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Abstract. In this paper we investigate a-Bloch, Hardy, Bergman, BM O, and
Dirichlet spaces of harmonic functions on the open unit ball in R™, and the bound-
edness of the Hardy-Littlewood operator on these spaces.

1. Introduction.

Throughout this paper G is a domain in the Euclidean space R™,n > 1, B(a,r) =
{z € R"||x — a|] < r} denotes the open ball centered at a € R™ of radius r > 0, where
|z| denotes the norm of 2z € R™ and B is the open unit ball in R". S = 9B = {z €
R"||xz| = 1} is the boundary of B.

Let dV denote the Lebesgue measure on R", v, the volume of B, do the surface
measure on S, o, the surface area of S, dVy the normalized Lebesgue measure on B,
don the normalized surface measure on S. Let J#(B) denote the set of complex valued
harmonic functions on B.

Let Z; be the set of all ordered n-tuples of nonnegative integers, and for each
a=(a1,....,an) € ZI let

aol=a1+--+ay, al =a!- ol
| ;

For a harmonic function u we denote

D%y = —8|O“u .
Ox1“t -+ - Oy O

Given a function u harmonic on a domain G, and a positive integer m, the gradient of u
of order m, V™u, can be defined to be a vector valued function whose components are
the derivatives of u of order |a] = m, arranged in some fixed order. The norm of V"u is
then uniquely defined by the relation

1/2
| Du(z)|?
v = ! —_—
V™ u(z)| m Z gl
a€Zyt |lal=m
In particular |V'u| = |Vu|, where Vu is the usual gradient of w.
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For p > 0, 7P (B) denote the set of harmonic functions v on B such that

1/p
lllers) = sup ( / |u<r<>|pdow<o) < 4o
o<r<1 S

Elements of 7P (B) theory can be found in [3, Chapter VI]. For elements of complex H?
theory see, for example, [5].
Let a > 0. A function f € C1(B) is said to be an a-Bloch function if

[fllge = sup(1 — |z|)*|V f(z)] < 4o00.
zEB

The space of a-Bloch functions is denoted by #*(B) = $*. If a = 1, $* just becomes
the Bloch space #. Let .#%.(B) denote the space which consists of all harmonic a-Bloch
functions on the unit ball, i.e., 77 (B) N B*(B). If a = 1, we obtain the harmonic Bloch
space €(B). Basic results for analytic Bloch functions on the unit disc can be found
in [2] and for analytic Bloch functions in several variables in [33]. For hyperharmonic
Bloch functions see [25].

Let p > 0. A Borel function f, locally integrable in the unit ball B, is said to be a
BMO,(B) function if

1 1/p
floao, = sup ( [ 1@ = Isan Pdv<x>) < too
H B(a,r)CB V(B(a’7 T)) B(a,r) ‘ B )l

where the supremum is taken over all balls B(a,r) with B(a,r) C B, and [B(a,r) is the
mean value of f over B(a,r).

Let #Bno,(B) = 2 (B) N BMO,(B).

In [18] for p > 1, Muramoto proved that % (B) is isomorphic to 7 (B)NBMO,(B)
as Banach spaces. In fact he proved the following theorem:

THEOREM A. Letp > 1. Then there is a positive constant c¢(p,n), depending on p
and n, such that for every u € J(B)

1
= < <
o) lull Brro, < llullen < clp,n)llullsro,

where
1 2
[ullse.n = sup 5 (1 — |2]%)[Vu(z)|-
z€B

Note that the norms ||ullsz,, and ||u||z are equivalent. In the case n = 2, this
result was essentially obtained by Coifman, Rochberg and Weiss [4] and Gotoh [9]. In
[20, Theorems 2 and 3] we proved that Muramoto’s result is true also for p € (0,1).
Moreover, by a slight modification of the proof of Theorem 1 in [20] we can prove that
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Hpa(B) C Apmo,(B) ifac (0,1] and p>0,orif 1 <a <1+ %.

