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Abstract. We consider the Stokes semigroup in a large class of domains
including bounded domains, the half-space and exterior domains. We will
prove that the Stokes semigroup is analytic in a certain type of solenoidal
subspaces of BMO.

1. Introduction.

We will investigate the homogeneous Stokes equations

ur—Au+Vr=0 in Qx (0,7)
divu=0 in Q x (0,7)
u=0 on 9N x (0,7T)
u(0) =ug

(1.1)

in a uniformly C3-domain Q C R™ (n > 2). The LP-theory for 1 < p < oo of the Stokes
equations is quite well understood if the Helmholtz projection in LP exists. For this
let L2 (Q2) be the closure of Cg%(£2), the space of smooth solenoidal vector fields with
compact support, in LP(Q2). The Helmholtz projection is then the projection operator
from LP(Q) into L2(Q) derived from the Helmholtz decomposition. In [15] the second
author proved that the Stokes operator generates an analytic semigroup in L2 (Q) if
is a bounded domain. The same result was proved in [13], [14] for general domains
under the assumption that the Helmholtz decomposition of L () exists. For domains
not admitting the LP-Helmholtz decomposition this result is still unknown.

In [1] and [2] K. Abe and the second author proved similar analyticity results in
solenoidal subspaces of L>(f2) for a certain class of domains called admissible. Similar
analyticity results in L by resolvent estimates were obtained in [3].

In this work we want to generalize these analyticity results to a subspace of BMO.
In order to do so we introduce a norm measuring the mean oscillation of the function
inside the domain and the mean value of the function near the boundary. We define this
BMO-type norm in the following way. Let for f € Li () and B C Q the mean value
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fB be defined as

1
o= /B f () dy

For the parameter u € (0, 00] we define the BM O-seminorm

[flBmon(o) = sup B / — [B(2)] dy.
B, (z)CQ,r<p ‘ |

We will usually omit € in the notation of the seminorm if no confusion may arise. The
space BMO" () is then defined as

BMO"(Q) := {f € Lioc(Q) : [f]pmonr < o0}

We define for v € (0, 00| the seminorm

[f]ev :sup{r"/ |f(y)|dy::c0€89,0<r<y}.
BT(Io)ﬁQ

Then

IflBreor = [flBrmor + [flo

will be called the BMO-type norm. The space BM O} () is then defined as the space
of all functions f € Ly, () satisfying || f[| prropv < 0o. Let VMO (Q) be the closure
of C2°(©) and VM Oy, (€2) the closure of CZ5, (€2) with respect to the norm ||« || gasor -
Furthermore, let Co (£2) be the closure of Cg% (€2) with respect to the L>°-norm. It is
obvious that Cp »(2) = VMO ().

Further we define for p € (1, 00)

1/p
[f]BMO“p = sup <|B ! |f(y) - fB,,.(w) ‘p dy) y

B, (z)CQ,r<p ( )| B, (x)

1/p
[florp = sup (?""/ Lf ()P dy) :
To€0N,0<r<v B, (z9)N2

I flBaropp = [flBronp + [flovp-

Note that by the John-Nirenberg inequality the seminorm [f]pmonp is equivalent to
[f]Bamox provided that p € (1,00) and p € (0, 0]

In [10], [11] it was proved that for the space L” := L2 N L" if r > 2, L" := L?> + L"
otherwise, there is a bounded Helmholtz projection P, from L”(Q) to L (£2) in uniformly
C?-domains. Furthermore, it was proved that the Stokes operator generates an analytic
semigroup in L7 (Q). Here L7 (Q) is the closure of Ce%(Q) in the L"-norm. The Sobolev
space W, is defined as the closure of C2°(Q) with respect to the norm || - e =
| -1z + IV - |lz-- In [10], [12] it was proved that for every uo € L"(Q) there is a
unique solution u(t) € Wy () N L7(Q) with V2u(t), us(t), Va(t) € L"(Q). We call such
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a solution L"-solution.

We are now ready to define the notion of an admissible domain in the sense of [1].
Let Q be a uniformly C2-domain. The domain € is then called admissible if there are
r > n and a constant C' > 0 such that for all matrix-valued functions f € C*(Q) with
divf € L"(Q), tr f = 0 and 0, fi; = 9 fu (1 <1i,7,1 <n)

Slelg dist(z, 0Q)|(I — P)(Vf)(x)| < C| fllL=(o0)

holds. Examples of admissible domains are bounded domains, the half space ([1]) and ex-
terior domains ([2]). A layer domain of dimension n > 3 is an example of a domain that is
not admissible ([6]) but has a Helmholtz decomposition in L? ([21]). Furthermore, there
are also examples of admissible domains that do not have a Helmholtz decomposition in
LP as constructed in [4].

Having these definitions the first and the second author proved in [8] that for the
Stokes equations the L°°-norm of the derivatives of the solution can be estimated by the
BMOp-norm of the initial data as in the following theorem.

THEOREM 1.1. Letn >2,r >n and
N(u,w)(z,t) = tl/z\Vu(x,tﬂ + t|V2u(x,t)| + tug(z, )| + t|Vr(x, t)].

Let Q be an admissible, uniformly C3-domain in R™, u,v € (0,00]. Then there exist a
solution operator S to (1.1) and constants C,Ty > 0 depending only on u, v, n and )
such that

sup ||V (u, m) (-, )| oo < Clluoll parop
0<t<To

holds for every L"-solution (u, V) with uy € C2%(Q). By density the estimate holds also
for each ug € VMO () with S(t)up = u and a suitable choice of . The solution
operator S is taken so that it agrees with the L?-Stokes semigroup on C,(Q).

The estimate ¢||us(t)|| paror < Clluollparop for t < Ty which is a consequence of
the theorem is the estimate needed for proving the analyticity of a semigroup. Neverthe-
less, in our case we have the required estimate but this is not enough to conclude that
the Stokes operator actually generates a semigroup on VMOL ) (£2) since the theorem
does not give us sufficient control about the solution w itself. Tt is the aim of this paper
to close this gap and to show that the Stokes semigroup is analytic in VMO ().

For this we will need to assume some regularity at the boundary and will make use

of the following property.

