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Abstract. In this paper, we prove that the holomorphic automorphism groups
of the spaces C* x (C*)"~F and (C* — {0}) x (C*)"~* are not isomorphic as topo-
logical groups. By making use of this fact, we establish the following characterization
of the space C* x (C*)"~F: Let M be a connected complex manifold of dimension
n that is holomorphically separable and admits a smooth envelope of holomorphy.
Assume that the holomorphic automorphism group of M is isomorphic to the holo-
morphic automorphism group of C* x (C*)*~* as topological groups. Then M itself
is biholomorphically equivalent to C* x (C*)™®~*. This was first proved by us in [5]
under the stronger assumption that M is a Stein manifold.

Introduction.

This is a continuation of our previous paper [5], and discusses a characterization
of C* x (C*)! by its holomorphic automorphism group. The problems related to the
structure of the holomorphic automorphism group Aut(C* x (C*)¢) of C* x (C*)* are in
general very difficult to study. One reason is that Aut(C* x (C*)*) is terribly big when
k+ ¢ > 2, and can not have the structure of a Lie group with respect to the compact-
open topology. But, by looking at topological subgroups with Lie group structures of
the topological group Aut(C* x (C*)*) equipped with the compact-open topology, we
can find a lead to apply the Lie group theory to the investigation of such problems.
Besides C* x (C*)* admits a natural (k + ¢)-dimensional compact torus action given
as the rotations along each coordinate axis. This fact enables us to use the machinery
associated with torus actions, for example, the theory of Reinhardt domains [7], [8], as
was shown in [5]. Under these points of view, we first prove the following theorem on
the topological group structure of Aut(C* x (C*)"~*) as our main result:

THEOREM 1.  Let k be an arbitrary integer with 1 < k < n. Then Aut(C* x
(C*)"=F) is not isomorphic to Aut((C* — {0}) x (C*)"~*) as topological groups.

In the case of k = 1, this was already verified in the proof of our Main Theorem in
[5]. On the other hand, when k = n, this fact is a special case of a result of Isaev and
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Kruzhilin (Theorem 5.1 in [4]). Therefore, taking these into account, we will carry out
the proof of this theorem in the case where 1 < k < n.

Our Theorem 1 has an interesting application. In fact, making use of the fact
obtained in Theorem 1 and employing the same technique as in our previous paper [5],
we can establish the following characterization of the space C* x (C*)"~*:

THEOREM 2. Let M be a connected complex manifold of dimension n that is holo-
morphically separable and admits a smooth envelope of holomorphy. Assume that Aut(M)
is isomorphic to Aut(C* x (C*)"~*) as topological groups, where the groups Aut(M) and
Aut(C* x (C*)"*) are equipped with the compact-open topology. Then M itself is bi-
holomorphically equivalent to C* x (C*)"~*.

This is a natural generalization of our previous result [5, Main Theorem]|. Indeed,
exactly the same conclusion in Theorem 2 was shown there under the stronger assumption
that M is a Stein manifold. When k& = n, that is, for the case of a characterization of
C™, our theorem is an immediate consequence of Isaev and Kruzhilin [4, Theorem 5.1].
Moreover, it should be remarked that, if M is a domain in C"™, then it admits a smooth
envelope of holomorphy (cf. [6, Chapter 6]). Hence, our Theorem 2 can always be applied
when M is a domain in C™.

This paper is organized as follows. In Section 1, we collect some preliminary facts.
In particular, two main tools for our study are given. One is a tool to obtain the normal
form of some compact group action on a Reinhardt domain studied in Shimizu [8], and
the other is a tool for the standardization of torus actions on complex manifolds due
to Barrett, Bedford and Dadok [2]. Also, a group-theoretic characterization of some
subgroups of the holomorphic automorphism group of a Reinhardt domain is given,
which plays a key role in our study. Sections 2 and 3 are devoted to the proofs of our
Thorems 1 and 2, respectively.

1. Reinhardt domains and torus actions.

We begin by recalling a basic fact on Lie group actions on complex manifolds (cf. [1]).
Let M be a complex manifold. An automorphism of M means a biholomorphic mapping
of M onto itself. We denote by Aut(M) the topological group of all automorphisms of
M equipped with the compact-open topology. Let G be a Lie group. When a continuous
group homomorphism p : G — Aut(M) of G into Aut(M) is given, the mapping

G x M > (g,p) — (p(9))(p) € M

is of class C¥, and we say that G acts on M as a Lie transformation group through p.
Also, the action of G on M is called effective if p is injective.

We now recall basic concepts and results on Reinhardt domains (cf. [7], [8]). For an
element a = (aq,- -+, o) of (C*)", we denote by 7, an element of Aut(C™) given by

C" > (21, ,2n) — (121, ,nzpn) € C™.

Let D be a Reinhardt domain in C™. Then, by just the definition of a Reinhardt domain,
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T, maps D onto itself and induces a holomorphic automorphism of D for every element «
of the n-dimensional compact torus 7" = (U(1))™ given as the direct product of n copies
of U(1), where U(1) denotes the multiplicative group of complex numbers with absolute
value 1. The mapping pp sending « to 7, is an injective continuous group homomorphism
of the torus T™ into the topological group Aut(D). The subgroup pp(T™) of Aut(D) is
denoted by T'(D). Furthermore, we denote by IT(D) the topological subgroup of Aut(D)
consisting of all elements ¢ of Aut(D) such that ¢ has the form ¢ = 7, where v is
an element of (C*)". And we denote by Aut, (D) the topological subgroup of Aut(D)
consisting of all elements ¢ of Aut(D) such that each component of ¢ is given by a
Laurent monomial, that is, ¢ has the form

()0:<Z1a"' ,Zn)’—>(’l,U1,"' awn)a

w; = oyt zein

i=1,,n,

where (a;;) € GL(n, Z) and (o) € (C*)".
The groups II(D) and Autag(D) have an important meaning, because they are
characterized group-theoretically as follows:

LEMMA 1.1.  The centralizer of the torus T(D) in the group Aut(D) is given by
II(D), while the normalizer of T(D) in Aut(D) is given by Autag (D).