This Muramoto’s paper inspired us to calculate exactly BM O, norm for harmonic
functions, which is the theme of [20]. In the proof of the main result in [20], we essentially
proved a generalization of the Hardy-Stein identity (see, for example, [11, p.42]). Some
further applications of the identity can be found in [24] and [30]. Among others in [24] we
proved some results which are closely related to Yamashita’s results for analytic functions
on the unit disk [36], as the main result in [30] generalizes the main Yamashita’s result
in [34]. A generalization of the identity on the unit disk can be found in [17]. A similar
formula for analytic functions on the unit ball in C™ can be found in [32].

Let w(r), 0 < r < 1, be a positive weight function which is integrable on (0,1). We
extend w on B by setting w(z) = w(]z|). We may assume that our weights are normalized
so that [, w(x)dV (z) =1.

For 0 < p < oo the weighted Bergman space bP(B) is the space of all harmonic
functions v on B such that

fullow = ( [ |u<x>pw<x>dv<x>)l/p < oo,

If w(r)=(1—-r)* a > —1, we denote the norm by ||u||, ~ and the corresponding space
by b2 (B).

It is easy to see that weights may be modified on intervals [0, o], with o < 1 without
changing the Bergman space, in fact, the corresponding norms are equivalent. Recently
there has been a great interest in studying the weighted Bergman spaces of analytic or
harmonic functions with weights other than the classical w(r) = (1—7)%, a > —1, see, for
example, [1], [14], [15], [16], [19], [22], [23], [26], [27], [28] and the references therein.

For a € (—1,00) let Z2(B) = 22 be the class of all harmonic functions u on the
unit ball obeying

lulle = [u(0)” + /B [Vu(z)[P(1 = ||)*dV (2) < oo.

We say that a locally integrable function f on B possesses H L—property, with a
constant ¢ > 0 if

fla) < % f(x)dV(z) whenever B(a,r) C B.
r B(a,r)

For example, every subharmonic function ([12]) possesses H L—property when
¢ = 1/v,. In [10] Hardy and Littlewood proved that |ul’, p > 0, n = 2, also pos-
sesses H L—property whenever u is a harmonic function in B. In the case n > 3 a
generalization was made by Fefferman and Stein [6]. Other classes of functions that
possess H L—property can be found in [21], [29], [31].

In section 2 we prove some auxiliary results which we apply in the sections which
follows.

In section 3 we consider the boundedness of the weighted Hardy-Littlewood operator
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on the spaces . (B), #pmo,(B), 27 (B),b%(B) and Z5(B).
In section 4 we generalize a result of Flett [7] and give a short proof of the result.
Also we give a new equivalent condition for a harmonic function to be a Bloch function.
In section 5 we improve a local estimate given in [24].

In the last section we consider the relationship between the functions which belong
to AP(B) and 22(B).

2. Auxiliary results.

In this section we prove some auxiliary results that we use in the sections which
follows. The first one is a technical lemma.
For a € (—1,00) and p > 0 let £P(B) = £P be the class of all measurable functions

f obeying
HNQ=AUWWPMWWW<W

Using Fubini’s theorem, we can easily show the following lemma:

LEMMA 1. Let o € (0,00). Suppose that [ is a nonnegative measurable function
on B. Then

/f (1 — |z))*dV (z —a/ </ f(x)av(z )( — ) tdr.

COROLLARY 1. Letp,a € (0,00) and f € £P(B). Then

lim (1 —r)“ /B |f(x)|PdV(z) =0

r—1

Proor. By Lemma 1 we have

/o1 (/B 'f(x”pd"(ﬂf)) (1 =) tdr < oo.

Hence, by Cauchy’s criterion

lim pl (/B |f(x)|pdV(:v)> (1—1)*Ldr = 0.

Since the function
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/ @) PV ()
rB

is nondecreasing in 7, we obtain

/pB | f(x)[PdV (z) /pl(l — ) lar < /pl (/TB If(at)|pdV(a;)> (1— r)oldr,

from which the result follows. O

COROLLARY 2. Let f be a measurable function on B and p,a € (0,00). Then the
following equivalence holds

1

lzz <o [ ([ ir@rave)a-riar <.
0 rB

By Corollary 1 we obtain the following growth result.