LEMMA 1.2. Let Q be a uniformly C*-domain. Then there exists a constant R
such that for all x € Q with dist(z,9Q) < R there is a unique projection to a boundary
point x. € 0N such that the line between x. and x is normal to 02 in x..

PRrOOF. For a proof see [16, appendix| and [19, Section 4.4]. O
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We define then for a uniformly C?-domain the number R* > 0 to be the supremum
of all R satisfying the above for {2 and its complement. This R* is often called the reach
of 90 ([19]).

Our main result then states that in an admissible domain the Stokes operator gener-
ates an analytic semigroup in VM Ozf, ’0”70(9) for suitable choices of 1 and v. The constant
C)p, 1, denotes here a constant depending on the regularity of the domain which will be
defined in section 4.

THEOREM 1.3. Let Q C R™ be an admissible, uniformly C3-domain. Let 0 < v <

R* and p € (R*,0]. Then the Stokes operator generates a Cy-analytic semigroup in
VM OﬁbﬁU(Q).

The main idea of the proof is deriving estimates for
2
[l -une@Pdy ad [ o dy
Br(r) B,-(:L’o)ﬂﬂ

for B,(x) C @ and zy € 9Q. This can be done by using the fundamental theorem of
calculus u(t) = fot us(s)ds — ug, the equality uy = Au — V7 and integration by parts
such that we only need to estimate 7 and the gradient of u. Via an estimate on harmonic
functions the pressure in this calculation is also controlled by the gradient of u. By the
estimate

sup tl/QHVU(t)Hoo < C’||UO||BM0;)‘>”
0<t<To

of Theorem 1.1 we then obtain for ¢ < T the inequality

[l prrop2r2 < Clluollparog-+-

Finally, we will need equivalence results between different BM Op-norms to compare
these two norms and get the boundedness in VMO ’0”70((2). Together with the time
derivative estimate of Theorem 1.1 this yields the anaiyticity of the Stokes operator in
VM Ol‘)‘, ’0”70 (Q).

This paper is organized as follows. In section 2 we will prove estimates that will
be needed to get control of the pressure terms that will appear in our calculations. In
section 3 we will prove that we can estimate the BMO-type norm of the solution by
another BMO-type norm of the initial data and that the solution is in VMO  (Q).
In section 4 we will prove the required equivalence results of different BM O-type norms.
In section 5 we will consider the Stokes semigroup in the half-space and prove the global
boundedness of the semigroup and its derivatives.

2. Boundary estimate for the pressure.

In this section we will prove estimates for harmonic functions in order to estimate
the pressure terms in Section 3 in a suitable way.

THEOREM 2.1. Let Q be a bounded C?-domain and consider the equation
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AT =0 in Q
O /On = divgg g on O
Jomdx=0.

Then there is a constant C > 0 depending only on C?-regularity of Q and the second
eigenvalue of the Neumann Laplacian in Q0 such that

17l z200) < Cligllz2(a0) (2.1)

holds for all g € L?(0S2) with g-m =0 on 0. The constant C is additionally invariant
under scaling transformations of the domain €.

We shall prove this theorem in several steps. For Lipschitz domains we consider the
Sobolev space on the boundary 99Q. Let H'(9Q) denote the space of all f € L?(9) whose
weak tangential derivative Vo f is also in L?(99). We equip this space with an inner
product in the same way as in the definition of H*(£2). The space H*(99Q) (0 < s < 1) is
given as the complex interpolation space [L?(9€2), H(6)] , based on fractional powers
of the self-adjoint operator associated with the inner product of H' ([20]). It is well-
known that the trace space H'/2(9€) of H'(Q) agrees with this characterization of the
interpolation ([20]). Let H*(99) be the dual space of H*(0f2).

LEMMA 2.2, Let Q C R™ be a bounded Lipschitz domain. Then
IVoafllm-100) < [fllL200) (2.2)
for all f € L?(99), where Vq denotes the weak tangential gradient.
PROOF. This can be seen immediately from the definition of H~1(99). O
LEMMA 2.3.  Let Q C R"™ be a bounded Lipschitz domain. Then
Voo fllm-:00) < [fllm-:00) (2.3)
for all f € H=5(9Q) and s € [0,1]. In particular,
Voo flla-1r2000) < 1 flla1/200) (2.4)
for all f € HY?(09).
PROOF. We interpolate (2.2) with
Voo fllzzaa) < I1flla a0

to get (2.3) by complex interpolation theory ([20]). Note that H*(9Q) =
[22(00), H~}(9)] . O

We next recall the solvability of the Neumann problem
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Au=0 in

ou/On=h on 0N (2:5)

under the compatibility condition |, sal dH"~! = 0. The Lax Milgram theorem or even
the Riesz representation theorem for a Hilbert space guarantees the existence of a solution
u € HY(Q) for h € H-2(99Q). If h is regular, say h € HY/?(9Q) and if 9Q is C2, then u is
H?. This is also standard. We just summarize these results which are for example found
in [7, Theorem III, 4.3] including the case when the Laplace equation (2.5) is replaced by
the Poisson equation Au = f.

LEmMMA 2.4. Let Q be a bounded Lipschitz domain in R™. For a given h €
H=Y2(0Q) with [, hdH"™' =0, there is a unique weak solution u € H' () of (2.5)
satisfying fQ wdx = 0. This linear operator h — u fulfills the estimate

[ullzr@) < CllAlla-12(00) (2.6)

with C' depending only on Q through its Lipschitz regularity of  as well as the second
eigenvalue of the Laplacian with Neumann boundary conditions.

Moreover, if Q is C? and h € HY?(0R), then u € H?(Q). The linear operator
h — u fulfills the estimate

[ullz2) < Cllhl m2r2(00)- (2.7)
Here, the constant C depends in addition on C*-regqularity of Q.

The dependence of C' with respect to the second eigenvalue of the Laplacian with
Neumann boundary condition appears when one uses the Poincaré type inequality to
control the L?-norm of v by the L?-norm of Vu. If the boundary regularity is fixed, then
the constant decreases as the second eigenvalue increases.

The estimate (2.6) together with the well-known trace theorem [7, Theorem III, 2.2]
and (2.4) yield key estimates for the boundary value of the solution 7 in Theorem 2.1.

