J. Math. Soc. Japan
Vol. 58, No. 2, 2006

Numerical radius Haagerup norm and square factorization
through Hilbert spaces

By Takashi ITOH and Masaru NAGISA

(Received Apr. 7, 2004)
(Revised Mar. 22, 2005)

Abstract. We study a factorization of bounded linear maps from an operator
space A to its dual space A*. It is shown that T': A — A* factors through a pair
of column Hilbert space .7, and its dual space if and only if 7" is a bounded linear
form on A® A by the canonical identification equipped with a numerical radius type
Haagerup norm. As a consequence, we characterize a bounded linear map from a
Banach space to its dual space, which factors through a pair of Hilbert spaces.

1. Introduction.

Factorization through a Hilbert space of a linear map plays one of the central roles in
the Banach space theory (c.f. [17]). Also in the C*-algebra and the operator space theory,
many important factorization theorems have been proved related to the Grothendieck
type inequality in several situations [8], [5], [18], [21].

Let a be a bounded linear map from ¢! to ¢°°, {e;}2°, the canonical basis of ¢!,
and B(f?) the bounded operators on ¢2. We regard « as the infinite matrix [o;;] where
a;; = (ei,a(e;)). The Schur multiplier S, on B(¢?) is defined by S, (z) = a oz for
x = [x;;] € B(£?) where a o z is the Schur product [a;;x;;]. Let w(-) be the numerical
radius norm on B(¢?). In [12], it was shown that

w(aox)

[1Sallw = sup <1
x#0

if and only if a has the following factorization with ||al|?||b| < 1:

/1 4()‘)(00

EQ Hb. 62*

where a' is the transposed map of a.
Motivated by the above result, we will show a square factorization theorem of a
bounded linear map through a pair of column Hilbert spaces 7. between an operator
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space and its dual space. More precisely, let us suppose that A is an operator space
in B(#) and A® A is the algebraic tensor product. We define the numerical radius
Haagerup norm of an element u € A ® A by

1 n
e wh :inf{QH[ml,...,aﬁn,y’f,...,yﬂw | u= in@)yi}.
i=1

Let T: A — A* be a bounded linear map. We show that T': A — A* has an extension
T’ which factors through a pair of column Hilbert spaces 7. so that

il

Cr(A) —= O (A4)

e e

with inf{||al|% bl | T/ = a*ba} < 1 if and only if T € (A @y, A)* with || Tlwr- < 1 by
the natural identification (x,T(y)) = T(z ® y) for z,y € A.

We also study a variant of the numerical radius Haagerup norm in order to get the
factorization without using the * structure.

As a consequence, the above result and/or the variant read a square factorization
of a bounded linear map through a pair of Hilbert spaces from a Banach space X to its
dual space X*. The norm on X ® X corresponding to the numerical radius Haagerup
norm is as follows:

e = inf { sup { (Z |f<xi>|2)% (Z |f<yi>|2)é}},

where the supremum is taken over all f € X* with ||f]] < 1 and the infimum is taken
over all representations u =Y, z; ®y; € X @ X.

The norm || ||,z is equivalent to the norm || ||z (see Remark 4.4) introduced by
Grothendieck in [7]. However, || ||,z will give us a different view to factorization problems
of bounded linear operators through Hilbert spaces. Let m2(a) be the 2-summing norm
(c.f. [17] or see section 4) of a linear map a from X to . We show that T': X — X*
has the factorization

with inf{ma(a)?||b]| | T = a'ba} < 1 if and only if T € (X Qg X)* with | T||wm- < 1.
Moreover we characterize a linear map X — X* which has a square factorization by a
Lindenstrauss and Pelczynski type condition (c.f. [14] or see Remark 4.4).
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We refer to [6], [15], [20] for background on operator spaces, [17], [19] for factor-
ization through a Hilbert space, and [16], [22], [23], [24] for completely bounded maps
related to the numerical radius norm.