COROLLARY 3. Letu € Z2(B) and o € (0,00). Then

lim (1 — ) / | [Vul@)Pdv () = o

r—1
LEMMA 2. Letu € 5 (B), o a multi-index and p > 0. Then

(1D ua)| 1) < C/B( Jufav, (1)

T?’l

whenever B(z,r) C B, where C = C(p,n,) is a positive constant.

ProOF. By Fefferman-Stein Lemma we have

lu(z)|P < 9/ |u|PdV, whenever B(xz,r) C B
rr B(z,r)
and consequently
c2"
swp Jul) < - [y, 2
yEB(z,r/2) r B(z,r)

where C' is a positive constant depending only on n and p.
On the other hand, by Cauchy’s estimate we have

|
2n|a
i< (P ) 0
y€B(z,r/2)
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(see, for example, [8, p.23]).
From (3) we obtain

nlal q
Dou(z)P < <(2'> sup |u<y>|). (4)

r yeB(z,r/2)

(1) follows from (2) and (4). O

COROLLARY 4. Let u be a harmonic function on a domain G C R™, p > 0 and
m € N. Then there is a constant C = C(m,n,p) such that

1/p
V()| < i(V(B(l)) / - |u<y>|pdV<y>) |

for each B(z,r) C G.
REMARK 1. For p > (n—2)/(m+n—2) Lemma 2 was proved in [7] by T.M.Flett.

LEMMA 3. Let u be a harmonic function on a domain G. Then
Am|u‘2 — 2m|vmu|2-

Proor. Without loss of generality we may assume that u is a real valued harmonic
function. We prove the lemma by induction.
Let m = 1. Then

Alul? = Au? = 2(|Vul? + uAu) = 2|Vul?,

since Au = 0, as desired.
Next, assume that the formula holds for all positive integers m < k. Then for
m =k + 1, we have

Dul?
AF? = A(AM?) = ARF|VFuf?) = 28A (k! > |IL:>
ez Jal=k !

2
' 051!”'0(”!.
aeZt o=k

Since for every multi-index «, the function D%wu is harmonic, we obtain

A|Dau|2 _ 2|V(D‘Xu)\2 — 22 ‘Dal...(ai+1)...a7lu|2.

i=1

Therefore, we obtain that
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Ak+1u2 _ 2k+1k!

a€Zl o=k

1
2 amean

787

n

Z(|Da1 a;+1).. anu‘2)

i=1

Oél+1

— 2k+1k' Z Z -
1

a€Zl |a|=k =1

Do (ai+1)...am |2 )
el u?)

Note that all multi-indices appearing in the above sum are of order k + 1 and that
each multi-index of order k + 1 appears in the sum. Hence, we can rewrite the sum,
summing over multi-indices of order k 4+ 1. Let § be an arbitrary multi-index of order

k+1. Set
Is={ie{l,...,
and
Jg={ae Z}:
where

la] = k and o + ¢;

n}: B; >0}

= [ for Someiéfg},

er = (1,0,...,0), es = (0,1,0,...,0), ..., en = (0,...,0,1).
Then the coefficient standing by |D%u|? is equal to
)i =2 G A
a€lJg a! iclg pl- " Pn iclg Pl ~ Bn!
Z /61 /611
Thus
Bi

Ak:+1u2 _ 2k:+1k! Z

BeZT,|B|=k+1

>

BezZy,|Bl=k+1

>

BezZy,|Bl=k+1

= ok+1p

= ok+1p

= 2M (k1)

>

|DBUI226 e

2o Bl Bl By

Zﬂl

ID%I
pal-

DPuf?
g

2
\Dﬁu| _ 2k+1‘vk+1u|2’

BeZ},|Bl1=k+1
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finishing the proof. U

LEMMA 4.  Suppose 0 < p < 0o and r € (0,1). Then there is a constant C' =
C(p,r,n) such that

/|x|<r Ju(z)[PdVn(z) < C <u(0)|P + /B Vu(z)P (1 — |$|)pdVN(x)> 7

for all u € F(B).

