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Abstract. The purpose of this paper is to show that it is characteristic
of symmetric cones among irreducible homogeneous cones that there exists a
non-constant relatively invariant polynomial such that its Laplace transform
is the reciprocal of a certain polynomial. To prove our theorem, we need
the inductive structure of the basic relative invariants of a homogeneous cone.
However, we actually work in a more general setting, and consider the inducing
of the basic relative invariants from lower rank cones.

Introduction.

It is well known that the Fourier—Laplace transform of a complex power z* of positive
reals x, or of a complex power P(x)*® of a positive-definite quadratic form P(x), is essen-
tially given by a complex power of a certain polynomial (see [2, Sections II.2 and I11.2],
[10], for example). These facts are the fundamental principles of the theory of preho-
mogeneous vector spaces constructed by M. Sato (see [10, Introduction]). On the other
hand, Wishart [17] and Ingham [5] consider the gamma functions of positive-definite
symmetric matrices in statistics, and Siegel [15] in number theory independently. The
gamma functions are also studied by Riesz [14] for Lorentz cones, and by Koecher [11]
for general symmetric cones. As is computed in the book Faraut and Kordnyi [1], once
the gamma functions associated with symmetric cones are calculated, we are able to
obtain the Laplace transforms of relative invariants by using the transitivity of group
actions. Looking at the formula closely, we find that the Laplace transform of a complex
power of the determinant function det z (Minkowski metric in the case of Lorentz cones)
of symmetric cones () is expressed, up to gamma factors, as a complex power of the
reciprocal of the same determinant function (see [1, Chapter VII], for example):

(gamma factors)
(dety)®

[ e et a)* duto) = (ve ),
Q

where dp is a suitable invariant measure on . Gindikin [3] considers the Laplace trans-
form in a more general setting where the integration domains are homogeneous cones
which form a class of prehomogeneous vector spaces. Then a natural question is whether
or not, in the case of general homogeneous cones, there exists a non-constant relatively
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invariant polynomial such that its Laplace transform is the reciprocal of a certain poly-
nomial. Here, the groups that we consider for relative invariance are the split solvable
Lie groups acting simply transitively on the cones. In this paper, we give an answer to
this question by showing that this property is characteristic of symmetric cones, that is,
this property holds if and only if the cone is symmetric.

We now describe the contents of this paper in more detail. Let 2 be a homogeneous
cone of rank r in a finite-dimensional real vector space V. Then, there exists a split
solvable Lie group H acting on 2 linearly and simply transitively. By differentiating
the action of H on €2, we see that V' admits an algebraic structure A, called a Vinberg
algebra, having a unit element eg. We have the normal decomposition V' = @, <j<k<r Vij
with respect to a complete system of orthogonal primitive idempotents. The cone €2 has
r irreducible relatively H-invariant polynomial functions Ay, ..., A,, called the basic
relative invariants of 2. We place the multipliers of these A; in an r x r matrix ¢ which
is called the multiplier matriz of Q in this paper (see (1.5) for detail). An algorithm for
calculating o is given by using the data of Q (cf. [12]). The dual cone Q* of  is defined
through an inner product (-|-) in V given by an admissible linear form (see (V2) in this
paper), and the corresponding Vinberg algebra is denoted by (V, V).

In order to work out the problem above, we need an inductive structure of Vinberg
algebra, but in this paper, we deal with a rather general situation with a view of future
studies. Let p, ¢ be positive integers such that p 4+ g = r, and we put

V_ = @ Vij, B = @ Vig, Vii= @ Vii- (0.1)

1<j<k<p 1<j<p<k<r p<j<k<r

Then, V is decomposed into a direct sum V = V_ @& E & V. of these vector subspaces.
We denote general elements z in V by a_ + &+ x4 € V (x4 € Vi, € € E) without any
comments. We note that Vi are subalgebras of V', and hence there exist homogeneous
cones Q4 corresponding to V4, respectively. On E, the linear operators ¢)(z_) and ¢(z)
(x4 € Vi) are defined, respectively, by

Y@_)§ =Dz, ¢(zy)l =&V, ((€E).

It is then shown in Lemma 2.2 that ¢ (resp. ) is a selfadjoint representation of (V_, A)
(resp. (V4,V)). Let @ be the symmetric Vi-valued bilinear map associated with ¢,
so that Q(&,n) = EAn (§,n € E). Then, the determinants of the right multiplication
operators R, defined by R,y =y Ax (x,y € V) are described in Proposition 2.5 as

+

Det R, = Det R, -Det(x_)-Det R

- (1/2QE ) e o (T EQ),

where R* denote the right multiplication operators of Vi, respectively. By putting
T=xp — (1/2)Q(v(z_) 71 €) € Vi, we see in Lemma 2.6 that (h-2)~ = hy - T, where
hy is the “Vi-part” of h € H (see (2.6) for detail). Let o1 be the multiplier matrices of
Q, respectively. We denote by Ay, ..., A the basic relative invariants of _, and by
Af, ,A;L those of 4. Then, by calculating the irreducible factors in Det R, (x € ),
Theorem 2.8 shows that there exists a unique matrix = € Mat(q, p; {0, 1}) such that, by
putting I' = (y;x) := 04+, we have
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A

for any = € 2. Moreover, the multiplier matrix o of 2 is described as

o o 0\ _ (I, 0 I,0\ (0_-0
C\04Bo_o0y) \0oy) \Z1, 01,/)°

We now consider the Laplace transform of relatively H-invariant functions on homo-
geneous cones. Let du be an H-invariant measure on €2, and A, the relatively H-invariant
function whose multiplier is s € R” with Ag(ep) = 1. Let I'g(s) be the gamma function
of Q (see (3.1) for definition). Then, the Laplace transform L£[A;] of A, is defined as