2. Factorization on operator spaces.

Let B() be the space of all bounded operators on a Hilbert space .7°. Throughout
this paper, let us suppose that A and B are operator spaces in B(J#). We denote by
C*(A) the C*-algebra in B(s#) generated by the operator space A. We define the
numerical radius Haagerup norm of an element © € A ® B by

12l wn :mf{2”[xl,...,mn,yl,...,yn]||2 | u= in@)yi},
i=1

where [x1,..., %0, Y5, ..., y5] € My 2,(C*(A+B)), and denote by A®,,, B the completion
of A® B with the norm || ||,p-
Recall that the Haagerup norm on A ® B is

[[ulln = inf{||[$17~-~,$n]|| || [ylv"'ayn]tH |u= sz ®yi}a
i=1

where [z1,...,2,] € My, (A4) and [y1,...,ys]" € M, 1(B).
By the identity

it w _ /B (%)

A>0

for positive real numbers «, 3 > 0, the Haagerup norm can be rewritten as

lulln = 1nf{2(H[x1,...7xn]H2 + H[yl,...,yn]

) lu= o).
i=1
Then it is easy to check that

1
Sl < lluflwn < llulln

and [|ull,p is a norm. We use the notation xaw ® y* for 37, 3770 | wici; ® y;, where
= [21,...,2,] € M1 ,(4), @ = [avij] € Myin(C) and y* = [y1,....Yym]" € Myp,1(B).
We note the identity za ® 3¢ = 2 © ayt.

First we show that the numerical radius Haagerup norm has the injectivity.

PROPOSITION 2.1.  Let Ay C Ay and By C By be operator spaces in B(). Then
the canonical inclusion @ of Ay Qqup Bl into As Q@ Ba is isometric.
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PrROOF. The inequality ||®(u)||wn < ||t]lwr is trivial. To get the reverse inequal-

ity, let w = > | x; ®y; € Ay ® B;. We may assume that {y1,...,yx} C Bs is lin-
early independent and there exists an n x k matrix of scalars L € M, (C) such that
(Y1, yn]t = Lly1, ..., yx]t. We put 2t = [y1,...yx]". Then we have

u=20y' =xo L
_ :CL(L*L)_l/Q ® (L*L)l/ta

and

H [l‘L(L*L)_l/2, ((L*L)l/ZZt)*}

| < [l (")

So we can get a representation u = [z},...,2}] © [yf,...,y}])" with

and {y/,...,y,} is linearly independent. This implies that z7,..., 2} € A;.
Applying the same argument for {z/,...,x}} instead of {y1,...,y,}, we can get a
representation v = [z"1,...,2"]] ® [y"1,...,y"]t with

s aiown™s - owi Tl < s ()]

1"y any" sy T < [ )]

and z'’; € Ay and y”’; € By. It follows that ||P(w)|lwn > ||t/ wh- O

We also define a norm of an element u € C*(A4) ® C*(A) by

lullwn = inf{”[xl, .. .,xn]tHQw(a) |u= sz‘aij ®:cj},

where w(a) is the numerical radius norm of o = [oy;] in M, (C).
A @wyp, A is defined as the closure of A ® A in C*(A) @wp C*(A).

THEOREM 2.2. Let A be an operator space in B(). Then AQun A = AQwn A.

PRrOOF. By Proposition 2.1 and the definition of A ®wp A, it is sufficient to show
that C*(A) ®qp C*(A) = C*(A) Qwp C*(A).
Givenu =Y 1 z; ®y; € C*(A) ® C*(A), we have

0, 1,

On On © [mi""5m:l7y17""y”}t'

u = [(El’...7$n7yik7"'?y::|

Since w([" o)) = 3, [ullwn = [[ullwh-

To establish the reverse inequality, suppose that u = > /', #ja;; ® x; € C*(A) ®
C*(A) with w(a) = 1 and ||[z1, ..., 2,][|?> = 1. It is enough to see that there exist c;, d; €
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C*(A)(i=1,...,m) such that u = _/" | ¢; @ d; with |[[c1,...,cm.d},...,d}]]|> <2. By
the assumption w(a) = 1 and Ando’s Theorem [1], we can find a self-adjoint matrix

B € M, (C) for which P = ['[7 /] is positive definite in My, (C).
Set [e1,...,con] = [2%,...,25,0,...,0/P% and [d,...ds,])t = Pz[0,...,0,

y

x1,...,%,]t. We note that u = [eq, ..., czn] [di,...,do,]t. Then we have

H|:C17...,CQn,dT,...,d;n]||2 = ||[a:’{, x) O,...,O]P[ml,...,xn,O,...,O]t

s o

+[0,...,0,2%,..., 23] P0,...,0,z1,..., 2]

:H[aﬁ,..., n]( +B)[z1, -]
+ [, n](l—ﬂ)[azl,...,xn]tu
= 2||[, ..., 2] ||* = 2. O

We recall the column (resp. row) Hilbert space J.(resp. %) for a Hilbert space
. For € = [§;5] € M, (5€), we define a map C,(§) by

Co(€) :C™ 3 A1,y Ay [ngm} e A"

and denote the column matrix norm by ||€]|. = ||Cr(€)||. This operator space structure
on ¢ is called the column Hilbert space and denoted by 7.