PROOF. First, notice that

|z <r

/ PV ) < (o)

so, it is enough to estimate max|, <, [u(x)]|.
Since

u(zo) — u(0) = /0 o (to)dt = /0 (Vu(to), zo)dt,

by elementary inequalities we obtain

el < o (JuOP + o max [Fu(o)P).

|]
for each zo € B(0,r), where ¢, =1 for 0 <p < 1 and ¢, =2P~! for p > 1.
On the other hand by Fefferman-Stein Lemma we have

[D%u(x)| < C [D%u(y)["dV (y)
B(a,(1-1)/2)

for each x € B(0,r), every multi-index « of order 1, and for some C' > 0 independent of
u € A (B).
This implies

Vu(@)]” < Cv, / IVu(y)lPdVy (y)
B(x,(1471)/2)

for each x € B(0,r), and consequently

2 p
wax [Vu) < Co, (2 [ )P0 Vi)
"/ JB0,(141)/2)

|z]<r

From all above mentioned the result follows. O
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3. On the weighted Hardy-Littlewood operator.

Let g : [0,1] — R be a function. For a measurable complex-valued function f on B,
we define the weighted Hardy-Littlewood operator Ly(f) as

Ly(f)(x) = / F(tx)g(t)dt,

for z € B, provided that the integral exists.

For ¢g(t) = 1 and n = 1, Hardy proved that this special operator is bounded on
ZP(0,00), p > 1, moreover [Lil[gr0,00) < 357 ([5, p-234]). We are interested in
the boundedness of the weighted Hardy-Littlewood operator on #z.(B), #Bno,(B),
AP (B), b (B) and 22(B).

THEOREM 1. Let g € £[0,1] and a > 0. Then Ly is a bounded operator from
Hpe(B) to Hpe(p).

PROOF. Let u € H#%.(B). Using Cauchy-Schwarz inequality, we have for x € B

(1= [z))*[VLg(u) ()] = (1 — |2[)*

/ 1 t<<w><m>,g<t>>dt\

<l ([ 1 t29<t>|dt>1/2 (/ 1 (Vu)(ea) g0
<(/ 1 t2|g<t>|dt)l/2

1
< Jull e / l9(0)dt.

1/2

1/2

(/01(1 — |tm|)2a|(Vu)(tx)2|g(t)|dt>

Taking supremum over x € B in the obtained inequality, we get the result. O

REMARK 2. In the above proof we did not use any special property of harmonic
function. Hence we proved the following theorem:

THEOREM l.a). Let g € £[0,1] and a > 0. Then L, is a bounded operator from
P“(B) to B*(B).

Combining Theorem A and its extension for the case p € (0,1) ([18] and [20]), and
Theorem 1 for a = 1, we obtain the following corollary.

COROLLARY 5. Let p € (0,00) and g € Z[0,1]. Then Ly is a bounded operator
fmm %BMOP(B) to %BMOP(B)-

It is interesting that in the case p > 1 there is a direct proof of Corollary 5 using
definition of #5 0, (B). Moreover in this case we obtain a precise estimate of the norm
of the operator L.
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THEOREM 2. Letp > 1 and g € Z[0,1]. Then Ly is a bounded operator from
ABro,(B) to Ao, (B), moreover

1
1Ll stionso (B)—stinroy (B < / lg(t)ldt.

PROOF. Let u € #pp0,(B). Then for any open ball B(a,r) with B(a,r) C B,
by Fubini’s theorem and the change of variables tx — = we obtain

Ly(4) pan) = m /B )@V )

1 1 / )

= —_ w(tx)dV (x) | g(t)dt

/0 (V(B(CL,T)) B(a,r) ( ) ( ) ( )

1

= / uB(ta,tr)g(t)dt‘

0
Using this and Minkowski’s inequality, we have
HLg<u)||jfBJWOp(B)

1
= sup

1/p
o (V( s /- MZCER Lg<u>B<a7r>|”dv<x>)