CIANY) = —

| e =IVA (2 x *
o) = g M@ ) e,

where 0 is the dual cone of 2. Note that, in our definition, the Laplace transform is
normalized as L[A,](eg) = 1. We denote by Aj,..., A’ the basic relative invariants of
*. For any v,pu € Z", let A¥(z) (x € Q) and A% (y) (y € ©F) be rational functions
defined, respectively, by

A¥(z) = Ag(a)" - D), A(y) == AT ()" - AL (y)",

and we put pi = Zj<k dim Vy; for kK = 1,...,7. Moreover, let o, be the multiplier
matrix of Q*. Then, Gindikin [3] tells us that, if (vo)g > pi for any k = 1,...,r, then
we have

v _ 1 ®, 1 -1
L[A"](y) A%@)(yEQ’V‘ voo, ).

The decomposition V = V_ & E @ Re, where we put p =7 —1 in (0.1) describes an
inductive structure of V. Investigating the matrix oo ! in detail by using this inductive
structure (Lemma 3.1 and Proposition 3.2), we prove our main theorem in Theorem 3.4,
that is, an irreducible homogeneous cone is symmetric if and only if there exists a non-
constant polynomial A¥(z) such that the reciprocal AY (y) = (L[AY(y))
transform of A¥(x) is also a non-constant polynomial.

We organize this paper as follows. Section 1 contains the fundamental facts about
homogeneous cones and Vinberg algebras. In Section 2, we study the basic relative
invariants of a homogeneous cone. By decomposing the corresponding Vinberg algebra
as a direct sum of three vector subspaces of which two are subalgebras, the basic relative
invariants are induced from the two cones associated with the subalgebras. Section 3 is
devoted to giving a characterization of symmetric cones among irreducible homogeneous
cones by using the reciprocals of the Laplace transforms on homogeneous cones. To do
so, we consider inductive structures of the multiplier matrices of homogeneous cones and
of the dual cones.

! of the Laplace
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1. Preliminaries.

Let V be a finite-dimensional real vector space, and ) an open convex cone in V
containing no entire line. The cone € is said to be homogeneous if the group G(§2) =
{g € GL(V); g(2) = 2} acts on Q transitively. In this paper, we always assume that {2
is homogeneous, and call it a homogeneous cone for short. By Vinberg [16], there exists
a split solvable Lie subgroup H of G(Q) such that H acts on € simply transitively. Let
b be the Lie algebra corresponding to H, and fix a point eg € ). Then, we have a linear
isomorphism h 3 X — Xey € V obtained by differentiating the orbit map h +— hegy at
the unit element of H. We denote the inverse map by L: V 2 z +— L, € h. According
to [16], we introduce a product A in V' by

xANy:=Lyy (x,yeV).

The product A is neither commutative nor associative in general. We know that eq is a
unit element of V. Moreover, (V, A) satisfies the following three conditions:

(V1) Loay—yAre = LyLy — LyL, for any z,y € V,
(V2) there exists a linear form s such that s(z Ay) defines an inner product in V,
(V3) the linear operator L, has only real eigenvalues for each z € V.

We call (V,A) (or simply V) a Vinberg algebra in this paper. Linear forms with the
property (V2) are said to be admissible. The rank r of the cone 2 is defined by the
dimension of a maximal connected commutative subgroup of G(f2). Let ¢1,...,¢, be a
complete system of orthogonal primitive idempotents of V. They satisfy ¢; A ¢, = dj¢;
and eg = ¢; + -+ + ¢.. We denote by R, (xr € V) the right multiplication operators
R,y :=yAuxz (y € V). Let Vj; be the one-dimensional subspace Re; (j =1,...,7), and
we put for j < k

1
Vij i= {:I: eV; Le,x = 5((5@» +0ik)x, Re,x =052 (1 = 1,...,r)} .

Then, V is decomposed into

V= P Vi (1.1)

1<j<k<r

which is called the normal decomposition of V. The complete system cy,...,c, is said
to be a Vinberg frame in this paper. With respect to this decomposition, we have the
following multiplication rules:

Vii AV, ={0}  (if i # k,1), Vi AVji C Vi,

1.
Vii A Vi C Vi or Vi (if j > k or j <k, respectively). (1.2)
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A homogeneous cone 2 is said to be irreducible if there exist no non-trivial subspaces
V1,V C V and homogeneous cones Q; C V; (j = 1,2) such that V is a direct sum
of V1 and V,, and Q = Q1 @ Qq. It is easily verified that any homogeneous cone 2
in V' is decomposed as a direct sum of its irreducible components 2, (a = 1,...,q),
where ¢ is the number of the irreducible components of Q. Vinberg [16, Proposition 10]
tells us that there exists a permutation ¢ € &, such that the normal decomposition
V= @jgk Vo (k)o(j) is of the diagonal form

U, 0 --- 0
00 (13
S0

where U, C V is the ambient vector space of €,. In other words, the irreducible compo-
nents can be placed on the diagonal blocks.