PROOF. The first statement is [5, Lemma 1.2]. The second statement is a conse-
quence of [8, Section 2, Proposition 1]. O

Note that T'(D) is contained in II(D), and II(D) is contained in Autaig(D). More-
over, Aut,s (D) is a Lie group whose identity component is II(D).
The following proposition and corollary play a crucial role in our study.

PROPOSITION 1.1 (see [5, Section 1]).  Let D be a bounded Reinhardt domain in
C" and suppose that

Dn{z=0}#9, 1<i<m,

Dn{z=0}=9, m+1<i<n.

If G is a connected compact subgroup of Aut(D) containing T(D), then there exists a
transformation

@ C™ x (C*)n_m > (7517"' 7Zn) — (wla"' ’wn) €C™ x (C*)n—m’

"

wi; =Tz ) (27), 1<i<m,
Wi = T§Zg7 (5), m+1<i<n,

such that, for D := ¢(D) and G := pGp~' C Aut(D), one has

G=U(ky) x - x Ulks) X Ulkgy1) x --- x Uky),
kit ks ks o ke =,
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Fat ke =m,

kspr1 ==k =1,
where r1,- -+ , Ty, are positive constants, o’ and o” are permutations of {1,--- ,m} and
{m+1,--- ,n}, respectively, 2" denotes the coordinates (zmi1,- - ,2n), and Vi -+ v,

are elements of Z™~ ™.

COROLLARY (see [5, Section 1]).  In the above proposition, if G is isomorphic to
U(k) x (U(1))""F as topological groups and if k > 2, then m > k.

Roughly speaking, the corollary above implies that if a bounded Reinhardt domain
D admits an effective U(k)-action, then it has the non-empty intersection with at least
k coordinate hyperplanes.

Finally, we recall the fundamental result on torus actions on complex manifolds.

STANDARDIZATION THEOREM (see [2, Theorem 1]). Let M be a connected complex
manifold of dimension n that is holomorphically separable and admits a smooth envelope
of holomorphy. Assume that T™ acts effectively on M as a Lie transformation group
through p. Then there exist a biholomorphic mapping F of M into C™ and a continuous
group automorphism 0 of the torus T™ such that

F((p(a))(p)) =0(a) - F(p) foralla€T" and allp € M.

Consequently, D := F(M) is a Reinhardt domain in C™, and one has Fp(T")F~1 =
T(D).

2. Proof of Theorem 1.

Throughout this section, we use the following notation: For the given integer k with
1<k <nandapoint (21, - ,2,) € C", we set

l=n—Fk 2, =C"x(C*" 2= (C*"-{0})x(C"¥,
= (217223"' 7216)3 7 = (ZQa"' ,Zk) and (w17"' awf) = (Zk-i-l?"' ,Zn).
We shall often use the natural identifications given by

SU(k) = SU(k) x {(1,---,1)} c U(k) x (U(1))",

SU(k—1) = {((1) i) ‘A € SU(k - 1)} c U(k),

where SU(m) stands for the special unitary group of degree m. Note that 29 is a
Reinhardt domain in C™ invariant under the standard action of U(k) x (U(1))* on C™;
and accordingly, one may regard the group U(k) x (U(1))* as a subgroup of Aut(29).
And, the group T'(£2)) can be identified with the n-dimensional torus 7™ = (U(1))".
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Let us start the proof. As mentioned in the introduction, we have only to prove the
theorem in the case where k£ > 2 and £ > 1. Since k£ > 2, we may assume that Aut(Q,g)
is the group of all elements f € Aut(§2;,) satisfying f({0} x (C*)*) = {0} x (C*)*.

Now, assume contrarily that there exists a topological group isomorphism ¥ :
Aut(£29) — Aut(£2;). First of all, without loss of generality we may assume here that ¥
satisfies the following two conditions:

F(T™) =T" and W(U(k) x (U1)") =U(k) x (U1))% (2.1)

consequently, it follows that ¥(SU(k)) = SU(k). Indeed, these can be seen as follows.
Since 29 is a Reinhardt domain in C™, we have the injective continuous group homomor-
phism pao : T" — Aut(£2?). Considering the composition of PO and ¥, we now obtain
an injective continuous group homomorphism ¥ o P - T" — Aut(f2). Thus, by the
Standardization Theorem, there exists a biholomorphic mapping F' of §2; into C™ such
that D := F({2;) is a Reinhardt domain in C™ and F(¥ o pQg)(T”)F’1 =T(D). More-
over, we know that the image domain D = F(§2;) is literally equal to §2; by [5, Lemma
1.3]. Therefore, considering F o W o F~1 instead of ¥ if necessary, we may assume that
(T (£29)) = T(2), which is the first one of (2.1). Next, recalling that Aut(£29) contains
U(k) x (U(1)) as its subgroup, we set G = ¥(U(k) x (U(1))?). Then G is a connected
compact subgroup of Aut(§2;) containing 7'(£2;), because U(k) x (U(1))* D T(£29) and
U(T(£29)) = T(£2;). Take a bounded domain U in C™ whose closure U is contained in
(2 and put