%ijm

/0 (u(te) — wp(ram)g(D)dt

o,
sup —_—
B(a,r)CB (V(B(a,r)) B(a,r)

! 1 1/p
sup g(t (/ u(tz) —u aArpde) dt
o0, OB 1) = i PV 0

! 1 1/p
i N\ v BGa o) w(@) = Up(am[PdV (z) ) dt
B(a,r])pcB/o o€ ”(V(B(ta,tr)) /B(ta,tr) () Blta,tr)] ( ))

1
[l o, [ oot

IN

IN

from which the result follows. O

Note that we again did not use any special property of harmonic function. Thus the
following theorem holds:

THEOREM 2.a). Letp >1 and g € Z[0,1]. Then Ly is a bounded operator from
BMO,(B) to BMO,(B). Moreover the operator norm of L, satisfies the estimate:

1
1Lyl s, (8)—Bar0,5) < / lg(®)]dt.
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THEOREM 3. Let w be a weight that is non-increasing in r € (0,1), p > 1, and
g:10,1] — R be a function which satisfies the condition

1
/ /P |g(0)|dt < o.
0

Then Ly : b2 (B) — b?(B) is a bounded operator.

Proor. Using Minkowski’s inequality and the change of variables tx — x, we have
1/p
Io@lhes) = [ IEatu@Putaav o)

< | 1 ( / u(twﬂ%(m)dvm)l/p lg(0)ldt

<[ 1 (f u(tx)|pw(tx)dV(x)>1/p J9(6)

-/ 1 (/[ |U(x)|pw($)dv($))l/pt”/plg(t)|dt
<l [ iy,

which implies that Ly is bounded on b7, (B). O

EXAPMPLE 1. The weight w(z) = (1 — |z|)* where a > 0 is an example of weights
that satisfy the condition in Theorem 3.

If we note that Ly (f)(0) = f(0) fol g(t)dt, we can similarly prove the following result.

THEOREM 4. Leta>0,p>1, and g:[0,1] = R be a function which satisfies the
condition

1
/ t7P|g(t)|dt < oo.
0

Then Ly : 2%(B) — 22(B) is a bounded operator such that

1
1Ll <C / £ g(1)dt,

where C' = C(n,p) is a positive constant.
In the case of #P(B) we have the following result.

THEOREM 5. Letp > 1 and g € £[0,1]. Then Lgy is a bounded operator from



792 S. STEVIC

HP(B) to HP(B). Moreover

1
1 Lollen () ren () < / lg(®)]dt.

ProoOF. By Minkowski’s inequality we get

1/p
Lo ()l gy = sup ( /S |Lg<u><rc>|PdoN<<>)

0<r<1

< sup / 1 ( /S |u<rt<>|pg<t>|pdaN<c>)1/pdt

0<r<1
1
< Nluller (s / lg(t)]dt,

as desired. ]

4. Growth theorems for harmonic functions.

Throughout the rest of the paper we will use C' to denote a positive constant, not
necessarily the same on any two occurrences. Any dependence of C' on say p,q, ... will
be denoted by C(p,q,...).

In this section we generalize and give a short proof of the following result of Flett
[7, Lemma 9]:

THEOREM B. Letm € N,n>2, and (n—2)/(m+n—2)<p<1(ifn=2we
suppose that 0 < p < 1). Let also u € J(B) such that

I :/ |u(z)PdV (z) < co.
B
Then, for 0 <r <1,
[ vmu@pavis) < Clmonpra -
B(0,r)

First we prove a useful inequality.