To consider the row Hilbert space, let 7 be the conjugate Hilbert space for .. We
define a map R,,(§) by

n
Ry(&) A >y, '—>[Z 5@]|77]] ec”
Jj=1
and the row matrix norm by ||£||, = ||Rn(§)||. This operator space structure on . is

called the row Hilbert space and denoted by 7.

Let a : C*(A) — 5. be a completely bounded map. We define amap d : C*(A) —
J by d(z) = a(z*). It is not hard to check that d : C*(A) — JZ, is completely
bounded and ||| = ||d|s when we introduce the row Hilbert space structure to 2.
In this paper, we define the adjoint map a* of a by the transposed map of d, that is,
dt: ((H),)" = ((H#7%),) = (). = A — C*(A)* (cf. [5]). More precisely, we
define

(a*(n),z) = (n,d(z)) = (nla(z™)) for ne€ 2,z C*(A).

A linear map T': A — A* can be identified with the bilinear form Ax A 5 (z,y) —
(z,T(y)) € C and also the linear form A ® A — C. We also use T to denote both of
the bilinear form and the linear form, and use ||T|3+ to denote the norm when A ® A is
equipped with a norm | ||s.
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We are going to prove the main theorem. The main result below can be shown by
modifying arguments for the original Haagerup norm in [4].

THEOREM 2.3.  Suppose that A is an operator space in B(3), and that T : A x
A — C is bilinear. Then the following are equivalent:

(1) (1T flwn- < 1.
(2) There exists a state pg on C*(A) such

IT(2,y)| < po(xz*)2po(y*y):  for z,y € A.

(3) There exist a x-representation 7 : C*(A) — B(X'), a unit vector £ € X and a
contraction b € B(J£") such that

T(z,y) = (v(x)bm(y)§ | §) forz,y € A.

(4) There exist an extension T' : C*(A) — C*(A)* of T and completely bounded
maps a : C*(A) — H., b: H. — K. such that

T’

C*(4) —L'> c*(A)*

ie., T' =a*ba with |a|?||blle < 1.
PrOOF. (1)=(2) By Proposition 2.1, we can extend T on C*(A) ®,n C*(A) and

also denote it by T. We may assume ||T'||,n« < 1. By the identity (%), it is sufficient to
show the existence of a state pg € S(C*(A)) such that

1
T(,y)l < gpo(wa™ +y*y) forz,y € C7(A).
Moreover it is enough to find pg € S(C*(A)) such that
]- * * *
ReT(z,y) < gpo(ea™ +y"y) for z,y € C*(A).

Define a real valued function T, . 2, 4:....yn3( - ) on S(C*(A)) by

n

1
T{ml,...,zn,yl,...,yn}(p) = Z gp(xle + y:yl) - ReT(xivyi)a
=1

for z;,y; € C*(A). Set
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A = {T{Ilv---alnaylau-:yn} | Liy Yi € C*(A)7 n e N}

It is easy to see that A is a cone in the set of all real functions on S(C*(A)). Let 57 be the
open cone of all strictly negative functions on S(C*(A)). For any z1,...,Zn,Y1,...,Yn €
C*(A), there exists p; € S(C*(A)) such that p1 (O zxf + yiyi) = | D zixf + ylyill.
Since

1 * *
Tlar oo sy} (P1) = 5291(2%% +Yi yi) - RGZT(%%)
1 * *
= §H Z%ZCZ + Y, Yi

1
z 5“2%’757 + Y i

=0,

- ReZT(xi,yi)
[T

we have ANy = J.

By the Hahn-Banach Theorem, there exists a measure p on S(C*(A)) such that
w(A) >0 and pu(7) < 0. So we may assume that p is a probability measure. Now put
po = [ pdu(p). Since Ty, 3 € A,

1

S (e 43y~ ReT(w,9) = [ T (0)autr) = 0.
(2)=(1) Since
<> po(wiay) *po(yiyi) ?

1
< 3 Zpo (ziz] + Y, yi)

> Ty

IN

1
5”[$1,--~7xnay1(7"'7y:bj|||2

for x,y € A, we have that T € (A ®@upn A)* with |T||wr < 1.