Do={g(z) € %lgeC, zeUt=Jo)= ]G =
geG zeU

Then it is easily seen that Dy is a bounded Reinhardt domain in C™ contained in (2
and G can be regarded as a connected compact subgroup of the Lie group Aut(Dg)
containing T'(Dp). Recalling that G is isomorphic to U(k) x (U(1))* and k > 2, we can
apply Proposition 1.1 and its corollary to Dy and G. As a consequence, the intersection of
Dy and the coordinate hyperplane given by {z; = 0} is not empty for all ¢ with 1 <4 < k.
Indeed, otherwise, such an intersection is empty for some ¢ with 1 < ¢ < k. This implies
that the number s of coordinate hyperplanes having the nonempty intersection with Dy
is less than k, because Dy C {2 and hence DoN{z; = 0} = I for all j with k+1 < j <n.
But, since Dy admits an effective U(k)-action, by the corollary to Proposition 1.1, Dq
must have the non-empty intersection with at least k coordinate hyperplanes, which
implies that s > k. This is a contradiction, because we have seen that s < k. We see
that the integer m in Proposition 1.1 is given by k in the case now as well. By applying
Proposition 1.1 as m = k, after a change of coordinates by some element of Autag((2;),
we have that G = U(k) x (U(1))* as sets in Aut(Dy), and hence in Aut({2;) by analytic
continuation. This is nothing but the second equality of (2.1), as desired.

From now on, let us denote by @ : Aut(§2) — Aut(§2})) the inverse isomorphism of
W Aut(£2)) — Aut(£2). It follows then from (2.1) that @ gives rise to a continuous
group isomorphism of U(k) x (U(1))* onto itself with @(7™) = T™. Hence there exists
an element (a;;) of GL(n, Z) such that
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@((exp 2my/ =161, - -+ ,exp 2wy/ —19n))
= (exp 27r\/—1(2a1j9j> Joet,exp QW\/—l(Zamﬂj))
j=1 j=1
for all 6,---,6, € R. Here consider an arbitrary element p € (U(1))™ having the form

p= (eXp 27/ =10, -+ Jexp 2wy —10,exp 27V —1601,- - - ,exp 27r\/—194).

Then, for any A € SU(k), we have po A = A o p as automorphisms of (2; so that
P(p)o A= AoP(p) for all A€ SU(k). This gives us that

k k
E alj:"'zg Akjs
j=1 j=1

Ai(kti) = = Ap(kti), 1< <AL
Therefore, putting
k k
a= Zam bi = ai(kti), €= Za(k+i)j7 1<i <Y,
j=1 j=1

(dij)iigze = (@0 ti) 1< <o

and writing @(p) = (p1,- - , fn), Wwe obtain that

L
i = exp Qm/—1(a9 +y bj9j>, 1<i<k,
j=1

J4
Pk+i :eXpQ?T\/—l(Cie-i-Zdijej), 1<i</.

j=1
Accordingly, for an arbitrary element

g = ((exp2nv—10) A, exp2mv/—161,- - ,exp2mV/—16,) € U(k) x (U1)* (2.2)

with A € SU(k) and 6, 6; € R, 1 < i < ¢, our isomorphism @ of U(k) x (U(1))* onto
itself is given by

D(g) = (<exp Qw\ﬁ(aa + ébjoj»@s(A),

L L
exXp 2T vV -1 <019 + Z d1]9]> yoet ,exp 2mv —1 (C@@ + Z d€]9])>’ (23)

j=1 j=1
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where @, is the automorphism of SU (k) given by the restriction of @ to SU (k).
It should be made a few remarks here. Firstly, the existence of the inverse isomor-
phism ¥ of ¢ guarantees that

a by - by
c1 din -0 die
€ GL(+1,2). (2.4)
ce dpn -0 du
Secondly, we may assume that
P (A)=A or &,(A)=A forall Aec SU(k), (2.5)

where A denotes the complex conjugate of A. Indeed, it is known that there exists an
element o € SU(k) such that

D, (A) =040 or P (A) =014 forevery A c SU(k).
By using this o, we define a biholomorphic mapping ¢ : 29 — 29 by
(2,0) := p(z,w) = (0z,w), (z,w) € 2Y
(think of z as column vectors). Then, considering the new coordinates (Z,w) instead of

(z,w) if necessary, we may assume that ¢ satisfies the condition (2.5).
Here we claim that

Indeed, taking a special element g, := (exp %)Ek, which is clearly contained in the
centers of both U(k) and SU(k), we have

2/ —1 21/ —1¢; .
<exp7rka>Ek:d5s(go) and expWTczl, 1<i<U.

So the integers a and c¢; may be written in the form

c; =Gk, 1<i</{, and

a=1+kok or a=-1+k.k (2.7)

according as @4(A) = A or &,(A) = A in (2.5), where &; and k, are integers. Therefore,
expanding the determinant of the matrix in (2.4) according to the first column, we obtain

+1 = adet(d;) + kk  for some k € Z.
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Since k > 2, this means (2.6).
Finally, note that the expression in the form (2.2) of a given element g € U(k) x
(U(1))* is not unique. Indeed, the same element g can be also represented in the form

i~ ((svta(osn- D) ()

exp 27V —1(01 + p1),- -+ ,exp2mvV/—1(0; + pe)) (2.8)

with p,p;,q € Z and 0 < ¢ < k — 1. However, by using the fact (2.7), one can check
easily that the right hand side of (2.3) does not depend on the choice of representation
of g as in (2.8). Thus it should be emphasized that, in computing the image #(G) of a
given subgroup G of U(k) x (U(1))*, we are not worried about the representation of an
element g € G as in (2.2).

We now have two cases to consider.

Case 1. (by,---,bg) =(0,---,0).

In this case, a = %1 and (d;;) € GL({,Z) in (2.4). Hence, after a change of
coordinates by some element of Aut,(§29) if necessary, we may assume that (d;;) = Ej.
The proof will be divided into two cases as follows:

Case (1-1). k > 3: In this case, by (2.3) and (2.5) we obtain
H(SU(k—1) x (UQ1))Y) = SU(k —1) x (U(1))".

Therefore, since @ : Aut(§2;) — Aut(£2?) is a group isomorphism, we see that ¢ maps
the centralizer C of SU(k — 1) x (U(1))* in Aut(£2;) onto the centralizer Cy of SU(k —
1) x (U(1))* in Aut(£2?); and consequently, their commutator groups Z = [C,C] and
Zy = [Cop, Cp] have to be isomorphic.