THEOREM 6. Letp > 0, > —1 and m € N. Then there is a positive constant
C =C(n,p,a,m) such that

/ V™ u() [P (L = [P dV (@) < O/ lu(@)|P(1 = |2[)*dV(z) (5)
B B

for all u € b2 (B).
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Proor. By Corollary 4, we have for x € B

Cy
m P(1 — |z|)P™ < P
V™ u(@)P (1~ Jal) _O—MWngdeu (6)

where C; = C1(n,p, m) is a positive constant.
Since (1 — |z|) < 1—|y| < 2(1 — |z]) for y € B(x, 172|x|), there is a constant
Cy = Ca(n,a) > 0 such that (1 — [z[)*" < Cy(1 — |y|)*™ for y € B(z, 1—\w|)' Using

2
this inequality, (6) and Fubini’s theorem, we have

= Mou(2)|P — |z pm—+ta T
I_Lw (@)L~ [z dV (z)
<o fo-prrave [ P

gcncajgdvxxy/ (1 - ) Juy) PdV ()

B(a, 521

=a@4uwwww@www/ av (),

A(y)
where

A(y)={mGB‘y€B<x,1_2|x>}C{wEBIIx—yI<1—|y|}=B(y,1—|y|)-

From this the desired result follows:

1< CCov, [ (1= )" aV (o). -

COROLLARY 6. Let u € b2(B),p > 0,a > —1 and pm + o > 0. Then there is a
positive constant C = C(m,n,p,a) such that for 0 < r < 1, the following holds:

@ =y [

rB

V™ u(z)[PdV (z) SC/BIU(JI)I”(l—IxD“dV(m)-

Moreover,

r—1—0

(b) lim (1 — e / V(@) (@) <o

PrOOF. Let I = [4|u(z)P(1 — |z|)*dV (z). By Theorem 6 we have that

/B |V™u(z)[P(1 — |2)P"T*dV (z) < CI < o0
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for some C' = C(m,n,p,a). By Corollary 1 for f = |[V™u| and « — pm + a we obtain
the result. O

The main idea in the proof of Theorem 6 motivated us to get another equivalence
condition for a harmonic function to be a Bloch function. In order to formulate the result
in more complete form we quote several conditions in the following theorem.

THEOREM 7. Let0<p<oo, k€ N andu € (B), then the following conditions
are equivalent:

(a) u € #4(B),
(b) :lelg(l — |z A(luf*(2)) < +oo,

(¢) sup (1 — [z])*|VFu(z)| < +oo,
zEB

(@) 80D [, mgery V0P (1L — |27V (2) < oo,

(e) ||u||BMOp < +00.

PROOF. (a) < (b) is simple and is based on the formula A(f?) = 2fAf + 2|V f|?,
for any real function f of C? class.

(a) < (e) was proved in [18] and [20].

(a) = (c) can be found in [3, p.42].

(¢) = (a) this is certainly well known to experts in the field of Bloch space. We
include a proof here for completeness and for the lack of a specific reference.

Case k = 1 is trivial. Let k > 2. Take o € Z} with |o| =k — 1. Fix z € B.

Since
1y 1
D%u(z) — D%u(0) :/ %[Dau(tx)]dt :/ (VD%u(tx), x)dt,
0 0
we have
1
|D%u(z)| < |D%u(0)| —I—/ |VEu(tx)| |z|dt.
0
Thus

|| dt A
sup(1 — U
e S WV )

L e sup(1 [y 9" uly)|

1
(k—1)(1 — |z|)1 Sgg(l —lyl)

D*u(x)] < [D*u(0)] + / :

< | Du(0)| + *IVEu(y)|

i.e.
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(1= |2 D%u()] < (1 — |2])* 1 DYu(0)] + sup (1 — [y)"[VFu(y)].

1
k_].yeB

Since « is an arbitrary multi-index of order £k — 1 and x is an arbitrary point of B,
the last inequality and (¢) imply that

sup(1 — [a])* 1| V5 u(a)| < +oc.
zeB

Therefore, by induction the result follows.

(¢) = (d) is simple.

Hence the only interesting direction is (d) = (¢). Let [ be a nonnegative integer.
Take o, 8 € Z7 with |a| = k and |3| =[. Fix xz € B.