LEMMA 2.5.  Let Q be a bounded Lipschitz domain in R™. Let g € HY/?(0Q) satisfy
g-n=0ondQ and let 7 € H* () with [, 7dx =0 be the unique solution of (2.5) with
h =divygqg. Then

177 22 00) < Cllgl 200 (2.8)

with C depending only on the Lipschitz reqularity of € and the second eigenvalue of the
Laplacian with Neumann boundary condition, where v denotes the trace on Of).

ProOoOF. We first notice that fm hdH"™ ! = 0 because g is tangential. By the
inequality (2.4) we observe that divg € H~/2(9f), which guarantees the existence of
an H'-solution m (Lemma 2.4). We now observe by the trace theorem, (2.6) and (2.4)
that

Il 2 00) < Cilllla @
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< Ca| divaq gl m-1/2(00)
< C3llgll mrr200)

which yields (2.8) where C; denotes a constant depending only on €. Here we only used
Lipschitz regularity of the boundary. 0

We finally apply a duality argument.

LEMMA 2.6. Assume that Q is a bounded C?-domain in R™. Let g and m be as in
Lemma 2.5. Then

vl z-12000) < Cllgllm-12(00) (2.9)

with C' depending only on C?-reqularity of Q as well as the second eigenvalue of the
Laplacian with Neumann boundary condition in €.

PROOF.  Let uj be the H?-solution (satisfying [, updz = 0) of (2.5) with h €
H'/2(09Q) satisfying Joq hdH™1 = 0. By the Green formula we have

/ (ym)h dH™ ! f/ —up dH ! = /(WAuh —upAm)dr =0,
oN Q

where yuy, is denoted simply by wup. Thus

/ (ym)hdH" ! = / (divaq g)up dH" ! = — / g - Voqup dH™ L.
on on o

This representation yields

/ (ym)hdH" !
oN

< gllz—1r200) I7Voaun | 112 00)-

By the trace theorem and (2.7) we get

< |lgllz-17200) 10l 172 (00

/ (ym)hdH™ !
o0

which yields (2.9). O

PROOF OF THEOREM 2.1.  Since the estimate (2.9) guarantees that g — 7 is
extendable from tangential H~/2(9Q) to H~'/2(8Q), interpolating (2.8) with (2.9)
yields (2.1), where we suppress the trace symbol v. Here we invoke the property that
[H'/2(0Q), H~1/2(0Q)] 12 = L?(99) ([20]). The scaling invariance follows directly from
scaling 2, 7w and g. O

REMARK 2.7. In the application of Theorem 2.1 in Section 3 we will need to
consider this estimate for domains of the form Q N B,(xg) (xg € 02, r < 2¢oR*) with
smoothed corners and for balls. For the balls we can invoke that the constant C' is scaling
invariant and thus depends only on dimension. For the other domains we will need some
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uniform control of the constant in this estimate. We can achieve this through control on
the C2-regularity of the domains and an estimate from below on the second eigenvalue Ao
of the Neumann Laplacian. For convex domains 2 such an estimate is explicitly known
by [22], where Ay > 72/ diam(€2)? was shown. But not all of the domains we consider are
convex. For these remaining domains one can obtain an estimate from below directly from
[9], where this was proved for manifolds satisfying an “interior rolling e-ball condition”
which is satisfied for all C2-domains. Another possibility is to use the result of [5] where
it was proved that small perturbations of the domain result in small changes of the
eigenvalues. Thus, if we choose 0 < ¢y < 1/2 sufficiently small we get from the estimate
Aoy > 7r2/7"2 for the upper half of a ball with radius r the estimate Ay > 7r2/27’2 for all
B,.(x9) NQ with g € 9Q, r < 2¢gR* and smoothed corners. From this we can conclude
that the constant C of (2.1) is bounded from above in all applications of Theorem 2.1 if
we choose v < coR* and have control on the C?-regularity.

3. Boundedness in BMO-type spaces.

In this section we will prove that the solution operator maps VMO;)" ’O”’U(Q) to
VM Ol‘f, 701/,0'(9) under suitable choices of y and v and finally conclude the analyticity
of the Stokes semigroup in these BM O-type spaces. We will distinguish between small
and large balls and use the derivative estimate of Theorem 1.1 in order to prove this
boundedness. It will be easier to do most of the calculations with the BM Oy2-norms
since in this case we do not have to take care of the absolute value in the definition and
it enables us to integrate by parts in a way that fits to our needs.

Since we will also need some control over the mean values we will start with an
estimate on mean values of the solution.

LEMMA 3.1.  Let p,v € (0,00] and 0 an admissible uniformly C®-domain. Then
there are constants C, Ty > 0 which are independent of r,ug and t such that

£1/2
’“Br(z)( ) = Uop, (z)’ < CiHUOHBMO“ v

holds for all solutions u := S(t)uo of (1.1) with ug € VMO (Q), t € (0,Tp) and
B,.(z) C Q.

PrROOF. By the fundamental theorem of calculus, equation (1.1); and integration
by parts we get

B o ()~ w00

1
\Br(m/ z)/ 55 U8 dsdy

Brl(xl/ / (Auly, s) = Vr(y, s)) dy ds

\Bfl(x I/ /aBM) (an y8) = mly »s>"> dH" " (y) ds
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Then we can estimate this in the following way by using the Holder inequality
Il @,y < 1208, 1l 2208y, Where |[1] 1298, = Crn=1/2

1
1B, (@) B,r(x)(u(y’t) —uo(y)) dy

wi ! /t 1 / @( s)
r 0 rn—1 OB, (z) on 9

wyt o1 e
< / 1 (/ [Vu(s)|| e @) dH" " (y) + ||7T(s)|L1(BBT(m))> ds
o "’ OB, (x)

IN

T inty, s>n|) ds AH"(y), (wn = | B2 (0)))

r
<9 ' \V4 —(n—-1)/2 d
=5, (IVu(s)llLoe) +7 7 (s)ll 208, (2))) ds-

Here, we used that Vu(t) is in W1°°(Q) by Theorem 1.1 and thus Vu € C(Q2) such that
we can estimate ||0u/On|| o) by [|[Vu L)

We get then by Theorem 1.1, Theorem 2.1 with choosing 7 such that fBT(I) =0,
(11)1 and the Holder inequality ||fHL2(aB,,«) S ||1HL2(3BV,~)Hf”L‘x’(aBr)

1
1B, @) Bao) (u(y,t) —uo(y)) dy

c [t (n—
= 7/ (IVu(s)[lso + =772 curlu(s) x nl|2(a8,)) ds
0
C t
<< [ Ivu(s) | ds
™ Jo

c [t

< */ s 1/2||u0||B1V[Ol‘,"" ds

rJo
1/2

< CTHUOHBMO{)“"- O

In the next theorem we obtain bounds for the mean oscillation of the solution in
large balls.

