. Assume thatM has aSpinc-structure and admits a pseudofreeSpinc-action
of ZZZp where p is an odd prime number and that the action lifts to an action on a complex
line bundleL over M. Let δ be the distance from((p− 1)/2)Ind(DL) to pZZZ defined byδ =
mins∈ZZZ |((p−1)/2)Ind(DL)− ps| whereDL is theL-valued Dirac operator. Then we have

n≥ δ
3(p−1)

(
2sin

π
p

)m+1

.

Moreover ifdet(DL,1) = 1, we have

n≥ δ
p−1

(
2sin

π
p

)m+1

.
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PROOF. Set

K1 =
p−1

∑
k=1

1

1−ξ−k
p

{
Ind(DL,1

2k)−2Ind(DL,1
k)

}
, K2 =

p−1

∑
k=1

1

1−ξ−k
p

Ind(DL,1
k) .

Then since|1− ξ t
p| ≥ |1− ξp| for any integert which is not a multiple ofp, it follows from

Proposition 2.6 that

|K1| ≤
p−1

∑
k=1

n

∑
i=1

1

|1−ξ−k
p |





1

∏m
j=1 |1−ξ−2kτi j

p |
+2

1

∏m
j=1 |1−ξ−kτi j

p |





≤ 3n(p−1)
|1−ξp|m+1 =

3n(p−1)
(2sin(π/p))m+1 .

Moreover it follows from Theorem 2.2 (a) and (3) that

2IDL(1)− IDL(1
2) = 0⇐⇒ p−1

2p
Ind(DL)+

1
p

K1 ≡ 0 (modZZZ)

⇐⇒ p−1
2

Ind(DL)+K1 ≡ 0 (modp) .

Hence we have|K1| ≥ δ and therefore it follows that

3n(p−1)
(2sin(π/p))m+1 ≥ δ ⇐⇒ n≥ δ

3(p−1)

(
2sin

π
p

)m+1

.

If det(DL,1) = 1⇐⇒ IDL(1) = 0, it follows from (3) that

p−1
2p

Ind(DL)− 1
p

K2 ≡ 0 (modZZZ) ⇐⇒ p−1
2

Ind(DL)−K2 ≡ 0 (modp) ,

which implies that|K2| ≥ δ . Hence it follows from the same argument as above that

δ ≤ |K2| ≤ n(p−1)
(2sin(π/p))m+1 =⇒ n≥ δ

p−1

(
2sin

π
p

)m+1

. ¤

Under the notation in the theorem above, we obtain the next corollary immediately from
Proposition 2.8.

COROLLARY 4.7. If

2m

∑
j=0

dimH j(M;RRR) <
δ

3(p−1)

(
2sin

π
p

)m+1

,

thenM does not admit anySpinc-action ofZZZp. Moreover ifdet(DL,1) = 1 and

2m

∑
j=0

dimH j(M;RRR) <
δ

p−1

(
2sin

π
p

)m+1

,

thenM does not admit anySpinc-action ofZZZp.
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EXAMPLE 4.8. Let p be a prime number,Σpk the compact Riemann surfaces of genuspk
andS2 the 2-dimensional sphere. LetT = S2× ·· · ×S2 be them− 1-times product ofS2 and
Mpk = Σpk×T a2m-dimensional almost complex manifold with

c1(TMpk) = (2−2pk)y+
m−1

∑
j=1

2zj ∈ H2(Mpk;ZZZ)∼= H2(Σpk;ZZZ)⊕⊕m−1
j=1 H2(S2;ZZZ)

wherey is the positive generator ofH2(Σpk;ZZZ)∼= ZZZ andz1, · · · , zm−1 are the positive generators
of H2(S2;ZZZ)∼= ZZZ. HenceMpk has aSpinc-structure with

c1(η) = (2s+2−2pk)y+
m−1

∑
j=1

(2t j +2)zj ∈ H2(Mpk;ZZZ)

for some integerss, t j . If the Spinc-structure ofMpk comes from appropriate almost complex
structures ofΣpk, S2, the integerss, t j ’s are equal to0 and both ofΣpk andS2 admit pseudofree
Spinc-actions ofZZZp with 2 fixed points, and therefore the diagonalSpinc-action ofZZZp on Mpk is
pseudofree and has2m fixed points.