A typical example of homogeneous cone is a positive-definite matrices S;\’, in the
space Sy of symmetric matrices of rank N. The group GL(N,R) acts on S]‘f, transitively
by p(g9)z := gz'q where g € GL(N,R) and z € Sj;. Let Hy be the group of lower
triangular matrices with positive diagonals. Then, H y is a split solvable Lie subgroup of
GL(N,R), and acts on Sj; simply transitively. For x = (z;;) € Sn, let us define a lower
triangular matrix x by

ﬂiij (i > j),
(z)ij = 3% (E=1),
0 (i < 34),

and put 7 := *(x). Obviously we have x = z + T. We choose the unit matrix Iy as the
element eq in the construction of a Vinberg algebra (Sy, A) from SX,. Then, the product
A is given as

x ANy :=zy+yT (x,y € SN).

According to Ishi [7, Section 3.1], we realize a homogeneous cone 2 of rank r in a
subspace Zy of Sy, defined below, with a suitable N (see also [4, Section 3.2]). With
respect to €2, there exist a partition N = nj +---+n, of N and a system of vector spaces
Vij C Mat(ng, n;; R) (1 < j <k <r) satisfying the following conditions:

(1) if Ae Vi, and B € Vi, thenonehas ABe V; (1 <j<k<I<r),
(2) if A€V and B € Vy;, then one has A'BeVy, (1<j<k<l<r),
(3) if A € V4, then one has A*A e RI,, (1<j<k<r).

Let 2y be the subspace of Sy defined by
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¢ ¢
x1dp, *Xo1 -+ "Xy

t .

Xrl Xr2 Tt Irlnr
and let Hy be the split solvable subgroup of H defined by

hllnl

T21 h2[n2 . h’] ERJr ( ) ..,7‘), (1 4)

Trl TT2 e hrInT

Then, 2 is linearly isomorphic to Py := Zy N Sﬁ on which Hy, acts simply transitively
by the action p(h)z = hx'h for h € Hy and x € Py. Moreover, a split solvable Lie group
H acting on Q simply transitively is isomorphic to Hy. Although this realization is
not unique in general, each realization corresponding to the same €2 is mutually linearly
isomorphic. We note that there exists a minimal realization in the sense of Yamasaki
and Nomura [18], which is unique up to the order of Vinberg frame. In this paper, we
assume that (Q is realized as a matrix form, and so is H.

Let x: H — R* be a character of H. Since H is split solvable, there exists v =
(v1,...,v) € R” such that

x(h) = xp(h) = hi" - 12 (h € H),

where h € H is described asin (1.4). A function f on € is said to be relatively H-invariant
if there exists a character x, with some v € R” such that f(p(h)x) = x,(h)f(z) for any
h € H and z € Q. The vector v € R" is called the multiplier of f, and we write
f(z) = Ay(z) if f(eg) = 1. Among relatively H-invariant polynomial functions, there
exist exactly r irreducible ones A1, ..., A,, by which any relatively H-invariant polyno-
mial function p is described as

p(x) = (const)Aq(z)™ - Ap(z)™  (z € Q; for some mq,...,m, € Z>q)
(cf. Ishi [6]). Moreover, £ is written as
Q={zeV; A(z) >0,...,A(x) > 0}.

The polynomials Aq(z),...,A.(z) are called the basic relative invariants of Q. Let
a; = (0j1,...,0;) be the multiplier of A; (j =1,...,r), and we place them in an r x r
matrix o as follows:

91

o= 1| =(okckr (1.5)

1Q

r



Basic relative tnvariants and their Laplace transforms 331

which is called the multiplier matriz of € in this paper. If we determine the numbering
of the basic relative invariants by the procedure of Ishi [6] according to the Vinberg
frame, then we see that o is described as a lower triangular matrix with ones on the
main diagonals. Thus, we always assume that the basic relative invariants are labeled in
this order. Put dkj := dim ij for 1 < j <k <r and di = t(O, .. .,O,di+17i7 SN 7d7"i) for
i=1,...,7 — 1. Let us recall the algorithm for calculating o given in [12].

LEMMA 1.1. Fori = 1,...,r — 1, defining lz(-j) = t(lg),...,lg)) (j =d,...,7)
inductively by lgl) =d; and, fork=i+1,...,r—1,

O 1Y —a, @7V >0,
B U ;" =0),

one sets elll = Ye;1 4, ... e) €{0,1}77F (i =1,...,r — 1) where

1 (i 17 > 0),
€ji = (G=i+1,...,7r).
(r 1)
0 (ifl; " =0

Then, the multiplier matriz o is calculated as

L., 0 0
0'257»_157-_2'”51, 51' = 0 1 0 (i: 1,...,7‘—1). (16)
0 E[i] L«,i
Note that, if we write 0~ ! = (Ujk)lgj’kgr, then we find that o9% = —eji for j >k

by taking the inverse of both sides of (1.6).