THEOREM 3.2.  Let Q C R™ be an admissible, uniformly C3-domain, p,v € (0, 00].
Then there are constants C, Ty > 0 depending only on Q, n, u and v such that for all
0<r<pandz € Qwith B.(x) C Q, t € (0,Ty) and all ug € VMO () with
u(t) = S(t)ug

1

4
2 2
1B, /o0 u(y,t) — up, (@) (t)]"dy < C <1 + r2> [uollBasopv-

PrROOF. By the fundamental theorem of calculus, (1.1); and integration by parts
we get

/ fu(y, ) — us, (8)° dy
B,
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= [t =m0 ([ 2 s~ o) ) )
(u(y. )~ up, 1) [ (Bu(y.s) — Vr(y, ) ds

/. J |
(1)~ s, 1) [ 222 (5)dady

/BT / Os ‘

0
+ luly,t) = up, ()25,

/Vu y, ) Vu(y, s) dy ds| +

<

+

||L2(B )

/ /83 (vt T(t))g—Z(s) dH"(y) ds

u(y,t) —ug, ()7 (y, syn dH" " (y) ds

oB,

+ /B (u(y,t) — up, (£)) dy(up, (t) — vop,)

1 1
+ 5 / |U(y7 t) - uB'r'(t)|2 dy + 5 / |U0(y7 t) - uOB1’|2 dy7
B, B,

where we can take the second to last term to the left hand side and the last term can
be estimated by r"[uo]%s0us Which by the John-Nirenberg inequality is equivalent to
7™ [uo]% 700 We will use the derivative estimate of Theorem 1.1 for estimating the other
parts. The first term can be estimated by

< /B 9l / 1V0(5) oo ds dy

t
< CrnflmﬂuoHBMog'”/ 571/2||“0||BMO£““ ds
0

< Cr™luoll a0

t
/ Vu(y, t)Vu(y, s) dy ds
0o JB,

For the second summand we get

() — s, (1)) G (5) AH" (9)

9B,

—u t u(s sdH™ !
</6B,,, lu(y, ) Br(t)|/0 [V a(s)||oo ds dH™ 1 (y)

t
=C/. IU(y,t)—UB,,.(t)IdH”_I(y)/ s |luoll parop ds
i O

< CY2|Juo|| pasop- /@ fu(y, £) — up, ()] dH"(y).

T

In order to estimate the third term we estimate the pressure part by using Theorem 2.1,
(1.1); and Holder’s inequality.

u(y;t) — up, ()7 (y, s)ndH" " (y) ds

OB,
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t
< u(t) - up, (&)l 208, / 17(3) |20, ds
0
t
< Crm=D/2|y(t) — up, (t)”LOQ(aBT)/ r( D72 curl u(s) x N[~ @B, ds
0
t
< O Vu(t) oo / IVu(s)| oo ds
< O oy g

where we used Poincaré’s inequality with constant Cr in B, in the second to last line.
For the fourth term we use Lemma 3.1

/B (u(y,t) — up, (1)) dy(us, (t) - uop,)

) 1/2 2t1/2
<o ([ o - un P ay) P funllnyor

t
< [ Julwt) ~ un, @OF dy -+ Cogr ol g
B

r

Thus we have the estimate

" t
[ utt) = 0P dy < o (14 ) ol + € [ utt) — un (0

r

+ O jug | parop- /a (.6 =, ()] 41 ().

T

After taking the term containing e to the left hand side it is left to estimate [, |u(y,t)—
up, (t)|dH" 1(y). By the trace theorem and Poincaré’s inequality we obtain

1/2
/8 1.~ un, (0] 4 ) < € < /B Vuly, O + luly. t) — us, (1) dy>

r

1/2
gcr(/ |Vu<y,t>|2dy) .
B,

We see by a scaling argument that C, = Cr™/2. Then

cr/? /33 lu(y,t) — up, (£) dH" " (y) < CE2r" 2| Vu(t) | 128,

< CtY2r | Vu(t) o

< Cr'*uoll Baror

such that we finally obtain

t
/ () — ug, oy (O dy < Cr (14 L) Juol a0 0
B, (z) r b
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For boundedness we will need similar estimates for small r. These estimates can be
proved in a much simpler way by using Poincaré’s inequality.

LEMMA 3.3.  Let Q C R™ be an admissible, uniformly C3-domain, u,v € (0,00].
There are constants C, Ty > 0 depending only on Q, n, pu and v such that for all r > 0
and x € Q with B.(x) C Q, t € (0,Tp) and all ug € VMO () with u(t) = S(t)ug

1 /
_ u(y,t) —upg dy<C’ U v
B Jy o D w0 OF ol arog

PrOOF. By Poincaré’s inequality in B, with constant C'r and Theorem 1.1 we can
estimate

/ () — s, (o) ()] dy < / lu(t) — up, (o) (D12 dy
B, (x) B, (x)

<C 2| Vu(t)|% dy
By (x)
nr2 2
<Cr THUOHBMO{;“’”' m

We can now estimate the BMO-part of the BMOp-norm in a suitable way. In a
similar way we will get estimates for the boundary part of the norm. Since B, (xg) N
for zo € 09 is not a C?-domain which we will need for the estimate of the pressure, we
need to change the parameter v in a certain way.

