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modulo prime numbers
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Abstract. We studied the distribution of units of an algebraic number field
modulo prime ideals. Here we study the distribution of units of a cubic abelian field
modulo rational prime numbers. For a decomposable prime number p, 2(p — 1)2
is an upper bound of the order of the unit group modulo p, and we show that the
conjectural density of primes which attain it is really positive.

Introduction.

We are interested in the distribution of units modulo ideals of an algebraic number
field. Let F' be an algebraic number field and op, of. the maximal order of F' and the
group of units of F', respectively. For an integral ideal n of F', we set

E(n) = {umodnlu € o}} (C (op/n)*),

I(n) = [(op/n)* : E(n)].

We note that the extension degree of the ray class field F'(n) of conductor n of F' over F
is the product of I(n) and the class number of F' by the class field theory.

We studied cases where n’s are prime ideals. Indeed, for the set of prime ideals p
for which the Frobenius automorphism is a prescribed one, we showed that there is a
polynomial h with rational coefficients such that I(p) is divisible by h(p) for a prime
number p lying below p and conjectured that prime ideals satisfying h(p) = I(p) has a
positive (modified natural) density [K2]. The conjectural density is really positive, and
the conjecture is true for several cases under G.R.H. [CKY], [K1], [K2], [K4], [L], [M],
[R]. As a next step, we proceed to the case of ideals n = por with a rational prime
number. In this case, finding out the polynomial h above is difficult, because we have to
manage the obstruction group

M) = {(ao, - ,am) € Z™ (Pt - € =1 mod n}

where {e1,--- , €y} is a set of fundamental units of F' and ¢ is a generator of the group
of roots of unity in F. If n is a prime ideal, then (or/n)* is cyclic, and if the rank of the
unit group oy is one, E(n) is almost cyclic. In such cases, we have only to consider the
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order of each unit modulo n, and so such cases are relatively easy. The former case is in
[K2]. In the latter case, we announced the polynomial h explicitly in some cases of the
rank of oy being one, and the positivity of the conjectural density [K3]. Contrary to it,
in case of m > 2, we must study the obstruction group seriously.

As the simplest case, we take up a cubic abelian field F', whose rank of o}, is two. Let
p be a prime number. The case where p runs over the set of rational primes which remain
prime in F' is contained in [K2]. The polynomial k, then is (z —1)/2 and we showed that
the expected density is positive. We know that the ray class field of conductor being a
prime number p contains the composite field of the Hilbert class field and Q(¢, + G b
for a primitive pth root ¢, of unity, and so, if the conjecture above is true, then they
coincide for infinitely many primes.

In this paper, we confine ourselves to decomposable primes. Before explaining the
content, we should remark: Let K be a Galois extension of the rational number field @,
and let w,r be the order of the group of the roots of unity in K and the rank of the
unit group. If a prime p decomposes fully in K, then #FE((p)) divides w(p—1)"/ck with
cx = 1. cx > 1 can happen, for example cx = 2 holds for a real quadratic field with
the norm of the fundamental unit being 1 [K3]. Note that cx > 1 means that there are
relations among units modulo p besides ¢?~! = 1 mod (p).

Now, F' denotes a cubic abelian field as before. In the first section, we evaluate
the number of prime numbers p for which #E((p)) = 2(p — 1)? holds. We involve
Frobenius automorphisms, and conjecture the density, taking account of Chebotarev’s
density theorem. The key is the proposition 2, which describes the obstruction group
{€ € ofle = 1 mod (p)} explicitly, and makes the evaluation of the number of primes
with #E((p)) = 2(p—1)? possible, using Frobenius automorphisms. We do not have any
extension, i.e. any algebraic frame to express the condition #E((p)) = w(p —1)" /ck in
terms of Frobenius automorphism for a general Galois extension yet.

In the second section, we write down the conjectural density explicitly. Making use
of details on fields F( W), we see that it is really positive, and so cp = 1 is expected.
The numerical data support the conjecture. Like Artin’s conjecture on primitive roots,
the proof of our conjecture shall involve the estimate of the infinitely many accumulation
of error terms of analytic version of Chebotarev’s density theorem.

Hereafter F is a cubic abelian field with Galois group (o), and F(n),I(n) are those
defined above. Here (g1, - , gn) stands for the group generated by g1, - , g,. dp stands
for the discriminant of F'. Moreover the letter p denotes an odd prime number which
decomposes in F', and ¢ denotes a prime number. Let m be a natural number. (,,
denotes a primitive mth root of unity. F,, stands for F( V{L/(E), which is a finite Galois
extension over Q. For a prime ideal p of F,, lying above p, op, /q(p) denotes the
Frobenius automorphism corresponding to p, and o, o (p) denotes the conjugacy class
of Gal(F,,,/Q) containing o, /q(p)-

§1.

In this section, we show that #F((p)) divides 2(p — 1)? and describe the number of
prime numbers p satisfying p < z and #E((p)) = 2(p — 1), i.e. I((p)) = (p —1)/2 in
terms of Frobenius automorphisms.
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PROPOSITION 1.  We can choose a set {e1, €2} of fundamental units of F such that
€] =€, €5 = (e160)7 1,

and we have (€1, €2) = {€ € 05| Np/q(€) = 1}.

PROOF.  The unit group oy is the direct product of {£1} and {e € 05|Np/q(€)
= 1}. By considering {€¢ € oj|Np/g(e) = 1} as a free Z-module of rank two and
by applying the theory of integral representation of a cyclic group (o) of order three
operating on it [CR], there is a system {e;, €2} of fundamental units such that

€] =€, €5 = (6162)_1.