Now since the total Chern classc(TMpk) is equal to(1+ (2− 2pk)y)∏m−1
j=1 (1+ 2zj), it

follows from Proposition 2.6 that

Ind(D) = esy+∑m−1
j=1 t j zj (2−2pk)y

1−e−(2−2pk)y

m−1

∏
j=1

2zj

1−e−2zj
[Mpk] = (s+1− pk)

m−1

∏
j=1

(t j +1)

≡ (s+1)
m−1

∏
j=1

(t j +1) (modp) .

Hence it follows from Theorem 4.4 that any pseudofreeSpinc-action ofZZZ2 on M2k hasn fixed
points withn≥ 2m if none of s, t j ’s is −1 (mod 2). In particular, if theSpinc-structure ofM2k

comes from the almost complex structures ofΣ2k, S2, then any pseudofreeSpinc-action ofZZZ2 on
M2k has more than or equal to2m fixed points. If none ofs, t j ’s is −1 (mod 3), we haveδ = 1
and hence it follows from Theorem 4.6 that any pseudofreeSpinc-action ofZZZ3 on M3k hasn
fixed points withn≥ (2sin(π/3))m+1/6. If none ofs, t j ’s is −1 (mod 5), we haveδ = 1 or 2
and hence it also follows from Theorem 4.6 that any pseudofreeSpinc-action ofZZZ5 onM5k hasn
fixed points withn≥ (2sin(π/5))m+1/12.

Moreover it follows from Corollary 4.2 thatM3k does not admit any pseudofree action of
ZZZ3 with 1, 3, 5, · · · ,3[(m+1)/2]−2 fixed points.

EXAMPLE 4.9. Let M = CCCPPP2×CCCPPPk (k≥ 3) be the product of complex projective spaces
and assume thatM admits a pseudofree action of the cyclic groupZZZp = 〈1〉 of odd prime order
p. Then we have

H2(M;ZZZ) = H2(CCCPPP2;ZZZ)⊕H2(CCCPPPk;ZZZ) = {λx+ µy|λ , µ ∈ ZZZ}= ZZZ⊕ZZZ

wherex∈ H2(CCCPPP2;ZZZ)∼= ZZZ andy∈ H2(CCCPPPk;ZZZ)∼= ZZZ are the positive generators and

1∗ : H2(M;ZZZ) = ZZZ⊕ZZZ−→ H2(M;ZZZ) = ZZZ⊕ZZZ

is represented by a2×2 integral matrixA= (ai j ) whosep-th power is equal to the unit matrixE.
Since theZZZp-action preserves the volume elementx2yk, it follows that1∗(x2yk) = (1∗x)2(1∗y)k =
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x2yk ∈H2(2+k)(M;ZZZ) and hence that thex2yk-coefficient of(a11x+a21y)2(a12x+a22y)k is equal
to 1. Let ξ u

p, ξ v
p be the eigenvalues ofA. Then sincedet(A) = 1, it follows thatv=−u and hence

that

ZZZ 3 Tr(A) = 2Re(ξ u
p) = 2cos

2πu
p

.

ThereforeTr(A) is equal to−1 or 2 if p = 3 and is equal to 2 ifp≥ 5.
If p= 3 andTr(A) =−1, it follows from the Hamilton-Cayley’s theorem thatA2+A+E =

0, which is equivalent to the equalitiesa2
11+a11+1+a12a21 = 0, a11+a22 =−1. ThereforeA

is expressed as

( s t

−((s2 +s+1)/t) −(s+1)

)
(s, t ∈ ZZZ) .

Then thex2yk-coefficient of(a11x+a21y)2(a12x+a22y)k is equal to

f (s) =
2

∑
j=0

(
2
j

)(
k

k− j

)
s2− j

(
−s2 +s+1

t

) j

t j(−(s+1))k− j

= (−1)k(s+1)k−2
{

s2(s+1)2 +2ks(s+1)(s2 +s+1)+
k(k−1)

2
(s2 +s+1)2

}

= (−1)k(s+1)k−2

{
s2(s+1)2 +

k
2
(s2 +s+1)

(
(k+3)

(
s+

1
2

)2

+
3k−7

4

)}
.