THEOREM 3.4. Let Q C R™ be an admissible, uniformly C3-domain, p € (0,00,
0 < v < cgR*, where ¢y is the constant of Remark 2.7. There are constants C, Ty > 0
depending only on Q, n, pu and v such that for all xg € 0N, r < v, t € (0,Tp) and all
uy € VMO ,(Q) with u(t) = S(t)uo

1
pores lu(y, t)* dy < C(lluollBarop» + [uoliovs)-
r BT(JE())HQ

PROOF. Let B.(z9) NQ C B c Ba.(20) N Q be a domain with C%-regularity,
where the C2-regularity of B depends only on v and the C3-regularity of Q. Again by
the fundamental theorem of calculus and integration by parts we obtain

:/Bu(y,t)/otZ(y,s)dsdy—/Bu(y,t)uo(y)dy

t
[t [ (@t s)—W(y,s»dsdy\+||u<t>||L2(B>||uo||Lz<é>

/BU(y,t) /Ot(AU(y,S)—W(y, dsdy‘ /lu y, )% dy

<

<
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1
+ 5/ luo|® dy,
Bay(x0)N2

where we take the second summand to the left hand side. The last summand can
be estimated by r”[uo]gbz. For the first summand we obtain by using the estimate
1]l oo By, (w)n) < CT||Vul|lo, which follows from the homogeneous boundary condition,
estimating the part with pressure 7 in the same way as in Theorem 3.2 and integrating
by parts

T,% /BU(Z/J)/ (Au(y,s) — Vr(y,s))dsdy

(o vesret- |
/03 U(y,t)/o m(y, s)ndsdH" *(y) >
(Lol | Vsl ds dy

4 /a IV / 1Vu(s) oo ds dH™ ()

IN
<

0:0) [ 9 ds ar )

0
/BVu(yﬂt) /Ot Vu(y,s)ds dy' +

+

IN

3

+ /a 1) / 'y, sl ds dH"‘1<y>)

C t
< Cllwluop + 1xlu®lszop) | 176 uzom ds

< Clluol prop -

Finally we obtain

[ 1) dy < Cllualagop + Clulis 0

Let C,,1, be a constant depending on 2 which will be defined in section 4. Roughly
speaking, C), 1, measures the degree of shrinkage of transforms from neighborhoods near
the boundary to R .

THEOREM 3.5. Let Q C R™ be an admissible, uniformly C3-domain, 0 < v < R*,
€ (R*,00]. Then there are constants C,Ty > 0 depending only on , n, p and v such
that for all t € (0,Tp) and all ug € VMO (Q) with u(t) = S(t)uo

lu(@) | Barop+ < Clluollsaror
holds.

PROOF.  Since the norms with different such v are equivalent by Theorem 4.3 that
will be proved later, we can assume that v < min{R*/(4C,, 1), coR*}. By Theorem 3.2,
Lemma 3.3 and Theorem 3.4 we obtain for some Ty and C' depending only on 2, n, y, v
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[u®) | Barorra < Clluolparor + Cluglyzve  (t € (0,T0)). (3.1)

We will now use two different equivalence results on the BM Op-norms. At first note that
it is immediate from the definition and Holder’s inequality that

lu@®)lzaror < Cllul®)lzarop=s-

Since 2v < R*/(2C,,, 1) we can use the equivalence between || - HBMO/;,2V2 and || - ||BMO{;,2U
that will be proved in the next section (Theorem 4.7) to estimate Cluglp2vo such that we
get

lu@®)l Brropr < Clluollpuog+ + Clluol garomz (¢ € (0,To)).

Now we will use the equivalence between || - || garop+ and | - HBMOS,QV (Theorem 4.3)
which yields

[u@®)[| Barop+ < Clluollsarorr  (t € (0,T0)). O

Now we have all estimates that are necessary to obtain a semigroup. However, as
in the L*>-case C%(€2) is not dense in the largest solenoidal subspace of BMO;"" (€2).
Thus, in order to get a semigroup on VM O{: ’OV,U(Q) we have to ensure that the solutions
u(t) € VMO () for ug € VMOy'y (Q). This will be done in the appendix.

We are now able to show our main result, the analyticity of the VMO}'j (Q)-Stokes
semigroup.

PrOOF OF THEOREM 1.3. By Theorem 1.1 and the embedding L*>®(Q2) —
BMO}"" () we know that the solution operator S(t) satisfies the estimate

d C
Hdts(t)uo < ?HUOHBMO{:'” (t € (0,T0)).

BMOM”

Furthermore, we know by the previous theorem that
[1S@)uollarorr < Colluoll parop+ (¢ € (0,T0)). (3:2)

By the appendix we obtain that S(t)ug € VMO ,(Q) for every ug € VMO, ()
and t € (0,7p). From this we can conclude that S(t)ug € VMO () for every ¢ > 0.
This together with the above estimates yields that S is an analytic semigroup. It is left

to show that S is a Cy-semigroup. It was proved in Proposition 5.3 of [1] that for all
Ug € C??Y(Q)

lim [[S(#)uo — uolloe = 0.

If we now take ug € VMOy'y (), then there exists by definition of VMO () a
sequence ug* € C%,(Q) such that ug* converges to ug with respect to the BMO}""-norm.
Then we have by (3.2) for t < Tj
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1S (t)uo — uoll paror~
< [15@)(uo = ug) I Baros + 1S()ug — gl Barop + llug” — woll Baror
< (Co + Dllug’ — woll parop + (2 4+ wa) [[S@)ug" — ug [l

For given ¢ > 0 we choose then m € N such that [[uf’ — uo| prrorr < €/2(Co+1) and
then tg > 0 sufficiently small such that ||S(¢)u] —ul'||co < €/2(2 + wy,) for all 0 < t < .
Then

[1S(t)uo — woll parorr < e

for t < ty which proves that S is a Cp-semigroup. O

4. Remark on equivalences of BM Op-norms.

In this section we will prove the equivalence results for different BM Op-norms that
were used in the proof of Theorem 3.5.

For these equivalence results we will need a fundamental theorem on BM O-functions
that states that the L'-norm of a function in a large area can be controlled by the L'-
norm of the function in a small area and the BM O-seminorm of f.

THEOREM 4.1. Let p € (0,00] and Q@ C R™ be a domain. Then for all f €
BMO*(Q), a > 1, r >0, x1,22 € Q with B.(x1) C Bar(x2) C Q and ar < p holds the
inequality

121 (Bor(22)) < |Bar(22)[(1+a"™)[f]Brror @) + a™ | fllL1 (B, (21))- (4.1)

PROOF.  Let By := B.(11), By := Bay(w2) and f:= f—fp,. By [ (f—fp,)dy =
—|B1|fB, we obtain

\Bmﬁ%h;é|f—ﬁ%wy

and thus

Bollflmon = [ 17~ Fauldy
B>
> [ 17 el dy
B1
> |B1|fB.|.
From this we can estimate the mean value of f in By by

\fB.| < a"[flBaon.