This completes the proof. O

Hereafter €1, €5 are those in the proposition 1. By virtue of the proposition, € =
—1 mod (p) does not happen for € € (1, €2), since it implies 1 = N/ () = —1 mod (p)
holds, which contradicts our assumption that p is odd. Hence we redefine the obstruction
group M = M, by

My = {(a1,a2) € (Z/(p— 1) Z2)?|e{" e = 1 mod (p)},

which is different from the definition in the introduction. Here we note ?~! = 1 mod (p)
for every € € oy since p is supposed to decompose in F.

PROPOSITION 2. There are natural numbers D1 = D1 (p), D2 = Da(p),b = b(p)
which satisfy

(1) D1D2|P - 17
(ii) dy := (p—1)/D1 is the order of ¢; mod (p) (i = 1,2),
(111) Mp = <(d170), (O,d1)> + <(d27 bd2)> where d2 = (p - 1)/D1D2

Moreover, b satisfies b> — b+ 1 =0 mod Dy and it is uniquely determined modulo Ds.

PROOF. By ez = €7, the order d; of €3 mod (p) is equal to that of €; mod (p). Put
dy = (p —1)/Dy; then M contains clearly

S:={(a1,a2) € (Z/(p—1)Z)?|e* = 1 mod (p)(i = 1,2)}
= ((d1,0),(0,d1)).

If M = S holds, then we have only to put Dy =1 and b = 0.

Suppose M # S and choose (a1,a2) € M \ S so that ay is the minimal natural
number satisfying (aj,az) € M\ S. It is easy to see 0 < ay < dy. If a3 = dj, then
we have €52 = 1 mod (p) and then az = 0 mod dy. It contradicts (a1,as2) ¢ S. Hence
a1 # dj holds. Thus we have 0 < a1 < d; and a; is minimal in the set of natural numbers
a such that (a,*) € M. Put
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A1 = gcd(al,dl)

and write Ay = za1+yd; (z,y € Z). Then M > x(a1,a2) = (A1 —yd1, zas) = (A1, xas)—
(ydy,0) implies (A1,xas) € M. The inequality 0 < A; < a; and the minimality of a;
yield A; = a;. By virtue of A;|d;,

a; = Al = d1 /DQ
holds for some integer Do, where 1 < Ds|d;. Let us see
M = S -+ <((11,(12)>.

Suppose (c1,c2) € M and ¢1 = ga;+7r, 0 < r < ay. By virtue of M 3 (¢1,c2)—q(a1,a2) =
(r,ca—qas) and 0 < r < ay, we have r = 0 by the minimality of a1, and then (0, co—gas) €
M yields ¢y — qas = 0 mod d; and so (c1,¢2) — q(ar,az) = (0,¢2 — gag) € S. Thus we
have M = S + ((a1,a2)). By virtue of (e]*€5?)7 = €] “?e5* ™2, (—az, a1 —az) € M holds.
Hence we have (—ag, a1 — a2) + b(ay,az) € S for some integer b and so az = ba; mod d;
and hence (a1,ba1) = (a1,a2) — (0,a2 — bay) € M and (a1, az2) — (a1,ba;) € S follow.
Thus we may assume

as = bay

without loss of generality. Then M > (—ag,a; —a2) +b(a1,a2) = (0,a1(1 —b+5?)) holds
and so we get a; (1 —b+b?) = 0mod d;. Since we put a; = dy/Ds, the desired equation
1 — b+ b% =0 mod Dy follows.

To show the uniqueness of b mod Dy, suppose (a1,b;a1) € M (i = 1,2); then M >
(a1,b2a1)—(a1,b1a1) = (0, (ba—b1)ay) implies (ba—b1)a; = 0 mod dy, and hence by —b; =
0 mod D5. Thus we have completed the proof. O

PROPOSITION 3.  #FE((p)) divides 2(p — 1)%, and I((p)) is divisible by (p —1)/2.

PROOF. The natural mapping ¢ from (—1 mod (p)) x (e; mod (p)) x (€2 mod (p))
to E((p)) (= {umod (p)lu € op}) is surjective. Therefore #E((p)) = 2#(e; mod (p))
#(ea mod (p))/# ker ¢ holds. By assumption on p, (p) decomposes in F and so #(e; mod
(p)) = #{e2 mod (p)) divides (p — 1). Thus #E((p)) divides 2(p — 1)2. Hence I((p))
[(or/())* = B((p)] = (p — 1)*/#E((p)) is divisible by (p — 1)/2.

The following follows from the proposition 2, 3.

oo

CoroLLARY 1.  I((p)) = (p —1)/2 and hence #E((p)) = 2(p — 1)? holds if and
only if My, is trivial, i.e. D1(p) = Da(p) =1 holds.

REMARK. The proposition 2 and the proof of the proposition 3 imply #E((p)) =
2(p—1)2/#M, = 2(p—1)?/D3}D5 (€ Z), and hence I((p)) = (p—1)/2- D?D,. Moreover
the equation 22 — 2 + 1 = 0 mod D, has to have a solution and so a prime divisor ¢ of
Dy is 3 or congruent to 1 modulo 3.
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PROPOSITION 4. Let € be a unit of F and r = (p — 1)/D the order of ¢ mod (p),
and let m be an integer relatively prime to p. Then m divides D if and only if (A7t =

”{/Ep_l =1 for every p € op,, /o(p)-

PROOF. Since p is supposed to decompose in F, we have €~! = 1 mod (p). There-
fore the order r of € mod (p) divides p— 1 and D = (p — 1)/r is an integer. Then

m|D=(p—1)/remlp—1and r|(p—1)/m
& mlp—1and ?"D/™ =1 mod (p)
& mlp—1and /™ =1mod p for "p|p

where p is a prime ideal in F,

et =1 and W/ =1 for p=ap, 0(p), "plp.