By Cauchy’s estimate and the H L-property of the function |D%u|P, we have

| D Pu(a)P <

18] P
n|f| >
— sup [ D%u(y)]
(4 YI=12) /) yeB@a—|zl)/4)

anl  \P c4n
< (@25m) Low oo [P uffav
(1—1z]) veB(a,(1—|a))/4) (1= 1ZD)™ JB.a-|2))/4)
< %/ |DeufPdV
(1= [2)"* g, (-1l /2)

(1- xl)_’”’*"/ kp—
<C—r-—— 1—|y)*™P~ " Du(y)|PdV (y).
(1 _ |x‘)lp+n B(w,(l—\w\)/Q)( | |) | ( )| ( )
Hence
(1= |a)*HP D+ Pu(z) P < C (1= )|V u(y)PdV ()

B(z,(1—[z])/2)

ifa,8€ Z%, |a] =k and |8] =1 and « € B. This implies that

1/p
sup(1 ~ a7 ufa) < € (sup [ Ul )
z€B €8 J B(x,(1-x])/2)

which completes the proof of the theorem. O

5. A local estimate.
In [24, Theorems 1 and 2] we proved the following result.

THEOREM C. Let 1l < p < 4o0. Function v € 5€(B) belongs to FP(B) if and
only if



796 S. STEVIC
[ @)Vt P~ o)V (@) < +oc.
Moreover if u € #7(B), 1< p < +oo, then
e = a0} + B2 [ )P Val@)? (P = ) av@) (@)
and
s = [ utayPavia) + PE2 [ )Pt P o )avi o),

Using among others Theorem C we proved in [24] the theorem:

THEOREM D. Letp>2,n>3 and u € 5P(B), then

[Vu(0)” < / [u(@)[P~2[Vu(@)*(|2*7" = 1)dVi ().

However the following stronger inequality holds.

THEOREM 8. Letp>2,n >3 andu € JP(B), then

<mz_:1m!l|'[vgqi(0>| ) < o (n—2 /'“ P2V u(@) (22" — 1)dVi ().

o (n+2i)

PROOF. Tt is well-known that if u € 2(B) then u(z) = 3.7, pm(z), where each
Pm () is a harmonic homogeneous polynomial of degree m. By Holder inequality we have
|ul| sz < ||ul|sew. For u € 5£2(B), the following formula

+oo
s = X [ 1paOFdon(© ®)

m=0

holds, see [3, p.122].
On the other hand, since p,,, is a homogeneous polynomial of degree m, it holds that
(Vpm(z), ) = mpp(x), z € R™. From (8) we have

+oo
lulloes — @) = 3 /S [Pm(O)Pdon(©).

Without loss of generality we may assume that u is a real valued harmonic function.
Then p,, is a real homogeneous harmonic polynomial of degree m, and so p?, is a real
homogeneous polynomial of degree 2m. Hence
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1
om [ 2o (€)= [€ V@M@ = [ Mptav. @
B
by the divergence theorem.
Hence
1 1
[ @on(@ =5 [ [ aat o (O
s 2m Jo Js
1
=—— [ ApE(Q)d . 1

S [, Ak 0dox (O (10)
Note that AFp2, k = 1,2,...,m are homogeneous polynomials of degree 2m — 2k.

Hence we can use (10) m times and obtain

1

[ PN () = G s AT 0), ()
since A™p?, is constant.
If h is a harmonic function by Lemma 3 we have
A™|h? = 2™V h|?. (12)
By easy calculations we obtain
VT u(0)] = [V™pm (0)]- (13)
From (10)—(13) we obtain
[ #0donte) = O (14)
Hence
> e O <l ~ WO < s — O

By the inequality (a — 0)2 4+ b? < a?, a > b >0, ¢ > 1, we obtain

> Mo, 2 p/2 9
(Z mln(n +|2V)(((7)1)|+2m—2)> = (Huniﬂ B |u(0)|2)p/
< (Nullbs — [u(0)P). (15)

From (7), (14) and (15) the result follows. O
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6. On Dirichlet type spaces.

In this section we consider the relationship between the functions which belong to
HP(B) and 22(B).