In order to derive a contradiction, we claim that Z; is abelian, while Z is not. To
prove our claim, take an arbitrary element f belonging to C' or to Cy, and represent
f=1(f1,-++, fn) by coordinates. Then one has

fi(z1, A, (exp2mv/=161)wy, -+, (exp2mv/—16¢)w;) = fi(z,w) on (2

for all A € SU(k — 1) and all 6; € R (think of 2z’ as column vectors). Since k — 1 > 2,
this implies that f; does not depend on the variables z’ and w (cf. [3, p.142]); so fi has
the form f1(z,w) = f1(z1) and it induces a holomorphic automorphism of C. Note that
f1(0) = 0 in the case when f € Cy.

Next, by using the Laurent series of f4;, one can find that it has the form

ferj(z,w) = yj(2)wy, 15 <,

where 7;(z1) is a nowhere vanishing holomorphic function on C'.
Finally we assert that (fa,---, fx) can be written in the form
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(fZ(Zaw)7"' afk(sz)) - b(zl)zl7 (29)

where b(z1) is a nowhere vanishing holomorphic function on C. Indeed, it is easily
checked that each function f;, 2 < j < k, is independent on w; and hence, it has the
form f;(z,w) = f;j(21,2’). Take now a point z{ € C arbitrarily and define a mapping
L:CF 1 — C* ! by setting

L(z’) _ t(f2(2(1>72/)’ . 7fk(2(1)72/)), = C'k_l,

where ‘a denotes the transpose of a given element a € M(1,k — 1,C). Then L is a
holomorphic automorphism of C*~! satisfying the condition

L(AZ')=A-L(2') forevery A€ SU(k—1). (2.10)

Thus L(z') = 0 if and only if 2/ = 0. For an arbitrary given point 2/, # 0 of C*~1 let
us put r, = ||2/|| and R, = ||L(2})||, and consider a biholomorphic mapping L : C*~! —

C*~1 defined by
L(Z) = (ro/R,)L(2"), 2 ecCF L.

It then follows from (2.10) that L gives rise to a holomorphic automorphism of the open
ball B(0,7,) in C*~' of radius r, with center 0, and L(0) = 0. Hence L has to be a
unitary transformation of C¥~1; and so there exists an element U € U(k — 1) such that
L(2') = (R,/7,)U%" on C*~1. Moreover, the relation (2.10) tells us that U is a scalar
matrix (depending only on z{), from which we obtain the assertion (2.9).

As a result, we have seen that C, Cy are the groups of all elements f € Aut({2),
fo € Aut(£29) having the forms

f(zlaz/awla T 711)@) = (OéZl +ﬁ,b(21)2/7’yl(2’1)w1, te 77@(21)105)7

fO(Zlv Z/awlv T ,U)z) = (azlv b(zl)zla’yl(zl)wlv e ,’}/5(21)?1}[) (211)

respectively, where a € C*, 8 € C and b(z1), 7;(21) are all nowhere vanishing holomor-
phic functions on C. Therefore, in exactly the same way as in the proof of [5, Main
Theorem)], it can be shown that Z is an abelian group, while Z is not; completing the
proof in the case of k > 3.

Case (1-2). k =2: Since every automorphism of SU(2) is inner, one has &5(A4) = A
for all A € SU(2) in (2.5). Now let us consider a subgroup G of U(2) x (U(1))? defined
by

1 0
G= {((0 eXp4ﬂ_\/jw>anP27T\/—7191,~-- ,exp27r\/—719£)‘ 0,0,,--- .0, € R}.

(2.12)
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Note that
exp(—2my/—16) 0
0) := e SU(2 2.13
o) = (P ) (2.13)
and
L 0 = (exp2mv/—16)g(0).
0 expdmy/—16
Then, considering the new coordinates (21, 22) := (22,21) and replacing (c1,--- ,¢) by
(—c1,- -, —cp) if necessary, we may assume by (2.3) that

P(G) = {<<(1) exp4:\/jle>,exp2wﬁ(cle+91),...

. ,exp27r\/1(c£9+t9@))‘ 0,01, --- .0, € R}

Let C and Cj be the centralizers of G and #(G) in Aut(§2;) and in Aut(£2)) respectively,
and let Z = [C,C| and Z, = [Cy, Cp] be their commutator groups. Then, the proof is
now reduced to showing that Zj is abelian and Z is not abelian. But this can be shown
with exactly the same argument as in Case (1-1). Indeed, straightforward computations
give us that arbitrary elements f € C and fy € Cy have the same descriptions as in
(2.11). Therefore, we conclude that Zj is an abelian group, while Z is not an abelian
group, as desired.

Case 2. (b1, ,be) #(0,---,0).
First of all, by (2.4) there exist integers A\, A1, --- , A¢ such that

0
(1,07"' ,O) :)\(a,bl,~~~ ,bg)*Z)w(Ci,dﬂ,"' ,dig)

=1

or equivalently

L J4
)\a_ZAici =1 and Z/\Z(dzl, ,dig) Z/\(bl7 ,bg). (214)
=1 i=1

Since det(d;;) # 0 by (2.6), we see that A # 0 and A; # 0 for some i. Now, each integer
A; can be written uniquely in the form

Ni=gA+r; with ¢, € Z, 0<|r| <|\ and Ar; <O0.

