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Abstract. For any Wulff shape, its dual Wulff shape is naturally de-
fined. A self-dual Wulff shape is a Wulff shape equaling its dual Wulff shape
exactly. In this paper, it is shown that a Wulff shape is self-dual if and only if
the spherical convex body induced by it is of constant width 7/2.

1. Introduction.

For a positive integer n, let S™ be the unit sphere in R"*!. Let R, be the set
consisting of positive real numbers. For any continuous function v : S — R, and any
6 € S™, let ' g be the set consisting of z € R™™! such that z - § < v(6), where the dot
in the center stands for the scalar product of two vectors x,0 € R*"*!'. Then, the Wulff
shape associated with the support function y is the following set W.,:

W, = () Ty
oesSn

A Wulff shape W, was firstly introduced by Wulff in [7] as a geometric model of a crystal
at equilibrium. By definition, any Wulff shape is a convex body in R"*! containing the
origin as an interior point. Conversely, it has been known that for any convex body W
in R™™! such that int(W) contains the origin where int(W) stands for the set of interior
points of W, there exists a continuous function v : S™ — R4 such that W = W, ([6]).
By using the polar plot expression of elements of R"*1 — {0}, S™ x R, may be naturally
identified with R"™! — {0}. Under this identification, for any Wulff shape W, and any
6 € S™, the intersection W, N Ly is exactly one point (denoted by (6, w(#))), where
OW, is the boundary of W, and Ly is the half line Ly = {(0,r) | r € Ry }. For a Wulff
shape W,, let 7 : S™ — R, be the continuous function defined by 7(0) = 1/(w(—0)).
Then, the Wulff shape Wy is called the dual Wulff shape of W, and is denoted by
DW.,,. For any Wulff shape W,, there is a characterization of the dual Wulff shape of
W,. The graph of a continuous function v : S™ — Ry is denoted by graph(y). Let
inv: R"*1 — {0} — R™*! be the inversion of R"™! — {0} defined by inv(6,r) = (-0, 1/r).
Then, for any continuous function v : " — Ry, DWW, is exactly the convex hull of
inv(graph(v)). By this characterization, it is clear that DDW.,, is W, for any W, when
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inv(graph(v)) is the boundary of the convex hull of inv(graph(y)). A Wulff shape W, is
said to be self-dual if the equality W, = DW,, holds.

In this paper, a simple and useful characterization for a self-dual Wulff shape in
R+ is given. In order to state our characterization, several notions in S"*! are defined.
For any point P of S"*! let H(P) be the hemisphere centered at P, namely H(P) is
the subset of S"*! consisting of Q € S"t! satisfying P - @ > 0, where the dot in the
center stands for the scalar product of two vectors P,Q € R*T2. A subset W of S™+! is
said to be hemispherical if there exists a point P € S™*1 such that W N H(P) = (. A
hemispherical subset W C S™*+! s said to be spherical convez if for any P,Q € W the
following arc P(Q) is contained in w:

[ a-nPiig
Po={ =nriar | <01}

A hemispherical subset W is called a spherical convex body if it is closed, spherical convex
and has an interior point. A hemisphere H (P) is said to support a spherical convez body
W if both W C H(P) and oW n OH(P) # 0 hold. For a spherical convex body W
and a hemisphere H(P) supporting W, following [2], [3], the width of W determined
by H(P) is defined as follows. For any two P,Q € S"*! (P # +Q), the intersection
H(P)N H(Q) is called a lune of S"*1. The thickness of the lune H(P)N H(Q), denoted
by A(H(P) N H(Q)), is the real number m — |PQ|, where |PQ| stands for the length
of the arc PQ. For a spherical convex body W and a hemisphere H(P) supporting W,
the width of W determined by H(P), denoted by widthH(p)W, is the minimum of the
following set:

{A(H(P) NH(Q)) | W c H(P)n H(Q), H(Q) supports W} .

For any p € R, less than m, a spherical convex body W C S+ is said to be of constant
width p if widthgpyW = p for any H(P) supporting W.

Let Id : Rt — R x {1} c R*"*2, N € Sl and ay : S"T1 -~ H(—N) — R*F1 x
{1} € R"*?2 be the mapping defined by Id(x) = (x, 1), the point (0,...,0,1) € S"*! and
the central projection defined as follows respectively.

j2 P,
aN<P17"‘7Pn+1aP’n+2):(P;a"'7PI;71)
n n

(V(P1,..., Pyi1, Poy2) € ST — H(—N)).