Let us explain the last equivalence. Since p decomposes in F, p is the identity on F' and
then %/e” ' is an mth root of unity. Suppose that ¢ is an mth root of unity. We have
only to show ¢ =1 mod p implies ¢ = 1. If  # 1, then there is a prime £ (|m) such that
¢¢ = 1 mod p. Therefore p = ¢|m holds, which contradicts (m,p) = 1. O

PROPOSITION 5. Let D1(p), D2(p), b(p) be those in the proposition 2, and suppose
that a natural number n divides (p — 1)/D1(p). Then n|Da(p) holds if and only if

Dy (p)n p—1
"Veey, =1for'peor, , aD (1)

holds for some integer b. Then b is uniquely determined modulo n so that b = b(p) mod n.

Proor. For simplicity, we write D;(p) = D;. If n divide D5, then putting Dy = nr,
we have

M, > r((p—1)/D1D2,b(p)(p — 1)/D1D3) = ((p — 1)/D1n,b(p)(p — 1)/ D1n),

b(p)

(p=1)/Dan b)@=1)/Dim = 1 11164 (p). Hence the order of € = €€,

and hence ¢ mod (p)
is (p — 1)/Dina for a natural number a. Applying the previous proposition to e,m =
Din (# 0 mod p), we have

p—1
Pfe ™ = 1forVpe OFp, . /Q(D)-

Conversely, the equation (1) yields M, 3 ((p — 1)/Din,b- (p — 1)/D1n), and then n|Ds
by virtue of the proposition 2.

To show the uniqueness of b, suppose that n|Dy and P/ elegp_l =1 for p €
0Fp,,./Q(p) holds for some integer b. Then we have both M, > ((p —1)/Din,b- (p —
1)/Din) and M, > ((p—1)/D1n,b(p)(p—1)/D1n), and so the difference (0, (b—b(p))(p—
1)/Dyn) € M,. The proposition 2 implies n|(b(p) — b), which completes the proof. O
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PROPOSITION 6.  For natural numbers b,n, suppose
o1 n/ Pt v
P70 = Veey =1forpe O'Fn/Q(p).

Then {q/a(bsz“)(”’l) =1 holds for "p € oF, ;o(p).

Proor. Take an automorphlsm n € Gal(F, / ) satisfying n = ¢ on F. For
p € op, (), npn~' € op,/qo(p) implies \/@ = ’{‘/@77 by the assumption.
On the other hand, we have (e;¢5)7 = €;%es™" = (€e1€}) e b ~0+1and then @n

(m_b%btbﬂ for an nth root ¢ of unity. Thus @np is equal to
C{/@_b q/a“’Q‘b“)P = @n c/?g(bz_b+1)(p_1). Comparing it with the above, we
have c/a(bz‘b“)(”‘” =1 O

PROPOSITION 7.  For natural numbers m,n,b, we set

(i) ¢t = v/e’ —1]”07’1—1,27 }

4

H(m,n;b) = { p € Gal(Frun/Q) - ]
{ (ll) <£71 =1 €1€5 = %(b —b+1)(p—1) =1

Then it is a union of conjugacy classes of Gal(F,,,/Q).

PRrROOF. Let p € H(m,n; b) and n € Gal(F,,,,/Q). It is clear that we have only to

1 2 1
_1 npn— b2 —b+1 —
npn _ eleg _ ”72( D™ =1 _ ¢

see /e;
(i) In case of n = id on F.
Since %/€;" = ( x/€; for an mth root ¢ of unity, it is easy to see 7/e;"" = /"

npn~'-1

and so /e, = 1. The others are similar.

(ii) In case of n = o on F.
€/ = € and €] = (e1e2)7! imply /&1 = ay /e, ¥/ = w/eres + for mth

roots al,ag of unity and hence /e P = \/ " for i = 1,2. Because of (e1€5)" =
1 .

(e1€5)~Pe b , we have \/6162 = a3 \/6162 1 for an nth root as of unity

and then \/6162 = \/eleg . By virtue of 62 = (eleg)’legfl, we obtain {/e, =

1 i . 2 2
€165 o/e5 ! for an nth root of ay of unity and so o/eg b bt e (b7

(iii) In case of n = 02 on F.
6/ = (e162)7! and € = ¢ yield x/™ = /" for i = 1,2. (e1€3)" =

1 —(b%2=b41) . . n np n n b . .
(€1€5)® 162( T implies Vel = Ve, and € = (e€})e;” implies
2 2
{L/a(b b+1)np _ {1/5(17 b+1)n. ]

For a positive number z, we put
Sy = {p < z|p is an odd prime number which decomposes in F}
To={p€S:lI((p)) = (p—1)/2} = {p € S I#E((p)) =20 — 1)*}.