It then follows from (2.14) that
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¢ ¢
A(a — Z%‘Q) =1+ Zrici. (2.15)
=1 i=1

Using these integers ¢;, we now define a transformation ¢ of 92 by

(p: (Zl,"' y Bk, W1, "t ’w£)|_)(217... ’2k,1j)1’... ’we)

{z =zw M w1 <i <k,

wj = wy, 1<j <Y,

and take an arbitrary element g of U(k) x (U(1))* written in the form (2.2). Then,
replacing (z,w) by the new coordinates (Z, W) if necessary, one can see by (2.14) and (2.15)
that the transformation @(g) of 29 in (2.3) is given by the following correspondence:

ZH(ex 2”r{<1+zw)9+2dun }) (A)z,

7,7=1

b(g) : , (2.16)
wW; — <exp27r\/—1(ci9+Zdijﬁj))wi, 1<i</
J=1

(think of z as column vectors).

Since ged(A, Aq, -+, A¢) = 1 by (2.14), we see that |[A| = 1 if and only if r; = 0 for
all 7; and, in such a case, the proof can be reduced to Case 1. Therefore, in the following,
we assume that

[A\| >2 or equivalently (r1,---,7¢) # (0,---,0).
Thus, renaming the indices if necessary, we may further assume that
ry---rs #0, while rgy; =---=r;,=0

for some integer s with 1 < s < ¢ (where it is understood that every r; # 0 if s = /).
Again we divide the proof into two cases.

Case (2-1). k > 3: In this case, it follows from (2.5), (2.6) and (2.16) that

B(SU(k —1) x (U(1))) = {(<exp27r\/?1<i Tf)) ((1) 2>,exp 2/ =16y, - - -

i=1

,eXp 27/ —10@)

AeSUk—1), 601, ,GgER}.

Let Cp be the centralizer of ®#(SU(k — 1) x (U(1))*) in Aut(£2?) and let Zy be the
commutator group of Cy. Once it is shown that Z; is an abelian group, we arrive at the
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same contradiction as in Case (1-1). Therefore we have only to show that Z; is abelian.

To this end, take an arbitrary element f = (f1, -+, fn) € Co. To simplify the notation,
—\S mibi ;

we put © = ) ., " and write

X 0,401, 0, = ((exp2mV/=10) 21, (exp 2mV/—10) A7/,
(exp 27/ —191)11)1, cee (exp 271'\/—19@)11}().
Then we obtain
fl (Xz,w,A,Gh-“ﬁg) = (exp 27y —19)f1(z,u)) on Qk

for all A€ SU(k—1) and all 64,---,0, € R. Thus it follows that f; is independent on
#z'; and hence it has the form fi(z,w) = fi(z1,w). Let fi(z1,w) = > Ay ziw” be the
Laurent expansion of f; on C x (C*)¢, where 0 < y € Z and w” = w}*---w}* for the
coordinate w = (wy,--- ,wp) of C* and v = (vy,--- ,1p) € Z*. Substituting this into the

preceding identity and comparing the coefficient of z}'w”, we have the following by the
uniqueness of expansion:

<ivﬂ;\9i>(ul)+§;9iw—0

i=1

for all 6y,---,0, € R, provided that A,, # 0. This is equivalent to

1 Ts

(Vlv"' yVsy Vs41," " 7V€):(/’L_1)<_)\a a_XaOa"' a0>

Thus, putting
nlmin{nGN‘anGZ, 1§i§5},

m; = —%nl, 1<i<s, (2.17)

we obtain that n; > 2, m; > 1 and
(N*]-,Vla"' Vs, Vg1, " ’1/2) :m(nl,mla"' , Mg, 0, -+ ,())
for m =0,1,2,---. This assures us that f; has the form
filz,w) = a(z{“w’lm --~w;n5)zl,

where a(u) is a holomorphic function on C.
Next consider the functions fi;, 1 <j < ¢. We have now the identity

St (Xzw,4,00,.0,) = (exp2mV=16;) frqj(z,w) on (2
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for all A€ SU(k—1) and all 8y, --- 6, € R. Therefore, by the same reasoning as above,
fr+; has to be of the form fr1;(z,w) = frt;(z1,w). So, denoting by firy;(z1,w) =
> Cuvziw” the Laurent series of fi4;, we obtain this time

s 4
Z (7;/144’ V1>91 + Z O,v; = 0j

=1 i=s5+1

for all 6y, -+ ,0, € R whenever C},, # 0. Thus

V]_lz_%:uv Vj:17

T . . . T4 .
vi=—Sp 1<i<s ifj, O yvi=-—gpu 1<i<s,
vi=0, s+1<i</ vi=0, s+1<i<{l i#j

according as 1 < j < sor s+ 1 < j < /. Hence, these relations together yield that each
function fi; has the form

meg

fk-l—j(zaw):’}/j(‘z?lnw;nl”'ws )wj’ 1S]S£,

where 7;(u) is a holomorphic function on C' and n;, m; are the same positive integers ap-
pearing in (2.17). At this point, notice that all the functions a(u) and ~y;(u) are nowhere
vanishing on C, because f has the inverse mapping contained also in Cy. Moreover, it
should be noted that f; and fi; extend to holomorphic functions on the whole space
C", since ny and m,; are all positive integers.

Our next task is to determine the form of (fa,-- -, fx). For this purpose, choose a
point (29,w,) € C x (C*)* arbitrarily and define a mapping L : C*~! — C*~! by

L(zl) = t(f2(zfa zlawo)a T afk(zi)v 2/7 wo))’ Zl € Ck_l'
Then L is a holomorphic automorphism of C*~1 such that L(Az') = A - L(2') for all

A € SU(k — 1); accordingly, we may conclude by the same reasoning as in Case (1-1)
that (fa, -, fx) can be written in the form

(f?(zﬂ w)? Tty fk(z7 w)) = b(zlv w)z/.
Accordingly b(z1,w) has to satisfy the condition:
b(( exp 2my/ —1@)21, ( exp 2my/ —101)11)1, cee (exp 21/ —lﬁg)wg) = b(z1,w)

for all #1,--- ,0, € R. Now, by the Laurent series argument as above, one can see that
b(z1,w) is expressed as

(e, w) = B0 ul - wl)
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and hence
(fg(Z,U)), e ,fk(Z,'LU)) = ﬂ(z?lw{ﬂl o .w;‘ns)'z,’

where ((u) is a holomorphic function on C' and ny, m; are the same positive integers as
in (2.17).