THEOREM 9. Let u € J(B), p € [0,00), 7 € (0,00), a0, B € (—1,00), 7 < n+ «,
r<q a<fand

_B-ar—(m+a)g—r)

16
b= n+oa—r (16)
Then there is a positive constant C' such that
/ [u(@) [P Vu(@)|1(1 — |2)7dV (z) < Cllul|5y" (17)
B [e3
ProoOF.  Without loss of generality we may assume u(0) = 0. Since g—;,i =
1,...,n, are harmonic, for every r > 0 the function |Vu(z)|" possesses H L-property.
Hence
Vu@l € g [ Vu)P (= lg)dv ()
T (=)t Jp(e, 25k
for some C > 0 independent of u and consequently
u r
Va(e) < e (13)
(1=l
On the other hand, from (18) we have
1 1 dt
o) =| [ (Futea) alar| < Ol o [ —"
0 o (1—Jtx]) ™~
[ullz,
SC—"F0n— 19
e (19)

Let € = ¢ — r. Then using (18) and (19) we get
/B|U($)\p|VU($)|"(1 = |z])?av (x)
lull%, [l
<C [ V@) e (L el PV (2)
B (1 —lz]) (1= fa]) ™~

= Clull [ 1Val@)"(1 = fa v (),
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where s = 3 — p (242=") — 222 (g — ) — . From (16) we have s > 0. Hence the result
follows. O

THEOREM 10. Letu € S (B). Ifu € 92 for some a € (—1,1] withn+a > 2, then
u € HP(B) for allp € (0, nz_fa__Qz] Moreover, there is a positive constant C' = C(n, «)
such that

ull 2w () < Cllul| 22 (20)

forallp e (0, ni"a_fﬁ

ProOF. By Theorem 9 we have that there is a positive constant C independent of
u such that

/B [u(@)[P72Vu(@)*(1 = )V (z) < Cllulg,, (21)

for p € [2, n%fai%]

Hence, by Theorem C, we have u € 5#P(B) for all p € [2 In—2 ] and consequently

' nta—2
2n—2
for p € (0, nfad].

To get inequality (20) it remains to show

[ tu@)rdvive) < Jull.
B
It is well-known that for u € #(B) and p € (0, 00)
/B ()P Vi (z) < C (|u<o>p " /B V()P (1 - |x|>pva<x>) @

for some C' > 0 independent of u. For example, it is a consequence of [13, Theorem 2].
Indeed, taking 9 = B, s =0, g =p, m =1, 2o =0 and € € (0,1) in [13, Theorem 2],
and using the fact that the defining function for the unit ball is A\(z) = |z|? — 1, we get

/0 M (u,r)dr < C <|u(0)|p +/0 rng(Vu,r)dr> (23)
for some C' > 0 independent of u, where
My(a.r) = [ lo/T=7 Q) Pdan(c).

Using the change of variables p = y/1 — 7 in both integrals in (23), then the polar
coordinates and some simple calculation, we obtain
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|u(z)[PdVy (z) < Cy (|u(0)|p+/

Vh«w)ﬁ(l—wxopde<w>).<24>
1>|z|>v1—¢

/1>ac|2\/1—5

On the other hand, Lemma 4 gives

/|w<mu($)|pdVN($)§Cz (|U(0)|p+/B|Vu(as)|p(l—|a:|)pdVN(a:)>, (25)

for some Cs > 0 independent of w.
(24) and (25) together show that (22) holds.

Let p = n%f(;i Then by (22) and (18) we have

/Wu pﬂ@()<C<M(P+MMI /WVu 2(1 — Ja) “0
< C (JuO)” + llully, ) -

From this, (18) and Theorem C we obtain

lull, 22, < Cllulloz

from which the result follows. O

COROLLARY 7. Letu € H#(B). Ifu € 22 for some a € (—1,1] with n + a > 2,

then the function |ulP admits a harmonic majorant in B for all p € [1, n2—:loc_—22} .

This corollary is a slight generalization of the following result [35. Theorem 3]:

THEOREM E. Let u € 5(B),n > 3 such that

/ |Vu(z)]2(1 — |z))*dV (z) < oo

for an a,0 < o < 1. Then for p = (2n — 2)/(n + a — 2), the function |uP admits a
harmonic majorant in B.
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