Then we can estimate the L'-norm of f by using estimates on the mean values together
with the L'-norm of f on a small ball.
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Iy < N = fBillLr(B2) + | B2llfB, |

= 1fllt1(By) + | Bzl .|
| Ba|

<\f = fBallii(sy) + | Bellfa.| + @Hf”Ll(Bl)

< [Ba|[flsmon + |Bala" [flaaon + a” || fllLr(s,)
= |Ba|(1 4 a™)[flBmon + a” | fllL1(B, (1)) -

Since we consider BM O-functions on domains it will be useful to extend those
functions to the more classical BM O-functions on R™. P. W. Jones proved in [18] the
exact condition when this is possible. This condition is in particular satisfied if the
domain is a bounded Lipschitz domain.

THEOREM 4.2. Let Q2 C R™ be a bounded Lipschitz domain. Then there is a con-
stant C' depending only on Lipschitz regularity of OQ such that for each f € BMO>(Q)
there is an extension f € BMO®(R™) such that

[flBro= @) < ClflBrmo=()-

THEOREM 4.3. Let Q C R™ be a uniformly C?-domain, v; < vs < R* and p €
[v2,00]. The norm || - || gprop+t is then equivalent to | - || gpropm»-

Proor. It follows immediately from the definition that for 11 < v, [|f|[gpropmt <
HfHBMo;j’”?' Thus it is left to show that

1

™ JonB, (z0)

[f(W)ldy < CIIf | parop+

with a constant C' > 0 independent of g € 90 and 11 < r < 9. Since 11 < r < R*,
every By, j2(z0) N Q C Br(xg) N Q contains a closed ball By of radius v1/4 and the
Lipschitz regularity of Q N B,.(x) is uniform. Thus by Theorem 4.2 there is a uniform
constant C' > 0 such that for all g € 9 and all v; < r < 15 there is an extension of
f|QﬁBT(x0) to f € BMOOO(RH) with

[flBmo=@r) < ClflBrmo=(@nB.(z0)) < ClflBMOR(Q)-

Since fBo |f(y)|dy < vi[f]p»1 we obtain by Theorem 4.1 for 14 < r < vy that

o wlays [l
< wy <1 + (4:12> > [f1BMos &) + W”ﬂhl(&))
< Clflemor @) + Clflpn (o
with a constant independent of r and zg. O

We now want to prove the equivalence between BMOL""p and BMO}"”. Our proof
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is divided into two parts. Omne concerning Hélder type estimates and one concerning
reverse Holder type estimates which will be the crucial part.

LEMMA 4.4 (Holder type estimates). Let Q@ C R™ be a domain, p € [1,00), u,v €
(0,00] and f € BMOY" p(Q). Then f satisfies the following estimate

| fllBaropr < Cllf | Baroryp
for some constant C' = C(n,p) > 0.
Proor. This Lemma is easily obtained by the use of Holder’s inequality. g
For the reverse Holder type inequality we need the John—Nirenberg inequality.

THEOREM 4.5 (John—Nirenberg inequality). Let  C R™ be a domain, p € [1,00),
f € BMO*(Q). Then, there exists C = C(n,p) > 0 such that

[f1Brmorp < ClflBmon-

ProoOF. This inequality is rather different from the original John—Nirenberg in-
equality ([17]), but it can be obtained from this inequality. O

Let Q C R™ be a uniformly C?-domain with Lipschitz constant L and let zy € 99.
We define @, : QN B« (z9) — R by @4, (2) = (2, 2, — ¢a, (2')) where ¢, is a Lipschitz
function with Lipschitz constant L which is a local coordinate of 92 at xg. Let d(A)
denote the diameter of A. Then we define the degree of shrinkage of Q (denoted by C,, 1)
by

{ d(q)xo (B, (1‘) nQ)) d((D;L} (Br(z) N Q))

AB(0)NQ) B @ney BBl e aQ} |

We remark that this degree depends only on n and L because 2 is uniformly Lipschitz.

Now we want to state the reverse Holder type estimates up to the boundary.

LEMMA 4.6 (Reverse Holder type estimates up to the boundary). Let Q C R™ be a
uniformly C?-domain with Lipschitz constant L. Let C,, 1, denote the degree of shrinkage
of . Letv e (0,R*/(2C} )], u € [R*, 0], p € [I,00), f € BMOJ"(Q). Then there
exists a constant C = C(n,p,Q,v) > 0 such that

[flovp < CHf”BMO{j’"(Q)-

ProOOF. Let zyp € 00 and r < v be given. We will then write ® for ®,,. Then, by
changing variables

1/p
. .
<r / e W) y>
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1/p
= (T"/ I(fO‘Pl)(Z)IpIJ@lle)
(N B, (x0))

1/p
(BN " 0 &1 (P do
<+ p (2 <|<I><Br>| [N (AL (C d)

1/p
[(fo® H(2)P d2> ;

(QNBy(z0))

< (1+ L) (wnChn.p)"? <<I)(BT)|_1[1>

where Jg-1 denotes the Jacobian of ®~1. Let E]Ri be the x,-odd extension from R’} to
R™. We define the function g by g = ERi (fo®~ 1) and set

Qr=2(QNBr(xg)) U(—2(Q2N Bgr(xg))) for R=1r,R*.

Then, fQR gdr = 0 for R = r, R*. We want to apply Theorem 4.5, so we check that
g satisfies the assumption of Theorem 4.5, i.e., g € BMO®"1(Qg-). For this we will
show that

9] 5r0Cnr(@pey < ClflBMmop () (4.2)

Take Bs(z) C Qr- with s < C,, v < u/C,, 1. There are two cases we have to consider.
(1) Bs(x) NORY =0,
(2) Bs(z) NoRY # 0.