Summarizing our result obtained so far, we have shown that every element f of Cy
has the form

meg

f(Z,’UJ) = (a(u)zlyﬁ(u)zl771(u)wla te ”Yf(u)wé)v u = Z?lwlnl i We T, (218)

where a(u), 3(u) and v;(u) are nowhere vanishing holomorphic functions on C, and n;
and m,; are positive integers depending only on Cy. In particular, every element f € C
can be regarded as a holomorphic automorphism of C™.

Finally we would like to show that the commutator group Zy of Cj is abelian. We
verify this only in the case when ¢ = 1, since the verification in the general case is almost
identical. To simplify discussion, we change the notations and write (n1, m1) = (s,t) and
wy = w. Now, take an arbitrary element F' € Cy. Then, by (2.18) F can be expressed in
the form

F(z,w) = (a(szt)zl, Bz5w) 2, v(szt)w),

where a(u), 5(u) and y(u) are nowhere vanishing holomorphic functions on C; and more-
over, we know that F' can be regarded as a holomorphic automorphism of C x C*~1xC =
C*+1, Here we first assert that

a(u)sy(u)' = a(0)%y(0)" for every u € C. (2.19)

Indeed, define a holomorphic function f on C by
flu) = a(u)*y(u)'u, ueC
and consider the set
M. ={(21,0,w) € C x C* ' x C|zjw' =c}, ceC.

Then it is easy to see that F'(M.) C My for all c € C. This, combined with the fact that
the inverse F~! of F is also contained in Cy, yields at once that f is an automorphism of
C with f(0) = 0. Consequently, there exists a non-zero constant A such that f(u) = Au
on C. Clearly this implies our assertion (2.19), as desired. Thanks to (2.19), if we set
A = a(0)*v(0)t, then F~! may be given by

F_l(z,w) = (a(A_lszt)_lzl, ﬁ(A_lszt)_lz’, 'y(A_lszt)_lw).

Let us take another element G € Cy having the form
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G(z,w) = (M(z5wh)z1, p(ziw")?, v(ziw")w)

and set B = A(0)*v(0)!. Then we can compute explicitly the commutator |G, F| :=
G loF1oGoF of Gand F as follows:

(MAwa) p(Ans) , A N
(& Fl(z,w) = (A(u)a(Bu) " () B(Bu) ) ’ '

Let us choose another pair F , G of elements belonging to Cy, where we denote the objects
relative to F,G by the corresponding symbols of F,G with tilde. Then, by routine
computations it follows that

(G F)o (G F)(2.w) (§(Au)d~(u)A(Au)a(u ., i Au) (wn(Au)B(u) ,
’ s Aw)a(Bu)Mu)a(Bu) " ju(u)B(Bu)u(w)B(Bu)
ﬂ(flu)%ju)v(Au)v(u w) w— ot
7(u)3(Bu)v(u)y(Bu) )’ s

from which we may conclude that Z; is, in fact, abelian. Therefore the proof is completed
in the case when k& > 3.

Case (2-2). k = 2: In order to derive a contradiction, we again consider the
subgroup G of U(2) x (U(1))* defined in (2.12). Since ®,(A) = A for all A € SU(2)
n (2.5), we obtain by (2.6) and (2.16) that

B(G) = {(exp 2Wr{<1+2nq>0+zr, Z})

exp 2mvV—1(c10 + 61),- - ,exp 2mv/ —1(ce0 + 93))

6791:"' 76Z€R}7

where g(6) is the element of SU(2) appearing in (2.13). Let C,Cy and Z, Z be the same
groups introduced in Case (1-2). Then we know already that Z and Z; are isomorphic,
and Z is a non-abelian group. Therefore, the only thing which has to be proved now is
that Zj is abelian. But this can be achieved by the same technique used in Case (2-1).
Indeed, define the positive integers ny, ny and m; by

2’)”1'
= N Z Z, 1<i<
ny = mln{ne ’/\_'_1 € 4, )\_1_1716 , z_s},
)\—1 d 27"1' 1<,<
ng = n; and m; = ————nq, <i1<s.
T+t A+1

Then, in exactly the same way as in Case (2-1), one can show that every element f € Cy

has the form

f(Z,’U}) = (a(u)zl7ﬁ(u)2277l(u)wl7"' ,W(U)wé)a u = 2?12,32,(1}1 '”w‘:ns7
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where all the functions a(u), 5(u) and v, (u) are nowhere vanishing holomorphic functions
on C. In particular, every f € Cy can be regarded as a holomorphic automorphism of
C"™. Thus, repeating the same computations as in Case (2-1), we conclude eventually
that Zj is an abelian group, as desired. This completes the proof of Theorem 1.

3. Proof of Theorem 2.

We retain the notation in the previous section.

Now, as in Theorem 2 stated in the introduction, let M be a connected complex
manifold of dimension n that is holomorphically separable and admits a smooth envelope
of holomorphy, and assume that there exists an isomorphism @ : Aut(£2;) — Aut(M)
between the topological groups Aut(f2;) and Aut(M). Since {2 is a Reinhardt domain
in C™, we have the injective continuous group homomorphism pg, : T" — Aut((2).
Considering the composition of pp, and @, we obtain an injective continuous group
homomorphism @ o pg, : T — Aut(M). Thus, by the same reasoning as in the proof of
the first equality of (2.1), we may assume that M is a Reinhardt domain D in C™ and
we have a topological group isomorphism @ : Aut({2;) — Aut(D) such that (T (2)) =
T(D).