Here we havef (s) = 0 if s=−1 and

| f (s)| ≥ k
2

(
(k+3)

(
±1

2

)2

+
3k−7

4

)
=

k(k−1)
2

≥ 3

if s 6=−1, and thereforef (s) 6= 1 for anys. Hence we haveTr(A) = 2 for any odd primep.
Then using the Hamilton-Cayley’s theorem, we can show thatAp = pA−(p−1)E⇐⇒A=

E by induction and hence that1∗x = x, 1∗y = y. Therefore g acts trivially on

2+k⊕
r=0

H2r(M;RRR)∼= 2⊕
s=0

k⊕
t=0

(
H2s(CCCPPP2;RRR)⊗H2t(CCCPPPk;RRR)

)∼= RRR3(k+1)

and hence it follows from Proposition 2.8 thatg has3(k+1) fixed points. For example, ifk < p,
the fixed point set of theZZZp-action onCCCPPP j ( j = 2 or k) defined by

1 · [z0 : z1 : z2 : · · · : zj ]−→ [z0 : ξpz1 : ξ 2
pz2 : · · · : ξ j

pzj ] (9)

consists ofj + 1 points. Hence the diagonal action ofZZZp on M is pseudofree and has3(k+ 1)
fixed points.

Now we give aSpinc-structure ofM which comes from the almost complex structure with
c1(η) = c1(TM) = 3x+(k+1)y. Then sincec1(η) = 3x+(k+1)y is invariant under the action
of ZZZp andH1(M;ZZZ) = 0, the action ofZZZp lifts to an action on theSpinc-structure as we see in
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Remark 2.5. LetD be the non-twisted Dirac operator onM. Then it follows from Proposition
2.6 that

Ind(D) = e(3x+(k+1)y)/2Â(M)[M]

= x2yk-coefficient of

(
x

1−e−x

)3(
y

1−e−y

)k+1

=
(

1

2π
√−1

∮

C1(z)

e2z

(ez−1)3 ezdz

)(
1

2π
√−1

∮

C2(w)

ekw

(ew−1)k+1 ewdw

)

(whereC1(z), C2(w) are sufficiently small counterclockwise loops around the origin)

=
(

1

2π
√−1

∮

C3(u)

(u+1)2

u3 du

)(
1

2π
√−1

∮

C4(v)

(v+1)k

vk+1 dv
)

(via the substitutionu = ez−1, v = ew−1)

= u2vk-coefficient of(u+1)2(v+1)k = 1.

Hence we haveδ = 1 for p = 3 andδ = 2 for p = 5 in Theorem 4.6, and it follows that

3(3−1) ·3(k+1)≥
(

2sin
π
3

)2+k+1
(p = 3) ,

3(5−1) ·3(k+1)≥ 2
(

2sin
π
5

)2+k+1
(p = 5) ,

which implies thatk≤ 5 if p = 3 and thatk≤ 37 if p = 5.
Moreover since3(k+1) < 3[(3+k+1)/2] for anyk≥ 3, it follows from Corollary 4.2 thatM

does not admit any pseudofree action ofZZZ3 if k is even. HenceM does not admit any pseudofree
action ofZZZ3 if k = 4 or k≥ 6 and any pseudofree action ofZZZ5 if k≥ 38.

Let G be the finite non-Abelian group defined in Example 3.5. Then ifp= 3, 5, the greatest
common divisord is equal to1 and hence we havedet(D,1) = 1. Therefore ifM admits a
Spinc-action ofG, it follows also from Theorem 4.6 (or Corollary 4.7) that

(3−1) ·3(k+1)≥
(

2sin
π
3

)2+k+1
(p = 3) ,

(5−1) ·3(k+1)≥ 2
(

2sin
π
5

)2+k+1
(p = 5) .

The inequalities above imply thatM does not admit any pseudofreeSpinc-action ofG if p = 3
and thatk≤ 29 if p = 5 andM admits a pseudofreeSpinc-action ofG.

APPENDIX. Here we give the proof of Proposition 3.2. Leta be any complex number such
thatan = 1 anda 6= 1. Then for|t|< 1, we have

1
(1−at)2 =

∞

∑
i=0

(i +1)ait i =
∞

∑
j=0

n−1

∑
s=0

(n j +s+1)astn j+s

=
∞

∑
j=0

tn j
n−1

∑
s=0

(s+1)asts+n
∞

∑
j=0

jt n j
n−1

∑
s=0

asts



The finite group action and the equivariant determinant 111

=
∑n−1

s=0(s+1)asts

1− tn +
ntn ∑n−1

s=0 asts

(1− tn)2 =
∑n−1

s=0 {(n−s−1)tn +s+1}asts

(1− tn)2 .

Set1(t) = ∑n−1
s=0 {(n−s−1)tn +s+1}asts. Then we have

1′(t) =
n−1

∑
s=0

{
(n2−n−s2−s)astn+s−1 +(s2 +s)asts−1}

1′′(t) =
n−1

∑
s=0

[{−s3−ns2 +(n−1)2s+n(n−1)2}astn+s−2 +(s3−s)asts−2] ,

and hence it follows that

1(1) = n
n−1

∑
s=0

as = 0 , 1′(1) = (n2−n)
n−1

∑
s=0

as = 0.