(1)=(3) As in the proof of the implication (1)=-(2), we can find a state p € S(C*(A))
such that |T'(z,y)| < p(za*)2p(y*y)? for z,y € C*(A). By the GNS construction, we let
7w : C*(A) — B(X) be the cyclic representation with the cyclic vector ¢ and p(z) =
(m(z)€ | &) for € C*(A). Define a sesquilinear form on J# x & by (w(y)§, n(z)€) =
T(z*,y). This is well-defined and bounded since

()& (2)€)] < p(a*2)2p(y*y)? = |(@)E]| [ (w)El-

Thus there exists a contraction b € B(.#") such that T'(x*,y) = (br(y)&|m(x)E).

(3)=(4) Set a(z) = w(x)¢ for x € C*(A) and consider the column Hilbert structure
for #. Then it is easy to see that a : C*(A) — . is a complete contraction. The
composition 7" = a*ba is an extension of T" and ||al|,||b]|e < 1.
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(4)=(1) Since T'(z,y) = (ba(y)|a(z*)) for z,y € C*(A), we have

n

T (@] g, ;)

i,5=1

for 370 ) afaij @ x; € C*(A) ® C*(A). At the last inequality, we use w(cd) < [|c[lw(d)
for double commuting operators ¢,d as well as the fact that B(J¢,¢) is completely

IN

IA

> (baijalx;) | alxs))

irj=1 ‘
b 0

0 b

b 0

T
[bllcvw (@) lallZ,
Tn

isometric onto CB(%,, #.). Hence we obtain that ||T|lwns < |T7||wn* < 1.

REMARK 2.4.

Theorem 2.3.

(4)" There exist an extension T” : C*(A) — C*(A)* of T and completely bounded

(1) If we replace the linear map (T'(z),y) = T'(x,y) with (z,T(y)) =
T(z,y) in Theorem 2.3, then we have a factorization of T through a pair of the row Hilbert
spaces ;.. More precisely, the following condition (4)’ is equivalent to the conditions in

maps a : C*(A) — ., b: A — A, such that

T’

C*(A) —Z= C*(A)*

M A
ie, T =a*ba with |a|%|b]e < 1.
(ii) Let #2 be an n-dimensional Hilbert space with the canonical basis {ey,...,en}.

Given a : 12 — (2 with a(e;) = Y, aije;, we set the map & : £2 — €27 by da(e;) =
>, «ijé; where {€;} is the dual basis. For notational convenience, we shall also denote &
by a. For Y7 | x;®e; € C*(A)®(2, we define anorm by || Y1, z;®¢;|| = ||[z1, . .
Let T : C*(A) — C*(A)* be a bounded linear map. Consider T ® «a : C*(A) ® (2 —

C*(A)* @ £2" with a numerical radius type norm w(-) given by

w(T ® «) :sup{‘<Z:cz‘®61,T®Q<in®ei>>’ ’ HZm@ei

< 1}.
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Then we have

sup M o Ei — 57217 n e N = ||T||wh*;
w(«)

since T(Y zfa;; @) = O zf e, T Qo) x; ®e;)).
(iii) Let u = > x; @ y; € C*(A) ® C*(A). It is straightforward from Theorem 2.3
that

el = supw (3 el)bip(i))

where the supremum is taken over all x- preserving complete contractions ¢ and contrac-
tions b.

3. A variant of the numerical radius Haagerup norm.

In this section, we study a factorizaion of T': A — A* through a column Hilbert
space %, and its dual operator space J#.". Arguments required in this section are
very similar to those in section 2, and instead of repeating them we will just emphasize
differences.

We define a variant of the numerical radius Haagerup norm of an element u € A® B
by

1 n
|| wns = inf{2||[x1,...,xmyl,...,yn]t|‘2 | u= Zml ®yl},
i=1

where [Z1,...,%Tn, Y1, -, Yn]" € Moy 1(A+ B), and denote by A ®,,» B the completion
of A® B with the norm || ||p-

We remark that || ||, and || ||wn are inequivalent, since || ||/, (resp. || ||n) in [10]
is equivalent to || |lwns (resp. || ||wn) while || || and || |5 are inequivalent [10], [13].

PROPOSITION 3.1. Let Ay C Ay and By C By be operator spaces in B(S). Then
the canonical inclusion @ of Ay Qupn B into As Qunr Ba is isometric.