Let (-|-) be the inner product of V' given by (V2). Let p* be the contragredient
representation of p defined by (p(h)z|p*(h)y) = (x|y) for any h € H and z,y € V.
Through the inner product (-|-), we define

Q :={yeV; (z|y) >0foralzeQ)\{0}}.

Then, 2* is an open convex cone on which H acts simply transitively by p*, and the
homogeneous cone Q* is called the dual cone of €. A function f* on % is said to
be relatively H-invariant if there exists a character x, with some p € R" such that
[ (p*(h)y) = xu'(h)f*(y) for any h € H and y € Q*. The vector y is called the

multiplier of f* of Q*, and write f*(y) = A}, (y) when f*(eg) = 1. The Vinberg algebra

(V, V) corresponding to Q* is called the dual Vinberg algebra of (V, A), and the product
V satisfies

(zVylz)=(ylzLz) (x,y,2€V). (L.7)

We summarize the properties of (V,V) (cf. [12]). For a Vinberg frame of (V, V), we
choose ¢, ...,c1. Then, the normal decomposition of (V, V) with respect to the frame
is given also by (1.1) with the multiplication rules below:
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ViV Vi ={0} (if j# k1), ViV Vi C Vi,
Vii VVij CVjyor Vi (if i < jor i > j, respectively).

Moreover, we have the following relationship between the products A and V:
xAy+aVy=yAz+yVaz (z,yeV). (1.9)

Let Aj(z),...,A(x) be the basic relative invariants of Q*. Here, they are given induc-
tively by the procedure of [6] according to the Vinberg frame c¢,,...,c;, and the indices
are labeled from r down to 1. Then, the multiplier matrix o, of Q* is described as an
upper triangular form, whereas o is lower triangular.

For a linear map ¢ on V to Sy, the lower part ¢ and the upper part ¥ are defined,
respectively, by

p(@) =px), B(z)=p(z) (zeV).

Then, we easily find that

(e@) =B(@), ¢(@)=¢@)+3) (@€V).

When ¢ is an algebra homomorphism of Vinberg algebras, that is, ¢ satisfies

plx Ay) = p(@)p(y) +p(y)p(z) (v,y €V),

we call ¢ a selfadjoint representation of (V,; A) (cf. Ishi [8]). We require also ¢(eg) = Iy.
Similarly, ¢ is called a selfadjoint representation of (V, V) if ¢ satisfies

pxVy) =2(@)ey) +eWe) (z,y€V),

and also p(eg) = Iy.

2. Inducing the basic relative invariants from lower rank cones.

Let © be a homogeneous cone of rank r > 2, and V the corresponding Vinberg alge-
bra. We fix a matrix realization {2 = Py,, and keep to the notation used in Section 1. Let
us take positive integers p, ¢ such that » = p+¢. According to the normal decomposition
V=6 i<k Vij, the subspaces V1 and F are defined respectively by

V=B W E= P Vi Vi= P Vi

1<j<k<p 1<j<p<k<r p<j<k<r
Then, V is decomposed into the direct sum
V=V,eE®V_. (2.1)

With respect to this decomposition, we have the following multiplication tables by the
multiplication rules (1.2) and (1.8):
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where left factors of the products are placed in row entries, and right ones are placed in
column entries. These tables immediately lead us to the fact that V. are subalgebras of
V. We denote general elements z of V' by

r=x1+&+ax_ (zp €Vy, E€EE, x_€V.)

without any comments. We note that the special case (p,q) = (1,7 — 1) is dealt with
in the previous paper [12]. We shall generalize its results to a general situation in this
section, and our result for the case (p,q) = (r—1,1) will be used in the proof of the main
theorem given in the next section.

We denote by L(F) the space of linear operators on E. Let ¢ be the linear operator
on V, to L(E) defined by

p(e1)§ =&V (21 €V, (EE),
and @ the symmetric V-valued bilinear map associated with ¢, that is,
QU |zy) = (plzp)éln) (EneE, zpeVy).
Since ((z4)¢]7) = (Vi |n) = (w4 |€ An) by (1.7), we have
QEn) =&An (§n€ E). (2.3)
Moreover, (1.9) together with the multiplication table (a) in (2.2) implies that
px )l =ay A+ 2 VE= (Lo, + 'Ly, )E,

and hence we obtain

plai) =z AL Plr)f=21VE (24 €V4, (EE). (2.4)

Similarly to ¢, the linear operator ¢ on V_ to L(FE) is defined by
Y(E-_)§ =Lz (z-€V_, €E),
and its lower and upper parts are given, respectively, by
Y@ ) =ao_ AL, Pla_)e=a_ V¢ (2.5)

LEMMA 2.1.  For any x4 € Vi and &,m € E, one has the following:

(i) Q(z-)&n) = Q& ¥(x-)n),
(i) Yz )e(zy) = @rg)P(z-).
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PROOF. (i) Using (2.3) and (V1), we obtain

Q&Y )n)=nAElz )+ (EAn—nLEAr_=nA(ELz_),

and thus we get the assertion.
(ii) The multiplication table (a) in (2.2) and (V1) together with (2.4) yield that

Plo)p() = (€Lay) Ar +ay AEDT) —EA (s Aa_) = Ly hla_)E,
and the proof is completed. O
These operators ¢ and v are fundamental because we have the following lemma.