In the case (1), we may assume B,(z) C Rt. We remark that g = f o ®~! in this case.
We will show

1
B S0 19(¥) — 9B.()| Ay < C|lfll Braror (@)

Take arbitrary ¢ € R. Then, by changing variables
| l9G) - gp.ldz
Bs(z)
< [ 1o ) —eldz Bl (7o ¥ oo
§2/ |fo® (2) —c|dz
Bs(x)
—2 £ (9) — cllJuldy
&-1(Bs())
<2041 [ 1F(9) — el dy.

@~ (Bs(=))

Let d > 0 be the distance from ®~1(B,(x)) to the boundary of Br- N Q. If the diameter
of ®71(Bs(x)) is smaller than d, we can take the smallest ball By (2) with s’ < d < R*
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and 2’ € Q so that ®~(Bs(x)) C By (2') C Br=(20) N Q. Then s’ < C,, s < p and we
obtain

/ ) — el dy < / 1F(y) — ¢l dy.
&~ 1(Bs(x)) B (%)

Since c is arbitrary, this implies
i [ 190) = gm.oldy < Clflasion <+
Iy 9G\Y) = 9B.()| WY = BMO#® o0.
|Bs()| /B, (2) @

If the diameter of ®~1(B,(x)) is bigger than d, then we take a perpendicular from ®~1(x)
to 02, and let 2’ denote a point at which the perpendicular intersects with 9Q. Take
the smallest ball By (z') C Br+(z0) which contains ®~!(Bs(x)). Then,

1 / s o1 /
|Bs(z)| ~9B.()| Ay < Oy =0 —c|dy.
|B,(z)]| (o) lg(y) 9B.( )‘ Y |B,| s B, (=)0 |f(y) | dy
By taking ¢ = 0 in the integral,
1

= 9y) — 9B, ()| dy
Bo@)] S0y T T 5]

S/n 1 m

S
SC——/ F@)|dy < Copoa o [l
|Bs|s/n BS/(z')ﬂQ| ( )l L |Bs|[ ]b

We remark that [f],r- is estimated by C|f|smopv (o) because f € BMO™"(Q) and

BMO}""(Q) is equivalent to BMO{)"R* (Q) by Theorem 4.3. We also remark that s /| B;]
is finite because d(®~!(Bs(z))) < Cp 5. In the case (2), Bs(z) can be decomposed up
to a null set as

B,(z) = (Bs(z) NRY) U (By(2) N (-R%)) = B' U B

Then, [ () 19(2) = 9B,(w)|dz < 2 [51 19(2)| dz + 2 [ |g(2)| dz. Since the second term
can be estimated in the same way as the first term, we only need to estimate the first
term. By change of variables,

[ e@ia= [ slsla <0 [ )

Let us take a perpendicular from ®~1(x) to 99, and let 2’ denote the point at which
the perpendicular intersects with 99Q. Take the smallest ball By (2') C Bg+(x¢) which
contains ®~!(B'). Then,

/ ()] d
-1(BY)

1
<o / (=) dz
B,/ (x")

< O™ [f]pre < +0o.
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We have thus proved (4.2).

As a consequence, we can apply Theorem 4.5 to g and get for the largest ball By (%)
satisfying B7(Z) C @, and the smallest ball B, (z') satisfying Q, C B, (')

1/p
(M / 1y >|pdy)
QN B, (z0)

1/p
[(f o @ ) (2)[" dz
@(Qﬂ& (z0))

11 B v 1/p
2|Qr|” | (2) — 9,1 dz

C
1/p
< (1B NG a5, )
1/p
( )|~ 1 l9(2) — 9B, " dZ)
B /(")

<Cly BMocn LY(Qp+)"

Here, we used r < C), 17 and r’ < C,, rr < C,, rv. By (4.2) we obtain as a consequence
for arbitrarily given xg € 02 and r < v,

1/p
<r”/ If(y)lpdy> < CllfllBaopr -
QNB;-(zo0)

Therefore, we obtain the reverse Holder type estimates up to the boundary. O

THEOREM 4.7.  Let Q C R™ be a uniformly C?-domain with Lipschitz constant L.
Let Cy, 1, denote the degree of shrinkage of Q. Let v € (O,R*/(?C’ZVL)}, u € [R*,00],
p € [1,00), f € BMOy"(Q). Then, |- |paor, is equivalent to || - || parorr-

PrROOF. Lemma 4.4 and Theorem 4.6 imply the equivalence. |

5. Bounded analyticity in the half-space.

In this section we will prove that the Stokes semigroup is a bounded analytic semi-
group in a solenoidal subspace of BM O, (R’). Furthermore, we will obtain global
derivative estimates of the solution.

THEOREM 5.1.  Let Q = R%} be the half-space. Then there is a constant C' which
only depends on the dimension n such that for all ug € VMO;;%’?: (R%)

sup [u(t) [ zaroge-= < Clluollmarop=. (5.1

iugtm\lw(t)lloo < Clluoll prroge=, (5.2)
>
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ig%’t”VQU(t)”oo < Clluoll Brog= =, (5.3)
iglgt\lut(t)lloo < Clluol| paroge-==, (5.4)
iggtllvﬂ(t)lloo < Clluol oz, (5.5)

where (u, V) is the solution of the Stokes equations with S(t)ug = u(t). In particular,
S is a bounded analytic semigroup on VMO,G7 (R1L).

Proor. We will use that the spaces BMO,”™(R) and L*(R") are scaling-
invariant. By Theorem 1.1 and Theorem 3.5 we obtain the existence of some Ty > 0 such
that for all up € VMO, 7 (RY) the estimate

sup ([lu(t)| mog= + 1N () (-, ) [l o) < Cr, lluol Brroge=
0<t<Tp

holds. By taking uj(z) := ug(Ax) as initial data for A > 0 we obtain the same estimate for
uMz,t) = u(Az, A\*t) and 7 = Ar(Az, A\?t) with the right hand side CT0||U())‘HBMO§°‘°°
which is equal to Cr||uol[papoz=. By the scaling-invariance of the spaces we can
conclude from the estimate for (u*, ") that

sup  ([[u(t)ll saroge-= + IV (, ) (- ) o) < Cry lluoll paroge=
0<t<A2Ty

with Cr, independent of A > 0. Since A was arbitrary we can replace supg.;y27, by
Sup;~q in the above inequality and get the desired estimates. The bounded analyticity
follows then from the time derivative estimate. O

A. Appendix.

Our goal in this section is to prove a density result. Let A, be the Stokes operator
in the space L7 which is constructed in [10], [11].