PRrROOF. The proof is almost the same as that given in Proposition 2.1. O

In the next theorem, we use the transposed map a' : (#.)* — C*(A)* of a :
C*(A)* — 4. instead of a* : #, — C*(A)*. We note that (#.)* = (), and a, a’
are related by

(a'(7), ) = (i, a(2)) = (la(z))5 for 7€ X,z C*(A).
It seems that the fourth condition in the next theorem is simpler than the fourth one in
Theorem 2.3, since we do not use *-structure.

THEOREM 3.2.  Suppose that A is an operator space in B(), and that T : A x
A — C is bilinear. Then the following are quivalent:
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(1) N fwrr < 1.
(2) There exists a state py on C*(A) such that

[N

IT(2,y)| < po(a*x)ipo(y*y)? forz,y € A.

(3) There exist a x-representation 7w : C*(A) — B(X'), a unit vector £ € X and a
contraction b : # — A such that

T(z,y) = (0n(y)€ | n(x)€)5 forz,y € A.

(4) There exist a completely bounded map a : A — #; and a bounded map b : K, —
()" such that

%?(%)*
ie., T=a'ba with [a]?bl <1.

Proor. (1)=(2)=-(3) We can prove these implications by the similar way as in
the proof of Theorem 2.3.

(3)=(4) We note that we use the norm || || for b instead of the completely bounded
norm || |-

(4)=(1) For z;,y; € A, we have

iT(:@,yl—) = i(ba(%) | )5

0 b a(en) | |[af@n) ] 0 b [a(a) ||
_ 0 b| |alzy) a(;:n) “w 0 b a(@y)

0 0 a(yr) | || almn) - 0 0 a(y1)

To o) Lot ] | Latm] “o o)) | e,
:%annauibu[xl,...,wn,yl,...,ymfs%I![m,-~-,wmy1,-~,yn1t!|2- =

4. Factorization on Banach spaces.

Let X be a Banach space. Recall that the minimal quantization Min(X) of X. Let
2x be the unit ball of X*, that is, 2x = {f € X*| ||f]| < 1}. For [z;;] € M,(X),
Il[zi;]l|min is defined by
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i) llmin = sup{[|[f (zi)]| | f € 2x}.
Then Min(X) can be regarded as a subspace in the C*-algebra C'(f2x) of all continuous

functions on the compact Hausdorff space 2x. Here we define a norm of an element
ue X ®X by

fulhrs =t { sup { (2_: |f<acz»>|2)é (2_: f(yi>|2)5}},

where the supremum is taken over all f € X* with || f|] < 1 and the infimum is taken
over all representations u = 2?21 T; QY.

PROPOSITION 4.1. Let X be a Banach space. Then
Min(X) ®p Min(X) = Min(X) Qup Min(X) = X Q0 X.

PrOOF. Let u=3", z; ®y; € Min(X). Then, using the identity (), we have

l\D\»—t

||| wr = inf

n
(21, ]| UZZﬂ?i@yz}
i=1

i=1

= inf

tal
mf{sup SIF@D, - F@n), P, Fml|| ] f € Qx} |u= izié@yz}
{

{:
s {3 <Z|f s+ P ) 11 € 2x ) lu= me}
inf{sup{(ilf(wi)lz)é<§:1|f(yi)2>é g€} lu- Zm}

i=1

[l

The equality ||u|lwn = ||u|lwm is obtained by the same way as above. O

Let T: X — X* be a bounded linear map. As in Remark 2.4(ii), we consider the
map T ®a: X ®€2 — X*®¢2" and define a norm for Y z; @ ¢; € X @ £2 by

HZ@@@Z- :Sup{<2|f(xZ )%|f€QX}

We note that, given x € X, z* is regarded as (z*, f) = f(z) for f € X* in the definition
of w(T ® ), that is,

w(T ® a) —sup{’<2x ®el,T®a(sz®el)>‘ ‘ HZ%@@

<1}
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Let a : X — Y be a linear map between Banach spaces. a is called a 2-summing
operator if there is a constant C' which satisfies the inequality

1

(X hatel?)” < s { (S lro?)’ 1 £ e 2x)

for any finite subset {z;} C X. The smallest such constant C' is defined as ma(a), the
2-summing norm of a. The following might be well known.