Then, for any Wulff shape W, , it is clear that ay' o Id(W,) is a spherical convex body.
The set a;,l o Id(W,) is called the spherical convex body induced by W, .

THEOREM 1. Let v : S™ — Ry be a continuous function. Then, the Wulff shape
W, is self-dual if and only if the spherical convex body induced by W, is of constant width
/2.

The unit disc D" = {z € R"" | ||z|| < 1} of R"*! is clearly self-dual. Let R be
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Figure 1. Self-dual Wulff shapes include central projections of spherical caps
of width /2.

Figure 2. Self-dual Wulff shapes include triangles which are central projec-
tions of constant-width spherical triangles of width /2.

a rotation of R"*2 about an n dimensional linear subspace with a small angle. Then,
since the property of constant width is an invariant property by R, by Theorem 1,
Id'oay (R (ay' o Id(D™1))) is self-dual as well (see Figure 1). Moreover, let A be a
spherical triangle of constant width 7/2 in S? containing N as an interior point. Then,
by Theorem 1, not only Id~! o aN(A) itself, but also any Id~' o ay (R(A)) is self-dual
(see Figure 2). For more consideration on simple, explicit examples, see Section 4.

On the other hand, any Reuleaux triangle in R? containing the origin as an interior
point (see Figure 3) is not a self-dual Wulff shape, although it is a Wulff shape of constant
width in R2. This is because any Reuleaux triangle is strictly convex, and thus the
boundary of it must be smooth by [1] if it is self-dual. However, there are three non-
smooth points for any Reuleaux triangle in R?. By Theorem 1, its spherical convex body
is not of constant width 7 /2.

In Section 2, preliminaries for the proof of Theorem 1 are given. The proof of
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|

Figure 3. Reuleaux triangle.

Theorem 1 is given in Section 3. Finally, more consideration on simple, explicit examples
are given.

2. Preliminaries.

The following two theorems given in [2] are keys for the proof of Theorem 1.

THEOREM 2 ([2]). Let W C S be a spherical conver body and let H(P) be a
hemisphere which supports W.

1. IfP ¢ W, then there exists a unique hemisphere H(Q) supporting W such that the
lune H(P)NH(Q) contains W and has thickness widthgpy(W). This hemisphere

supports W at the point R at which the largest ball B(P,r) touches W from outside.
We have A(H(P) N H(Q)) = (7/2) —r.

2. IfPe 8/1/17, then there exists at least one hemisphere H(Q) supporting W such that
H(P) N H(Q) is a lune containing W which has thickness widthgpy(W). This
hemisphere supports W at R = P. We have A(H(P)NH(Q)) = 7/2.

3. IfPe int(W), then there exists at least one hemisphere H(Q) supporting W such
that H(P) N H(Q) is a lune containing W which has thickness widthgpy(W).
Every such H(Q) supports W at exactly one point R € OWNB(P,r), where B(P,r)

denotes the largest ball with center P contained in W, and for every such R this
hemisphere H(Q), denoted by Hr(Q), is unique. For every R we have A(H(P)N

Hp(Q)) = (7/2) + 7.

DEFINITION 1 ([2]). Let W C S™*L be a spherical convex body. Then, the follow-

ing number is called the diameter of W and is denoted by diam(W):
max{|PQ| ‘ PQe W}

THEOREM 3 ([2]). Let W C 8™ be a spherical convex body such that diam
(W) < m/2. Then, the following holds:
diam (W) =
max {WidthH(p)(

W) | H(P) is a supporting hemisphere of W}
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DEFINITION 2 ([5]). For any hemispherical subset W of 571, the following set
(denoted by s- conv(W)) is called the spherical convex hull of W

k
— " tiP;
mem i {ém
i=1 b1t e

k
PieW,Ztizl, tiZO,kEN}.

It is clear that s—conv(W) =W if W is spherical convex. More generally, we have
the following;:

Lemma 2.1 ([5]).  Let W be a hemispherical subset of S"*l. Then, the spherical
convex hull ofW is the smallest spherical convex set containing w.

DEFINITION 3 ([5]).  For any subset W of ™1, the set

() H(P)

PeW
is called the spherical polar set of W and is denoted by we.
For the spherical polar sets, the following lemma is fundamental.