Let us express the number #7, in terms of Frobenius automorphisms. Since
#E((p)) = 2(p — 1)? is equivalent to D;(p) = Da(p) = 1, we have
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PESy
Dj(p)=D2(p)=1

= Z Z w(n) (w is the Mobius function)

PESy D
Dy(p)=1 nlD2(p)

=y pm) > 1

PESy
D1 (p)=1,n|D2(p)

:zn:u(n) > > 1

b mod n PESy
Dy (p)=1,n|p—1,

P P .
N 6168 =1 for VpEaF"/Q(p)

(by the proposition 5, since n|Dy(p) implies n|p — 1)

=2 um) > > > u(m)

b mod n P‘Efli m|D1(p)
n pP—1 o \;
e1e8 =1 for Vp€op /q(p)
(i) m|D1(p) .
= Zﬂ(n)u(m) Z # 4 p € S:|(ii) p=1mod n, mﬁ =1
nm bmod n for Yp € o, 10 (p)
(0) ptmn

i) ¢l =wa = e =1
= n(mu(m) > #{peS.| for'pcor, o)

n,m b mod n (11) Cﬁ—l — 17 n/elegp =1
for Vp € op, 10 (p),

(by the proposition 4)

= umum) > #{pe Siptmn,or,, o) C H(m,n;b)}

b mod n

(by the proposition 6).

Thus we have shown
THEOREM 1. The number #T.,. is equal to

> um)p(m) > #{p€ Sulptmn,on,, /qp) C H(m,n;b)}.

n,m>1 b mod n

Taking account of Chebotarev’s density theorem, we propose

CONJECTURE.

i #7, /L) = (o) Y TR~ say)

b mod n
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In the next section, we will show the expected density x above is really positive.

§2.

Let us show that the infinite series x in the conjecture is absolutely convergent to a
positive number. The aim in this section is the following

THEOREM 2. We have

1 a(l .
[1¢ja, (1 TE e —(1))122> if 3|dp,

1 1 a(fl)
=1 I (e -o0e = -
1 ( ( 1)) HMF<1+(£112)EE2>+2H(€112)££2 if 34 dp,
fdr

where £ denotes prime numbers and

/ if £ =2mod 3,
a(l)=<30—-2 iff{=1mod 3,
+2  ife=3,

and k # 0.

Before the proof, let us give numerical examples. Set x = 108 and 7(z) is the number
of primes not exceeding z. k' denotes the partial product of x for £ < 450000.
In case of F C Q(¢r) : k¥ =0.17400- - - and #T,/m(x) = 0.17410- - -,
In case of F C Q((o) : k' =0.19175--- and #T,/m(x) =0.19181---.

Since we have

-1

#H (m,n56)/ [Frn = Q) = [Q(Grs VT, W/ew, Gy Vards, " 1) 1 Q]
=37 [F (G, v&T, ¥am G Vardh, v ) F]
we set
k(m,n5b) = [F (G, /e, ¥ea, G, Verdy, " ") F|

for simplicity, and then

=g 0 umum) S 1/k(m,nib).

n,m>1 b mod n

Put m = mid,n = n1d for d = (m,n). Since we may assume that m,n are square-free,
minid is supposed to be square-free. So we have, replacing my,ny by m,n
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3K

S>> ulmutn) 3 1/k(nd,nd;b)

n,m,d>1 b mod nd
mmnd:square-free

= Z p(m)p(n) Z 1/k(md,n;b)

n,m,d>1 b mod nd
mnd:square-free

(because of k(md, nd;b) = k(md,n;b))
= Y pmad Y 1/k(md. i)

n,m,d>1 b mod n
mmnd:square-free

(since k(md,n;b) is determined by b mod n, and putting M = md)

= Y uonue)( S ua) X yknmb)

M,n>1 d|M b mod n
Mmn:square-free

= Y pmem) D 1/k(m,n;b)

m,n>1 b mod n
mmn:square-free

since -0 t(d)d = [y pr(1 =€) = p(M)p(M), where £ stands for primes and ¢ is the
Euler function.
Set

A= 1]«

Z‘de

We note that A is even and square-free. For natural numbers a, b with a|A>, (b, A) = 1,
we know [K2]

[Fop : F] = [F, : F|[Fy : F] = b*p(b)[F, : F] and F,N F, = F.
In particular, (b1,b2) = 1 and (b1be, A) = 1 imply that F,, and F}, are linearly disjoint
over F by [Fyb, : F] = (b1b2)?¢(b1b2) and [Fy, : F| = bp(b;) for i = 1,2.

Suppose that mn is square-free, and write m = myms,n = ning so that (min;, A) =
1 and mang|A*. Then we have, noting that mn is square-free

k(m,n;b) = k(mimsa,nina;b)
= [F(Gne V& s, Gy /L i,
G Vereh, &, G, Ve, @) F
- [F(an mfer, mfez, Veie, n{/ab”“) :F}

(by Fyn, and Fy,,n, being linearly disjoint over F')
= k(m1,n1;b)k(mz, na; b).
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Since mn is square-free, (m,n) = 1 holds and (miny,2) = 1, we have

k(my,n1;b) = [ (lenlv /€1, ™Y€, {/%7 5 71’“) :F]
= [Fpn, : F] [F((m, Ve, w/g*’“’“) :F}
= p(mi)m? [ [F(Q, Ved, %b2"’+1) F}

Z|n1

By virtue of [Fy : F] = p(£)¢? for {|ny, we see
a2 o) ifb?>—b+1=0mod ¥,
[F(Cg, vV eleg,\‘/gb b+1) :F} =

()2 ifb?> —b+1% 0mod /¢

= p(pE-al),

where we put
1 ifb>—b+1=0mod?¥,

a(b,l) =

0 ifb?>—b+1%0mod /.