LEMMA 2.2. (i) (¢, E) is a selfadjoint representation of (V4, V),
(i) (¢, E) is a selfadjoint representation of (V_, ).

PrROOF. (V1) and (1.9) together with the table (a) in (2.2) imply that

Pa4 Vyp)l =24 V(EVyY) + (Ve —2. VEVyy
=24+ V(EVy)+ (24 AV yy,

and hence the assertion (i) holds. (ii) is proved in a similar way. O

Let Q4 be the homogeneous cones corresponding to V., respectively. Let us put

hil,
H —!n — o S hieRT (i=1,...,p),
D " Ty €V (1<j<k<p)(’
Tyy - byl
hpi1ln,
v . + (i
H+;: h+: : h’JGR (.7 p+15---ar)7

: K 7Tkj€ij(p+1§j<k‘§T)
TT,P+1 hrIn,.

Then, Hy act simply transitively on 4, respectively. These are embedded into H

respectively, by putting n_ :=ny +---+n, and ny :=np41 + -+ 1y, as
h_ 0 I, 0
H_ah_n—>(0[n+>eH, H+9h+»—><0h+>eH, (2.6)

and we identify those in this manner. Since we have a matrix realization (1.4) of H, any
h € H can be written by using some hy € Hy and n, € E as

_ I
h:(h 0>:h'(n 0)'h+7
nh hay Mh Iny
and we use this decomposition without comments in this section. In what follows, we

write the action by k- instead of p(h)z to avoid complexity. We note that since Hy act
on {24 simply transitively, for any hy € Hy there exist y+ € Vi such that hy =exp L, .
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LEMMA 2.3.  For any hy € Hy and £,n € E, one has the following formulas:

(1) hy-Q&n) = Q(hy - & hy - m),
(ii)  Y(@-)hy = hyp(z-),

(iii) (h—-2_) = h_tp(z_)*h_,
(iv) Q(€ h—-n) = Q(*h—-&m).

PROOF. (i) The axiom (V1) and the table (a) in (2.2) together with (2.3) imply
that

L, Q&) =80y An)+ (yr AE—-EDy) An
= Q(Ly, &n) + Q& Ly, ).

Taking exponential in both sides with respect to L, , we get the assertion.
(ii) This comes from Lemma 2.1 (ii).
(iii) By (V1), (2.4) and Lemma 2.1 (ii), we obtain

U(Ly_a-) = Y(y-)(z-) + (@) (y-) = Ly_v(-) + ¥(z-) 'Ly_

Taking exponential in both sides with respect to L, , we conclude ¢(h_ - 2_) =
h_v(x_)th_.
(iv) (1.9) and (2.2) yield that y_ A€ +y_ V=& Ay_. Using (V1) we obtain

Q& Ly n)=y_AEAN + Ly —y_ AN An=Q("L,_&.n),

(2.7)

and hence the assertion is proved. O

LEMMA 2.4. h -z s calculated as
1
oo e (Ol )n )+ (GO + Qoncs €+ vz )

Proor. The multiplication table (a) in (2.2) implies
h_;,_'l'_:l'_, h+-§€E, h_t,_'.T_t,_EVJ,_,
and
th,(V*) c E7 th, (E) - V+, Lﬁh,(v+) = {0}
Thus, taking exponential we have
1
(exp Ly, )z— =2 + Ly, v + 2L727h$— =z + Y@ ) + 5@(%/1(95—)7711,%),
(exp Ly, )§ = &+ Ly, § =+ Q(nn,§), (exp Ly, )z = x4
Finally, again by the table (a) in (2.2) we have

h_-z_eV_, h_-£c€FE, h_-zq=u4,
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and these observations yield that

h-x_ =h_(expLy,)-x_=h_- (:I: +p(x_)nn + ;Q(w(x)ﬂhﬂh)) )

hg = —(h+§+Q(77h7h+§))7
h'$+ :h+'.13+.

Thus, we have proved the assertion. (|

The multiplication table (a) in (2.2) together with (2.3), (2.4) and (2.5) yields that
the product = A y is rewritten by using the operators ¢ and ¥ as

sy =x_Ay_+ (Vy-)e+ elep)n+lz_)n) +(QEn) + x4 Dyy), (2.8)

where y = y_ +n + y4 with y» € Vi and n € E. The identity (5.3) in [9] tells us
that Det R, is a relatively H-invariant polynomial and that the basic relative invariants
of Q are given as the irreducible factors of Det R,. Let R* be the right multiplication
operators of Vi, respectively. Then, (2.8) implies

R, 0 0
R, = ()€ v(a) o(-)¢ |,
0 Q(S? .) R:E‘:,
where the basis is taken in the order V_, E, and V.

PROPOSITION 2.5.  For x € Q, one has

Det R, = Det Ry - Dettp(x—) - Det RY (2.9)

(1/2)QY(z-)~1¢, &)

PrOOF. First, Lemma 2.4 tells us that « € Q implies z_ € Q_, and hence ¢ (z_)
is invertible by Lemma 2.3 (iii). Using the following elementary determinant formula

Det (A B> = Det(A) Det(D — CA™'B) (Det A # 0),

CD
we obtain
Det R, = Det R, Det <1/}(x) S0()5)
) 6) R,
= Det R, Dett(z_)Det(R}, — Q(¢(z_) ()¢, 8)).