In the following, we will show our Theorem 2 in three steps. Firstly, we will show
that D has the form D = 2, — J, Vi for some &’ with 0 < £’ < n by looking at the
centralizers of the standard tori T'(£2;) and T'(D), where J, Vi is the union of some of
coordinate vector subspaces V), of codimension greater than or equal to two. Precisely
speaking, V) is a vector subspace of C™ of codimension greater than or equal to two
defined by the condition that some of the coordinate components of C™ are equal to O.
Secondly, we will show &’ = k by looking at the normalizers of the standard tori T'({2)
and T'(D). Finally, we will show that [ J, VA must be empty, and hence D coincides with
(2. by our Theorem 1.

3.1. First step. Since the group isomorphism @ maps T'({2;) onto T'(D), it maps
the centralizer of T'(£2;) in Aut(§2;) onto the centralizer of T'(D) in Aut(D). By Lemma
1.1, the centralizers of T'(2;) and T(D) are given by II({2) and II(D), respectively.
Therefore IT(£2) and II(D) are isomorphic as Lie groups. Since II(f2) is isomorphic to
(C*)™, and hence has real dimension 2n, IT(D) also has real dimension 2n. This implies
that 7, maps D onto D for all elements a of (C*)"™, and consequently, 7, maps the
complement D¢ of D in C™ onto itself for all @ in (C*)"™. In particular, for a point zg
of C™, the set II - zg consisting of all elements 7, (z2p), @ running through all of (C*),
is contained in either D or D°. We can take as zo a point of D belonging to (C*)™.
Then D contains IT - zg, which is (C*)™. Therefore D¢ is a closed subset contained in
the union of all coordinate hyperplanes of C™. Take any point zg of D¢. Then some of
the coordinate components of zy are 0, and the closure of IT - zy is a coordinate vector
subspace of C™, which is contained in D¢. This shows that D¢ is the union of some of
coordinate vector subspaces. By a permutation of coordinates, we may assume that D¢
is the union of the n — k' coordinate hyperplanes {z; = 0}, i = k' + 1,--- ,n, and some
of coordinate vector subspaces of codimension greater than or equal to two. Then D has
the form D = (2, — |, Vi, as required.

3.2. Second step. We need the following lemma.
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LEmMMA 3.1.  Let .Qg and .Qf), be Reinhardt domains in C™ of the form

0h=0,- |V and 2, =0, -V,
A A

where |J, Va and |, Vy, are the unions of some of coordinate vector subspaces of
codimension greater than or equal to two, respectively. If the groups Autalg(ﬂg) and

Autalg(()g,) are isomorphic as topological groups, then p = p'.

This lemma is applied as follows. Since the group isomorphism @ maps T'({2;) onto
T(D), it maps the normalizer of T(£2;) in Aut({2;) onto the normalizer of T'(D) in
Aut(D). By Lemma 1.1, the normalizers of T'(2;,) and T'(D) are given by Autaig((2%)
and Autag(D), respectively. Therefore Autag(§2;) and Autag(D) are isomorphic as
topological groups. Since D = Qﬁ, by the first step, it follows from Lemma 3.1 that
k =k, and the second step is shown.

We now prove Lemma 3.1. We begin with some preliminary observations. For an
element z = (2;) of C™ and an element N = (v;;) of GL(n, Z), we denote by 2N the
element of C™ whose i-th component is given by 2] ... z%in (when it is well-defined).
For elements z = (z;) and w = (w;) of C™, we denote by z - w the element of C™ whose
i-th component is given by z;w;. When z,w € C™ and M, N € GL(n, Z), it holds that

(M = MN(w)N = 2NN, (3.1)

Let D be a Reinhardt domain in C™ and let ¢ be an element of Aut(D). Then it follows
from the proof of [8, Section 2, Proposition 1] that ¢ has the form ¢(z) = v - 2N if and
only if ¢T(D)p~! = T(D) and we have

pomgop t =7~ foraeT™ = (U(1))",

where v € (C*)", N € GL(n, Z).

Under the assumption of Lemma 3.1, suppose that p # p’, and we will derive a con-
tradiction. We may assume without loss of generality that p < p’. By assumption, there
exists an isomorphism @ : Autalg(Qf,) — Autalg(ﬂg,) between the topological groups

Autag(£24) and Autalg(Qf,,). Since II(£2%) and II (Qf),) are the identity components of

Autag(£24) and Autalg(ﬂf),), respectively, and since T'(£2%) and T(Qf,,) are the unique
maximal compact subgroups of IT (Qg) and IT (_Qf),), respectively, we have

o(11(42;))

(52%), (3.2)

#(1(})) = (2

p p

(3.3)

By (3.2), @ : Autag(£28) — Autalg(()g,) induces a group isomorphism between the quo-
tient groups Autalg(ﬂg)/ﬂ(ﬁg) and Autalg(ﬁg,)/ﬂ(ﬁg,), which we denote also by &.
Here consider the group homomorphism w : Autalg((zg) — GL(n, Z) that sends an ele-
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ment ¢ of Autalg(Qg) written in the form ¢(z) = 7 - 2N to the element N of GL(n, Z),

where v € (C*)", N € GL(n, Z). Then we have ker w = II(£2}) and Autag(£24)/11(52%)
is isomorphic to the subgroup ¥ := w(Autalg(Qf))) of GL(n,Z). It is readily verified
that ¢ consists of all matrices N in GL(n, Z) of the form

N<é g), AeG, BeMp,n—p,Z), CeGL(n—p,Z), (3.4)

where G is a subgroup of the linear symmetric group S, of degree p and M (p,n—p, Z) is
the set of all p by (n — p) integral matrices. Similarly, Autalg(Qg,) yans (Qﬁ,) is isomorphic
to the subgroup ¥’ of GL(n, Z) consisting of all matrices N’ of the form

!/ !/
N/:(g g/>? AIEG/, BleM(pl7n_p/7Z)7 CIGGL(n_p/’Z)’ (35)

where G’ is a subgroup of the linear symmetric group S, of degree p’ and M (p',n—p’, Z)
is the set of all p’ by (n — p’) integral matrices.