Therefore we have

k(mqy,n1;b) = p(m1)mip(ng)n? H g0,

["I’Ll

and 3k is equal to

Hz|n fou(b,6) 1
> p(mina)p(mims) Y - : :
my,ma,nq,mg>1, b mod nins Lp(ml)m%@(nl)n% k(mz,ng;b)
m1magning:isquare-free
(myny A)=1,mong|A

Writing b = bying + bany, we see easily
a(b,l) = a(bing, f) for ¢lny and k(mag,no;b) = k(ma, na;bang),

and then, replacing byns, bony by by, by respectively

ny a(by,l)
3k — Z Z ( )H£|n1

2
my,my 21, b1 mod ny ml(ﬁ(nl) n
mqnqisquare-free
(min,A)=1
X pna)e(ma) D 1/k(ma,na;by)
mo,ng>1, bs mod no
mong|A

= E[ X E[[ (Say).
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We see

H éa(bZ)
R

m,n>1, b mod n
mmn:square-free
(mn,A)=1

S e X Iee

n>1,(n,A)= b mod n £|n m>1,(m,nA)=1,

m:square-free

> I I (1 + é)

n>1,(n,A)=1 (P( ) b mod n ¢|n “#nA

M 2) 5, A )

A n>1,(n,A)=1 b mod n ¢|n Ln

Writing n = nins and b = byns + bany, we see

Z Hza(b,f) — Z H ga(blng,f) H ea(bgnl,f)

b mod n £|n by mod ny fpy lng
by mod ny
a(by,l a(bs,l
< 3 Hg(1)>( 3 Hg(2)>’
b1 mod n1 £|n, b2 mod n2 £|ng

and hence inductively

S L =TI X o),

bmod n £|n fln “bmod £

Therefore E; turns out to be

() T

5 > za”")x<1+£> 1)

A A b mod ¢
(1 gme X o)
LA b mod £
It is easy to see
12 if £ =2 mod 3,
a(t):= > D =302 if {=1mod 3,
bmod £ (+2 ife=3

Finally we have
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oA
Because of a(f) <30 —2=2({ — 1) + ¢, we have

o 2t 1 /1 1 \_ 1.,
(—ne=e G- e\ i-n) " e

by £ > 2, and hence we have FE1 # 0.

To study the term Ejj, we need several algebraic preparations.

Let f be the conductor of F', that is, f is the minimal natural number such that
F C Q(¢y). By virtue of [F': Q] = 3, we see that f or f/9 is a product of prime numbers
which are congruent to one modulo 3.

LEMMA 1. Let m,n be natural numbers such that (m,n) = 1, F ¢ Q((yn) and
F ¢ Q((,). Then we have

L if F ¢ Q(Gmn),

[F@m)mF(Cn)F]:{ )
3 if F C Q(Cmn)-

PrROOF. The assumption implies [F((y,) : F] = [Q((n) @ Q] = ¢(m) and [F((,) :
F] = ¢(n). Then the assertion follows from

[F(Cm) : F)
[F(Cm) : F'(Gn) N F(Cn)]
_ m)[F(G) : P
_ elmel) .
[Q(Cmn) : Q(Cmn) N F}

[F(Cm)mF(Cn)F]:

LEMMA 2. If (n,m) =1, then F,, N F,, C F({nn) holds.

PROOF. The extension degree of Fy,((mn) = F(Cnn)( Vog) over F(Cpy) divides
m® by theory of Kummer extension. Similarly that of F),((,) divides n®°, and then
F(Cmn)( VOoR)NF (Cmn)(Vor) = F(Crmn)- Thus we have F,NE, C Fpy(Crn) VEn (Cnn) =
F(Gnn)- O

LEMMA 3. If m is square-free and F ¢ Q((y,), then o™ — € is irreducible over
F(Cm), where e € o} are supposed not to be a power of a unit in F.

PROOF. Since m is square-free, we have only to show ¢ ¢ F((,,)" for any prime
¢|m. Suppose € € F((,,)* for a prime divisor £ of m. By virtue of F' C F(/€) C F((m),
F(Je)/F is a Galois extension, and then the assumption /e ¢ F implies F({/e) # F

and then (y/e € F(e), and so {4 € F(Ye). If FNQ() # Q, then F C Q(¢) holds
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because of [F : Q] = 3. This contradicts F' ¢ Q((,,). Thus we have FF N Q({,) = Q and
hence [F({e) : F] = [Q(¢r) : Q] = ¢ — 1. Suppose £ # 2; then £ > [F(e) : F] = [F(e) :
F(¢)](£ — 1) holds. Thus ¢ > 2 implies [F(/e) : F({)] = 1, i.e. F(/e) = F(¢;). This
is a contradiction since F'({/€) has a real conjugate field and F((,) is totally imaginary.
Next, suppose £ = 2; then we have F C F(\/e) C F((»). Therefore there is a quadratic
field Q(v/D) in Q((n) satisfying F(y/€) = F(v/D) by virtue of F N Q((n) = Q, where
D is a square-free integer. It implies \/¢/v/D € F and then ¢ = Da? for some a € F. If
D # —1, then prime divisors ¢ of D have an even ramification index at F'. It contradicts
[F: Q] = 3. Thus we have ¢ = —a?, which also contradicts the assumption. O

LEMMA 4. If m is odd and square-free, and if F ¢ Q((m), then we have [F, :
F(¢n)] = m? and [F,, : F] = m%p(m).

PROOF. Since m is odd, we obtain F,, = F((n, /€1, t/€2) and
[En t F(Gn)] = [F(Cm, Ve, R/e2) 1 F(Gn)]

= [F(Crm %7 7{1/5) : F(Crm %)][F(Crm %) : F(Cm)]
m[F(Cm, V/er, ¥/e2) : F(Cm, Ver)l

by the lemma 3.