By Lemma 2.1, we have

(o) oY) = ey )v(e-) 7' QMb(z-) " (y+)E,6) = Qle(y+ )€, v(x-)7'E),

and these formulas together with (2.7) yield that
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(Q(z-) " o(y4)&,8) + Q(z-) " o(y+ )&, €))
(Qlo(y)v(z-)"1,6) + Qp(y+)& (z—-) 1))

§y+ A Q(’(/}(x,)_lg,f) = Ra/g)Q(w(m_)A&, 5)(y+)~

QU (z_) " p(y+)¢,6) =

=N =N =

Since RL is linear with respect to x, the proof is now completed. O

1
For x € Q, we put T := x4 — §Q(w(x_)71§,£) eV,.
LEMMA 2.6. One has (h-z)" = hy - T.

PrOOF.  We shall calculate the Q-part of (h-2)”. Lemma 2.3 (iii) tells us that

Gl o) (e Ry €)= () W+ Ry )
='n=t (p+p(am)thy - ),

and Lemma 2.1 (i) implies that Q(v(x_)"thy - & w(xz_)n) = Q(hy - €, 7). Using (ii) and
(i) of Lemma 2.3, we have Q(¢)(z_)"thy &, hy - €)) = hy - Q((z—)71E, €), and thus we
obtain by Lemma 2.3 (iv)

Q("hZ' - (n+v(w-) " hy - €), he - (Y(x_)n + hy - €))
=Q (n+v(z_)"hy - & dlx_)n+hy - )
=Qn, ¥(z-)n) +2Q(n, hi &) +hy - QW(z-)"1E, &).

Consequently, we get (h-2)” = hy - (24— (1/2)Q(¢(z_)71E, €)), and now there is nothing
to prove. O

Let us calculate the irreducible factors in (2.9). We first note that Det R, is a
relatively H_-invariant polynomial, and so is Det ¢)(2_ ) because we have Lemma 2.3 (iii).
This means that, since these polynomials are relatively H-invariant by Lemma 2.4, the
basic relative invariants Ay (z_),..., A (z_) of Q_ are still those of Q. In the case of
Det R;, we have

Det RY = Af (&)™ - AL (@)™,

where mq, ..., my are positive integers, and hence it is sufficient to consider A; (z) for
each j =1,...,q. By Lemma 2.6, A;’ (z) is relatively H-invariant. For an operator T,
we denote by “°T" the cofactor of T, that is, we have “°T = (Det T)T~" for invertible T
Then, the inverse 1 (z_)~! is described as

1

= mco@[z(x,) (z- € Q_),

d(z-)7

and the elements of “°¢(x_) are polynomials of the elements of z_. Since Det ¢)(x_) is
relatively H_-invariant, there exist non-negative integers «;1,...,v;p such that
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Py(z) = AT (2 )" Ay () A () (2.10)

is a polynomial having no A; (x_)-factors. We note that each P;(x) is relatively H-
invariant because A; (z_) and A;‘ (Z) are relatively H-invariant.

Before we confirm the irreducibility of Pj(x), let us describe the multiplier matrix
o of by using those of Q1. By Theorem 5.1 of [12] and by the fact that Ay, ..., A7
are the basic relative invariants of {2, we see that o is expressed, by using a certain g X p

matrix X, as
o_ 0
o= (X J+> . (2.11)

PROPOSITION 2.7.  Pi(x),...,P,(x) are the basic relative invariants of Q.

PROOF. Let Aq(z),...,Aptq(z) be the basic relative invariants of . We already
know that A;(z) = A; (z) (i = 1,...,p). Since each Pj(z) is a relatively H-invariant
polynomial and has no A; (z)-factors, there exists 7 = (1,...,7,) € Z%, such that

Py() = Bpa ()7 - Ay ().

Then, by (2.11), the multiplier of P; is equal to (0, 7)o = (X, 7o1). On the other
hand, (2.10) means that the multiplier of P; is given as (lja_, g}'), and hence 1 satisfies

TO4 = gj. Since 71, ..., T are all non-negative, 7 needs to be equal to the row vector
e; having one in the j-th coordinate and zeros elsewhere, that is, P;(z) = Apy;(x), and
the proposition is now proved. O

Let us put ' := (7;;) € Mat(g,p; R) and = := 0;'T". Then equations (2.11) and
-1
(2.10) yield that X = I'c_, and the inverse of o is described as 0~1 = (J_: 91> By
i
Lemma 1.1, elements of = need to be equal to 0 or 1. Summing up these arguments, we
arrive at the following theorem.

THEOREM 2.8.  Assume that V is decomposed into V_ & E @ V.
(i) There exists a unique matriz = € Mat(q, p; {0,1}) such that, by putting I = (v;z) :=
042, one has for any x € §)

Az(l’)ZA;(l'f) ) (izl,...,p)7
Aerj(.’E) :A;(LC,)’”I tee A];(xf)mﬁj <£C+ - 2@(1/}(35)_15,5)) (] = ]-7 N 7q)

(ii) The multiplier matriz o of Q is given by

o o 0\ _ (I, 0 I, 0\ (0_-0
\04Bo_0y) \0oy) \Z1, 01,)°
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3. Polynomial condition of the reciprocals of the Laplace transforms.