PROPOSITION 4.2. Let X be a Banach space. If a is a linear map from X to I,
then the following are equivalent:

(1) Jla : Min(X) — 2 ||cp < 1.
(2) Jla: Min(X) — J4||eb < 1.
(3) me(a: X — ) < 1.

Proor. (1)=(3) For any z1,...,z, € X, we have

D la@a)l = latar), - o))
< JallB e, 2,

ix;‘xi

i=1 Min

—sup{ Y1) |1 € 2x ).
=1

<

(3)=(1) For any [wy;] € M,(Min(X)), we have
2 D P = 1}
< sup {7@((1)2 sup { z; ‘f(Z ij”)

< sup{[[[f(z:))]I* | f € 2x}

lates IRy, o =i { 3= | S Avate)

2
fenx}| ZW:l}

< i3, din(x)) -

(2)<(3) It follows by the same way as above. O

COROLLARY 4.3. Suppose that X is a Banach space, and that T : X — X* is a
bounded linear map. Then the following are equivalent:

(1) w(T ® a) <w(a) for all a: 2 — (2 andn € N.
@) ITllwn- < 1.
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(3) T factors through a Hilbert space ¢ and its dual space & by a 2-summing oper-
ator a : X — & and a bounded operator b : & — A as follows:

%?Ji/*
ie., T =a'ba with m(a)?|b| < 1.

(4) T has an extension T' : C(2x) — C(2x)* which factors through a pair of
Hilbert spaces & by a 2-summing operator a : C(2x) — A and a bounded
operator b : & — X as follows:

C(2x) = C(2x)"

H A

ie., T =a*ba with my(a)?||b|| <1.

PROOF. (1)=-(2) Suppose that

m m
‘<ZZ:®€i,T®Oé(ZZi®€i)>‘ <1
=1 =1

forany Y 1" 2z ®e; € X @02, with || Y72, z; ® ;|| < 1 and a € M, (C) with w(a) < 1.
It is easy to see that | 377" (2F, T'(25))evi;| < 1, equivalently | 31" (2, T(2;))aw;] < 1.
Given || >0, % ® yi|lwa < 1, we may assume that

1
iH[fvl?"'vmnvyh"'7yn]t||2 < 1.

Set
1 o
—x, i=1,...,n
V2 0, 2-1,
Zi = 1 and o = 0 0
t=n+1,...,2n " "

ﬁyifn

It turns out || 22221 z @ el <1 and w(a) = 1. Then we have [T(} 1, x; ® y;)| =
2 (e, T | < 1. Hence [T < 1.

(2)=-(1) Suppose that ||T||,g+ < 1. Then T has an extension 77 € (C(2x) Qwn
C(2x))* with || T'||wn- < 1. Given ¢ > 0 and o € M,(C), there exist z1,...,z, €

C(2x) such that || >°" | z; ® ;|| < 1 (equivalently ||[z1, ..., 2,]"|| < 1) and w(T' @ @) —
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e < |22 =1 (2}, T' (x5))cvij|. Hence we have

w(T®@a) <w(T' ®a) < ‘T’( Z xfoéij@):rj)‘ +e

ij=1

< ||[z1, - 7:rn]tHQw(oz) +e < w(a)+e.

(2)=(3) It is straightforward from Theorem 3.2 and Propositions 4.1, 4.2.
(2)=(4) It is straightforward from Theorem 2.3 and Propositions 4.1, 4.2. O

REMARK 4.4. Here we compare the above corollary with the classical factorization
theorems through a Hilbert space. Let X and Y be Banach spaces. Grothendieck
introduced the norm || ||z on X ® Y in [7] by

u||H=inf{sup{<;f$z ) (Z'“ﬁ ) }}

where the supremum is taken over all f € X*, g € Y* with || f||, [l¢]| < 1 and the infimum
is taken over all representations u = Y., 2; ® y; € X @ Y. In [14], Lindenstrauss
and Pelczynski characterized the factorization by using T ®@ o : X ® (2 — Y @ (2 for
T :X — Y, however the norm on X ® ¢2 is slightly different from the one in this
paper. Their theorems with a modification are summarized for a bounded linear map
T:X — Y™ as follows:

The following are equivalent:

(1) IT®a| <|la for all a:¢2 — ¢2 and n € N.

@) |7l < 1.

(3) T factors through a Hilbert space .# by a 2-summing operator a : X — % and
b:.# — Y* whose transposed b' is 2-summing as follows:

X— sy

oA

ie., T =ba with m(a)m(b') < 1.
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