SUBLEMMA. Under the isomorphisms above of Autalg(Qf,)/H(Qg) onto 4 and of
Autalg(ﬂg,)/ﬂ(.@g,) onto 9, the group isomorphism ® : 4 — 4’ induced from & :
Autalg(ﬁg)/ﬂ(ﬂg) — Autalg(Qg,)/H(Qf)/) has the form ®(N) = LNL™! for N € ¢,
where L is some element of GL(n, Z).

PRrROOF. By (3.3), @ gives a continuous group isomorphism between the tori T(Qf,)
and T(Qg,). Therefore we have

P(ng) =mor fora e T =(U(1))", (3.6)

where L is some element of GL(n, Z). Let N be any element of ¢ and let ¢ be an element
of Autalg(Qg) such that the coset belonging to ¢ corresponds to N under the isomorphism
between Autalg(()g) yaui (Qf,) and ¢. Then ¢ satisfies the condition that

pomgop t=mun foraeT" = (U(1)". (3.7)
Applying @ to the both sides of (3.7) and using (3.6) and (3.1), we obtain

P(p) 0 mar 0 () ! = B(p) 0 B(ma) 0 Pp)

(p(ﬂ'aN) = 7T(aN)L = T LN

for « € T" = (U(1))". By putting 3 = ¥, this implies that

P(p)omgod(p) ™t = T(gu1 )iy = Tguxe—t
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for 3 € T™ = (U(1))", and the coset belonging to ®(¢) corresponds to LNL™' under
the isomorphism between Autalg(ﬂg,) /1T (Qﬁ,) and ¢’. We thus conclude that &(N) =
LNL™". O

When p = 0, we have 4 = GL(n, Z) by (3.4). It follows from Sublemma that
4' = d(9) = LGL(n, Z)L™' = GL(n, Z).

But, since p’ > p = 0, this contradicts (3.5). So let us consider the case of p > 0. For
i=1,---,p,j=1,--- ,n—p, and £ € Z, we denote by N;;({) the matrix in & of the

form
E, (B;;
0O E,._,

where B;; is the p by (n — p) integral matrix whose (i, j) entry is equal to 1 and whose
entries except for (7, j) are all equal to 0, and the notation Ej denotes the identity matrix
of degree k for an integer k > 1. Also, we denote by 7 the group homomorphism of ¢’
into GL(p/, C) that sends N’ written in the form (3.5) to A’. Note that N;;(¢) = N;;(1)".
Write

Ap = 7((N;;(1))). (3.8)

Since Ajf) is an element of the linear symmetric group S,/, there exists an element P’ of
GL(p',C) such that

O]

PAP T = for every { € Z, (3.9)
‘
O
where \;, i = 1,---,p/, are complex constants of absolute value 1. On the other hand,

by (3.8) and Sublemma, we have
A" =7 (LN (0L 7Y). (3.10)

From the equation

O]
O

P

= P (LN (LY P!

obtained by combining (3.9) with (3.10), it follows that

MN=al+b, i=1,---,p, (3.11)
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where a;,b;, i = 1,--- ,p, are complex constants independent on £. If a; # 0 in (3.11),
then, letting £ — +o00, we see that the left hand side of (3.11) is bounded, while the right
hand side of (3.11) is unbounded, which is a contradiction. Hence we have a; = 0, or A}

is equal to the constant b; for every £ € Z. This imples that A\; must be 1, so that Aj is
the identity matrix. We have thus shown that

(LN (O)L™') = B, for every £ € Z. (3.12)

Write

(P Q o (P Qr
L(R S) and L (R* S*)

where P, P* are p by p integral matrices, @, Q* are p by (n — p) integral matrices, R, R*
are (n — p) by p integral matrices, and S, S* are (n — p) by (n — p) integral matrices.
Note that we have

RP* + SR* = O. (3.13)

The equation (3.12) above yields that, for every B € M (p,n — p, Z), the matrix

P Q\(E, B P Q*
(: )G w0, ) (5 )
E, B
(5 o)

where B € M(p',n—p',Z) and C' € GL(n — p', Z). Since p’ > p, it follows from this
fact and (3.13) that

has the form

RBR* =0 forevery B€ M(p,n—p,Z),

which implies that R = R* = O. Therefore, by noting (3.4), we see that $(¥) = LYL™"
consists of all matrices M in GL(n, Z) of the form

M(gl g) Ae PGP, Be M(p,n—p,Z), C<GL(n—p,Z).

On the other hand, ¢(%) must coincide with ¢’ as sets. It is easily seen that, when
p' > p, this is impossible, and the proof of Lemma 3.1 is completed.

3.3. Third and final step. To begin with, when %k is 0 or 1, the set |J, Vi
is clearly empty and hence D = (2, because (C*)" or C x (C*)"~! can not contain



A group-theoretic characterization of the space 663

a coordinate vector subspace of codimension greater than or equal to two. So, let us
consider the case of k > 2. Noting that Aut(§2;) contains the subgroup U(k) x (U(1))¢,
we set G = ®(U(k) x (U(1))*). Then G is a connected compact subgroup of Aut(D)

containing 7T'(D). Thus, repeating exactly the same argument as in the proof of the

second equality of (2.1), we can assume that G coincides with just U(k) x (U(1))* as

sets; consequently, Aut(D) contains U (k) x (U(1))*. By considering the U(k) x (U(1))*-
orbits on D, we now obtain that D D 9. Since {0} x (C*)* C D if ({0} x(C*)*)ND # O,
we have the following two cases: D = (2, and D = 9. If D = 29, then our Theorem 1
tells us that Aut(D) is not isomorphic to Aut({2;) as topological groups. Therefore we
conclude that D = §2;; completing the proof of Theorem 2.
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