In this section, we consider the Laplace transforms of relatively H-invariant functions
on homogeneous cones. The notation is continued from the previous sections. Let A (z)
be the relatively H-invariant function of €2 whose multiplier is s € R” with A(ey) =
1. Let dp be an H-invariant measure on 2, and put py = »_ ._, dimVj;. Then, by
Gindikin [3], the integral

j<k

Pa(s) = [ &1 A @) dua) (3.1)

converges if and only if s; > pi/2 for any k =1,...,r. The Laplace transform L£[A,] of
A, is defined by

CIANY) = —

—— [ e =IVA (x x ). .
o) = g [ MA@ ) e ) (32)

Here, in our definition, the Laplace transform is normalized as L£[A,](ep) = 1. Then,
Gindikin [3] also shows that the integral (3.2) converges absolutely if and only if s;, > py/2
for any k= 1,...,r, and if converges, we have the formula

LA (y) = € 0. 3.3

[As](y) A () (y € Q) (3.3)
For v,pu € Z7, let A%(x) (z € Q) and AX(y) (y € Q) be rational functions defined
respectively by

AY(x) = Ay (@) A(2)r, AX(y) == Af(y)" - Ar(y)".
By definition, it is easily verified that
A¥(z) = Dyo(@),  AT(y) = Ap,.(y) (x €9, yeQ), (3.4)

and hence the formula (3.3) is rewritten, by putting v/ := voo, !, as

1
LAY = — € Q). 3.5
[A%](y) A7) (y € Q) (3.5)
We note that it is shown by (3.4) that a relatively H-invariant function A, is polynomial,
in other words the vector s is Q-integral in the sense of [3, p. 37], if and only if all the
elements of so~! are non-negative integers.

Let us assume that  is the symmetric cone ;' for a while. In this case, A;(z) are
the left upper corner principal minors of z € Q, and Aj(y) are the right lower corner
principal minors of y € Q. By Propositions VI.3.10 and VIIL.1.5 of [1], for example, the
multiplier matrices ¢ and o, are given, respectively, as
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o= |, o= 1], (3.6)

and this yields that v/ = voo,! = (v +--- + vy, —v1,...,—Vp_1). Thus, we obtain

by (3.5)

= A:’l(w B AS(i);gy.>?ﬁ?(+yf”

(y € Q). (3.7)

If v=(0,...,0,n) with n € N, then we find that A%(x) and A%(y) = (L]AY(y)) " are
both non-constant polynomials. This property is valid for any irreducible symmetric cone
(cf. [1, Chapter VII]), and we shall show that, among irreducible homogeneous cones,
symmetric cones are characterized by this property.

We now return to a general situation that 2 is an irreducible homogeneous cone.
Let us introduce an inductive structure in V. We set (p,q) = (r — 1,1) in the decompo-
sition (2.1). Then, by putting V' = V_, we have

V=V'&FE®Re,. (3.8)

Let €’ be the cone corresponding to V’, and we denote the multiplier matrices of €’ and
()* by ¢’ and o, respectively. Theorem 2.8 implies that there exist v € {0,1}"~" and

€ € {0,1}7! such that
> a0 o — ol ohe
“\ert) T\ 1 )

Between v and ¢, the following relationship holds.
LEMMA 3.1.  There exists an integer jo such that v;, =€, = 1.

PrOOF. Since V is irreducible, we have {j; 7; = 1} # 0. Let jo be the maximal
integer such that v; = 1.
Then, by Lemma 1.1, we obtain

dimVy;, >0, dimV,, =0 (jo<k<r),
and, Lemma 1.1 for o, yields that
gjo=1, e=0 (k=jo+1,...,r—1),
so that the lemma is now proved. O

To go further, we introduce some notations. For row vectors u = ‘(uy,...,u,) € R
we write u > 0 when u; > 0 for all j. We use similar notation for column vectors v € R",
and for other inequalities >, <, <.
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PROPOSITION 3.2.  Let 2 be an irreducible homogeneous cone. If ) is not symmet-
ric, then there exists u € {0,1}" such that oo 1w < 0. If Q is symmetric, then there are
no such u € {0,1}", and, at best, oo 'u = —*(1,...,1,0) for some w.

PROOF. At first, we assume that €2 is symmetric. In this case, we know that o
and o, are expressed as in (3.6), and a simple calculation yields that

1
-1 . —dr—1
oo, =14
1 0---0

Hence, it is easily verified that there are no w € {0,1}" such that oo 'u < 0, and
oo lu = —*(1,...,1,0) when w = *(0,1,...,1). Next we assume that ) is not sym-
metric. We shall prove the proposition in this case by the induction on the rank r.
Let us decompose V as in (3.8). Since Q' is not necessarily irreducible, we consider
the irreducible decomposition ' = @I_, Q,, where ¢ is the number of the irreducible
components 2, of €. We relabel the Vinberg frame, if necessary, such that the ambi-
ent vector space U, of Q, are placed on the diagonal blocks (cf. (1.3)). Moreover, let
E = @!_, E, be the decomposition of E with respect to the relabeled Vinberg frame.