Suppose [Fy, : F((n)] < m?; then 2™ — e, is reducible over F((,, %/€1) by the
above. Hence there is a prime ¢|m such that e; € F((m, %/€1). Let us consider the
sequence

F(Gm) C F(Cny ¥/er) © F(C, Vet /ea) C F(Gm, W)

Since [F((m,+/€1) @ F({m)] = ¢ holds by the lemma 3, we see that [F((p, R/€r) :
F(Gn,y/€1)] = m/t is relatively prime to £. Since F((m, Y€1) > (¢ by £m, [F(¢m,
Ver,/€2) : F(Gm,/€1)] = 1 or £ holds, and then it yields F((p, /€1) = F(Cm, V€1, /€2)
and so /€2 € F(Cp,/€1). Then there is a natural number r such that e/ /e" €
F(Gn)- It is a contradiction, applying the lemma 3 for € = €165 ". Thus we have proved
[Fy @ F(Gn)] = m? and then the second equation follows easily from FNQ((n) = Q. O

The isomorphism in the following lemma is a special case of the theorem 2.1 in [K4] or
a refinement of the lemma 4.

LEMMA 5. Let g be an odd prime number. Then we have
Gal(F(Vof ) /F()) = (2/a2)
17(6n Vad, ya" ") i F| = (4= D¢*09/[FNQ(G) : Q)

PROOF. The second follows from the first and the definition of . O

LEMMA 6. Letm be odd and square-free, and assume F ¢ Q((,,). Then an abelian
subfield K of F, is contained in F((p).
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PROOF. Let K be an abelian subfield of F,, and suppose K ¢ F((,). Since
Fp = F((m)( 7/€1, t/€2) is a Kummer extension of (), and Fr, O K-F(Gr) 2 F(Gn),
there are integers a, b,m’ such that K - F((y) 3 "eleh with (a,b) = 1, 1 # m/|m. Set
€ = efeb and take 1 € Gal(F,,/Q) so that n = id on F((,,) and "™/e" = (v "/e, using
the lemma 4. Let py € Gal(F(()/Q) such that pg = id on F and ¢ # (. This is
possible since m/’ is odd. We extend pg to an element of Gal(F((,,)/Q). By virtue of the
lemma 4, we can extend pg to p € Gal(F,,/Q) so that ™/e” = ™/e holds by multiplying
an element of Gal(F,,/F((n)), if necessary. Then we have

R = (G V) = 03
/e = M = G e € M.

Hence /€ is not abelian over . However the assumption implies that K-F((,,) (2 ™/€)
is abelian over ). This is a contradiction. O

LEMMA 7.  Suppose that m,n are relatively prime square-free odd integers and
suppose F ¢ Q((n) and F ¢ Q((,). Then Frpy N E,, = F((n) NF(C,) holds and we have

L if F ¢ Q(Cmn)

[FmﬂFn:F]:{ |
3 if F CQ(Cmn)-

PROOF. Put K = Fyy 1 Fy (D F(Cn) N F(Cy)); then K € F(Con) holds by the
lemma 2, and hence K is abelian over Q. Then the lemma 6 implies K C F((pn) N F ()
and hence K = F((;,) N F((,), and then the lemma 1 implies the desired equation. O

LEMMA 8. [Fy: F] =8 and the maximal abelian subfield of Fy is F'(v/—1).

PROOF. F, = F(v-1,\/e1,\/e) and F/—1) # F are clear. If we have
F(vV-1,\/e1) = F(v/-1), then /e € F(v/-1) and so \/e;/v/—1 € F hold. It im-
plies a contradiction €; = —a? for an element a € F. Therefore we have F(v/—1, /1) #
F(y/-1). Next, suppose F(v/—1, /e1,/€2) = F(v/—1,/€1); then /& € F(v/—1,/e1)
and so \/e2/v/—1,\/€2/\/e1 or \fez//—€1 € F holds since quadratic subfields over
F in F(v/-1,/e1) are F(v/—1),F(\/é1) or F(y/=€1). They are contradictions simi-
larly to the above. Thus we obtain [F» : F] = 8. The maximal abelian subfield
K of Fy contains F(y/—1) clearly. Suppose K # F(y/—1); then K must contain
F(V-1)(y/e), F(vV/-1)(y/&2) or F(v/=1)(y/e1€2). Therefore one of the three fields is
abelian. However they are conjugate by virtue of €J = e,¢§ = (e1€2)~ !, and so they
coincide. This is a contradiction. O

LEMMA 9. For an odd square-free integer m, Fo N F,, = F holds.

PROOF. It is easy to see that [Fa(Cam) @ F(Cam)] = [F(Cam)(Ve1, VE2) @ F(Cam)]
divides 4, and [Fy,(Cam) @ F(Cam)] = [F(Cam)( /€1, 1/€2) + F(Cam)] is odd. Therefore
we have F(Cum) = Fo(Cam) N Frn(Cam) D Fo N Fypy, and then K := Fy N F,, is an
abelian subfield of F,. By the previous lemma, K is equal to F or F(y/—1). Suppose
K = F(y/-1). Since [Fy, : F| = [Fy, : F(Cu)][F(¢m) : F] and [Fy, : F(¢)] is odd, we
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see that /—1 (€ K C F,,) is contained in F((y,), i.e. vV—1 € F((n)-

On the other hand, dr and m are odd and hence the discriminant of F({,,) is odd.
Thus the prime 2 is unramified, which contradicts v/—1 € F((n,). O

Under preparations above, let us evaluate the term

m,n>1 b mod n

Dividing terms according to parities of m,n, we have

Er= Y empun) Y kmud)+ S emun) Y 1/k2m,n:d)

mn|A/2 b mod n mn|A/2 b mod n
= Y elmu(n) D 1/k(m,2n;b),
mn|A/2 b mod 2n

recalling A is even and square-free. By virtue of the lemma 9, we see, for mn|A/2

k(2m,n;b) = |:F<C2m, 2/eq, 2/ea, Cn, m, {'/5b2_b+1> :F}

= [F(Var.va) : FI[F(Gu W/er, Wea, G Verd, /e ") o F|
= 4k(m, n;b).