Therefore we have

1
(1−a)2 = lim

t→1−0

1
(1−at)2 = lim

t→1−0

1′′(t)
{(1− tn)2}′′

=
∑n−1

s=0

{−ns2 +(n2−2n)s+n(n−1)2
}

as

2n2 =−
n−1

∑
s=0

fn(s)
2n

as

where fn(s) = s2− (n−2)s− (n−1)2. Hence, ifkm is not a multiple ofn, it follows that

ξ km̀
n

(1−ξ−k
n )(1−ξ−km

n )
=

ξ k(m`+m+1)
n

(1−ξ k
n)(1−ξ km

n )
= ξ k(m`+m+1)

n
1−ξ km

n

1−ξ k
n

1
(1−ξ km

n )2

=−ξ k(m`+m+1)
n

m−1

∑
ν=0

ξ kν
n

n−1

∑
s=0

fn(s)
2n

ξ kms
n =−

n−1

∑
s=0

fn(s)
2n

m−1

∑
ν=0

ξ k((`+s+1)m+1+ν)
n .

Thus we have

−
n−1

∑
k=1

ξ km̀
n

(1−ξ−k
n )(1−ξ−km

n )
=

n−1

∑
s=0

fn(s)
2n

m−1

∑
ν=0

n−1

∑
k=1

ξ k((`+s+1)m+1+ν)
n

=
n−1

∑
s=0

fn(s)
2n

m−1

∑
ν=0

(
−1+

n−1

∑
k=0

ξ k((`+s+1)m+1+ν)
n

)

=− m
2n

n−1

∑
s=0

fn(s)+
1
2n

n−1

∑
s=0

fn(s)
m−1

∑
ν=0

n−1

∑
k=0

ξ k((`+s+1)m+1+ν)
n

=− m
2n

n−1

∑
s=0

fn(s)+
1
2

n−1

∑
s=0

ϑ(n,`,m)(s) fn(s)

where

ϑ(n,`,m)(s) = #{ν ∈ ZZZ |0≤ ν ≤m−1 , (`+s+1)m+1+ν = jn for some integerj}

= #

{
j ∈ ZZZ |

[
(`+s+1)m

n

]
+1≤ j ≤

[
(`+s+2)m

n

]}
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because∑n−1
k=0 ξ k((`+s+1)m+1+ν)

n is equal ton if (`+s+1)m+1+ν is a multiple ofn and is equal
to 0 if (`+s+1)m+1+ν is not a multiple ofn.

Here we have

n−1

∑
s=0

fn(s) =
n−1

∑
s=0

s2− (n−2)
n−1

∑
s=0

s− (n−1)2
n−1

∑
s=0

1 =−1
6

n(n−1)(7n−11)

and
n−1

∑
s=0

ϑ(n,`,m)(s) fn(s) =
[((`+n+1)m)/n]

∑
j=[((`+1)m)/n]+1

fn

([
jn−1

m

]
− `−1

)

because the set of(s, j) such that

0≤ s≤ n−1 ,

[
(`+s+1)m

n

]
+1≤ j ≤

[
(`+s+2)m

n

]

coincides with the set of(s, j) such that
[

(`+1)m
n

]
+1≤ j ≤

[
(`+n+1)m

n

]
, s=

[
jn−1

m

]
− `−1.

Hence we have

−
n−1

∑
k=1

ξ km̀
n

(1−ξ−k
n )(1−ξ−km

n )
=

m
12

(n−1)(7n−11)+
1
2

[((`+n+1)m)/n]

∑
j=[((`+1)m)/n]+1

fn

([
jn−1

m

]
− `−1

)

and therefore it follows from (3) that

ID`
(1z)≡ p−1

2p
(1−σ)(2`+1)− 1

p

b

∑
i=1

r i

ni−1

∑
j=1

ξ jzti`
ni

(1−ξ− j
ni )(1−ξ− jzti

ni )

=
p−1
2p

(1−σ)(2`+1)

+
1
p

b

∑
i=1

r i

{
zti
12

(ni −1)(7ni −11)+
1
2

[((`+ni+1)zti)/ni ]

∑
j=[((`+1)zti)/ni)]+1

fni

([
jni −1

zti

]
− `−1

)}
.

(modZZZ) .

The equality of Proposition 3.2 follows immediately from the equality above.
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