Then, V is of the form

u; 0 --- 0 E
0
V = .
. . Uqfl 0 qul
0--- 0 Uy Ey
E1 cee Eq—l Eq RCT
For each a =1,...,¢, let o, be the multiplier matrix of the cone 2,, and ¢ that of the

dual cone of §,. Since the subspace U? := U, ® E, @ Rc, is a subalgebra as Vinberg
algebra, we have the cone 20 corresponding to U?. Applying Theorem 2.8 to Q9 and
to its dual cone (20)*, we see that there exist zero-one vectors 7, and €, such that the
multiplier matrices of Q0 and of (Q0)* are written, respectively, as

o, 0 orore,
¥,0a1 ’ 0 1 ’
We note that, since V is irreducible, each U? needs to be irreducible, and hence 7, and

€, are both not zero-vectors for all a. Recalling Lemma 1.1, we see that ¢ and o, are
described, respectively, as

01
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Foranya =1,...,q, since rank €2, < r, the hypothesis implies that there exists a zero-one
vector u, satisfying the property for 2,, and we place them in a vector form as

u;

u:=| | €{0,1}".
Uq
1

By a simple matrix calculation, we find that

0'1(0'1‘)7111,1 — 01€1

Uq(af;) Uq — 0¢&q
Za laga(gz _lua +1- Za lagaea

Y,=0400) " uy — 0480, X = ZjaUa(U;)_lua +1-— Zlagasa'
a a

First, let us consider Y,. If , is not symmetric, then by the hypothesis we have
0a(0) tu, < 0, and hence Y, < 0. Let us assume that €, is symmetric. In this case
0, is described as in (3.6). For a vector s = (s1,...,5,), put |s| := s; + -+ s,. Then,
the last factor of o,e, is equal to |g,|, and we have |e,| > 0 because €, # 0. Since we
have o,(0}) " tu, = —*(1,...,1,0), we conclude Y, < 0.

Next, let us consider X. By Lemma 3.1, we have Y,Ca€a = 1 for each a, and thus

1= 7. 0480 <1—g¢. (3.9)
a

Therefore, if ¢ > 2, we easily find that X < 1 — ¢ < 0. Suppose that ¢ = 1. In this
case we have ' = 1, so that we use prime symbols, like ' = w1, for simplicity. Since
(3.9) implies that X < 5'¢’(c},) 'u/, we first consider the value of v'o”(o7) 1w/, If
is not symmetric, the hypothesis implies that o’(c.) 'u’ < 0, and hence X < 0. We
now assume that Q' is symmetric. Then, we have o’(c) 1u’ = —%(1,...,1,0) with
uw' = %0,1,...,1). Thus, if y/ # (0,...,0,1), then we obtain X < +'¢’(c},) 'u’ < 0.
Next, we put 7/ = (0,...,0,1). In this case y/0’(0}) '’ = 0, so that we consider the
value of 1 —+'0’¢’. Lemma 3.1 tells us that e,_; = 1, where we put &’ = tery oo Ert)-
Since y'o'e’ =1+¢e1+ -+ +ep_2, if € # ¥(0,...,0,1) then we have X <1—7'0’e’ <0.
Finally, let € = %(0,...,0,1). Then, a simple calculation yields that

1 1...1
_(d 0\ _|.. _ (olole\ o
Tl ) T e )T )
- 1..

-1 1

and therefore 0~ + o ! is equal to the Cartan matrix of type A,. Theorem 4.3 of [13]
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tells us that €2 is nothing other than an irreducible symmetric cone. Hence, the proof is
now completed. O

LEMMA 3.3.  Let v > 0. If there exists a matriz A such that vA > 0 and Au < 0
for some u € {0,1}", then v = 0.

ProOOF. First, we can easily verify vAu = (vA)u > 0. On the other hand, a
straightforward calculation yields that vAu = v(Au) < 0. Thus, we obtain vAu = 0.
Since all elements of Au are strictly negative and v > 0, we conclude that v = 0. O

Proposition 3.2 together with Lemma 3.3 leads us to the following theorem which
gives a characterization of symmetric cones among irreducible homogeneous cones by
using the Laplace transforms of relatively H-invariant functions on (2.

THEOREM 3.4. Let Q be an irreducible homogeneous cone. Then, Q) is symmetric
if and only if there exists a non-constant relatively H-invariant polynomial A%(z) such

that the reciprocal AY (y) = (LAY (y))"" of the Laplace transform of AX(xz) is also a
non-constant polynomial.

PROOF.  Since the multiplier matrices ¢ and o, of symmetric cones are described
as in (3.6), the “only if” part is already proved in (3.7). We now assume that € is not
symmetric. Then, by Proposition 3.2, there exists w € {0,1}" such that oo, 'u < 0. Let
us assume that A¥(z) and AY (y) are both polynomials, that is, we assume that v > 0
and ' = gaa;l > 0. Then, Lemma 3.3 shows that v needs to be equal to 0. Thus, there
are no non-constant polynomials which satisfy the property when €2 is not symmetric. O
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