Writing b = 2by + ban (n : odd), we have
k(m,?n, b) = [F(Cma ’{L/a) %a Cna Vv €1€g2n7 n‘/ 6163171’
\/a(bng)z—bQTL-"-l’ %(21)1)2—%1-{-1) IF}
= [F(\/ 61632”, \/é(bzn)z_bmﬂ) : F]k‘(m,n; 2b1)

= 4k(m,n; 2by),

by virtue of (ban)? — byn + 1 = 1 mod 2. Therefore E;; is equal to

S plmutn) Y Vkmnib) 7 S plmyuln) 3 1/k(m,n:b)

mn|A/2 b mod n mn|A/2 b mod n
= > pmu(n) Y 1/(4k(m,n; 2by))
mnlA/2 s

:Z Z e(m)p(n) Z 1/k(m,n;b).

mn|A/2 b mod n
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Set, for an integer a,

Via)= > o(m)un) > 1/k(m,n;b).

mnl|a b mod n

Then E;; = 3V(A/2) has been shown above.

PROPOSITION 8. Let q be a prime number such that ¢ = 3 or ¢ = 1 mod 3. We
have

5 .
6 qu:?)a
Vig =41+ % if q#3 and F ¢ Q(C,),
3(1—2q) .
1+m if ' C Q(¢g)-

Proor. It is easy to see

V(g) =1+ ¢(q)/k(g.1;0) = > 1/k(L,q;b),

b mod ¢q

noting k(1,1;0) = 1. The lemma 5 implies
k(g,1:0) = [F(Cq, /e1, /2) : F = ¢*[F(() : F)
and
k(1,q;0) = [F(qu Veds, \‘ngz_bﬂ) iF}

[F(Cy 4/ered) : F]  if b2 —b+1=0mod g,
{[F(Cq»%w@):F] if 02— b+ 1% 0mod ¢
q[F(¢) : F] ifb2—b+1=0modq,
{qQ[F(Cq)5F] if 52— b+ 1% 0 mod q.

Therefore we have

p(a) 1 1
V() =1+ 5= Y Y
= R ) Ve AF(Ce)  F] Vg TG F]
b2 —b+1=0 mod q b27b+1;£0 mod g

V(3) = 5/6 is easy. If ¢ # 3, then we have
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1—2¢q
Vig) =1+ 5t
W= E)
which gives the assertion. V(q) # 0 is easy to see. O

Suppose that ¢ = A/2 is a prime number.
If F C Q(¢o), then Efy = %V(S) = % and then

K= %ET (7é 0)7

which completes the proof of the theorem 2 when F' C Q({y).

If F C Q({,), then we have E;; = 3V (q) = 2(1 + 2%;2‘8) and so

1 3(1 — 2¢)
(1 q*(q—1)

)EI (#0),

which completes the proof of the theorem 2 when F C Q(¢,). Thus we have completed
the proof of the case where A/2 is prime.

LEMMA 10. Let m,n be odd natural numbers and q an odd prime number. Suppose
that mnq is square-free, F ¢ Q({y) and F' ¢ Q((mn). Then we have

L if F ¢ Q(Gmng),
1/3 if F C Q(Gmnag),

1L if F 7 Q(Cmng),
3 if F C Q(Cng)-

k(mq,n;b) = ¢*(q — 1)k(m,n;b) {

Z 1/k(m,nq;b)=qz(aq((i)l) Z 1/k(m,n;b){

b mod ng b mod n

PRrROOF. By definition, it is easy to see
m n 27
k(mg,n;b) = {F( Vor, Cn, Veres, {L/Eb b“) :F}
- {Fq-F(W, (ny Veres, i’/gbz_bﬂ) :F}

[Fy: F) [F( Voy, (o, Veres, {‘/Qb2_b+l> : F}
{Fq N F( V 0;, Cny V eleg, Q/5b2_b+1> : F} .

We have [F, : F] = [F((q, ¢/e1, /€2) : F(()][F(¢q) : F] = ¢*(g — 1) by the lemma 5 and
F ¢ Q(¢,), and then the numerator is ¢*(¢ — 1)k(m, n;b). By the lemma 7, we see

m n 2_
Fy 1 Py = F(C) N F(Gun) € By Vog, G, Vead, ya” )

C F,N Fon
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m 2 ]
and hence F, N F( \/0;, Cn, \"/eleg, ,"/egb b+1) = F, N Fy,,. Then the lemma 7 gives
the first equation.

2
For the second, we set 5 = {(,, Ve1eh2™, yezh=m 7b2"+1} for simplicity, and then
we have

k(m,ng; biq + ban)
= [F( p 0;‘7 Cns v €1fglqa %(b1q)27b1q+175) F}
= k(m,n;biq)[F(s) : F]/[F( Yok, Co, Verehtd, c/a“’l‘”z—”l“l) N F(s): F}
Here [F(s) : F] is equal to (q)g?~ (2™ by the lemma 5 and
FlGun) NF(G) € F(Vof, G Vady, y@®? ") n Fs)
C Fon N Fy = F(Gun) N F(Gq)

by the lemma 7, and so the denominator is equal to [F'((mn) N F(¢,) : F] and then

1 if F ¢ Q(Cmng),

k(m, ng;biq + ban) = k(m, n; biq)(q — 1)g* 29
1/3 if F C Q(Cmnq).