LEMMA 2.2 ([5]). For any non-empty closed hemispherical subset W c St the
equality s—conv(W) = ( s—conv(W)) holds.

3. Proof of Theorem 1.

By the definition of the dual Wulff shape DW,, for a given Wulff shape W,, it is
sufficient to show the following:

PROPOSITION 1. Let W C S"* be a spherical convexr body. Then, W =we if
and only if W is of constant width w/2.

3.1. Proof of the “if” part of Pr0p0s1t10n1

In this subsection, we show that W= Ww° under the assumption that W is of
constant width 7/2. We first show the inclusion W C We. Let P, Q1 be two points
of OW such that |P,Qy| = diam(W). Set Py = (rf, 2p12) (0 < 7, 2n4o < 1,6 € S™).
Since W is a spherical convex body, for the 6 € S™, there exists the unique real number
t (0 <t < 1) such that H ((t0 + (1 — )N)/||t0 + (1 — t)N||) supports W. For the t,
set P = (t0+ (1 —t)N)/||td + (1 — t)N||. Then, since we have assumed that W is of
constant width 7/2, by Theorem 2, we have that P € OW. This implies P; = P and
hemisphere H(P;) supports W. Since Q, e W Cc H (Py), we have the following,

dlam( —| PIQI |< —

Let R be an arbitrary point of W. Since diam(W) < /2, the following holds,
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Figure 4. | PQ |> 7/2.

Re () H(R)=W".
Rew
Therefore, we have W c we. . .
Next we show the converse inclusion W° C W. Suppose ‘that there exists a point
P € W° such that P ¢ W. By Lemma 2.2, it follf)ws that P ¢ W =,y H(Q). This
implies that there exist two points P and @ of W° such that |PQ| > 7/2. For these two

points P, Q € WO, set P = PQNOH(P),Q = PQNOIH(Q) (see Figure 4). Then we
have the following,

7=|PP|+|QQ|=|PQ|+|QP|+|QP|+|PQ|=| PQ|+|PQ]|.

By the assumption, it follows that | PQ |< 7/2. Let H(R) be a supporting hemisphere
of W whose boundary is perpendicular to the arc PQ at the intersecting point. Then,
the following holds:

widthy; z (W) <| PQ |< g

This contradicts the assumption that W is of constant width /2. Therefore, it follows
that W° C W. O

3.2. Proof of the ”only if” part of Proposition 1.

In this subsection, we show that W is of constant width 7/2 under the assumption
that W = We. Suppose that there exists a hemisphere H(P) supporting W such that
widthH(p)(W) > 7/2. By Theorem 3, it follows that diam(W) > WidthH(p)(W) > /2.
This implies that there exist two points P, Q € W such that P ¢ H(Q). Then, we have
the following:

P¢ () HQ) =W

Qew

This contradicts the assumption W =we. .
Suppose that there exists a hemisphere H (P) supporting W such that the following
holds:
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0ol

Then, there exists a hemisphere H(Q) supporting W such that the following holds:

A(H(P) N H(Q)) = widthy p) (W) < g
Since A(H(P)N H(Q)) = 71— | PQ |, we have the following;:

™
PQI>m——-=—-.
| PQI>7—5 =3

On the other hand, since W is a subset of H(P) (resp. H(Q)), it follows that P € we =
W (resp. Q € we = W) This implies diam(W) >| PQ |> /2. Thus, we have a
contradiction. O

4. More on simple, explicit examples.

4.1. Centrally symmetric self~-dual Wulff shapes.
In this subsection, we determine centrally symmetric Wulff shapes. Here, a convex
body W C R™*! is said to be centrally symmetric if x € W implies —x € W.

PROPOSITION 2. Let W C R™*! be a self-dual Wulff shape. Then, W is centrally
symmetric if and only if W is the unit disc D" *!.

ProOF. The “if”part is clear. We show the “only if”part. Suppose that there
exists a centrally symmetric self-dual Wulff shape W which is not the unit disc D"*1.
Then one of the following holds.

(1) There exists a point p € W such that ||p|| > 1.

(2) The inequality ||p|| < 1 holds for any point p of W and there exists a point ¢ € OW
such that ||¢| < 1.