THEOREM A.1.  Let Q be a uniformly C*-domain in R™ (n > 2). For f € D(A,,),
ro > 2, there exists a sequence { fm} C C2%(Q) such that || f — fm[yr1.-q) — 0 as m — oo
for allr € [2,79).

This density result yields the following property for the Stokes semigroup S(t). Let
W, () denote the W' -closure of C2, ().

COROLLARY A.2. Let Q be a uniformly C*-domain and uo € CZ% (). Then
S(t)ug € W;S(Q) for all v > 2 and t > 0. In particular, S(t)ug € Co(2) C
VMO () with p,v € (0, 0c].

This follows from Theorem A.1. Indeed, since S is an analytic semigroup in D;(Q)
we observe that S(t)ug € D(A,) for t > 0 and ug € L7(Q). If ug € Ce5(82) so that
up € Ly (Q) for any 7o > 2, then we get S(t)ug € D(A,,). Thus, applying Theorem A.1
implies that S(t)ug € Wig (Q) for any r > 2. The remaining assertion follows from the
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Sobolev embedding for » > n and L*>(Q2) < BMO}""(Q2).

The rest of this section is devoted to the proof of Theorem A.1. For this purpose
we need an approximation of the domain €.

For a uniformly C?-domain € of type (a, 3, K) in the sense of [10] one can easily
construct a sequence of uniformly C?-domains €2, of type (a, 3, K) such that Q,, C Q,
dist(Qy,, 0Q) > 1/m and

2
QcC {33 e R" : dist(x, Q) < }
m

for m € N.

LEMMA A.3.  For f € D(A,,) with ro > 2 and 1 € [2,70) there exists a sequence
U © W3" () 0 Ep(Q) such that |[f — Fllgrrigy — 0 as m — oo. Here we
interpret fm, as a function defined on Q by extending via fr, =0 in Q\ Q.

PROOF. Let Ay, be the Stokes operator in L7 (£2,,). By the construction of the
operator there exists Ay such that if A > Ao, then X + /L"o,m is invertible in EQO (),
where )\g is independent of €, since this property only depends on («, 8, K). We fix \p.
For f € D(A,,) we define g € L7 (Q) by

g= Mo+ A,)f.

We approximate g by g, € C2%,(£2) such that [|g — gmef(Q) — 0 as m — oco. We may
assume that supp g,, C 2, by taking a subsequence. We set

fm = (X0 + Aro,m)_l(gmmm)'

Since fp, € D(Ayym), it is clear that f,, € Wy (Qm) N L1 (Q,,) for all 7 € [2,7]. We
extend f,, by 0 and obtain a sequence of functions f,, defined on 2. By the a priori
estimate of [10], [11] we see that

||fm||W2,r(Qm) < CHgmHir(Qm) (r €[2,m0))

with C depending only on («, 5, K). It is not difficult to show that f,,, — f in the sense
of distributions in . Since |[gn||7(q) is bounded by a constant multiple of |||z
this implies that || fin[lyi1.70 () is bounded. By

IVf = Vimlrr@ IV = Viml eIV = Vinl2a

with 1/r = (6/r9) + ((1 — 6)/2) and the same estimate for f — f,, it suffices to prove
that f,, — f strongly in H'(Q). We consider H!(Q) equipped with the scalar product
(f,9) = fQ(/\o + A.,)f - g which is equivalent to the standard scalar product in H*().

Since we already know that f,, — f in the sense of distributions and since || ;|| 1 ()
is bounded, we can conclude that f,,, — f weakly in H!(§2). To obtain strong convergence
it remains to prove that || fm||g1 — ||f||g1. For this purpose we observe that
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2y = / o+ o) fon - fon o = / G+ fon .

m Qm

Since f,, — f weakly in L?(2) and g,, — g strongly in L? we conclude that

||fm”%{1 —>/f~gda: (m — o0).
Q

The limit equals to
11 = [ Qo+ An)s - Fda

Thus f,, — f in H'. The proof is now complete. U

LEMMA A4. Let Q C R" be a domain and 1 < r < co. Let f € Wy (Q) N LL(Q)
with co := dist(supp f,0) > 0. Then there evists a sequence fn, € C2%(2) such that
| frn = flljir1r = 0 as m — oo.

PROOF. Let ¢ > 0 and take some ¢ < min{e,co/2}. Let Q' be defined by
Q= {x e Q:dist(z,00) > co/2}.

Since f is regarded as an element of L7 (Q), there exists a sequence fj, € O, (8Y) such
that fr, — f in L’ (€). Let s be the standard mollifier whose support is contained in
a ball of radius § centered at zero. We define f5 = f x gs. We construct a sequence
frs € C2%(Q2) by fr.s = fr* 05 such that fi s converges to fs in W“(Q). Note that the
support of fi s is contained in © by the choice of Q' and . We observe that

If = fesllynr <N = Fsllynr + 1fs = fresllie
<|f = fsllyprr + Csllf = fall -

For ¢ > 0 we take d sufficiently small such that || f — fs||;;1.- < €/2 and then choose kg
large enough to obtain for all k > ko that Cs||f — fxll; < €/2. O
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(i) As an application of our main result (Theorem 1.3), we are able to prove in
[BGMST] that for any p > 2 there exists a domain © not admitting the LP-
Helmholtz decomposition but the Stokes operator generates an analytic semigroup

in L2().

(ii) There are several ways to define BMO like spaces. It turns out the analyticity
results (Theorem 1.3) can be extended to some other spaces closely related to the
present BMO spaces [BGST|. [BGMST]| M. Bolkart, Y. Giga, T.-H. Miura, T.
Suzuki and Y. Tsutsui, On analyticity of the LP-Stokes semigroup for some non-
Helmholtz domains, Math. Nachr., 290 (2017), 2524-2546. [BGST]| M. Bolkart, Y.
Giga, T. Suzuki and Y. Tsutsui, Equivalence of BM O-type norms with applications
to the heat and Stokes semigroup, Potential Analysis, Online. DOI:10.1007 /s11118-

017-9650-x