Thus we have

> 1/k(m,ng;b)

b mod ngq

= Z 1/k(m,n;b1q) Z (q_1)1q2+a(b2n,q){

by mod n b2 mod ¢

1 if F ¢ Q(Gnng),
3 if F C Q(Gnng)

{1 if F'Z Q(Cmng),

. _ )12 1/k(m,n;b
(@a—-D71 Y 1/k( ) 3 if F C Q(Cmng),

b mod n

where >, a4 q®*®9 is a(q) by definition as before. O

PROPOSITION 9.  Suppose that r|A/2 and F ¢ Q((r); then we have

V(?"):H<1+Z_2—€2(O;<£)1)).

Lr

Proor. If r is a prime, then r # 2 mod 3 holds and so the assertion follows from
the proposition 8. Suppose r = aq, where ¢ is a prime number and a > 1. It is easy to
see



Distribution of units 581

Vieg) = S elmutn) S 1/k(mnib) + 3 glmaiu(n) S 1/kGma,n:b)

mnla b mod n mnl|a b mod n
=Y emum) > 1/k(m,ng;b).
mn|a b mod ng

The first partial sum is equal to V(a). The lemma 10 yields k(mq,n;b) = ¢*(q —
1)k(m,n;b) by the assumption F' ¢ Q((4q) if mn|a. Therefore the second partial sum is
equal to ¢72V (a). Similarly, the third partial sum is equal to

a(q)

¢*(q — 1)V(a)'

Therefore we have

and inductively

V(r):H(1+€2—€2(O;(f)1)>. O

Lr

Now suppose 3|dg; then F' ¢ Q(a) holds since the conductor of F is divisible by 9
and A is square-free. Thus in case of 3|dr we have by the proposition 9

v4/2) = ] (1 N qz?q(q_)l)) #0,

qlA/2

which completes the proof in case of 3|dp.
Lastly, we assume 3 { dp. It implies that any prime divisor of A/2 is congruent to 1
modulo 3. Put A/2 = aq, where a > 1 and ¢ is prime. Similarly as above, we have

V(A/2) = V(a)+ Y wlma)u(n) Y 1/k(mg,n;b)

mnla b mod n

= > lmun) Y 1/k(m,ng;b).

mnla b mod nq
Here we see, by the lemma 10

1 ifmn <a,

k(mq,n;b) = ¢*(q — 1)k(m,n: b
(mg,n;b) = q”(q — 1)k( ){1/3 P
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Therefore the second partial sum is equal to

g2 Y p(mun) Y 1/k(mnib)+3¢7 > p(mu(n) Y 1/k(m,n;b)

mn|a b mod n mn=a b mod n
mn#a
=q°V(a)+2¢72 Y e(m)p(n) Y 1/k(m,n;b).
mn=a b mod n

Similarly, the third sum is equal to

Y wlmu(n) Y- 1/k(m,n;b),(qa(61)

mn|a b mod n
mn#a

3a(q)

T elmu(n) 3, 1/k(mmib)- m =5

mn=a b mod n

_ D) ey 20(0) uln -
_(q_l)q2v( )+(q_1)q2 Z SD( ):U‘() Z 1/k( 9 7b)

mn=a b mod n

Here we note «(q) = 3¢ — 2 by virtue of ¢ = 1 mod 3. Thus we obtain

B 1-2q o) o 20— 29) m)i(n -
Vs = (14 s V(@ + o S ) 3 1k,

mn=a b mod n

By the proposition 9, V(a) = [, ,(1 + g - (qui(f))qz) =11+ ﬁ) holds because

of F ¢ Q((,). If mn =a(< A/2), then the lemma 7 yields that F,, and F, are linearly
disjoint over F' and then we have

k(m,n;b) = [y : F] [F((n Ve, c/abz‘b“) : F}
= (P FITT [F (¢ Verdh, \%Eb”’“)  F]

£n

= [Fp : FJJ (¢ = 1)£27 00,
ln

and then by the lemma 4

ST /kGmnb) = 1: oD (H(g_l)gch(b,@)‘

b mod n bmodn *{¢n

1 ) Hf\n oz(f)
p(m)m?  p(n)n?

Thus we have
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Han a(l)

V(A)2) = (1 + (61__12;;2) G ) > w(mu(n)
2

oA/ (¢—1Dg* o=, @(m)ym2p(n)n?
_ 1—20 2(1 — 2q) . 1y, (3¢ -2)
- LA/2 (1 ! (E B 1)62) (q o 1)q2a2 mn:a'u( ) <p(n)

B (1+ 1—2@)+ 2 12
- _ 2 2 _ ’
v (£ — 1)L (4722 L0 01

which gives the formula in the theorem in case of 3t dp.
To see V(A/2) > 0, we have only to show

1-20 _ 2(20-1)
(=12~ ((—1)

1+

which is equivalent to (£ —1)¢? > 3(2¢ — 1), which follows from 3(2( —1) = 6(/—1)+3 <
9(¢ —1) < ?({ —1) by £ = 1 mod 3. Thus we have completed the positivity of the
expected density and so the proof of the theorem 2.

REMARK. Let p be an odd prime and F' an abelian extension of Q with [F': Q] = p
and Galois group (o). Then the rank of oy is p — 1 and o operates on o} = {e €
0p|Np/q(€e) = 1}. Hence it is isomorphic to an ideal of Q((,) [CR]. If the ideal is
principal, there are units €y, - ,€,—1 such that €] = €,4; for 1 <k <p—2and eg_l =
(e1... ep,g)_l and they are basis of op7, and then our argument may be generalized to
it.
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