Here, ||z|| is the distance from the origin to the point z € R**1,

Suppose that (1) holds. Then, since W is centrally symmetric, it follows that —p €
W. Set p=p/|]p| € S™. For any point € R"*! set X, = ay' o Id(r) and X_ =
ay' o Id(—z). Notice that P_ € W= ay' o Id(W). Since the distance |Py P_| is equal
to m/2, we have the following:

= |ﬁ+ﬁ,| < |P+P,‘
This implies Py ¢ H(P-). Thus, it follows that

P () HQ) =

Qew

On the other hands, since W is a self-dual Wulff shape and p € W, we have that
P, e W =we. Therefore, we have a contradiction.



1482 H. HAN and T. NISHIMURA

Next, suppose that (2) holds. Since there exists a point ¢ € W such that ||q|| < 1,
it follows that the point ¢/[|¢/ € S™ does not belong to W. Set ¢ = ¢/||q||. Then, since
W is a self-dual Wulff shape, it follows that Q+ ¢ W = W°. On the other hands, by the
assumption (2), the following holds.

W C ay' o Id(D™Y) c H(Q,).
Thus, @+ is a point of We and we have a contradiction. O

4.2. Self-dual Wulff shapes of polytope type.

A Wulff shape is said to be of polytope type if there exist finitely many points
Pi,..., Py € 5" such that W = ﬂ1 1 H(P;), where W is the spherical convex body
induced by W and k£ > n + 2 € N. For crystallines, we have the following proposition:

LEMMA 4.1 (Maehara’s Lemma [4], [5]). For any hemispherical finite subset X =
{Py,..., Py}, the following holds:

k °© k
S P
{kl PeX,) ti=1t;20, =()H(P)
=1

H Zi:l tiPi” i=1

PROPOSITION 3. Let W C R"! be a Wulff shape of polytope type and let W be
a spherical convex body induced by W. Set W = ﬂle H(P;) C S™*L. Then, W is a
self-dual Wulff shape if and only if P; is a vertex of W for any i (1 <i <k).

PROOF.
PROOF OF THE “ONLY IF” PART. Let W be a self-dual Wulff shape of polytope
type. Then, by Maehara’s Lemma, we have the following equality:

— k Zk t: P; k °
W= (\HP) = {k—l ‘ PieX,Zti:upo} :
i=1 1205 Bl =
Then, by Lemma 2.2, the following holds:
k k
o i—1 tiPi
W°={Z’k—1 ‘ PieX,Ztizl,tiZO}.
|| Zi:l tiPi” i=1

Since W is a self-dual Wulff shape, it follows that W =we. Hence, P; is a vertex of w
forany i (1 <i<2m+1). O

PROOF OF THE “IF” PART. Since P; is a vertex of W, we have the following:

k k
W:{Z;—l PieX,E ti:1,ti20}.
|| Zi:l tiPi” i=1

Thus, by Maehara’s Lemma, we have the following:
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— Zk t: P k ° k —
We=q == I peX)) ti=1t>0p =(|HP)=W.
|| Zi:l tiPiH i=1 i=1

Therefore, W is a self-dual Wulff shape. O

4.3. 'When is the dual Wulff shape congruent to the original Wulff shape?
Finally, as a generalized problem of characterization of self-dual Wulff shapes, we
pose the following:

PrROBLEM. Under what conditions is the dual Wulff shape merely congruent to the
original Wulff shape ?

We have partial results to this problem as follows:

EXAMPLE. Let X3, be a regular polygon with 2m vertices in the plane where
m > 2. Denote the half of the length of its diagonal by as,,. Suppose that the center of
Xom, is the origin and as, satisfies the following equation:

(= @n/2m)\ _ 1/a,,
i (P22 _ Ve,

2 a

(%)

2m

Then, Xo,, # DXs,, but DXy, is congruent to Xs,,.

For instance, consider a square P, P, P3P, C R? such that the origin is its center and
the length of its edge is 2/a4, where a3 = v/2. Let Q1Q2Q3Q4 C R? be the dual Wulff
shape of Py P,P3P,. Then, P PoP3Py # Q1Q2Q3Q4 (see Figure 5). And, it is easy to
see that Q1Q2Q3Q, is also a square with properties that the origin is its center and the
length of its edge is 2/a4. Thus, Q1Q2Q3Q4 is congruent to Py Py P Py.

It is not difficult to obtain the equation (x) for ag,, of general 2m-gon Xo,,.
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Figure 5. Square P P>P3Ps and its dual square Q1Q2Q3Q4. PO = au,
RO = 1/aa, where a3 = /2.
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